ABSORBING BARRIER PROCESSES CONNECTED WITH THE
SYMMETRIC STABLE DENSITIES

BY
JoaNNE Erviort!

Intfroduction

To each @, 0 < a = 2, there corresponds a symmetric stable density K.
defined by

0.1) K.(z) = w'lf cos zz-¢ "1 dz.
0
Associated with K, are the transition probabilities
0.2) Btz ) = 0 [ Kl — o)) d,
8

wheret > 0, — o < x < «, and S is a Borel subset of the real line. These
transition probabilities define a separable Markovian process {X(f)} if the
distribution of X(0) is prescribed. With probability 1 the path functions are
continuous except for jumps (cf. [2] p. 422), and we shall assume them con-
tinuous on the right.

Let (a, b) be a finite open interval. For any path function X(¢) with
a < X(0) = x < b, let T'x be the first ¢ for which X (f) assumes a value out-
side of the interval (a, b).

The ‘“a-absorbing barrier process” on (a, b) is derived from the a-process
by stopping it at time T'x . Its path functions are given by

0.3) Xans(t) = X(1), t< Tx.

In this paper we shall consider the interval (—1, 1) for simplicity. A simple
change of scale is involved in translating these results to an arbitrary (a, b).
We were led to consider the a-absorbing barrier process by a paper of M. Kac
[4], in which he discusses a method of calculating the distribution of the ran-
dom variable Tx . D. Ray, in a forthcoming paper, has obtained results
closely connected with ours, for a semi-infinite interval.

We shall denote the transition probabilities of the a-absorbing barrier
process by A.(t, z, S) and the corresponding densities (which will be shown
to exist) by @.(¢, z, y). Furthermore, we shall also use the notation

0.4) ®Palt, 2) = VK (7V%),
where K, is given in (0.1).
Our main results may be outlined as follows:
(a) Relation between the stable processes and the absorbing barrier processes
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for0 < @ < 1. In the a-process a particle can move from a point z ¢ (—1, 1)
to a Borel subset S of (—1, 1) in one of two ways: either the particle moves
from « to S in time ¢ without leaving the interval (—1, 1), or at some inter-
mediate time 7 it jumps out of the interval and returns in time ¢ — 7. The
probability of the first event is A.(¢, , S), the a-absorbing barrier transition
probability. To derive the probability of the second event heuristically, we
note (cf. Lemma 1.3) that for 0 < « < 1,

(0.5) limeo 7' ®ult, 2 — 3) = C@)| z — y ™75

where C(a) is a constant. This makes it plausible that the following relation-
ship should hold between B, and ¥, :

B, z, 8) = Aa(t, 2, S)

0.6 ¢ 1
( ) + C(OL) j‘; dr [1 2[01(7’ x, du) ~/;z|>1 SBa(t - T,% S)'lz - U l-—-l—a dz.

In Theorem 1.2 we derive (0.6) in terms of the Laplace transforms

) Pha—y) = [ Mot e - v dt
and
(0.8) AaO‘; x, y) = ‘[; e—M @a(t, x, y) dt,

where @, and G, are the densities corresponding to P, and A, , respectively.
We derive this relationship by a limiting process, using (1.1) and (1.2) as a
starting point. In [3], we studied the absorbing barrier process for a = 1
from a slightly different point of view. There we began by solving the inte-
gral equation (1.51) and then proved that the solution must be the Laplace
transform of the absorbing barrier process. In the case 0 < a < 1, which is
considered in this paper, we find it more convenient to derive the integral
equation directly. The method used is outlined in (d).

(b) Backward and forward equations for the a-absorbing barrier process and
the semigroups associated with them. 1If g e L(—1, 1), the transformation U}
defined by (2.46) defines a linear transformation from L(—1, 1) to itself. If
g is the probability density of X,bs(0) then

09) Pr(Xuau® ¢ 8} = [ Ulga) dy

for ¢ > 0 and S a Borel subset of (—1, 1).

2 Actually, there is a third possibility, namely that the particle proceeds to =1 with-
out jumping from an interior point of the interval. In other words, there may exist a
7 such that | X(¢) | < 1 for ¢t < = and lim,,,~ X(¢) = x1. However, it will follow
from our rigorous derivation of (0.6) that the probability of this event is 0.
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It is to be expected that @, satisfies the Chapman-Kolmogoroff equation,

1
(010) @a(t + s, x, y) = fl G'm(t’ &, u)@a(sa u, y) du’
and hence that {Uf} forms a semigroup. In Section 2 we show that this is
indeed the case. We also determine the infinitesimal generator Q5 of this
semigroup. For any g ¢ domain Qj this gives the relation

5 Utg@) = 85 Ulg(a)
(0.11) .
= 7 'I(a) sin 9‘21 [1 Ufg(y) . |y - xl_“ sgn(y — z) dy.

This is the “forward equation” associated with the a-absorbing barrier process
and is the analogue of the well-known diffusion equation for @ = 2. We
begin in Section 2, however, not with the forward equation and {U;}, but
with the semigroup {U,} given by (2.38) on the space Co[—1, 1] of continuous
functions on [—1, 1] which vanish at the endpoints. Using the fact that U
is the adjoint of U, restricted to L(—1, 1) we obtain the result mentioned
above. The equation (0.11) with U} replaced by U, and g e Co[—1, 1] is
the “backward equation’ for the a-absorbing barrier process.

