HOMOMORPHISMS OF MEASURE ALGEBRAS
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1. Introduction

In their recent paper [2] Hewitt and Kakutani prove a truly remarkable
theorem: Let G be a locally compact Abelian group, and let M (Q) be the meas-
ure algebra on G. Let P be an independent subset of G, and denote by
M(P u —P) the linear subspace of measures concentrated on (P u —P). If
L is any linear functional on M (P u — ) of norm 1 and satisfying the property
L(o,)L(o_y) = 1 for every x € I, then there is a homomorphism h defined on all
of M(Q) which agrees with L on M(Q).

Their proof is an existence proof. In this paper we actually construct
such a homomorphism. This construction, we believe, contributes to a bet-
ter understanding of the complexities of measure algebras. It is easy to
prove, via this construction, that the extension of a linear functional to a
homomorphism is unique if restricted to the subalgebra M defined below.
In a later paper we hope to use this fact to describe the ideal space of M and
to give an analysis of this subalgebra.

We outline the procedure for constructing the homomorphism. Let M,
be the algebra generated by M (P u —P) and all the discrete measures.
Then let My be the algebra consisting of all those measures which are ab-
solutely continuous to some element of My. We let h = L on M(P u —P)
and extend h to M; making use of Sreider’s “gencralized functions” (see [3]).
After proving h is well defined and h is a homomorphism on M; , we extend
h to be a homomorphism on the closure M of M;. Next, we show that the
orthogonal complement M™* of M is an ideal and M (G) is the direct sum of M
and M*. We conclude by defining h(u) = h(uxy) where p e M(G) and uy
is the projection of uw on M.

In §3 we prove a “generalized Tebesgue decomposition theorem” which
plays a small but important role in our construction. In §4 we construct
the homomorphism.

2. Preliminaries

Throughout this paper we assume G is a locally compact Abelian additive
group. We let M (@) be the set of all complex-valued regular Borel measures
on . It should be noted that Haar measure m is in M (@) if and only if G
is compact. With addition and scalar multiplication defined in the obvious
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fed| u|. (For this and other notation not specifically explained, see Hal-
mos [1].) We can define a multiplication, called convolution, between meas-
ures. Let u and X be elements of M(G), and let S be any Borel subset of G;
define

(2.1) p*A(S) = fgu(s — 2) d\(z).

Clearly, || w*XN|| = || w|l | X so that with this multiplication, M(G) is a
Banach algebra. It is commutative since G is Abelian. An equivalent defi-
nition (see Stromberg [4]) which we use extensively is as follows: let

T ={(x,y) eG X G:x + y e S}.
Then define

(2.2) wENS) = pu X NT) (u X N is the product measure).

Given two measures u and N\, we say u is absolutely continuous with respect to
\, in symbols u <\, if u(8) = 0 whenever | X |[(S) = 0. If w <K\ and
N K p, then N and u are equivalent and we write u = N. A measure u is singu-
lar (or orthogonal) to another measure A, in symbols u 1 A, if there are sets
A and B such that Au B =G and |p|(SnB) =0=|X[(SnAd) for
every Borel set S. The Lebesgue decomposition theorem states that given
u, N e M(@) there exist measures p; and g such that p = uy + pe with py K\
and us 1 N\. We make frequent use of this result. If M < M(G), we de-
note by M* the orthogonal complement of M, i.e.,

M = {NeM(G@)ipe M= p L.

A measure p is concentrated on a set A if u(B) = 0 whenever A n B = 0.
If u is concentrated on a countable set, then u is called discrete. Tor any
x e G, we will always denote by ¢, the measure defined by ¢,(4) = 0 or 1
depending on whether x ¢ A or x € A; thus every discrete measure can be
represented by a sum Y 2; 0a; , 2; complex. The measure oy is the identity
of M(G). If u({x}) = 0 for all x ¢ G, then u is said to be continuous. The
continuous measures form an ideal of M(G). If pe M(G) and A C G,
the measure A = u| A is defined by NS) = (4 n S).

When we want to say a relation p(z) = ¢(x) holds almost everywhere
with respect to a measure u, we write p(z) = q(«)[u]. By this we mean
| u|({z:p(x) # q(x)}) = 0.

