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A SMOOTHER ERGODIC AVERAGE

KARIN REINHOLD

ABSTRACT. We study the pointwise behavior of the smoothed out averages

1

n

1

P, f(x) = . . / [ (Tigex)dt,
k=1 k Jiri<ers2

where T; is a measure preserving flow on a probability space. We show that these are good averages in L?,
p > 1,if ¢ is a convergent sequence or if they are given by stationary random variables. When p = 1 the
averages are good if limg_, o €x = € > 0.

1. Introduction

Let (X, B, m) be a probability space and T a measure preserving point trans-
formation on it. Birkhoff’s Ergodic Theorem shows that the averages A, f(x) =
(1/n) Yp_, f(T*x) converge almost everywhere for any function f € L!(X). How-
ever Bergelson, Boshernitzan and Bourgain [3] showed that if {7;} is a flow on X given
by measure preserving point transformations, then the averages along observations
slightly perturbed at time &, B, f (x) = (1/n) X_;_; f (Tit¢.X), fail to converge even
for L°°(X) functions. In fact these averages fail to converge so badly that Akcoglu,
Bellow, del Junco and Jones [1] showed that they are strong sweeping out averages
for any sequence €; — 0.

They concluded then that in applications, the ergodic averages do not converge
because, by limitations of instruments, time measurements can not be taken exactly
at instant k. Therefore, instead of dealing with averages along arithmetic sequences
(as is the case of the averages A, f), in applications one rather has an average of the
form B, f. However, in the same spirit, one could also argue that by limitation of
instruments one can not measure time instantly. That is, measurements can not be
taken at any particular instant, rather they are an average measurement around those
instants. One such model results when the measurement at time k is actually the
following average measurement around instant k:

1
— S (Tisex)dt.
€k Jit|<er/2
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844 KARIN REINHOLD

In this model, the time averages take the form

11
(1) Pfx)y==y — /1 o T2t
tl<ex

n =1 €k

These averages have extra smoothness and therefore are expected to be better behaved.
And indeed they are.

In this work we look at a more general setting than in (1). That is, we assume that
the averages at time k are “weighted” averages, where the weights are given by an
approximation to the identity.

The paper is organized as follows. In Section 2 we show that maximal function
associated with these type of averages is strong type (p,p) for p > 1, and when
infy €, > 0, the maximal function is also weak type (1,1). We also show that the
averages converge if the sequence €, converge.

The convergence of the sequence ¢, is not necessary for the convergence of these
averages. In Section 3 we study a certain kind of non—convergent sequences €,
for which there is pointwise convergence of P, f(x). However, in these cases, the
ergodicity of T; is necessary. A counterexample also shows that in the general case,
ergodicity of T is not sufficient either.

Lastly, Section 4 shows convergence results when the sequence ¢ is given by a
stationary sequence of random variables.

We thank the referee for very useful comments.

Throughout this work, a probability space means a complete probability space.
And C denotes a constant whose value may change from one occurrence to the
next.

2. Positive results
Let {T;},cr be a measurable flow of measure preserving transformation on a prob-

ability space (X, B, m). Let ¢ be a positive, integrable function on R satisfying the
following conditions:

(@ [e(x)dx=1.
(b) The function ¢ (x) = supj, >, (¥) is integrable.

Define ¢, f (x) = f [ (Trx)p(t)dt, where ¢ (t) = ¢(t/€) /€. Given any sequence
of positive numbers {€;}¢>; C (0, 1), define the averages

1 n
Pof@)=~3 0afTin).
k=1

We will also consider the maximal operator M f (x) = sup, | P, f (x)|.
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LEMMA 2.1. Consider R with Lebesgue measure and the shift flow T;x = x +t.
Then there exists a universal constant C such that:

(A) Forany f e LP(R), p > 1,

IMfllp < > — 1 fllp,

1)2
and forany f € LlogL,

. ¢ +
m{x: Mf(x) > A} < 5 /|f|(1+‘°g ||f|I1) an

(B) Ifinfy>; € > € > O, then for any f € L'(R),
o
m({x: Mf(x) > A} < allfllb

Proof. This lemma is immediate by the Maximal Ergodic Theorem and the
Hardy-Littlewood Maximal Theorem because under our assumptions on ¢, the max-
imal function sup;.,¢sf is dominated by the Hardy-Littlewood maximal func-
tion sup,.q(1/€) f, <epn S + 8)dt (see [15] or [16]). Thus | sup, |A.flll, <
C/p ~ DIFll, and lisupsao@sflly < (C/(p — DYIfll, for p > 1, where C
denotes a universal constant.

