SOJOURN TIMES OF DIFFUSION PROCESSES
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For a linear diffusion process X (¢), the sojourn times

t
[ vxw), B ar,
0

where V(z, E) is the indicator function of E, form a measure on the Borel
sets E of the line, for each path X () and for each t. A basic property of
diffusion [3], [9] is that for almost every path and for each ¢, the sojourn time
measure has a density 3(z, ¢) relative to the speed measure m of the process:

f VX, B) dt = f 5(z, ym(dz).
0 E

The density is a continuous function of (z, t), and various estimates have
been made of its modulus of continuity [6], [9].

The main result of this paper is the following property of the sojourn
time density: Let T be a stopping time for the diffusion, which depends
only on position (for a precise definition see Section 1). Then, conditional
on X(0) = z and X(T) = y, 3(«’, T') s a Markov process with parameter
z’. In fact, a change of variable transforms 3(z’, T') into the radial process
of a Brownian motion in two dimensions if 2’ is between z and y, in four di-
mensions otherwise (Section 4).

A number of properties follow immediately from this representation. For
instance, for almost every path and for each ¢, the set of &’ for which 3(a’, t)
is positive is an open interval; that is, the sojourn time density vanishes
only on the closed complement of the range of the path. Also, one can
write down the precise local and global moduli of continuity of the density:
If the scale on the line is the natural scale for the diffusion, then with prob-
ability one, for each ¢t > 0,

lim sup [3(a" 4+ A,8) —3(2',8) | _
a0 /[A[log|log|A]]
it a(a’,t) > 0;

24/3(, 1)

’ _ ’
lim sup 3@ H A0 —3@,0 [ _
-0 @'er A/3(2',8) [A][log [A]]
if 3(x’, t) > 0 for 2’ in the closed bounded interval I;
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. 3(x" + A,t)
i SUp A T Tog TTog [AT] —

if 2’ is an endpoint of the range of the path X(#), 0 < ¢ < t. The last
relation holds if #’ is an absorbing barrier; if x’ is a finite natural barrier,
the same relation holds for ¢ = «. If the diffusion starts at an entrance

point, say © = -+ «, then for each ¢t > 0,

. 5(2',t)
lim sup —————-— =
o X log log x

A word is in order about why one should suspect that 3(2’, T') is Markovian,
since the proof given here is completely unmotivated. Consider as a special
case Brownian motion starting at the origin and stopped at the passage time
P across the point 1. For each positive integer n, let xx,, = k27", k = 0,
1, .-+, 2"; and for each path, let N, be the number of returns from ..,
to xn. that the path makes before it reaches 1. By the strong Markov
property, the successive portions of the path after a return to z, until the
next passage of xi1,. are independent copies of a Brownian motion; and
this property remains in force conditional on the value of N, . Hence the
sojourn time in the interval (24—, , 2%,») is written as the sum of Ny, in-
dependent variables, and only Tchebycheff’s inequality is needed to show
that as n — o« and ax, — 2/, the sojourn time, divided by 27*"N;.,. , con-
verges to 1 with probability one. The same reasoning can be applied to
Nin; if m > k, Ny, is written as the sum of N, independent variables,
and so with probability one, 27Ny, converges to a random variable as
n — . This reasoning actually says that for each n, Nj, is a Markov
chain with parameter k; hence in the limit one has the Markov property
for the sojourn time density.

Note added in proof. The method outlined above has been used inde-
pendently by F. B. Knight to prove the Markov property of the sojourn
time density for certain Brownian motion processes. His work will appear
in the Transactions of the American Mathematical Society.

The above technique was used to investigate the asymptotic behavior of
the sojourn time of planar Brownian motion in small circles in [7]. It is
probable that the Markov property of the sojourn time density should be a
powerful tool in treating such problems. However, since the speed measure
of the particular diffusion enters, rather than just the density, it seems that
each problem must still be given individual study.

In this paper we have chosen to use an analytic approach, which consists
of writing down a set of linear equations satisfied by the Laplace transform
of the joint distribution of sojourn time densities at finitely many points,
and inferring the Markov property from this. This approach has the ad-
vantage that the most general diffusion can be handled as easily as Brownian
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motion. In fact, we allow birth and death processes as well, since these
have exactly the same analytic properties [1].