For any set A < @, we set A" = {0}, A' = A, and A" = A + A" for

n =23 --. Againset AY = AandA™ = A X A"V forn = 2,3, --- .
A subset P C @G is said to be independent (over the integers) if whenever
Ty, -+, T, are distinct elements of P and ¢, ---, ¢, are integers not all

zero, we have ¢ 21 + -+ 4+ ¢ 20 & 0.

A regular family of sets in @ is a collection F' of subsets of G satisfying: (1)
if A € F, then every Borel subset of 4 is againin ¥, (2) F is closed under count-
able unions, (3) F is closed under arithmetic sums, i.e., A, B ¢ F' implies
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(A + B) € F, and (4) all countable sets are in F. It is not hard to see that
for a given set A C @, the regular family generated by A is the collection
{{Uro1(A4n + 2,):4, C A", 2, € G} }, where if A, = 0, then (A, + z,) =
{z.}. A measure u is concentrated in F if u is concentrated on some element of
F. We say u is concentrated outside F if u(A) = 0 for all 4 e . D. A.
Raikov (see Sreider [3]) has proved (1) the set H of measures concentrated in
F is an algebra; (2) the set I of measures concentrated outside F is an ideal, and
(3) M(Q) is the direct sum of H and 1.

One final preliminary remark.

We make use of Sreider’s “generalized functions.” A generalized function
L is a function L:M(G) X G — C (C = complex plane) such that (1) for
fixed u e M(G), L(u, x) is p-measurable, and (2) if p < A, then L(u, ) =
L(X, x)[u] Sreider [3] proved these generalized functions characterize the
dual space of M(G) in the following way: If L is any bounded linear func-
tional on M (@), then there is a generalized function L(u, ) such that

L(M) = LL(M) .'L') dﬂ($) a’nd ” L ” = SupMGM(G){eSS' Supszl L(:U'a .’l?) I}

3. Generalized Lebesgue decomposition theorem

Let M be a closed linear subspace of M (G) with the property that u ¢ M and

AL u tmplies N e M. Then M(G) can be decomposed into the direct sum
M(G) = M + M*.

Remark. By the statement M (@) is the direct sum of M and M* we mean
that each element u e M(G) has a unique representation u = u’ 4+ u” with
W eM and p” e M*.

Proof. The proof is by contradiction; we suppose that u ¢ M(G) and w
cannot be written as u = u’' + u” with p’ ¢ M and p” ¢ M*. Since u¢ M,
there exists a A e M such that u = », + 7, with », <X and =, L \. Thus
(1) » # 0, (2) m e M, and (3) there is a subset K; C G with u | K; = »,.
We proceed by transfinite induction. Let & be the first uncountable ordinal,
and suppose for each ordinal ¢, ¢ < ¢y < ®, we have defined a », such that
(1), (2), and (3) hold and, in addition, (4) Ky, n Ky, = @ if ¢, # ¢.. It
follows from (3) and (4) and the fact y, is a countable ordinal that the sum
%o = D y<yo ¥y Makes sense; for

0(8) = Dycwo 1(S) = Ducwo n(S N Ky) = p(Upeyo(S n Ky)).

Furthermore, v, ¢ M since M is closed. Now write u = u; + ps with u <K »
and wz 1 ». By our assumption u; > 0 and e ¢ M™; by decomposing us
in the right way we can produce »,, in such a way that properties (1)—(4)
hold for ¢ < ¢ . Thus, for each countable ordinal ¢ we have a nonzero
vy . This is obviously not possible since there are uncountably many count-
able ordinals and u is a finite measure.

Note. The above theorem can be obtained from a general result on or-
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dered linear spaces due to F. Riesz (see N. BourBaxi, Integration). The proof
is included here for completeness.

4. Construction of the homomorphism

Let P be an independent subset of G, and set @ = P u —P. We denote
by M(Q) the linear subspace of all measures in M (G) which are concentrated
on Q.

Suppose L is any linear functional on M(Q) of norm 1 with the property
L(o.)L(o_) =1 for any x e P. We wish to construct a homomorphism h
defined on all of M(Q) which agrees with L when restricted to M(Q).