(A) Since | P, f| < Ap(sups.q l@s f1), then, for f € L? with p > 1,

/

C
IIS Pwsfllp = oo — £ lp-

sup | P, f|

C
=<
p (=D
Now, if f € Llog L, then sup;. o |¢s f| € L!. Hence

m [s: sup | P, f(s)| > »\] <m [sz sup | An(sup |@s f(s)]) > )»]
n n §>0

Ly
/'f' (l“"g T A

1 1
100 S < = / 1F1Ge + D0t/ < - f f1Ge + D (1)t

C
sup |gs f l
§>0

(B) Since € < ¢ < 1,

Letting Sf (x) = [ f(x + t)¢()dt, we have

m ({x: sup | P, f(x)| > A}) <m ({x: sup A, S|fl(x) > eA])

Cc c’
=Sl = =l fli. O
eAIIS' 1 6)‘ll Il

IA
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The next lemma is essentially Calderén Transfer Lemma [6], adapted to our needs.

LEMMA 2.2 (A) If Mg is a weak (1,1) operator for functions g on R with
Lebesgue measure and flow T;x = x + t, then for any measure preserving
flow {T;} on a probability space (X, B, m), the operator Mf is also weak
(1,1).

(B) If Mg is a strong (p, p), 1 < p < 00, operator for functions g on R with
Lebesgue measure and flow T,x = x + t, then for any measure preserving
flow {T;} on a probability space (X, B, m), the operator Mf is also strong
(p, p).

LEMMA 2.3. Let {€x} be a sequence of real numbers in (0, 1).

(2) Then sup,, P, f satisfies a strong (p,p) inequality.
(b) Ifex = € > 0 for all k, then sup,,., P, f satisfies a weak (1,1) inequality.

Proof. This lemma follows from Lemmas 2.1 and 2.2. O
PROPOSITION 2.4. Given f € L'(X), then lim._,o ¢ f (x) = f(x) for a.e. x.

Proof. Let B = {x: ¢cf(x) > f(x)ase — 0}.

Since {T;} is a measure preserving, measurable flow, the application W: X xR —>
X, ¥(x,t) = T;x is measurable and m(T;A) = m(A) for all A € B. With this
notation, let

WH(B) = {(x,1): @ f(T;x) » f(Tix) as € — 0}

Let C = W~1(B°), the set of pairs (x, t) where convergence fails.

LetC* = {t: (x,t) € C}and C; = {x: (x,t) € C} and let A denote the Lebesgue
measure on R. Then, by Fubini’s Theorem, A(C*) = 0 for m—a.e. x.

Indeed, consider F(x,t) = f(¥(x,?)) = f(T;x). Note that . F,(t) = f F.(t+
$)@<(s)ds. Now, since f is integrable and W is measurable, F is measurable and
locally integrable. By Fubini’s Theorem, F,(¢) = F(x, t) is measurable and locally
integrable for m—a.e. x. For such an x, the Lebesgue Differentiation Theorem
adapted to convolutions with approximation to the identity (see [15] or [16]), gives
lim_, ¢ @ F () = F,(¢) for a.e. ¢, proving the claim.

Then

0= f AMCHdm(x) =m x A(C) = / m(C,)dt.
X R
Since 0 < m(C,) < 1 for a.e. t, we have m(C;) = O for a.e. t. However
Cr = {x: ¥(x,1) € B} = {x: T,x € B°}) = T,'(B°).

Since the flow is measure preserving, m(B€) = 0. Hence lim¢_,¢ ¢ f (x) = f(x) for
ae.x. 0O
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Let fe = ¢ f if € > O and fy = f. Proposition 2.4 has the following immediate
consequence.