1. Diffusion processes

This brief discussion of diffusion processes is intended only to make the
terminology and scope of the paper precise, and to introduce certain con-
ventions. It is essentially a sketch of the presentation in [3], to which we
refer the reader for further details.

The state space of the diffusion process will be a closed subset X of the line;
the left and right boundaries x_ and x, are respectively the infimum and
supremum of the points of €. The usual case is that X is a finite or infinite
interval, and we have a diffusion with continuous paths; or that & is discrete,
with z_ and x, the only possible limit points, and we have a birth and death
process.

A Markov process on X with stationary transitions is a diffusion if the
process is strongly Markovian and if the paths X (¢) are right continuous,
have limits from the left, and have the intermediate value property: If x X
and X(t) <z < X(¢), then X(#”) = x for some t” with ¢t < " < ¢
ort! <t <t

The conditional probability measures @.{-} = ®{-|X(0) = a} are uniquely
determined for each x in & by the transition function, and in what follows
we shall assume that each point x in & is a possible initial value. We as-
sume further that whenever x_ < X(0) < z, ,eachpointyin %,z <y <z,
is a possible value of the path; in other words, the diffusion is not a transla-
tion, and the state space & is minimal.

In this paper we reserve the name diffusion for such a process when the
paths are defined and in & for all ¢ = 0. A positive random variable 7' is
a stopping time depending only on position if the event T' > ¢ is independent
of the future path X(¢'), t' > t, conditional on the present value X(¢), and
if the stopped process X(1), 0 < t < T, is Markovian with the stationary
transition function

GIT > 4+ 0, XL+ 1) e B|T > ¢, X("), 1" < 1)
= Cxu\T > t, X(t) e B}.

Except for the use of passage times in this section, we shall assume that &
is the minimal state space for the stopped process; this is equivalent to the
assumption @7 = 0} = 0,2_ < 2 < x4 .

There seems to be no way to avoid some special discussion of boundary
points. For instance, a boundary point x = x, is a trap if X(0) = z im-
plies X(¢) = z,¢t = 0. Under our assumptions, a boundary point must be
a trap unless every point ¢’ in &, z_ < ¢’ < x4, can be reached from it. For
this paper, there is no loss of generality in assuming that for a stopping time
T, ®A4T = 0} = 1 when z is a trap; and for a stopped diffusion we shall use
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the word trap to mean any boundary point z for which @{7T = 0} = 1. A
trap may be accessible or inaccessible; in the former case it is an absorbing
barrier; in the latter a natural barrier. We call a natural barrier x finite
if with positive probability X (¢) — x as ¢ — «. An entrance boundary is
an inaccessible boundary point which is not a trap.

Of the two types of stopping times depending only on position which occur
most frequently, the one is an exponentially distributed time S independent of
the paths of the process:

CAS > t, X(1) eI} = ¢ "®AX (1) ¢ E}.
The other is the passage time across a point of X from the left or from the
right:
P.(b) = Inf {t: X(¢) = b}, P_(a) = Inf {t : X(t) = o},

with the usual convention that the value is + « if the corresponding set is
empty. Because of the intermediate value property,

X(P(b)) =0 if X(0) £b and P.(b) < =,
X(P_(a)) =a if X(0) =Za and P_(a) < .

According to the strong Markov property, when 7 is a stopping time
depending only on position, the renewed process X+(t) = X(T + t),t = 0,
is a diffusion with the original transition function and with the initial point
X+5(0) = X(T); and conditional on the value of X(7T), the stopped and
renewed processes are independent. In particular, a functional ® which
depends only on the renewed process will satisty

Ed®; X(T) edy} = EA®}@AX(T) edy}.
Using this type of equation one can easily fill in the proofs of the following
statements:
First, the scale x of the line may be chosen so that whenever
r<a<e<b<ua,,

CAP (D) < P_(a)} 1 — ®AP_(a) < P4(b)}

(x —a)/(b — a).
In this scale, a boundary point is finite if it is an absorbing barrier or a finite
natural barrier, infinite if it is an entrance boundary.