First, observe that by the Hahn-Banach theorem and Sreider’s work, we
know there is a generalized function L(u, x) such that L(u) = fL( w, x) du(x)
for all p e M(Q).

Next, we note that || L || = 1 and L(¢,)L(s—,) = 1 together imply L(o,) =
L(s_.). Since P is independent, it now follows that the function x(z) =
L(o,, z) for x € Q can be extended to a homomorphism of the entire group @
into the circle group. We denote this extension also by x. For any dis-
crete measure 8, define h(8) = [x(x) dé(x). Then h(8) = L(5) if 6 ¢ M(Q),
and furthermore, h is a multiplicative linear functional on the algebra of all dis-
crete measures i M(Q).

Third, we let M, be the algebra generated by all discrete measures and
M(Q). Then a general element u of My, may be represented as

(A1) w =8+ D Ja k% ok g
(8, 8 discrete;m = 1,2, -+ ; un,; continuous members of M (Q)).

Abbreviating u; = 6; * p1,; % - -+ * um,; , We use the notation above to define

W) = [x(x) dax)
(4.2)

+ é _[X(S)L(Ml,j J8) v Ly, v) duj(s + ¢+ -+ 4+ v).

Let us suppose for the moment that h is well defined on M, by (4.2).
Clearly, h agrees with L on M(Q). Applying the IF'ubini theorem and the
generalized version of (2.2) to the second term of (4.2) yields

h(w) = h(8) + 2ima h(8,) Lwr;) -+ Llum,s)
= 1(8) + 2 5= (85 h(p1,5) -+ h(pm,s).
This, together with the fact h is already a homomorphism on the discrete
measures implies that h is a homomorphism on M, .

Now let M; be the set of all measures in M (G) which are absolutely con-
tinuous with respect to some measure in M,. Observe that if

po=0 D il Rk K
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is in My, then so is = |8| 4 Dojea|8;] % | % %|mms| It
follows that M, is an algebra. (Addition is trivial; for convolution see, for
example, Sreider [3], p-9.) We now extend h to M, by the following device.
Ifu=2064 2 " u (ujisasin (4.2)) is in My and N < u, we write X as the
sum N = »_%o\; of mutually singular components with Ao < & and \; < u;,
1 <7 =< n. Then we define h by

O = [x(@) d(a)

+ 3 [ L, 0+ s 0) @G5+ 0 - +0).

We interrupt our construction at this point to prove h is well defined by
(4.2) and (4.3) and these definitions are consistent. We need the following
lemmas.

Lemma 1. Let x and y be arbitrary elements of G, and let wy, -+ u, be
continuous measures in M(Q). If n > m, then

| op ®py* - *u, |(y + Q") = 0.

Proof. Let u = o, % * -+ xp, ; then p is concentrated on z + Q".
We will show | u |((z + Q™) n (y + Q™)) = 0. To that end, let S be any
Borel subset of that intersection, and let

Sp o= {(@, 81, ,8) e{x) X QMix 4+ s+ -+ + s, €8},
By definition (2.2),
p(8) = 02 X X +++ X pa(Sn).
Now if (x, 81, -+, Sa) € S, then there is a set {t1, - -, tn} C @ such that
T+st s =yt bt
Write s; = eu; and t; = ev; where ¢ = 1 and u; and v; are in P. Thus
EUp + o EUy —EV — o — U =Y — T

If s; £ s; #0for 1 = 7 < j = n, then the independence of P and the hy-
pothesis n > m insures the existence of wz , 1 £ &k = n, such that every such
representation of y — x contains the term w, = Zs,. Clearly, the subset
of S, consisting of those elements for which some coordinate (larger than 1)
is 4=s, has measure zero w.r.t. o, X py X +-+ X u,. Now consider those
elements of S, for which s; & s; # 0 and s, does not appear. Then
=+s;, must appear as some v, , and we will be left, as before, with a u, = =s,.
This can only proceed a finite number of times, and at each step we have a
set of measure zero. We conclude that the subset of S for which s; = s; = 0
has measure zero w.r.t. o, %y % « - * u, . Ifs; &= s; = Oforsomes # j, the
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situation is somewhat more complicated. For 1 =7 < j = n, let
Tii={(x, 81, ,8) eSyis; £ 8; = 0},
Tijs; = (@, 91, 5 Yna) elx} X Q(n—l):
(@ Yy = 0y Yim1, 85, Yiy o0y Yua) € T}
Now Tije Cla} X @ X -+ X {=£s} X -+ X Q where {zs;} appears
as the ¢t factor. Since u; is continuous,
oz Xopr X o0 X pja X pja X o0 X pa(Ty5,6;) = 0.