COROLLARY 2.5. If limy_, o € = € > 0, then lim,_,0(1/n) Y }_; ¢, f(x) =
fe(x) a.e.forany f € L.

COROLLARY 2.6. Ifl < p < 00, then lime_ @ f = f in LP.

Proof. Let f € LP. Given n > 0 there exists § > 0 such that if m(A) < § then
Ju|f1Pdm < n/2P. This property also shows that for any €, [, |@e f|Pdm < n/2°.
Indeed, since the flow is measure preserving, m(T,"lA) = m(A) < § for all ¢t and
hence

/A 0 f () Pdm(x) < /A f | (TP e()didm(x)
- / oe(t) fA f (Tx)Pdm(x)dt
- [ 0e(t) / £ GO Pdm (x)de

774

n _n
< -i;fwe(t)dt— T

Let A, = {x: |lgf(x) — f(x)| < nforalle < v}. By Proposition 2.4,
m(A,y) — lasv = 0. Fix v = v(n) so that m(A,,) > 1 —§. Then, given
n > 0 there exists v such that for all e < v,

loef =115 = [ oo = sram+ [ lpcf - firam
mnmv mv
<n+2 [ lgefpam+2 [ \fpam
A5, Aqy
< 3. O

To prove the pointwise convergence of the averages P, f, we refer to the following
theorem of R. Jones and M. Wierdl (Theorem 2.10 in [9]).

THEOREM 2.7. Let (X, X, m) be a measure space. Denote by D the set of a.e.
measurable functions. Let ¢ be a Young function and let (Lo, || |l,) be the corre-
sponding Orlicz space. Let T, x be a dissipative double sequence of linear operators
which are continuous in measure, positive, and map L, — D. Let t, = Y, Ty x be
the associated averaging sequence. Assume for every f € L, we have T, f — f
a.e. for some f € D. Suppose that (g;) C L, is a sequence of functions with the
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property that g — g a.e. for some g € L, and | sup; |glll, < 00; then

o0
Y Tig—> & ae.
k=1

Let 7 f denote the projection of f onto the subspace of invariant functions under
T, defined by lim,_, 00 Ap(f)(x) = wf(x) forae. x and f € LP, p > 1. We are
now ready to prove the convergence of the averages P, f.

PROPOSITION 2.8. Let {T;} be a measure preserving flow on a probability space
(X, B, m).

@) If limg,o€x = € > 0, then for any f € LP, p > 1, limy, o Py f(x)
=nf forae.x.
(b) Iflimg_, oo €x =O0thenforany f € LP, p > 1,lim,o P, f(x) =7t f a.e. x.

Proof. This proposition is a consequence of Jones and Wierdl’s Theorem 2.7.
In our situation, L, = L?, T,k f(x) = f(Tix)/n and 1, f(x) = A, f(x) =
n~13%_, f(Tix). Clearly, T, is dissipative since, for any f € LP?, lim,_
f(Tyx)/n =0 forae. x.

By the Pointwise Ergodic Theorem 7, f — s f a.e.forany f € LP. The functions
8k = ¢, f areallin L? if f € LP, and by Proposition 2.4, have the property gy — f.
a.e..

It remains only to show that sup, [gx| € L”.

We have two cases to consider. If limy_, o €; = € > 0,then ¢, > €9 = inf; €, > 0.
Hence

1
sup gkl < suppsf < — | f(Tix)¢(t)dt.
k §>¢g €0

Since ¢ is integrable, sup, |gx| € L? if f € LP,p > 1.
If limi_, o0 € = O, then (see [15] or [16]) the maximal function is dominated by
the Hardy-Littlewood maximal function

1
sup lg¢] < sup el f1 < C(@) sup~ / G+ D)ldt,
k €>0 >0 € It|<e

and the later maximal function is in L?, only if p > 1.
In either case, Theorem 2.7 gives P, f = n~! ZLI Tvgr = nfcae. 0O

The technique used in Proposition 2.8 failed to show pointwise convergence in L!
in the case when ¢, — 0. However, mean convergence holds even in this case. It is
not difficult to see that if lim_, o €x = € > 0, there is mean convergence in L? for
p > 1. Indeed, mean convergence in L? for p > 1 orin L! whene, — € > 0, is
an immediate consequence of Proposition 2.8. The next corollary then completes the
case p = 1, showing that if ¢, — O then the averages P, f converge at least in the
L! norm.
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COROLLARY 2.9. Letl < p < o0. If limy,oc€x = € = 0, then limy_,00 P, f
converges to mt f in LP.