Second, let T be a stopping time which depends only on position. Then
there corresponds a pair of positive continuous functions h. and h_, respec-
tively increasing and decreasing, and strictly positive on (x_, z.), such that

CAPL(D) T} = hy(x)/hy(b), z < b,
®AP_(a) = T} = h_(x)/h_(a), a < z.

It is important to think of hy(z) as defined for all 2 < z, , and h_(x) for all
@ > x_, so as to be positive and linear on the complementary intervals of .

(1.1)

(1.2)
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Third, either h, and h_ are both constant, the process is recurrent with
T = oo ;or hy and h_ are linearly independent on every interval, the stopped
process is transient, and for a path with 7' = o, X(7T) = lim,,, X (¢) exists
and is a finite natural barrier. We will naturally assume the latter situation.

Fourth,

Az, y) = hy(@)h_(y) — h_(x)hy(y)

never vanishes for x < v, and is a convex function in the natural scale in
each variable. It follows that there is a measure &k on X, the kelling measure,
such that

(1.3) dh'(z) = hy(x)k(dz), dh(z) = h_(z)k(dz),
in the sense that for x < y

Wy — B(z) = f 1z (e,

<z’ Ly
for h = hy or h_, where h’ denotes the right-hand derivative of h. The
measure k is finite on every compact subinterval of (z_, x); if  is a finite
boundary point every neighborhood of which has infinite measure, then x
is a trap. If x is a trap, then k({z}) = o, while the corresponding function
h = h, or h_ vanishes at x; thus the equations (1.3) remain valid at such a
point with the convention that h(x)k(dx) is defined by the left side:

hy(x)k({z}) = lims.e (B (z + 8) — W'(x — 9)).

In general the first equation (1.3) holds for # < z and the second for « > «_
and the functions k. and h_ are determined up to a constant factor by the
killing measure k.

Fifth, the Wronskian W = A% (x)h_(z) — hl(x)h,(z) is constant, and
we assume h, and h_ normalized so that W = 1. Set

(14) Mz, y) = hy(Min(z, y))h_(Max(z, y)).
Then for every bounded continuous function f on the line and point « in 9,
(15) BAFX(T)) = [ Bz, y))kdy),

Here X(T) = lim, »r X(¢) is a finite natural barrier if T' = o, as before;
while h(z, y)k(dy) is to be interpreted by (1.4) and the end of the preceding
paragraph if y is a trap.

Sixth, there is a measure m on X, the speed measure, such that for every
bounded continuous function J vanishing at traps, and for each point z in <,

(16) md [ rxyay = [ it niwma.

The speed measure has closed carrier & and is finite on every compact sub-
interval of (1, x2); we set m({zx}) = o when z is a trap for the unstopped
diffusion. Then m depends only on the unstopped diffusion.
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Seventh, the original diffusion may be reconstructed from the speed measure
m, by taking the killing measure & = sm for an arbitrary positive value of
the parameter s. Ifor then the corresponding stopping time is exponentially
distributed with parameter s and independent of the paths. The kernel
h(z, y) is uniquely determined by (1.3), and h(x, y)m(dy) is the Laplace
transform, with parameter s, of the transition function of the diffusion. Since
this stopping time does not satisfy our convention that ®,{7 = 0} = 1 when
y is a trap, it is necessary to define h(z, y)m(dy) at such a point; this is done
simply by noting that if k¥ = sm, then h(z, y)m(dy) = (1/s)h(z, y)k(dy)
can be interpreted as in (1.5).

Similarly, if &k is the killing measure corresponding to a stopping time 7',
one may construct the transition function of the stopped process by consider-
ing the new killing measure k; = k& + sm.

2. Sojourn time densities

Let X (t) be a diffusion with state space %, and 71" a stopping time depending
only on position. We assume the conventions and notation of Section 1;
in particular we have the speed measure m, the killing measure k, and the
density h(x, -) relative to £ of the distribution of the place of stopping for
initial point .