It follows from the definition of product measures (see Halmos [1]) that
ox X X +++ X ua(Ts;) = 0. Thus we divide S into a finite number of
sets each of which has u-measure zero. Our lemma is proved.

CoroLLARY. Let 8, and 8 be any discrete measures, and let py, -+, pn,
N, o0, A be continuous elements of M(Q). If n > m, then 6y % uy * - -+ * u,
18 stngular 10 82 % Ny * +++ % Ny .

The corollary is an immediate consequence of Lemma 1.
The next lemma plays an important role in our construction and is quite
interesting in its own right.

LEMMA 2. Let & and 8 be any two discrete measures, and let py, - -+, pin ,
A, -+, A e continuous elements of M(Q). Suppose that {pdiy and {\;}7
are orthogonal collections, 1.e., u; L Njfor l St = k=nand 1 £j=m=
n. If k. + m > n, then p = & * p * * U, 18 singular to N =
52*)\1* *>\n~

Proof. It is sufficient to prove the statement for the case 8 = o, and
8 = o, . It follows from the orthogonality condition there exist sets 4 and
B contained in @ such that A n B = @, each u;, 1 = 7 < k, is concentrated
on 4, and each \;, 1 = 7 < m, is concentrated on B. Hence u is concen-
trated on (z + A* 4+ Q""), while X is concentrated on (y + B™ + Q"™™).
Again let S be any Borel subset of ((z + 4* 4+ Q"™ n (y + B™ 4+ Q"™)).
f s+a+ - 4+ar+ gopr+ -+ + ¢ €S, then there are elements
by, -+, bwand rpy, -+, rn of B and @, respectively, with

Ao+t =y bt
In other words
(a4 - Fa—by— - — bn)
+ (@Gt F G e — =) =Y — @

Since k +m > (n — k) + (n — m) and A n B = @ we may split S into
two sets: S;, the set where at least one a; is not cancelled by any ¢ or r, and
Ss, the complement. Using precisely the same argument as in Lemma 1,
u(S1) = A(Sz) = 0 holds. It follows that x and A are singular.
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Levmma 3. Let pw = 8 %pr*--- %, and let N = Sax A% - % A\,
where 81 , 8 are discrete and the p’s and \;/’s are continuous elements of M (Q).
Suppose u = v1 + v where v1 L M and ys KA. Then

X(S)L(Ml ) t) cte L(p,n 5 v) = X(S)L(Xl 5 t) tet L(A‘m ) v)[‘Y?])
where t, - -+, v are in Q and s s arbitrary.

Remark. It makes sense to talk about these products being equal almost
everywhere w.r.t. v, since, if we disregard the variable s, v, is concentrated
on Q. Hence an element in the ‘“domain’ of v, looks like ¢ + --- + .

Proof. First observe if v» = 0 the statement is trivial; if v, # 0, then
n = m holds by the corollary to Lemma 1.

Write A; as the sum of 2" " mutually orthogonal components

N = D @i

where j(r) = 0 or 1 according to whether this component is singular or
absolutely continuous to \.. Since j(7) is always 1, there are 2" different
components. This decomposition is accomplished as follows: write

M= a1 + 1,1

with 1,0 1 )\2 and a1 L N Then Q1,0 = 01,0,0 + a1,0,1 with 01,0,0 1 )\3
and a; 01 < N3, ete. It is important to note that given any component «; of
Niand any N, 1 £ r Z n, then a; L N\, or ag K\, .

