LIMITING THEOREMS FOR GALTON-WATSON
BRANCHING PROCESS

BY
NorMAN LEVINSON!

1. The limiting theorems for the Galton-Watson branching process have
been discovered in recent years. An account of this work and references to
the literature are given in Harris [3]. A discussion of the elementary aspects
of the branching process is given in Feller [1, Chapter XII].

The problem for the case where extinction does not occur with probability
1, may be formulated mathematically as follows. The probability p; = 0
that one object forms j objects is given, and

2o pi =1, D rajpi=m > 1.

The generating function associated with {p;} is
f(s) = 228 p; &, |s| < 1.
Note that f(1) = 1 and f/(1) = m. If the random variable z, has as its
generating function f,(s), where
(1.1) fi(s) = f(s),  fan(s) = f(fa(s)),
then f,(1) = 1, and the expectation of z, is given by
E(z.) = fu(1) = m"

The variable z, represents the number of objects after n generations. If the
renormalized random variables
Wy, = 2,/M"
are considered, and if
G.(u) = Prob (w, < u),

then
(12) ons) = [ & dGu(u) = B(™)
is given for n = 0 by
(1.3) Fni1(s) = f(da(s/m)), Rls = 0,
where ¢o(s) = ¢ °. (Note that here —s is used where Harris uses s.)
Note also that ¢,(0) = 1 and ¢,(0) = —1, which is equivalent to
(14) fo_ dGa(u) = 1, fo w dGal(u) = 1.
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If the further assumption is made that

(1.5) 205" < =,
that is, that the second moment exists, then it has been shown that
(1.6) lim,w ¢u(s) = @(s), Rls 2 0,
exists. Moreover ¢'(0) = —1. This is equivalent to the existence of
(L.7) limyw Gu(u) = G(u),
(18) [ a6 =1,
0—

(19) [ w6 =1,

0

In other words, z,/m"” = w, converges in distribution to the random
variable w with distribution function G, and by (1.9) Efw] = 1. Harris [2]
also showed that for 4 > 0, dG/du exists and is continuous (except in the
trivial case where m is an integer and p, = 1, so that f(s) = s™ and
Pn(s) = ¢7°).

It was remarked by Doob that for (1.6), (1.7), and (1.8) to hold, the
existence of the second moment (1.5) is not necessary. However, as will be
shown below, if only the first moment m exists, then it is possible for (1.9) to
fail, that is, for E(w) < 1, and indeed for E(w) = 0. That is, it is possible
for G(u) = 1, w > 0. In this case then w = 0 with probability 1.

It is the purpose of this article to show that the existence of the second
moment can be replaced by a much weaker requirement which will assure
that all the limit properties mentioned above hold, including E(w) = 1, i.e.,

¢’(0) = —1. Lety(t) be a continuous monotone nondecreasing function of
tfort = 1, and let
® dt
1.10 — .
(L10) O

Then the existence of the second moment can be replaced by the weaker
requirement
(1.11) 2T i(pi < =,
and all the limit results stated above remain valid. (Examples of v(¢) are
t*, (1 + log £)'**, (1 + log t)[log log (e + £)]'**.)

It will be more convenient to assume an even less restrictive form than
(1.11), namely, for some constant C,
(1.12) 2iznipi S C/r(n),
which is obviously implied by (1.11).

Further it will be shown that if

fw_it_z o0
1 ty(2) ’
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then the situation E(w) = 0 may actually arise even though (1.12) holds.
Hence the requirement (1.10) and (1.12), which is only slightly more stringent
than the existence of the first moment, is indispensable for E(w) = 1. Inci-
dentally the existence of dG/du for w > 0 will be demonstrated without the
assumption of the existence of the second moment by a modification in the
argument of Harris [2].

The case m < 1 can also be treated by the method that follows.

2. Taeorem 2.1. Ifm > 1, and (1.12) and (1.10) hold, then

(2.1) limpe ¢2(s) = ¢(s), Rls = 0,
exists, where ¢,(s) s defined in (1.3) and

(2:2) ¢(s) = f(¢(s/m)).

Moreover $(0) = 1 and ¢'(0) = —1 in the sense that

(2.3) limso (1 — ¢(s))/s = 1, Rls = 0.

Moreover (2.2), $(0) = 1, and (2.3) determine ¢(s) uniquely even if s is re-
placed by the real variable o.

This theorem will be proved by means of the following lemmas.

Lemma 2.1.  The formulas (1.12) and (1.10) tmply the existence of a con-
tinuous nondecreasing function a(s), 0 £ ¢ < «©, a(0) = 0, such that

(24) folﬁ(:—)da < w,
(25) | (1= () /o — m| S a(a), 0<0< .