For each path define the sojourn time of the stopped path in the Borel set
I to be

T
[ vixw,ma,
o
V(z, E) being the indicator function of /. For each path, the sojourn times
define a measure on the line.

For almost every path, the sojourn time measure has a density 3(x, 1) relative
to the speed measure m:

T
f V(X(1), E) dt = / 5(2!, T)m(da).
0 E
The density can be taken to be continuous in probability in the spatial paramelier

x'; and for this version the joint distribution of 3(xy, 1), 1 = k = n, and of
X(T) s determined by

éu(x) = dul@; Y500, -+ @21, o0 ,2)
(2.1) =Ex{exp{—21’zk5(xk,T)}[X(T) =y}
N h(w, x)h(a y)
=1- g w\Yk),
; ! h(z, y) én(Yk)
Jor posilive numbers z; , - -+, 2, and for points x, y, T1, -+, Tu 0 X with y

in the closed carrier of the killing measure k.
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In (2.1) the ratio h(x, zx)h(xe, y)/h(x, y) is to be interpreted by (1.4)
so that its value may be determined even when numerator and denominator
both vanish. For instance, if y = z,

h(z, we)h(ze , y)/h(@, y) = h(@, 2e)hi(20) /hi(2).

Let 3(x, T') be provisionally the density of the absolutely continuous part
of the sojourn time measure, relative to m: Let A, be the dyadic interval
k27", (k 4+ 1)27") and say A, — 2z ifasn— o,k = k,issuch that x ¢ A, .
Then (8] for each path

(e, 1) = lim, m(Ap 5 f V(X(1), Aps) di
exists for almost every point z in X, relative to m. Since 3(x, T') is the
limit of a fixed sequence of functions each measurable jointly on the sample
space of the diffusion and on &, 3(z, T') is jointly measurable, and by Fubini’s
theorem there is a subset %’ of % with m(X — %’) = 0 such that for each z
in &', 3(x, T) is defined as the limit above for almost every path.

We use a technique developed by Kac [4] to show that (2.1) is satisfied
by 3(x, T) when ay, -+ -, x, are in X’. Let £ be a Borel set, and let V be
a positive Borel measurable function. Then since the stopped process is
Markovian with a stationary transition function,

Pz, B) = E{ exp{ - fT V(X)) dt’};X(T) eE}
= E:c{[]. — fT V(X(t)) exp{—j;T V(z(t')) dt’} dt:l;X(T) eE}
= ©.{X(T) ¢ E}
— E{/o at V(X (£) Exe {exp{—fo V(X)) dt’} X(T) e E}}
= [ ha k@) = [ he,a )V @O, Bym(ar)

by (1:5) and (1.6). In particular, as a measure of the set K, F(xz, E) has a
continuous density relative to k, and

(2, y) = Ex{eXp{—fT V(X(t)) dt’} X(T) = y}
h(z, 2" Yh(z, y) , ,
1= [ Vi) Rt 2 (e, ym(a),

for y in the closed carrier of k.
Note that f(x, y) is continuous in z, and for any collection of functions
V with [ V(2")m(dz") bounded, the corresponding functions f are uniformly
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equicontinuous in x. Indeed, using (1.4) and the fact that (h,/h_)’ = hZ’,

(%j(x, y) = » V(a') Z:Ex)) 1’ y)m(dz), ¢ <,
- '/:;<z’ V(.’E’) hh-.—?_(é,;)) f(x,; y)m(d.’lﬁl), y <,

Now let @1, - -+ , x, be points in %’. Let

Vola; i) = V(2, 8y,5)/m(4y,5),

where j is chosen so that x; € A,,; , and let
Viz) = Vy(z) = Z{L 2 Vp(x; ).

As p becomes infinite, the corresponding functions f,(z, y) approach

O Y; Ty, o0, Tn 21, , 2s), and are uniformly equicontinuous in z.
Thus

iz, 2" )h(a’, y)

lim fV (z; ar) — Tp(@, y)m(dz")

PpP>0 h(xi y)
1 h(a: 2 (2, y) A
= lim A ? (2, y)m(da’
o ) Juy Wy P wImd)
_ h(z, z)h(a ,y)
- W— ¢n(xlc),
and this implies (2.1) whenever x; , - - - , x, are in ’.