This corollary is an application of the following result and Corollary 2.6.

LEMMA 2.10. Let {T, «} be a double sequence of operators on a Banach space
¥, |I.Il) such that

@) [IThill > Oasn — oo,
(b) sup, 3p2 I Tull = C < o0,

where ||T, x| denotes the operator norm. Let T, = Z,;“;l T, and assume that
limy, oo Tyy = y foranyy € Y. Let yi,y € Y such that limy_, oo yy = y. Then
lim,_, o0 2121 Thkyr =Y.

Proof. Since 1,y — Y, it suffices to show that Yy (Txyk — Tuxy) — O as
n — 0O0.

o0 o0 o0 o0
D Toe = Y Tuwy| < Y MTk i =N = Y W Tillllye — i
k=1 k=1 k=1 k=1
K 00
< Y MTelllye =yl + Y 1Telllye =yl
k=1 k=K+1
=1+1I

To handle the second term, choose K so that given € > 0, ||yx — || < €/C for all
k> K.Hence Il < (¢/C) Z,f’;,ﬂ_l IThill < (e/C) C =e.

For that fixed K, since ||T,, || = 0 as n — 00, given € > 0 there exists N > K
such that I < e foralln > N.

Thus we have shown that for any € > O there exist N such that || Z:’;l Tok Yk —
Yo Tyl <2eforalln > N. O

3. Non—convergent sequences

In this section we only consider the special case ¢ = x[—s,5. To avoid con-
fusion we will denote ¢, f by I f. We will also use the notation P, f(x) =

(1/n) Y pey Lo f ().

LEMMA 3.1. Let D = span{f — Tif: f € L*®}. If limyo(1/n)Y ss
l€x—1 — €x|/(€k—1 V €x) = 0, then lim,_, o, P, f exists and = 0 a.e. forany f € D.

Proof. Let f =g —Tig, g € L*. Then

Ly 168(T%)  Log(Th1®)
P, f(x) = " Z I, g(Tix) — I,_ g(Tyx) + Elgn 1X)  la8 nn+l )
k=2
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Assume €1 > €; then
|1e,‘8(x) - I€k—lg(x)|

1 1 1
— —— )&l g(x) + — (Tx)dtl
(ék 6lc—l) 8 €k-1 Je<lt<ery st

» (€x—1 — €&)
€k—1

< lgllco-

Thus

2 (- ler-1 — &l
[PofX)| < =) ———
nf n ; k-1 V €k

asn—>oo. 0O

2lgl
lgloo + —i—fﬂ —0

LEMMA 3.2. Let {ex} be a sequence in (0,1) satisfying the variation condition
lim,_, o (1/n) ZZ=2 |€k—1 — €k|/ (k-1 V €) = 0. Then lim,_, o P, f(x) exists a.e.
for any f € L? invariant under Ty if and only if the following hold.:

@) If p > 1,lim,_, P, f exists a.e. forany f € L?,
(b) If p=1and e > € > 0 forall k,lim,_, P, f exists a.e. forany f € L'.

Proof. Letl = {f € LP: T\f = f}, the invariant functions of T}, and D =
span{f — T\ f: f € L®}. The direction (&) is trivial because if f € I then
P, f(x) = P,f(x). Let’s prove (=). By Lemma 3.2,if f € D, limy_,00 P.f =0
a.e.. On the other hand if f € I, then P, f(x) = P, f(x) which converges a.e. by
hypothesis. Hence P, f (x) converges a.e. for any function in I + D, a dense subspace
of L?. The lemma then follows by the maximal inequality in Lemma 2.3. O

Lemma 3.2 is interesting because it says that if the sequence {€;} doesn’t have
a large variation, then P, f converges for all f in L? provided P’f converges for
invariant functions. In the case when T is ergodic, the second statement is trivial
since the only invariant functions are the constants. But if the sequence {€;} does not
converge, then ergodicity of T} is necessary.