Proof of Lemma 2.1. It is convenient to introduce 8(¢) = C/v(t). Since
(1.10) implies y(®) = o, B(o) = 0. Also B(¢) is continuous and non-
increasing for 1 £ t < «, and by (1.10) and (1.12)

(2.6) flwﬁ—(tgdt < o,
and
(2.7) 2 izniPi < B(n).

With no restriction it can be assumed that 8 has a continuous derivative;
indeed, replace it by [i_1 8(y) dy.
From the definition of m and f follows for ¢ > 0
‘ m— (1= f(e))/o = Tiajpsi(l = (1 = €*)/jo)
since
0<1—(1—¢")/r<min(z,1) for0 <z < =,

(2.8) |m— (1 —=f(e")/o| = J1+ Je
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for 0 < ¢ < 1, where
(2.9) Ji = 2izejpi = B(1/0)

and
Jy = 02i<1/cj2pj .
If S; = D 4z kpe, then
Jr =0 2 icyej(8; — Sin1) = 0 2 ic1e JS; — ¢ D imi<ue (§ — 1)8S;

(2.10) 1o
S oD Si S 0 2. B() < oB(l) + o . B

For0 = o =1, let
1/e

a(e) = B(1/e) + oB(1) + o . B(1) dt,

and let a(¢) = a(1) for ¢ > 1. Then by (2.8), (2.9), and (2.10), it follows
that (2.5) holds. Moreover « is continuous, and

/e

o(s) = =58(1/o) + (1) + [

Since 8/ = 0,

B(6) &t — 2 8(1/).

[ WL (% - 1) 8(1/0),

and 8(1) = B(1/s). It follows that o’(¢) = 0. Hence « is nondecreasing,
and «(0) = 0. Moreover,

[%")da = j:@—(%;/ﬂda + B8(1) + fol (flwﬂ(t) dt)da.

Setting ¢ = 1/u gives .
f 8(1/e) do _ f é—(—-@du,
0 [ 1 u

fol( llldﬂ(t)dt>da=j;w(];u3(t)dt>%‘=£wﬂ:) dt.

Hence (2.4) holds, and the lemma is proved.
LemMA 2.2. Let (2.4) and (2.5) hold. Let ¢o(c) = € °, and let
(2.11) ¢ni1(o) = f(¢u(a/m)), 0=0< .

Then over any finite interval of 0 < o < o, ¢,(a) converges uniformly to a limat
¢(c). Moreover $(0) = 1,

(2.12) ¢(a) = f(¢(a/m)),

and

(2.13) limesos (1 — ¢(a))/o = 1.
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Proof of Lemma 2.2. By induction, 0 < ¢.(¢) = 1. Since |f'(s) | £ m
for|s| =1,

$n11(0) — u(0) = f(du(a/m)) — f(¢ns(a/m))
yields by the theorem of the mean

(2.14) | pns1(0) — ¢u(0) | = m| pu(o/m) — $ua(o/m) |.
Clearly /
é1(0) — ¢o(0) = f(e™) — e = 1% [m - L_ai;%-—)] +1—0—e".

|61(0) — ¢o(o) | £ (o/m)a(a/m) + o".
If a(¢) = a(o) + m’c, then & has all the properties of «, and
| ¢1(0) — do(0) | = (o/m)éa(a/m).
Hence denoting & from here on by «, we have
(2.15) [ 1(c) — do(0) | = (o/m)a(a/m).
Using (2.14) and (2.15) yields

[ $ns1(0) — ¢u(o) | S (o/m)a(a/m"™).
Hence for k > 0

| $nti(e) = du(0) | S (o/m) 25 a(a/m™™).

Since « is nondecreasing and m > 1,

Since |1 — ¢ — €| < o,

a(o/m™") £ a(a/m™"), Jj—1=t=7.
Thus

X alo/m™) 5 [ alo/m™) at
Let ¢ be replaced by the variable u, where

u = o/m"*, dt = — du/(ulog m).
Thus /
1 [T )
l alo/m™) dt = = fo 24 gu.
Hence ,
_ ] 7 ()
(2.16) |6nia(e) = (@) S o2 [T 2 a

This proves the uniform convergence of ¢,(o) over any finite interval of o
asn — o, and (2.12) follows from (2.11). Since ¢.(0) = 1, it follows that
$(0) = 1.

From (2.16) follows with n = 0

1 — ¢i(o) _ 1 - ¢0(‘7)

g o

= L f o) du.
mlogmdbh u
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Letting k — « gives
1—¢(e) 1—¢"
g g

Now letting ¢ — 04 gives (2.13).