It is now quite easy to show that the sojourn times are absolutely continuous
relative to m. By putting n = 1in (2.1), for z; small,

Ex{e—zls(.m,'r) | X(T)=y}=1— 1h(x—;il()_}}.gl ) + 0(z1),

E.{5(e, T) | X(T) =y} = h(e, zl(;h;;h )

va{s(.%], 5 T)} = h(_}:, xl))

L{fb G(xl,’l’)m(dxl)} — [ Batsta, ) imlann)
= [ b, mmla)

- E,{ f VIX); (a,b)) dt}
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by (1.6), when (a, b) is an open interval containing no traps. But for almost
every path, by definition

[ s, Dmtaa) = [ VxX0; (a0)) at.

Because of the above, equality must hold with probability one. If z; is a
trap, the sojourn time at x; vanishes for all paths, and 3(z;, T) = 0, in
agreement with (2.1). Thus 3(x;, T) is indeed a version of the density of
the sojourn time measure.

To prove the continuity in probability of 3(x;, 7'), consider (2.1) with
n = 2, z; and z, points in &’. Multiplying by h(z, y)k(dy) and integrating,
we obtain

%(.’l)) — Ez{e’“zlﬁ(xl,T)—-zzﬂ(xg.T)}

=1 — z h(z, z)Y (1) — 22 h(x, 22)P(x2).

Setting first * = a;, then * = a», and finally letting « be arbitrary, for
small z; and 2, , we have

Y(x) =1 — 2z h(z,2) — 22h(e, 22) + 021, 2),
V() =1 — zih(m, 22) — 22h(x2, 22) + O(21, 22),
Y(z) =1 —zh(x, ) — 22h(z, 2)
+ 25 h(x, 2)h(ay, 21) + 25 bz, 22) (s, 22)

+ zrz(h(, 21) + h(, 22))h(2y, 22) + O(21, 23);
it follows that

E{(3(xx, T))*} = 2h(z, w)h(ae, 2a),
E{3(x1, T)3(x2, T)} = (h(z, 21) + h(z, 22))h(21, 22),
Ef(3(x1, T) — 3(z2, 7))} = 2[h(x, 21) (h(21, 21) — b2, 22))
— h(z, z2) (h(21, @) — h(x2,20))]
— 0, as ;1 — x2 — 0.

Thus 3(x;, T) is continuous in probability, and this enables us finally to
define 3(a;, T) for all x; in &€ so that (2.1) holds.

3. The Markov property of the sojourn time density

Since the kernel h(z, y) is defined for all x and y in [z_, z.], we need not
restrict 2; , - -+ , o, to the state space & in the equations (2.1). The solu-
tions ¢, are defined for all values of 2;, -+, @, in [x_, ;] and for fixed
and y determine the joint distribution of a process 3(z’, T') with parameter
a2’ ranging over x_ = ¢’ =< x4 .

We will show in this section that conditional on X(0) = x and X(T) = y,
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5(x’, T) is a Markov process. The absolute probabilities are given by

Rz, 2 )h(x',y) —tne’ e
! — — ) ’ W),
(3.1) @3z, T) > t]| X(T) = y} W k. y) e ;
the transition probabilities by

o2y, t;25,2) = Eofe ™" | 5(x,, T) = t, X(T) = y}

(32) ) ot
= 4o {_hi(xo(l T e — ) } )

for z; < ., where

Wy = 2 h2—(x2>, & = h+(xn)/h—(xn>7

we set also
¥ = Max(z,y), xx = Min(z, y),
« _ hi(@)h(y) _ M <h+(96) h+(y)>
S TEN) @ ) )
h(x,y) . (h+(90) h+(y)>
= _M%Y) M ey,
Tk e e )
then
A=1, x*§x1<$2,
= (14 w(t— &), Tx S m < 2 £ 2,
(B3) =1+ we—8)" & < g2 < Ta, 0> 0,
_ 1 _ b—& > < _
2*—51(5* £2+1+w2(£2—-£1) ’ DSBS B, 0= 0.