LEMMA 3.3. T, is ergodic if and only if for any sequence {€;} satisfying the
condition of Lemma 3.2 one has the following:

(@) If p > 1,lim,, o0 P, f exists a.e. forany f € LP.
(®) If p=1and e > € > 0 forall k,lim,_,o P, f exists a.e. forany f € L.

Proof. (=) The proof follows from Lemma 3.2 because if 7 is ergodic then
the only invariant functions are the constants so P, f (x) converges trivially for any
invariant function.
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(«=) If T is not ergodic, we will construct a sequence for which the averages do

not converge. Construct a sequence {€;} taking only two values @ and B in the

following way. Let a; = 1 and inductively construct a; and b; such that b; = 2a;

and ag41 = 2bg. Then the collection of sets Ay = [ax, by) and By = [by, ax) form

a partition of the positive integers. Now lete; = a if j € Ay and¢; = B if j € By.
Then, if f is an invariant function for 77,

1 1 .
Py—1f(x) = I (bk = keuz:A f(Tl"x)) + I (ﬁk > .f(Tl x))
sk Aj €V« Bj
|4 < I I
= Zf" : Iaf()+zf 6}
k
But
|Akl = by —ap = @ = 471,
|Bk| = ak41 —bp = by = 24k'l,
SO
2zt |41 = = 4j #-1 —ask — o0
by — 1 ‘24k1—1 324-1-1) 3 ’
215 = Zj=°24] = aalid - ~ask —> 00
by—1 — 24117 3@4k-1-1/2) " 3 ’
Hence,
Jim Py, f(x) = I f)+ Iﬁf(x)
Similarly,

1
Am Po,_ f(x) = Iaf(x)+ Iﬂf(x)

By choosing an invariant function f which is not constant, we see that the limit of
P, f does not exists a. e.

Clearly the sequence ¢ satisfies the conditions of Lemma 3.2 because in a block
of length 2" there are only n changes. Thus this example shows that ergodicity is
necessary. [

Example 3.4. With the help of Lemma 3.3 we can construct non—convergent
sequences {€;} (taking more than finitely many values as in the above example) for
which the averages P, converge a.e. when T is ergodic.
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Construction. Fix 0 < € < 1/4 and find n > 1/e. Construct the sequence €
inductively. Let €; = € and

et = min{e; + == n+k, 2} ifep_1 <€ <1/20re =g,
+ max{e, € — n+k} ife <€ <e€p_jore =1/2.

This sequence satisfies the hypothesis of Lemma 3.3, thus P, f (x) converges a.e. for
f € L, but the sequence {¢;} itself does not converge.

The results obtained so far in Sections 2 and 3 seem to indicate that if 7} is ergodic,
given any sequence {e€} in (0,1), the averages P, f (x) converges a.e. forany f € L?,
p > 1. However the ergodicity of T; alone is not sufficient. We thank the referee for
the following example.

Example 3.5. Consider the flow T;x = x + ~/2t on the Torus [0,1] mod 1. Let
f(x) =1ifx € [0,1/2)and f(x) = —1ifx € [1/2, 1). Let {x} denote the fractional
part of x.

Let {N;}72, be a rapidly growing sequence of integers to be determined, say
No =1 and N,+1 > 10N for j > 1. Lete = «/—/200 and J; = (e, 3 3 — 2¢€) and
h=(3+¢€1-2€).