We list these components in the form of an n X 2" matrix where the ¢t
row is the decomposition of ;. For each k, 1 = k < n, we write w =
Br11 + v where B;,1,1 is absolutely continuous to the (1,1) entry in the matrix
and v is singular to it. Next write v = By,12 + v’ with B;,1,2 absolutely con-
tinuous to the (1,2) entry and v’ singular to it. Continuing in this way we
can write w; as the sum of n2" " 4+ 1 measures: n2""" measures B ;, 1 <
i<nand 1 £j = 2" plus one measure B0 which is singular to each
entry and, hence, singular to each A,. Again, it is important to notice that
for a gien By,.; and any N, , either Bi ;i K N or Br,i; L A

Now a general term in the product &; # us * - - - * u, looks like

01 % Br,ig,in * 00 *Busin,in
where the 7’s and j’s run over the proper ranges. Now if this term is singular
to A\, we are not interested in it; therefore we assume this term is not singular
to A. If this is the case, Lemma 2 assures us there is some factor 8x,:,5 K M1 5
for the sake of economy in notation call it 8; . Using this notation, we pro-
ceed by induction. Suppose we have arranged the factors so that 8, < A
fork = 1,2, ---,r <n. If, in the remaining factors, one is absolutely con-
tinuous to A4y, we call it B,41, and our induction is complete; thus we
must assume the remaining (n — r) factors are all singular to A4 . Let
{Bry, -+ 5 Bi,t be the subset of {81, -+, B} each of whose elements is ab-
solutely continuous to A4 and let {B,,,---,Bns,} be that subset each of
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whose elements is singular to \,.;. Since each B-factor is either singular
or absolutely continuous to A\,;;, we have p + s = r. We know p > 0
because if it were 0 we could invoke Lemma 2 to produce a contradiction
to our assumption of nonsingularity. If any one of the remaining g-factors
is absolutely continuous to some \;;, 1 = 7 < p, we can rearrange to let this
new B-factor become B, and let the original By, stand for 8,1, . If this is not
the case, then the remaining (n — r) factors are all singular to each A\,
and there are p of these;hence s > 0. Now let {8, - - - , B¢} bethat subset of
{Bmys -+, Bm,) each of whose elements is absolutely continuous to some
M, 1 =7 = p,andlet {B,,, -+, Bu,} be that subset each of whose elements is
singular to every A;;. As before, ¢t +v = s; if ¢ = 0, then each 8n;, 1 =
J = s, is singular to A, -+, M\, and A4y . Thus the set {8m,, - -+, Bm,}
together with the remaining (n — r) factors are each singular to (p + 1)
Mfactors; but (n —r +s) +(p+1) =n -+ 1, so we know ¢t > 0. If
any one of the remaining (n — r) factors is absolutely continuous to some
Ae;» 1 = 7 = t, we make two rearrangements similar to the one above and
end our proof. If not, then the (n — r) B-factors are singular to each A, .
So far then, they are singular to (p + ¢t + 1) Nfactors. Lemma 2 and our
assumption will call an early halt to such proceedings, and we conclude an
arrangement may be made so that 8; < X\;for ¢ = 1, --- , n. This being so,
we know, by a property of generalized functions, that

L(Bi ) x) = L(Az ) w)[ﬂz]

We further conclude the lemma is proved.
In view of Lemma 3, h is certainly well defined by (4.2); for if

o+ Z;;l My = o + ka=1 mi:

then 8§ = &, and we can write
F‘j:!yl,j+..'+’)’m,j and ”’:=7{vk+"’+7;,k

with v:; = v7... It follows that (4.2) yields the same value for each repre-
sentation. That (4.3) is well defined and is consistent with (4.2) is now
immediate.

Recall that M, is the smallest algebra containing M (Q) and all discrete
measures, and M, is the algebra of all measures absolutely continuous w.r.t.
some element of M,. We wish to show that h defined on M, by (4.3) is a
homomorphism. First h is additive, for suppose

ANKLS+ 2 ap; and v <K 4+ Dopam.