The formula (3.1) for the absolute probabilities is easily proved by solving
the equations (2.1) for n = 1. The statement that 3(z’, T') is Markovian
with the transition probability given by (3.2) is equivalent to

¢nia(®) = Bofexp{— 221" 2 3(a, T)}|X(T) = y}
= Efc{exp{ _Z{L k23 3(xk ) T) }¢(xn ) S(Zn ) T);xn'i-l ,Zn+1)]X(T) = Z/}

for n = 1, and we will prove (3.4) by solving the equations (2.1) more or
less explicitly for arbitrary n. We fix points ;1 < ++ < Zpq1 in [z, z4]
for the remainder of this section.

First suppose z, < y. In this case h(xy, y) = hy(xp)h_(y) by (14),
and by letting x = z;,j =1, --- ,nin (2.1),
(3.5) hi(z)dn(m) = hi(z;) — 220 h(x5, xw)z ha(@a)da(an).
This system of equations has the solution

¢a(x;) = aj/ﬁn y

where «; and 83, are determined by

(3.4)
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(3.6) Bu = But + 20 hi(xa)h(20)
an = B — (h(@n) /by () 221 21 Bi(Ta)onn

= Bua — (h(@n) /by (2a)) 2207 2 (i) e,
with B0 = ou = 1. We set & = hy(x,)/h_(2,) as before, and

(3.7)

(38) 8o = 1+ 2a h2(20) (b0 — £a1),

(3.9) Yo = 2n B2(2n) /80 B (20ms).

Then from (3.6) and (3.7),

(8.10) Entl Ot = En an + Bu(fuss — &),

(3.11) Ent1 0ng1 Ongs = Enon + Bugr(bngr — &),
(3.12) Brit = 6n11(Ba—1 + (2n + Vui1) by (Ta) h(T0) n).

If 2z < 2, < @uy1 £ Y, there is no loss of generality in assuming that ¢ = z;
for some j < n. Then ¢,(z) = «;/8,, and by (3.6)

B, {exp { =217 @(a, T)}; 5(xa, T) e dt| X(T) =y}

_ aj _ Bn—lt
= hy @ h_ (@) ‘”‘p{ h+———“<xn>h_<xn>an} dt.

By (3.12)
$n1(x) = a;/Buia
= (1/8u31) Eofexp{ — 27 2 5(xu , T) —Ynia 3(2a, T) }|1 X(T) = y}.

In view of (3.8) and (3.9), this is just the desired result (3.4) in the specified
range.
Ifz, < 2uy1 £ 2, 9,
NORR TR 200 SPNIERTREN
_ h@)h_(y) hy (@)

Sn gn Oy
b ExPBn
$n+1 fn+1 (e 78R )
wiilz) =1 — 25 s

dria() B B

tn En - En Enan
=1 — =+ +1 ,
E* + E* 5n+l E* 5n+1 Bn+l
by (3.11). As in the preceding paragraph, (3.6) and (3.12) again show that

(3.4) holds.
Now suppose ¥ < z, . In this case, (2.1) becomes
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hy(zi)hy(y)
Gu(x;) = 1 — 2, W2 () —2270 90 4 (2,)
! ey 0
n—1
_ h(.’l?j, xk)h(xk, y)
Y
Considering ¢,(x,) a parameter for the moment, this is a system of n — 1
equations which is a combination of (2.1) and (3.5). Again we can write
down the solution:

¢‘n(x1) = ¢n—1(xj) - znhi(xn)d)n(xn

¢n(xk)~

) hy(@i)h (y) o
h(a;j ) ?/) Bn—l

forj = 1, -+, n — 1; by substitution one sees that this formula holds also
when j = n. But whenz = z,,

éu(z) = 1 — z:’: h+(xl;iiz?(/;ck, y)

is independent of z. Thus putting j = n above and using (3.6), we obtain
Bn d’n(xn) = Bn-1 ¢’n—1(xn—-l) = a,

where a is independent of z, .
o=z 2, <typpandy = z,,

atfa; | afa
En Oy, Bn—l En Oy Bn
by (3.6). And by using (3.10) and (3.6),

Gua(2) = () — 2uy1h’(@n)a £

2 ()

= 4)”_1(1;) -

_%
Bn Bn+l
a é*aj a E*aj
)
En Olp ﬁn—l + Sn (6 7°% ﬁn+1

= ¢n-—1(x) -

n+1 .
Again, these equations, along with (3.6) and (3.12), imply (3.4).
Finally,if y < 2, < o1 = @,

¢n+1(x) = ¢n+1(xn+l) = a/6n+1 ) ¢n(x) = ¢n(xn) = a/ﬁn y
and (3.4) follows.