Define the sequence {€;}72; in the following fashion:

Iszj <k < N2j+1, let

.o {r&s if (kv/2} € Jp

5 ifkv2) & .
If N2j+1 <k< N2j+2, let

. s if (kv2) e gy
k= 5 ifkv2) ¢ i
Notice that for all x,
122 1/2
Ly sf0) =3 f fat+vadi= [ fex+nde=
-1/2
And

1/200
Lijoof(x) = 100/ f(x +~2t)dt

1/200
_ 1 1fxe[e,——e)
-1 1fxe[2+el-e)
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Let Bj = [Nj, Nj41). Since the sequence {kﬁ} is uniformly distributed in [0, 1),
we can choose the numbers N; such that
#k € Byj: {kv/2) € J) 1 242

> |l —e =5 = ==

Naji1 2 100

and
#k € Byj_1: {kv/2} € 1)
Noj
Then, for x € [0, 1/200],

Py, f(x) = > L fx +kv2)

N2]+1 k<Nyj

Z Iijio0f (x + kv/2)

N2j+1 keBy;
(kv2)esy

3 1, afx+kV2)

kesz
kv/2)g 1y

1 #{ke By (kvV2) € D)
10 Naj1

1_(1_22)_ 1
10 \2 100"

Puyf@ = = 3 Lo fGx+kvD)

Naj k<N2, |

Y hpoof (x +kv2)

NZJ keByj_y
(kv2ledy

1
+5— 2 lysfG+iv2)
2j keByy-y

kv2igJy

#{k € Byj_1: {k+/2} € J1}
10 Nyj

L1 (1 2\ 1
- 10 2 100 ] — 4

showing that these averages diverge on a set of positive measure, even though Ty x =
x + +/2 is an ergodic transformation.

>|Nhl—€e=

sz

IA

IA

and

v
|
|
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4. Random sequences

In this section we require that the probability space (X, 8, m) be a Lebesgue space
in order to be able to use ergodic decompositions, and that E = {€;} be a stationary
sequence of random variables defined on a probability space (€2, C, P), taking values
on [0, 1].

Defining ¢ f (x) = f(x), the time averages now take the form

1 n
Pof x,w) = — Y e f(Tix)
k=1

where x € X and w € Q.

The results of this section follow from the Return Times Theorem. Bourgain
proved a first version of this theorem in [4], Bourgain, Furstenberg, Katznelson and
Ornstein gave an alternate proof in [5], and Rudolph in [13] gave a proof through
joinings and the formulation of the theorem that we present here.

Let S be a measure preserving transformation on a Lebesgue probability space
(R, G, v). Thetuple (2, G, v, S) is called a dynamical system. By abuse of notation,
if (X, B, m) is a Lebesgue probability space and {T;} is a measurable flow of measure
preserving transformations, then the tuple (X, B, m, {T;}) is also called a dynamical
system.

It will be clear from the context which definition of dynamical system we are using.

THEOREM 4.1. (RETURN TIMES THEOREM). Let (2, G, v, S) be a dynamical
system, and let g € LP(v). Then there is a subset Q; C Q2 of full measure so that for
any other dynamical system (X, B,m,T)and f € LI(m) (1/p+1/g=1,1<p <
00), if w € L4,

1 k k
Jim =3 8(5"uw) f(T4)
converges for pu-a.e. x € X.

Note 4.2. Given a sequence {e,} of stationary random variables defined on a
probability space (2, C, P) and taking values in [0, 1], they define a measure pre-
serving one sided shift on the infinite product space Q' = x2,[0, 1] endowed with
v the measure induced by the distribution of the random variables. Let G be the
completion of the Borel sets with respect to the Borel probability measure v. Since
Q' is a complete separable metric space, a theorem of von Neumann [11] implies that
(2, G, v) is a Lebesgue space.

In what follows, we will not mention this infinite product construction but we are
actually working in this space when we apply the Return Times Theorem.
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LEMMA 4.3. For any sequence E = (€} of stationary random variables, there
exists a set Qg of probability 1 such that for any dynamical system (X, B, m, {T;}), if
w € QE, then lim,,_, o, P, f (x, w) exists for a.e. x and any f € L*.

Proof. We will first show that there exists a set Qg such that for any dynamical
system (X, B, m, {T;}) where T; is ergodic, the averages Py f(x, w) converge for
a.e. x.