There is no loss of generality in assuming each of these measures is positive.
Then A, », and (A + ») are absolutely continuous to the sum of these two
measures. As in the definition (4.3) we write X, u, and (A + ») as the sum
of 1 + n + m components since there are that many terms in the sum,
where Ao K 8 + 0/, i K, 1 S i nand s K i, 1 i —n =< n+m;
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and similarly for » and (A 4+ »). Now given any Borel set S, there is a set
K; € G (p; is concentrated on K,), and N\;(8S) = A(S n K;); the equality
remains true if we replace A; and X by »; and », or by (A + »);and (N + »).
Thus

A+ 2)i(8) = N+ »(SnK) =ASnK:) + »(SnKy)
= M(8) + %i(8);

e, (\+ »); = X+ »;. It follows that h is additive on M;. Clearly
h is homogeneous, and to prove multiplicity we let

A= Z;;o )\j and » = ZZ;() Vi

as in (4.3). Since h is additive, we have h(A * ») = 2 ;. h(\; % »,). Now
Nj# v, < uy . Referring to the definition of u; and we and using the
Fubini theorem we sec that h(N\j*w,) = h(N;)h(»). Thus

h(X\ * v) = Zf,lc h()\j * Vlc) = Zj,k h()\j)h(vk)
= (i k) ok h(m)) = ROVA().

So h is a bounded homomorphism on M; ; extend h uniquely to a homomor-
phism on the closure M of M .

Now M satisfies the hypothesis of the generalized Lebesgue decomposition
theorem. To see this, let uwe M and let N < p. There is a sequence
{we) © M, with p, — u. Write N = An + Xejn, wWhere M, L p, and
Nen K un . It follows that Ay, — 0 and Xz, — N\. But cach X\, € M;, so
N e M. Therefore we may decompose M(G) into the direct sum M(G) =
M + M*.

We now extend A to the entire algebra by the usual device: if u e M(G),
define

(4.4) h(p) = h(uxn) (uar 1s the projection of u on M),

A simple calculation shows that h is linear on M(@). If we can prove that
M* 4s an ideal, it will follow h is also multiplicative.

Consider the regular family of sets F generated by @ (see §2). Let H
be the algebra of all measures concentrated in F, and let I be the ideal of all
measures concentrated outside . We know M(G) = H + [ and, clearly,
M c H and I ¢ M*. To prove our assertion above, let » e M* and
N e M(G). Write » = vu + vrand X = Ny + A7, where vy, etc. are the pro-
jections on H and I. S0 » *x A = vy % Ay + v where y eI C M™*; hence we may
as well assume that » and \ are concentrated in F. Because of our earlier re-
marks on regular families, and because H and M™" are “translation invariant”
(this means u € H <> p, ¢ H for all z € G; p, is a measure defined by p.(4) =
u(A — z)), we may, and do, assume that » and \ are concentrated on @°
and Q', respectively. We make one further observation; it is sufficient to
prove v %\ L i % -+ % pn, where p; e M(Q), 1 £ ¢ = m. Tor, if this is
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true for all N e H, then » * (A*xo_;) L uy* -+ % u, which implies
VRN L opkug kot ok Uy

It would follow that » * X L My, and consequently, » * X ¢ M".

Therefore, we assume v e (M*" n H), X\ ¢ H, » is concentrated on @°, \ is
concentrated on Q°, and u = py * --- % pu, where u; e M(Q). We will
prove v x X\ 1L pu.

Let Qo = {0}, Q: = Q, and for each n = 2,3, ---, let Q, = Q" — Ur'Q".
Then Q" = Ui (Q;n Q"), and the sets (Q;n Q") are mutually disjoint.
Let v; = »| (Q:n @) and \; =N |(Q;nQ") for IS i=<sand 1 =j =t

LemMa 4. Foreach kb = 2,3, -+, 1 < s, there are only a countable number
of elements {xy, ) 71 C Qi such that (Qy + 2x.;) € Q:and v(Qys + zx,;) # 0.