(¢) Mean absorption time. In Theorem 2.7 we show that if a particle
starts from some point z ¢ (—1, 1) and continues according to the a-process
until the time T'x when it first leaves (—1, 1), the expected value of Tx is
given by (2.47). In other words, (2.47) gives the expected duration of the
a-absorbing barrier process.

(d) Outline of method. The method used may be briefly described as fol-
lows: we first consider an approximation to the a-absorbing barrier transition
probabilities A.(¢, z, S). Let A.(n, A; z, S) be the probability that in the
a-process, a particle starting at some point z ¢ (—1, 1) at time ¢ = 0 will be
in the Borel set S C (—1, 1) at time ¢ = nA, and will be inside the interval
(—1,1) at ttmes te = kA, 1 = k < n. If n and A are fixed, then the sequence
{A.(2"n, 27%A; 2, 8)} is a decreasing sequence as k — . The limiting
function, call it A (¢, 2, S) is the probability that the particle goes from z to
S in time ¢, remaining inside (—1, 1) at all times 7 < ¢ which are of the form
r = mA-27 for some m and k. The set of all 7 having this form is dense on
(0, »). Since the path functions are continuous on the right, we see that
.. coincides with %, .

As an approximation to the integral equation (0.6) we employ the relation
between N.(n, A; z, S) and the P.(nA; x, S) given by (1.2). This equation
follows directly from the probabilistic definition of .. In Section 1, how-
ever, we actually define the sequence {¥N.(n, A; 2, S)} inductively by (1.1)
and (1.2). From this point on we have then to show that in the limit (1.2)
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gives rise to the integral equation of Theorem 1.2.° In Section 2, we make
a study of the semigroups {U.} and {U!} mentioned above.

In this paper we restrict ourselves to the case 0 < a < 1. The result for
1 < a < 2 seems to be similar, but the analytic difficulties are greater, and
we have not carried through this case in all detail.

1. Convergence of the approximations

For the probabilistic motivation and interpretation of this and the follow-
ing section, the reader is referred back to the Introduction. From now on,
we shall be concerned with the purely analytic side of the problem stated
there.

Suppose that e (—1, 1) and S is a Borel subset of (— 0, «); for each

A>0and 0 < o < 1, we define a sequence {N.(n, A; z, S)} inductively as
follows:

(1.1) %o (0, A; z, S) = 1, zed,
= 0, ze S,
and
PBa(nA; z, 8) = Uuln, A; z, S)
(12) a1 o1
+ E f gla(ky A; Z, du’) f %a(A; u, dz)%a[(n -k — 1)A7 z, S] dZ,
k=0 J1 2] >1

where P, is defined in (0.2).
Since P, satisfies

Bt +7,2,8) = [: B, z, duw)Ba(r, u, S) du,

we easily obtain the following properties of .(n, A; z, S):

(1.3) A.(1, A; 2, S) = BalA, z, S), Sc(-1,1),
=0, Sn(—-1,1) =0,

and .

(14) An + 1,452, 8) = f_ Ul 85, AL, Ay 2, ),

Furthermore, it follows from (1.3) and (1.4) by induction that

(1.5) NAa(n, A;2, S) =0

when S n (—1, 1) = 0, that

(1.6) Noln, A; 2, 8) = 0

for all Borel sets S, and that for n = 1, A.(n, A; x, S) defines an absolutely
continuous measure whose density we denote by G.(n, A; z, y). In the

3 If we knew beforehand that the event described in footnote 2 was a null event, then
the derivation of (0.6) might be approached more directly using results of G. A. Hunt [6].
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sequel we shall use these densities primarily; consequently, for convenience
we shall state (1.2) in terms of densities: if |z | < 1, |y | < 1, then

CulnA;z — y)
(1.7) = Qaln, A; 2, y) + f Cu(A; z — 2)C@ul(n — 1)A, 2 — y]
lz|>1
n—2 1
+ 2 [ auls im0 duf  0ua,u—Aodtn— k= a2~y ds
k=1 J-1 lz]>1

where @, is the density defined in (0.4). We have used here the fact that
A, and P, both satisfy (1.1). On the other hand, if |z | < land |y | > 1,
then

Oundiz —9) = [ 0ua s — 2000 = 182 = 4]

n—2

(1.8) + Z flaa(k’ A;(I),du) [ (Pa(A) U — z)@a[(n -k — 1)A7 Z = y] dz
k=1 J-1 lz|>1

1
+ f Gu(n — 1, A; 2,u) (A, u — ) du.
-1
Before proceeding to the main result of this section, we state some pre-
liminary lemmas:

LemMma 1.1. Forn = 1, A > 0and e (—1, 1) we have

19) Qa (2n,§;x, y) S Guln, A 2,y).