IIA

! faa—(zzdu.

m log m u

Proof of Theorem 2.1. With ¢,(s) defined in terms of f by the recursion
formula (1.3) and ¢o(s) = ¢7*, it follows by induction that

$n(s) = 2o pnie ™™,
where the p,,; = 0. Since ¢,(0) = 1, ¢n(0) = —1,
Z;'Z-O Pni = 1, Z;Ll Jpni = 1.

Hence ¢.(s), Rl s = 0, is the Laplace-Stieltjes transform of a step function
G.(u) which increases at u = j/m" by p.,;. Thus G,(u) = 0, u < 0, and
G.(») =1, and

(2.17) da(s) = f e dGn(u), Rls = 0.
0—

By the Helly selection theorem it would follow, if the G,.(u) did not converge

as n — <, that there would be at least two subsequences each converging to

distinet limits, G and G. These would have distinct transforms, ¢(s) and

é(s). But by Lemma 2.2, ¢(¢) — #(¢) = 0. Since ¢ and ¢ are analytic for

Rl s > 0, this implies that ¢ = ¢, and hence that G.(u) must converge to a

limit G(u). Hence by (2.17), ¢.(s) converges to ¢(s) for Rl s = 0.
From (2.13) and

#(o) = [ a6
0—
follows readily that

f:udG(u) =1,

and this in turn yields (2.3). The equation (2.2) follows from (1.3) and the
convergence of ¢,(s).

To prove that ¢(o) is uniquely determined by (2.12), (2.13),and ¢(0) = 1,
observe that (2.13) implies

¢(c) =1 — o + oo(1)
for small o > 0. Let ¢(o) also satisfy these conditions. Then if
|6(a) — ¢(0) | = o7(0),
7(¢) = 0, and 7(¢) > 0as o — 04. From
¢(mo) — ¢p(mo) = f(¢(a)) — f(o(s))
and | f/| £ m follows

|$(ma) — ¢(ma) | = m|(a) — (o) |,
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or
(2.18) r(me) = 7(0), c=0.

Since 7(¢) — 0 as ¢ — 0+ and m > 1, (2.18) implies that 7(¢) = 0, which
proves that (2.12), (2.13), and ¢(0) = 1 determine ¢(o) uniquely.

3. It will be shown here that if the conditions (1.10) and (1.12) are
weakened, then the case ¢(s) = 1 can arise, that is, E(w) = 0. It will be
more convenient to work with g(¢) = C/y(t) as was done in the proof of
Lemma 2.1. Let 8(¢) be continuous and decreasing for ¢ = 1. Let

(3.1) flmé(zt—)dt= o

Further let 8/(t) exist, 8/(t) < 0, and let 8'(¢) be increasing. (Examples of
such B8(t) are [log (1 + )], [log (e + t) log log (e + t)]™, etc.) Then it
will be shown that there exist p; = 0,7 = 0, and a constant v > 0 such that

(3.2) 20 pi =1, 20 ipi=m > 1,
(3.3) D iznipi S vB(n),

and such that ¢,(s) — 1lasn — «,Rls = 0.

LemMa 3.1. With 3(t) as described above satisfying (3.1), there exist {p;}
satisfying (3.2) and (3.3) and a continuous increasing function b(s),0 < ¢ < 1,
b(0) = 0, such that

(3.4) m— (1= f(¢))/(1 — o) 2 b(1 — o), 0=oc=1,
and

1
(35) [ 5(9) 4y = o,

0 g
where as usual f(s) = D p; s

Proof of Lemma 3.1. Let po = p1 = 0, and let
p; = '—(vﬁ/(J + 1))/.77 j2 2,

where v is chosen so that D p; = 1. That this can be done follows from
Siipi= =0 TiaBG 1) = —v [ B0 dt = v8(n),

which proves (3.3). Clearly
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m—L1=I0)_ —vZ?B’(j+1)[1—(~}:——:;—j]

2 -0 syan BG+1) [1 - (;+:)jj|
= —3 Zj>2/(l—v) G+ 1)
=

N CEY
2/(1—0)

=%vﬁ<3+—£—>.
1 —o0

b(o) = $8(3 + 2/0), 0
Then the above is (3.4), and by letting ¢ = 1/¢,

Let

A
Q

I\
a—y

1 1 o0
[2 =y [ +2/00 %=1 [ 83+ %=
(I 0 4 1 ¢

by (3.1). Hence (3.5) is proved.
By letting ¢o(¢) = ¢ ° and, as in (1.3),

¢n+1(0') = f(d’n(o'/m) )a

it follows from the theory of martingales, as Doob has pointed out, that
¢.(c) converges to a limit ¢(o) for o = 0. Since f’ and f ” > 0, an easy induc-
tion shows that ¢n(s) > 0for0 < ¢ < . Let

(3.6) (o) = (1 = ¢u(a))/o, 0 <o < .
Then N\.(0) = 1 since —¢,(0) = 1. Also

, (@) = =(1 = ¢u(0) + 09(0))/o".
Because ¢, > 0, ,
(1 = ¢u(0))/a > —¢u(0).

