GROUPS ON 8" WITH PRINCIPAL ORBITS OF
DIMENSION n—3, I

BY
D. MontcoMERY AND C. T. Yana!

1. Introduction

In a recent paper [1] under the same title the authors have studied the
transformation groups (@, X) in which X is the n-sphere S" with the usual
differentiable structure, and G is a compact connected Lie group acting dif-
ferentiably on X with principal orbits of dimension n—3 and with a stationary
point . It is proved that if « is an isolated singular orbit, then n = 4, G is
effectively a circle group, and the orbit space X /@G is a simply connected 3-
manifold. If « is a singular orbit but not isolated, then the orbit space X /G
is a simply connected 3-manifold with boundary such that the boundary is
topologically a 2-sphere and that an orbit is singular or principal according
as it is on the boundary or not. As a continuation of our previous study, we
shall prove the following.

TaeorREM A. Let G be a compact connected Lie group acting differentiably on
the n-sphere with the usual differentiable structure. If principal orbits are
(n—3)-dimensional, and if there is a stationary point, then there exists a second
stationary point.

In fact as a consequence of our method of proof we obtain the following
sharper result.

TaeoreEM B. Under the hypothesis of Theorem A, the set of stationary points
of G is a sphere of dimension zero, one, two, or three. In case it is a 2-sphere
it 1s all of B, and principal orbits are (n—3)-spheres.

In case n = 3, G acts trivially on the 3-sphere so that Theorems A and B
become obvious.

In case n = 4, principal orbits are 1-dimensional and then are circles.
Therefore G is effectively a circle group, and hence the existence of a second
stationary point is assured [1]; also Theorem B follows.

Excluding these two rather simple cases, we shall assume n > 4. Through-
out this paper, X denotes the n-sphere S” with the usual differentiable struc-
ture, and G denotes a compact connected Lie group acting differentiably on X
with principal orbits of dimension n—3 and with a stationary point a.

As usual, we let X* = X /@ be the orbit space, and p the natural projection
of X onto X*. For every x € X, we let G, be the isotropy subgroup of G at
z and Gy the identity component of G.. Let U be the union of all principal
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orbits and B the union of all singular orbits. Then U and B are invariant
and disjoined, and hence U* = p(U) and B* = p(B) are disjoined. Since
n > 4, X = U u B (that means, there is no exceptional orbit of dimension

—3), B*is topologically a 2-sphere, and X* is a simply connected 3-manifold
with B* as its boundary [2].

2, Singular orbits

Let G(y) be a singular orbit, and consider G, and G'* as functions of B
into the space of compact subsets of G. If G, is continuous at y, we call
G(y) a regular singular orbit. If G, is not continuous at y but G is, we call
G(y) an exceptional singular orbit. If G, is not continuous at ¥y, we call G(y)
a singular singular orbit. Intuitively speaking all nearby singular orbits of a
regular singular orbit are of the same type, all nearby singular orbits of an
exceptional singular orbit are of the same dimension but not of the same type,
and all nearby singular orbits of a singular singular orbit are not of the same
dimension.

Let B, be the union of all regular singular orbits, B, the union of all ex-
ceptional singular orbits, and B, the union of all singular singular orbits.
Then

B = B,uB,uB,,

and B, , B, , B; are invariant and mutually disjoint. Denote by B} , B! > BY
the respective images of B,, B,, B; under p. We shall see later that B! is
empty (Lemma 1) and that BY cither is empty or consists of a finite number of
arcs joining two stationary poinis (Lemmas 1 and 7). Various types of BY
may be seen from the following examples.

Let R* denote the euclidean k-space, and let S* = R* u ® be the one-
point-compactification of R*. Then the rotation group SO(k) has a natural
action on S* leaving « fixed. Since the unitary 2-space may be regarded
as R*, the unitary group U(2) has a natural action on 8* = R*u « leaving
o fixed.

(1) Let @ = SO(£) act on X = S** such that whenever ¢ ¢ G, 2, ¢ R,
and 23 € R?, g(x1, 22) = (g1, 22), where E is an integer = 2. Then all singu-
lar orbits are stationary points so that BY is empty.