4. The sojourn time density as a diffusion

To describe the properties of the Markov process 3(x’, T') most effectively,
we make the change of variable

(4.1) £=hi(2)/h-(2),  8(8) = 2¢/3(, T)/h-(").

The formula (3.2) becomes
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- S 1 Wy ST
Ez e A/H)we82(£9) S( ) = 5. X(T) = 1 = A ex {__ 291 }

{ | ‘El 1, ( ) y} p 4:].+'LU2(£2—£1) ’
with 4 given by (3.3). This and the absolute probabilities (3.1) determine
8(¢) for 0 = ¢ < o, although the range [z_, z] of 2’ may correspond to a
smaller interval. It is an easy matter to invert the Laplace transform and
compute the transition density

S, 8156, 8) de = @f8(&) eds: | 8(&) = s, X(T) = y}.

Set
2 2
81 + sz 81 82
o) = g { =5 ()
St + s5 — 28180 cos 0
—282f da—exp{ i },
2 2
, _ S _sits S182
f4(81,82,£)—281€xp{ Y }Il<2£>
sin® 6 st 4 s5 — 2818 cos 0
= 47rs2f A ——— C™30 xp{ Y .
Then when s; > 0 and & and & are in the ranges indicated
Jl&, 815 8,8) = fi(s, s, & — &), < & = &k,
(4.2) = fi(s1, 8, & — &), B S h<bHSE

= (s/s)fals1, 8,6 — &), £=a<6&.

Recall that £« is the point corresponding to Min(z, ) under (4.1), £ to
Max(z, ¥)-

But fx , N = 2, 4, as defined above, is the transition density of the radial
process Rx(£) = |Wx(£)| of a Brownian motion Wy in dimension N. And
applying the change of variable (4.1) to the formula (3.1), we see that in
the range &4 < & = 13*, the absolute probabilities of $(¢) are those of the
radial process R.(£¢) of planar Brownian motion with initial point B,(0) = 0.

In the range ¢ = &4, it is convenient to describe the process in terms of a
random initial parameter value [2]. Since the origin is an entrance boundary
for Ry, $(£) > 0 for some § < &4 implies 8(¢&') > 0, ¢ < ¢ =< £x. Define

(4.3) g = Inf {£:8(¢§) > 0};
then by (3.1)
CABL S E|X(T) =y} = @uf8(8) > 0| X(T) =y} = &/, £= s

We have
$(¢) =0,

£
$(§) = Ru(¢ — Ey), CHE -

I\

—
21,

(4.4)
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where R; is the radial process of Brownian motion in four dimensions, with
initial point R4(0) = 0; and Z; is uniformly distributed on [0, £4] and inde-
pendent of R, .

(44" 8(£) = Ro(§), tx=<t=E,

where R, is the radial process of planar Brownian motion, with initial point
R:(£4) = Ry(£+« — E1), but otherwise independent. As noted above, the dis-
tribution of R.(£x) is the same as if R2(0) = 0.

Finally, let RS be a copy of R, , and let Z, be uniformly distributed on the
interval [0, 1/¢*], and independent. Then

$(8) = ERI((1/8) — F), &
8(¢) =0, 1/E,
We have the matching condition
ERI((1/65) — E2) = Ro(£Y),
but the distribution of this variable is the same as if RY and &, were com-
pletely independent of $(£), ¢ < £¥, as well as of each other.
It is not hard to compute the absolute probabilities and transition function

of £RY((1/¢) — H,) and check that they agree with (3.1) and (4.2). The
pertinent formulas are

_f<82 s 1 1_>=i£_36x {82 }f(ssE—E)
BEE &) se o \ag  ag e TR

_ 1/¢ s 1 ds
{gR4 (E— ~)ed8, Hy < } 5[ d’?ﬁ(:g’g_")?