Proof. Clearly »;(@Q1 + x) = 0forevery x e Gsince »; L M. Letk = 2.
For 21 ¢x26Qi_2, let XL = ql—l- +Qi—2 and T =1+ - + Ti—2 .
Then (Q: + x1) n (@ + x;) is empty, one point, or a translation of @
depending on whether z; and z, have (7 — 5) or less common terms, (7 — 4)
common terms, or (¢ — 3) common terms. In any case

vi((Q2 4 1) n (Q 4 a2)) = 0;

this surely implies the lemma is true for k = 2. Using induction, suppose
the statement is true for k¥ < n =< 7. Now x; # 2 are in Q,—,, and

(Qn+xj)CQiy ]:172

By using the above argument, if they have ¢ — 2n 4+ 1 or less elements in
common, v,((Q, + x1) n (@, + x2)) = 0. On the other hand, for each
j=1,2,---,n — 2 if 2; and 2, have ¢ — 2n + 1 4 j common terms, then
(Qu + 1) N (Qr + 22) C (Qjya +y) where ¥y eQ._j1. Observe, since
all of these sets are in @, , a term appears in y if and only if it appears either
in z; or x». (It is assumed, of course, if a term appears more than once, it is
counted as a separatc term each time.) Thus, there are at most (if_j;l

sets (@, + x) whose pairwise intersections are contained in (Qjy1 -+ ¥)
for each y € Q;—;—1. By the induction hypothesis only a countable number
of sets (Q. + x) can have pairwise intersections of nonzero v,-measure; so
the rest must have pairwise intersections of zero v-measure. The desired
conclusion is now immediate.

Let {zip 4, 1=2,---,s—1; k=2,---,4,and j =1, 2, --- be the
sequence of elements such that (1) x4, € Qix, (2) (Qr + xip,;) C Qi
and (3) vi(Qw + 2:1,;) # 0. For convenience, we also allow 0 to be in this
sequence.

We assert the existence of subsets A, By, ---, B, such that

(1) v is concentrated on A and u, is concentrated on B,, 1 < p < m,
and

(2) wp * o wpp, ((Bpy + o+ By ) n (A £ 244,5)) =0
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(here we want 0 to be one of the z,;,;) for any combination of u,’s and all
Z:x.7S. The construction of such sets is not hard; we consider u;, -+, um
and all products of these. There are only countably many finite sums
Zaﬂi,k,j, and v * D 0y0in; = > Viwr; 18 singular to M. The rest is
straightforward.

We are now ready to prove »* X\ 1 u. Recall \ is concentrated on @,
and now v is concentrated on @’ n 4, and u is concentrated on

z=pr=B1+"'+Bp.

Also v; = »| (Qin @ n A) and \; = A |(Q;n Q). It is sufficient to prove
vi¥Nj Luforallzand j, 1 =i=<sand 1 =<j =1t We shall show that
any Borel set S (D may Byn ((Q;n A) + Q;)) can be written as the union
of sets each of which is either of v; * \j-measure zero or of p-measure zero.

First, if m > ¢ 4+ j, then Lemma 1 provides u(S) = 0; we therefore as-
sume m < ¢ + jand D my B, C Qm. Next,if m = ¢ + j, then some finite
sum of b,’s is in 4, and by condition (2) above it would follow that u(S) = 0.
So it reduces to the case m < ¢+ 5. If se S, thereisanz =¢ 4+ -+ +
gieQ:nd,ay=r+---+r;eQ;,andadb=>0 4+ --- + bmed miB,
such that s =  + y = b. Since m < ¢ + j, we must have ¢,, = —r,,
cet ) Quy = —T, Where w = (7 4+ j — m).

Thus z € (Qi— + 2) where 2 = —(q,, + -+ + qu,) € Q,. Divide S into
sets

Si={seSis=2+y;2e(Qiw +2) 0 A4A; »i(Qs—vy + 2) # 0}

and its complement S;. If seS;, then z is some z;%,;. But ¢ = q + 2,
q € Q;, ; this makes ¢ = ¢ — ze (A — 2z). This compels a finite sum of
by’s to be in (A — z), and, as before, u(S;) = 0. Now

S:={seSis=x+y;2e(Qi +2)n4A;r(Qiw + 2) = 0}.

So for each fixed v, v;(Qi;— + 2z) = 0, and we infer that »; * A\;(S;) = 0.
This completes the proof and the construction.
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