Hence )\:.(0') < 0, and so )\n(a'), is a decreasing function. Since ¢.(0) < 1,
for ¢ > 0, N\u(o) > 0. Since ¢,(0) = —1, it follows that

limg.op (1 — ¢(0)) /o = fow ud@(u) = 1.
Assume that
(3.7) limgoop (1 — ¢(0))/ec = ¢ > 0.
Then there exists o1 > 0 such that
(1 = ¢(01))/o1 > 3c.
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Since ¢.(a) — ¢(a), there exists no > 0 such that

(1 = ¢u(01)) /o1 > 3¢, n 2N,
or M\u(o1) = ¢/2forn = ne. Since N\,(o) is decreasing
(3.8) M(o) = 3¢, n=n, 052 a;.
If the function A (o) is defined by
(3.9) floy =14+ (c—1)m+ (1 —a0)d(1 —0), 0<o<]1,

then because f” > 0, A(¢) > 0,0 £ ¢ < 1. From (3.6) and (3.9) follows
Man(e) = LI @lo/m))

=01~ gulo/m)) — L2 4y g (o/m)

or
Mii(e) = Ma(a/m)[1 — m™ A((a/m)\a(a/m))].
By (3.4), A(¢) = b(s). Hence
Mta(e) = M(o/m)[1 — m7'0((a/m)Na(a/m))].
Since b is increasing, it follows from (3.8) that if ¢ < o and n = n,,

Mr1(e) £ M(o/m)[1 — m~'b(co/2m)).
Hence
As1(o) = No(o/m) exp [—m " b(ca/2m)].

For n — 1 in place of n and ¢/m in place of o,

M(o/m) £ Ms(o/m’) exp [—m'b(ca/2m?)], ete.
Hence for0 = o = o1
(3.10)  Ay1(a) = Auy(a/m™ 7" exp [—m ™' D1z bleo/(2m*™))].
Since b is increasing,

> iz bleo/(2m")) = fon—no b(co/(2m™h)) dt.
Let u = co/(2m'™). Then

b1 =2

log m

n—ngy ca/(2m)
f b(co/(2m**)) dt = f b(_uz du/ log m.
0 u

aa/(2m"_"o+1)

log (co/2u)

and

If we let n — o, this integral diverges by (3.5). Since A\, (¢) = 1, letting
n — o in (3.10) gives
limpse Ae(e) = 0, 0<o=oa,
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which contradicts (3.8) and hence (3.7). Thus ¢ = 0 in (3.7), and this
implies

fow wdG(u) = 0,

which in turn implies that ¢(s) = 1 and E(w) = 0.

4. To prove that G(u), the limiting distribution of w = lim,.., w,, has a
continuous derivative for u > 0, and further that G(04+) = a, where a is
the least nonnegative solution of f(o) = o, the procedure of Harris [2] can be
used with one modification, which will now be discussed. More precisely it
will be shown G’(u) is continuous for w > 0 except in the trivial case when
p; = 0 for all j except one. In this case m must be an integer, and p., = 1.
It follows trivially that ¢.(s) = ¢ ° for all n, and hence here G(u) is a step
function with a unit jump at v = 1.

The only place where Harris [2] makes use of the existence of the second
moment is to prove that | ¢(s) | cannot be 1 near s = 0 for Rl s = 0 except
at s = 0 itself. It will be shown that this follows from the existence of the
first moment. Actually this property is needed, not for ¢(s), but for a closely
related function ¥(s) which will now be defined.

With a defined as the least nonnegative solution of f(¢) = o, it follows
since m > 1thata < 1. Let

(4.1) k(s) = (fls(1 — a) + al — a)/(1 — a).

Then it is clear that k is a probability generating function and k(0) = 0,
k(1) = 1,and ¥'(1) = m. (If f(0) = 0, then k = f.) Moreover

k(s) = 27 g,

LemMA 4.1. There exists a function ou(a), with the same properties as a(a)
of Lemma 2.1, which is related to k(o) in the same way as a(s) is related to f(o).