(2) (due to Bredon) Let G = SO(3) act on X = §° such that whenever
geG, xR’ and @ e R’ g(a1, 2) = (gx1, gr2). Then BY consists of two
stationary points.

(3) (due to Bredon) Let G = U(2). Then the center C of G is a circle
group, and G/C may be identified with SO(3). Let G act on X = S such
that whenever g ¢ G, 2, € R, and 2, ¢ R, g(a1, 22) = (ga1, (9C)x;). Then
BY is an arc with two stationary points as its end points.

(4) Let G = SO(¢§) X SO(n) act on X = S such that whenever
(N SO(E)’ g2 € SO("’)’ Ty € RE: L2 GR", and s GR, (gl ) gz)(xl y T2, x3) =
(g1 @1, g2 22, @3), where £ and 7 are integers = 2. Then BY¥ consists of two
arcs with two stationary points as their common end points.
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(5) Let G = SO(£) X SO(n) X SO(¢) act on X = S*"*F such that
whenever g; € SO(E), g€ SO(n), g5 e 80(¢), a1 eR', a2 eR", and x5 e R’,
(gl y 92 ,*03) (.’IJ1 y Loy x3) = (gl X1, g222, G .’IJ;;), where E: , g- are integers g 2,
Then B; consists of three arcs with two stationary points as their common
end points.

3. Lemmas on B*

Lemma 1. (1) B s empty.

(ii) Every v  ¢BY has a compact netghborhood C* in B* which may be re-
garded as a czrcular disk of center Y such that there are a ﬁmte number of radit
v, o v suchthatB nC* =y uy” zk (= y*if k= 0) and
that for every_ 1 = 1, , ky all the orbits on y i — y are of the same type
I n case that Ly * and 21 are of the same type, k = 2, and all the orbits on BinC*

Y zl Uy 22 are of the same type.

Proof. Let y* ¢ B* and let ¥ e p ' (y*). Let K be a closed cell which is a
slice at ¥ and on which G, acts orthogonally, and let S be the boundary of K.
Then G(K)/G = K/G, is topologically a cone of vertex y* over G(S)/G =
S/@G,, and for every z* ¢ G(S)/G, all the orbits on the line segment y*z*
except y* are of the same type.

Denote by 7 the dimension of G(y). Then S is an (n—r—1)-sphere and
(G, , 8S) is a transformation group with principal orbits of dimension n—r—3.
Since B* is topologically a 2-sphere [2], B* n G(S)/G is not empty, and every
Gy-orbit in B n 8 is of dimension < n— T —3. Using an argument similar to
one in [4], we can easily show that S/ G,, is a closed 2-cell and there is no ex-
ceptional G,’,‘g -orbit. Since there is no exceptlonal G-orbit of dlmensmn n— 3
[2], every Gy-orbit in K is actually a G,, -orblt Hence for any z ¢ K Gy
implies G, = G, , and consequently y* ¢ BY . This proves that BY is empty

Iti Js clear that B* n G(S)/G is the boundary of the closed 2-cell G(S)/G =
S/ G,, . Since G(K)/@G is topologically a cone of vertex y* over G(S)/@
such that for every z* ¢ G(S) /G, all the orbits on the line segment y*z* except
y* are of the same type, we may regard C* = B* n G(K)/G as a circular disk
of center y* such that for every 2* ¢ B* n G(S)/@, all the orbits on the radius
y*2* except y* are of the same type.

Suppose that all the orbits on B* n G(S)/G are of the same type. Then
Bfn G(K)/G < y* and is equal to y* if and only if y* is of lower dimension
than orbits in B* n G(8)/G.

Suppose that not all the orbits on B* n G(8)/G are of the same type.
Then B: nG(S)/@ 1s not empty but finite. Let B N G(S)/G =
{1, - - zk} Then By n Cis equal to the umon of the radii y™z1 L, Y *or .