Note that, by Proposition 2.4, for almost every x the map defined by F: ¢ —
@ (f)(x), F(0) = f(x), is continuous and hence uniform continuous on [0, 1].

Let I,; = [i/n, (i + 1)/n). Because the sequence of random variables {e;} is
stationary and f € L, it follows from the Return Times Theorem 4.1 that for each
pair (i,n), 0 < i < n, there exists a set 2;, C  of probability 1 such that if
w e Qi,m

n,i 1 u
CN'f@®) = 5 D an (ee)gisn f (Tex)
k=1
converges for a.e. x € X as N — 00, for any dynamical system (X, 8, m, T1). Then

Qp =U2, U;‘;(} ;. is a set of probability one.
Given § > 0 arbitrarily small, define

1
Af = Ix: lpe f(x) — @ f(x)] <8, ifle —¢€'| < r_l]

Because the uniform continuity of the map € — ¢.(f)(x), we can find an ng such
that m(A§) > 1 — 8 for all n > no. Fixing n > no, if f € L*,

IPNf(x,'LU)— PMf(x,U))I

n—1 1 N
< |Puf@w) =3 = D X (6 @)iyn f (Tix)
i=0 k=1
n—1 1 M
+ [ Puf @ w) =3 25 D X, (k) in f (Tex)
i=0 k=1
n—1
+ D ICK fx) = Cyf F )]
i=0
=L+ 5L+ L.

To estimate the first two terms, observe that since T is ergodic, for a.e. x, there
exists Ng = No(x), such that for all N > N,

1 N
5 2 Xeape (Tiex) < m((AD)) + 8.
k=1
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Thus
n—1 l N
h=3" =3 xu (& @)lgaw f Tx) = gim f (Tex)]

i=0 k=1
n—1

< DN }: x,",(ek<w))s+§ ~ Z X1, € WN)2 |l Flloo

TkxeA: T,,xiA"
< 8+ 2 flloo [M((AD®) + 8]
< 8144l fllco]

forall N > Ny.

The second term I is handled in the same way, producing the same estimate
provided that M > Nj.

To handle the the third term, recall that by the Return Times Theorem, for each
w € Qg and any pair (n,i),0 < i < n, {Cy' f(x)}n is a Cauchy sequence, for a.e.
x. Thus, for a.e. x, there exists N; = Nj(x) such thatif N, M > Ny, |Cy Tfix) -

Cii f(x)l < 8/n, making I3 < 8.

Thus we have shown that for any w € Qg, given § > 0 for a.e. x there exist N=
max(Ng, Ny) such thatforall N, M > N, |Py f(x) — Pu f(x)] <83+ 8| fllco)-

Hence, for each w € Qg and f € L%, the averages Py f(x, w) form a Cauchy
sequence for a.e. x € X. Therefore they converge.

The general case where T may not be ergodic is readily obtained via the ergodic
decomposition of the system (X, 8, m, T1).

If we have a flow for which T; is not ergodic, since (X, B, m) is a Lebesgue
space, we can decompose the measure m into its ergodic components under T;. Let
(V, B’, v) be the factor of (X, B, m) defined by the sigma algebra of T;—invariant sets
of X. Then the collection of Borel measures {m,},cy on the fibers has the property
that (X, B, m,, T}) is an ergodic system for v-a.e. v € V, and

m(A) = / m,(A)dv forall A € 8.
1%

(For a detailed explanation of decomposition over factor algebras see Rohlin [12],
and for a simplified approach see Rudolph [14].)

Now, given w € Qg, let C = {x: limy_, o Py f(x, w) exists}. Since (X, m,, T1)
isanergodic system for v-a.e.v € V,m,(C) = 1forv-a.e.v € V. Hence,m(C) = 1
also. 0O

Applications of Holder’s inequality now yield convergence results in L.

Given any dynamical system (X, B, m, {T;}), by Lemma 4.3 the set of functions
f € LP where lim,_, P, f (x, w) exists for a.e. x, for all w € Qg, is dense in L?.
We need only to see that it is also closed.