The straightforward proof will be given at the end of the section.
From this lemma, it follows as in §2 for f(s), that there exists a unique y/(s)
or Rl s = 0 such that

(4.2) Y(ms) = k(¥(s)),

(4.3) ¥(0) =1, limeor (1 — ¥(0))/o =1,
and ¢(s) is given by .

(44) o) = [ e an(w,

where H(u) is related to ¢ as Gis to ¢ in §2. H(w) is a distribution function.
Since (4.2) and (4.3) determine ¢ uniquely, direct verification shows that

(4.5) ¥(s) = (¢l(1 — a)s] — a)/(1 — a).
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Recalling that ¢ is the Laplace-Stieltjes transform of G, it follows from (4.5)
that

H(u) —_ G(U/(l — a)) - a’
(4.6) l—a

H(u) = 0, u < 0.

To show that G(0+) = a and that G'(u) is continuous for » > 0, it suffices
to show that H(u) is continuous for — o < % < «, and that H'(u) is con-
tinuous for w > 0. The proof of this given by Harris is valid once it is shown
that | ¢(s) | is less than 1 for s = 0, Rl s = 0, and | s | small. Since H(u) is
a distribution function with first moment 1, it follows from (4.4) that, if
s =0+ i,

u = 0,

[¥(e +1t) | <1, o> 0.

Hence if | ¢(s) | assumes the value 1 arbitrarily close to s = 0, it must be at a
sequence of points #t;, t; — 0. It will be assumed in the following argument
that ¢; > 0. The case ¢; < 0 can be dealt with in a similar way, and the gen-
eral case can be reduced to the one or the other by discarding some ¢;. If
I‘l/(ztl) ‘ = 1, then

(4.7) f Y GH () = 6,

o—
where ¢; is real and 0 = ¢; < 27, From (4.7)

0

(48) fo D GE(y) = 1.

Since H(u) is a distribution function, (4.8) implies that H(u) is a step func-
tion which can increase only for those u for which

tiu = ¢; + 2n1r,

where n = 0 is an integer. Since t; — 0, it follows that for large j, H(«) can
have a jump at ¢;/t; and nowhere else. Thus ¢;/t; is a constant. Since H (u)
is a step function with only one jump and first moment 1, the jump must be

at w = 1, and hence y(s) = ¢ .
From y(ms) = k(y¥(s)) and the series representation of k,
€™ =Y g6’
Hence m must be an integer, ¢, = 1, and all other ¢; = 0. Thus k(s) = s".
From (4.1)
fls(1 —a) +a]l =a+ (1 — a)s™.

Differentiating and setting s = 0 gives f’(¢) = 0. This implies ¢ = 0, and
hence f(s) = s™, which was ruled out in our hypothesis concerning f. This
completes the proof that | ¢(s) | < 1, s 0, | s | small, and Rl s = 0.

Proof of Lemma 4.1. Let
(4.9) fe’) =1 — am + or(o).
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Then by (2.5)

(4.10) [r(a) | £ alo).

Thus r(¢) = 0o(1) as ¢ — 0+. From (4.1) and (4.9)

(1 —a)k(e”) =(1 —a) +mlogll — (1 — a)(1 — ¢7)]

—log [l — (1 — a)(1 — ¢l [logl — 2)(1 _ e_v)].
For small z, log (1 — z) = —a + 0(z*). Hence
(411) k() =1 — mo + ori(c) + or [10g1 = 11)(1 — e—")jl’

where r1(d) = O(o) for small o. Let

log 1 .
a 1-—0=-a)(1 —¢e

o) = 1
Then p(0) = 0, and
p'(e) =1/((1 — a) + ac’),

so that p’(¢) > 0, and p’(0) = 1. Hence by (4.10)

108 1= = | | 5 el = (ol

If (1 — a)p(e) = ¢ inverts to give ¢ = I'(¢), then T'(0) = 0, T'(¢) > 0,
and I'(0) = 1/(1 — a). Hence

Ll a[(l _ a)p(g)] ‘_if _ fou—a)p(l) (@ [%%_):l i ;

since the bracketed term tends to 1 as ¢t — 0, the integral converges. Thus if
A > 11is an appropriate constant, and if

a(o) = of(1 — a)p(a)] + Ao, 0
and as(¢) = ai(1) for ¢ > 1, then by (4.11) and (4.12)
0=m— (1 —=Fk())/o £ ar(o),

(4.12)

I\
IIA

g

1,

and a; (o) satisfies the same requirement as (o) in Lemma 2.1. This proves
Lemma 4.1.
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