If y* and 21 are of the same type, then p~ (zl) n S is a stationary point of
G, , but not all the G,-orbits on B n S are stationary points. By the mam
theorem of [4], Bln G(8)/@G consists of two elements, namely zf and 2 ,
and P (Zz) n S is also a stationary point of G,. Hence all the orbits on
BinC* = y*zl uy* 2 are of the same type.
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As direct consequences of Lemma 1, we have

Lemma 2. B isa finite subpolyhedron of B* of dimension < 1.

LemMma 3. If a¢ B, , then Bs is empty, B = B, constists of all the stationary
points of G, and all principal orbits are (n—3)-spheres.

From now on we shall assume that
aeB;.
LemMA 4. There is no simple closed curve in B¥ not containing o = p(a),

Proof. Suppose that there is a simple closed curve in BY not containing
a*. Then there is a component Q* of Bf = B* — BJ whose closure Q* does
not contain o*. It is clear that all the orbits in @* are of the same type.
Denote by ¢ the dimension of orbits in @*. Then there is a ({+2)-cycle
2z mod 2 in p*(Q¥*) which is not bounding in B. (Notice that z is the funda-
mental cycle mod 2 of (p '(Q%), p ' (Q* — @*)).) Hence there is an
(n—t—3)-cycle 22 mod 2 in U = X — B linked with z.

Since the 3-manifold U* has trivial homotopy groups [1], it is contractible
so that the transformation group (@, U) has a cross-section M on which G,
is constant. M is homeomorphic to U* and then is also contractible. There-
fore for any a ¢ M there is a map h:M X [0, 1] - M such that whenever
xeM,h(x,0) = zand h(z, 1) = a. Hence the map h:U X [0, 1] — U de-
fined by

h(gz, t) = gh(z, t), geG,xeM,andte0, 1],

deforms U into the orbit G(a). Using this deformation if necessary, we may
assume that 2’ is in G(a).

Since @ acts differentiably on X and leaves « fixed, there is an invariant
compact neighborhood Y of « which is a closed n-cell contained in
X —p(Q%. Let aeY. Then 2’ is in ¥ and is bounding in

YcX—pl@%,
contrary to our assumption that 2’ links with 2. This proves Lemma 4.

Let Y be a closed n-cell which is a compact neighborhood of a and on
which @ acts orthogonally, and let Z be the boundary of ¥. Let Y* = p(Y),
Z* = p(Z), and A* = B* — (Y* — Z*). Since o* eB:, it follows from
Lemma 1 that B* n Y* may be regarded as a circular disk of center «* and
boundary B* n Z* = A* n Z*.

LeMMA 5. p '(A*) has trivial homology groups mod 2.

Proof. Suppose that there is a nonbounding k-cycle z mod 2 in p~'(4%*),
where zisreduced if ¥ = 0. Then zis linked with an (n—k—1)-cycle 2’ mod 2
in X — p '(4*). Denote by | 2’| the support of 2. Then p(|2']|) is a
compact subset of X* — A*. Hence there is a triangulation K of X* such
that (i) no 3-simplex of K has all of its vertices in B¥, (ii) B* u Z* is the poly-
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hedron of some subcomplex of K, and (iii) the star Q* of A* in the barycentric
subdivision K’ of K does not meet p(| 2’ |). Let P* be the star of B* in K.
It is not hard to see that B* n @* is a closed 2-cell containing A* in its in-
terior and that (P*, @*) is topologically a cylinder over (B*, B* n Q*).

Let E* be the closure of X* — P*. Since P* is topologically a cylinder
with B* and P* n E* as its bases, P* n E* is a deformation retract of P* — B*
so that E* is a deformation retract of U*. It follows from the contractibility
of U* that E* is contractible, and hence p~'(E*) is topologically the product
of E* and a principal orbit.

Let F* be the closure of P* — @*. Then E* n F* is topologically a closed
2-cell. Since both E* and E* n F* are contractible, £* n F* is a deformation
retract of E* so that p '(E* n F*) is a deformation retract of p '(E*).
Hence p~"(F*) is a deformation retract of p~(E* u F*).