Notice that in the above lemma, there was no integrability condition imposed
on the stationary sequence {e;}. For L? convergence we will have to require some
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integrability condition on the reciprocal of €;, more precisely 1/¢; € L9~!, with the
convention

L° = {measurable functions on £}.

THEOREM 4.4. Let E = {€;} be a sequence of stationary random variables and
p and q conjugate indexes, thatis 1 < p,q < ocoand1/p + 1/q = 1. Assume that
either ¢ has compact support and ¢ € L1, or ¢ € L'. If 1/ € LI~Y(RQ), there
is a set Qg of probability 1 such that if w € QE, then for any dynamical system
X, B,m, {T;}) and any f € LP(X), lim,_, o P, f(x, w) exists for a.e. x.

Proof. We will only prove the case 1 < p < o0o. The case p = 1 is handled
similarly. The case p = 00 is nothing but Lemma 4.3.
Let Q7 be the set from Lemma 4.3, and

n
Q = [w € Q: a(w) = lim l X:[l/«sk(w)]"'1 exists l .
n—->o0 n =1

Since X = 1/¢; € L771(Q), €' is a set of probability 1. Define Qr = Q' N Q.
We will show that for any dynamical system, the subspace H = {f € L?: for all
w € QE, lim,_, » P, f(x, w) exists for a.e. x} is closed.
By the existence of the ergodic decomposition, we can assume that 7 is ergodic.
Let f € L?. Givend > 0, choose g € H suchthat || f—g|l, < é,andleth = | f —g|.
Case 1. ¢ has compact support and is in L9.
Since the support of ¢ is compact, there exists L such that supportof ¢ C [-L, L].
Then

|Pn(f — 8)(x, w)|
1/q

1 & 1/p 1 &
< / |:— Z \f — glp(Tk+;x)] [—' ZXZ(W)(Pq(t Xk(w))] dt
mse | N i N

1 VP 1/q
— hP (Tyyx) d - / x4 a0 X dt
= [fmSL N X; (Tieys) t] [N :L; s § (W)p? (t X (w)) ]

k=

) N 1/p 1 N 1/q
<|= P (Tysex) dt =S x| el
[sz“ ] [Nzk ,,

k=1

Then for each w € Qp,

lim Sup |Py(f — g)(x, w)| < RL)P |In]l, a4 lpll, < QL)? a4|jp|l,
—00

for almost every x.
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Case 2. ¢(x) = SUPy > (¢ 9(¥) is integrable.
[Py (f — 8)(x, w)|

1 N 1/q
f [ Zlf gl"<Tk+,x)<p(th>] [ ZX,‘:(w)go(txk(w))] dt
k=1
1 /p N 1/q
[NZ f h"(Tk+,x)¢(t)dt] [ Z XZ(w)¢(txk(w))dt]
k=1 =1
1 & i/p 1 & /q
s[ﬁz f hP(Tk+,x>¢<t)dt] [N—sz‘%w)] (I
k=1 k=1

IA

Zl'—

Then, for each w € Q,

limsup | Py (f — @)(®¥)| < [Ikll, gl e'/e < 8¢l a'/4
N—>oo
for almost every x.
From the estimates in either case it follows that if w € Qg and § > 0,

) limsup | Py (f — &)(x, w)| < C(p, w) &

N—o00

for almost every x. This is enough to show that the sequence P, (f)(x, w) is Cauchy.
Indeed,

[Po(f)(x, w) = Pp(f)(x, w)| < |Po(f — 8)(x, w)| + |Pu(f — 8)(x, w)]|
+ | P (g)(x, w) — Pp(g)(x, w)l|.

Estimate 2 shows that for each w € Qg, there exist N, such that if n, m > N, the
first two terms are < C(p, w)d for almost every x. Since g € H, if w € Qg, the
sequence P,(g)(x, w) is Cauchy for a.e. x. Hence there is N, such thatif n, m > Ny,
the third term is smaller than §. Hence, if w € Q, for all n,m > max{N;, N;},
|Pa(f) (%, w) = Pu(f)(x, w)| < (1+2C(p, w))3.

This proves that for every w € Qg, P, f(x, w) is a Cauchy sequence for a.e. x,
andhence f € H. O
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