Of course, it is possible that £ = 0, £ = w, or both. In this case the
corresponding range of ¢ disappears, but the description of $(£) is otherwise
unchanged. In general, the values of 2’ corresponding to the initial and final
values E; and E;' are respectively Min X(¢), 0 < ¢t < T, and Max X (t),
0 =<t =< T. To see this, note that with probability one, =, is not less than
the value of £ corresponding to the minimum of the path, and that the two
variables have the same distribution.

Because of this representation, the known properties of Brownian motion
are reflected in those of the sojourn time density 3(x’, 7). For instance $(&)
may be assumed continuous, and strictly positive on (=, 1/Z); and the cor-
responding version of 3(z’, T) still serves as a density of the sojourn time
measures, since the latter is continuous in probability. Hence conditional on
X(T) = y, 3(2’, T) is a continuous function of z’ and is strictly positive on
any interval interior to the range of the path X(¢). But this property is

IIA

I
N e
e A

I

1/E,
< o0,

(4.47)
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independent of y, and so by Fubini’s theorem it holds with probability one
unconditionally. Similarly, we may take T to be exponentially distributed
and independent of the path, and it follows that with probability one, 3(z’, t)
is continuous in 2’ and strictly positive on the interior of the range of the path
X(t'),0 =t £ ¢, for almost every ¢&.  Finally, 3(2/, t) is an increasing func-
tion of ¢, for each path, and 3(z’,{ + A) = 3(a’, t) unless for the corresponding
path X(t') = a’forsome ¢/,t < t' < ¢t + A. It follows that with probability
one, 3(z’, t) is jointly continuous in (z’, ¢).

We also have the precise Lipschitz condition for Brownian motion [5]:
With probability one,

. (£4 ) —s(8) |
(4.5) lim sup |8 =9
a-0 = /[Allog[log [A]]

, $(&) — 8(8)]
(4.6) lim sup | =
a-0 1e-2i<a /g — & [[log [£ — &[]

’

b

: 8(%)
(47) % 2 £ Tog Tog &
Note that (4.5) and (4.6) are invariant under the change of variable relating
$ and R} in the range £ = £*.

Under the change of variable (4.1), (4.5) and (4.6) become the first two
of the corresponding statements given in the introduction, with { = 7 and
with the result holding conditional on the value of X(7'). But exactly as in
the preceding case, we may remove the conditions; the Lipschitz conditions
given in the introduction hold with probability one, simultaneously for each
1= 0.

The third and fourth statements in the introduction come from (4.5) when
3(a’, T) = 0; that is, when 2’ is an endpoint of the range of the path X (¢'),
0 <t = T. If the endpoint is not a trap or an entrance boundary, then the
preceding reasoning applies without further difficulty.

Finally, if 2’ is a boundary point and ¢ = hy(z")/h_(2’) is zero or infinite,
then (4.5), or respectively (4.7), becomes

) 5(2”, 1) _
(48 B0 2 @) Tog [ log ke @) /@) |
under (4.1). If 2’ is a trap, we may take 7 to be the passage time of 2/, and
hi(@)h(a") = |2 — 2" |, hy(a”)/h_(2") = |2’ — " |or|a’ — &”| .
Also the condition that z’ is in the range of the path up to time ¢ is the same
as the condition that ¢ = 7', or alternatively 3(z”, T) = 3(x”, t). Hence
in this case (4.8) translates exactly into the third statement of the introduc-
tion. If 2’ is an entrance boundary, then 2’ is infinite, and the diffusion must
start at 2’ if &’ is in the range of the path. If 2’ is, say, + «, take T to be
the passage time of a finite point a. Then h_(z”) = 1, ho(2”) = 2 — a.

1
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Since ¢ may be arbitrary and since the result does not depend on «
or P_(a) = T, the previous reasoning implies the result as stated in the
introduction.
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