Since 2’ is in p'(E* u F*), we may as well assume that 2 is in p™"(F*).
But p”'(F*) ¢ Y € X — p '(4*) and #’ is bounding in V. It follows that
2’ is bounding in X — p~'(A*), contrary to our assumption that 2’ links with 2.

* * . . .
LemMmA 6. B; n A” contains no simple closed curve and s connected.

Proof. The nonexistence of a simple closed curve in BY n A* is a conse-
quence of Lemma 4. By this result and Lemma 2 we may have a connected
subpolyhedron T* of A* such that dim 7* < 1 and that T* contains B} n A*
but does not contain any simple closed curve.

If BY n A™ isnot connected, there is an arc ¢*b™ in 7™ which intersects By
only at its end points a* and b* The fundamental cycle z mod 2 of
(p " (a*b*), p~*(a* u b*)) is clearly a nonbounding cycle of p*(T*). Since
p '(T*) is a deformation retract of p'(A*), z is not bounding in p~'(A4*),
contrary to Lemma 5.

LemMmA 7. Thereis a stationary point 8 in p"l(B* n A%) such that A™ may
be regarded as a circular disk of center ﬁ* = p(B) such that for every z* ¢ A* n z*
all the orbits on the radius B z except B are of the same type. Hence B nA*
18 a finite union of radit of A%,

Proof. We first claim that BY n A® is not empty. Suppose that By nA*
is empty. If so, then all the orbits in A* are of the same type. It follows
from the contractibility of A* that p '(4*) is topologically the product of
A* and an orbit in A*. By Lemma 5, every orbit in A* has trivial homology
groups mod 2 and then is a stationary pom’o Hence, by Lemma 3 with an
interior point of p (A ) in place of a, B} is empty, contrary to our assump-
tion that a* € B

Since Bi n A* is a connected subpolyhedron of A* of dlmensmn =< 1 and
it contains no simple closed curve (Lemmas 2 and 6), p~( B nA* ) 1s a de—
formation retract of p'(A*). It follows from Lemma 5 that p™( BYnA* )
has trivial homology groups mod 2.

If all the orbits on By n A™ are of the same type, then p~ (B nd4%) is
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topologically the product of BY n A and an orbit on By n A*. Hence every
orbit on B} n A has tnv1a1 homology groups mod 2 and thus is a stationary
pomt Smce BY n A" is not empty, it follows from Lemmas 1 and 6 that
BYnA*is elther a single stationary point contained in the interior of the
closed 2-cell A* or an arc intersecting the boundary of A* only at its end
points. Let 8 be an interior point of p~ (B n A%). Then the conclusion of
Lemma 7 follows.

If not all the orbits on B n A* are of the same type, then there is some
Bep (B n A*) such that g* = p(B) is in the interior of A* and that nearby
smgular smgular orbits of G(B8) are of higher dimension than G(8). Since

(B n A* ) has trivial homology groups mod 2, on each component of
(B nd* ) - B* all the orbits are of the same type. It follows from Lemma
1 that B n A" is a finite union of arcs such that each of the arcs has B8* and
one point on the boundary of A* as its end points and that any two of the
arcs intersect only at g*.

Now it is clear that G(8) is a deformation retract of p_l(B na* ) and
then has trivial homology groups mod 2. Hence 8 = G(B) is a stationary
point,.

4, Remarks

(1) Theorem A is an immediate consequence of Lemma 7.

(2) In the proof of Lemma 7 we have incidently proved Theorem B.

(8) If X*is a closed 3-cell, we can easily prove that G acts linearly on X.

(4) Although Lemma 5 proves only that p~'(A*) has trivial homology
groups mod 2, we can see from Lemma 7 that p~'(A4*) is actually contractible.

(5) As mentioned earlier, our proofs also give

CoroLLARY. Under the hypothesis of Theorem A, BY is either empty or con-
sists of a pair of stationary points and a finite set of arcs joining them.
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