Proof. By (1.3) and (1.4), we have

Qo <2)§;x: y)

1

(1.10) A
= f_1 e <§,x - z) (Pa(%,z - y)dz S @A,z — ) = Qull,A; 2, ).

The theorem then follows by induction by using (1.4) for densities.
LemMma 1.2, If8 > 0,0 =y < 1l,andn = 0, then

(1.11) ‘ f T (Y Gyl < M Flis
0
where M s a constant independent of t and x.
Proof. We rewrite the integral as
(1.12) f T 4+ O do — C f e Ly gy,
0 0
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where C, = (n — 1)"Vif n % 1or0,and C; = 1, Co = 0. We need only
show that the estimate holds for the first integral, since the second is a special

case of the first for n = 0. After a change of variable, the first integral be-
comes for z > 0,

(1.13) ! f e”f(t, x, v) dv
0
where
(1.14) f@, x,v) = e PP (P 1 CL) v

For 8 > 0and ¢ > 0, f(t, z, v) is a decreasing function of » for v > 0 (since
¢ "{v" + C,} and v~ " are decreasing for v > 0), and

(1.15) 0 = ft,z,v) £ Crov™”
when n # 0, and
(1.16) 0 =< f@t, x,v) Sv"

when n = 0. Now, taking an arbitrary 4 > 0 and using the second mean
value theorem on the real and imaginary parts of (1.13) in the region of inte-
gration » > A, we see that the absolute value of (1.13) is bounded by

(L.17) {[ﬂa%wmwrﬂm%Aﬁfﬂ

for x > 0. Now an application of (1.15) and (1.16) proves the theorem for
2 > 0. The proof for x < 0 is entirely similar.

LemMma 1.3. If ®.(t, 2) is defined as in (04), then

(1.18) (%@a(t, 2)| < M|z|7 t> 0,
where M 1s a constant, and

(1.19) 5 Oalts ) lico = C(a) 2]

with

(1.20) Cla) = 7 T(a + 1)-sin (ra/2).

Proof. The first part, (1.18), follows as a corollary to Lemma 1.2, for if
t>0

(,)—at(P.,(t, 2) = —a ' f cos v2(v%¢™""%) dv
0
(1.21)

= aler)™! fo sin v2{v°* "1 — #°]e™*""} dv.
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The result follows immediately since 0 < o < 1. From (1.21), it follows
easily that

(1.22) gﬂgme%=m@er
(see [1], p. 23).

LEMMA 1.4, For each 0 < a < 1, there exists a constant M (o) such that
| Ga(n + 1, A5 2, y) — Quln, A;2,9) |

< AM(@)flz — y |77 + min{(1 = )77 (L= o).

Proof. For simplicity, we shall use the abbreviation
(1.24) Galti, 15 2) = ®olti, 2) — @ulty, 2).
Then by (1.7),

Cu(n + 1,8;7,9) — Quln, 4;2,9) = Gu({n + 1}A, nA; 2 — y)

(1.23)

n—2 1
- ’; [.1 ok, A; z, u) du
(1.25) . j; I>1%(A,u — 2)Q({n — kA, {n — k — 1}A;2 — y) dz
- | (Pa(A’ u — Z)Ga(’nA, {n — I}A, 2 - y) dz
lz|>1

1
- f Gu(n — 1, A; , u) dufl - Co(A, u — 2)®u(4, 2 — y) da.
L1 2>

By (1.18),
(1.26) [Galti, tos2) | < M|ty — t|-| 2|7
Therefore, using (1.25) and the fact that
(1.27) f ®ult, 2) dz = 1,
we have

|Galn + 1,452, ) — Galn, A5 2, 9) |

= Ki@a - {le — y[7 4 {1 = ¢ |77

(1.28) F Ko@) A (1= H)7

n—1

1
-y f Gu(k, A; x, uw) f C (A, u — 2) da.
k=1 L1 |zl >1
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But it follows from (1.2) with S = (— %, ») that
n—1 1

(1.29) > [ ok, A; x, u) duf Cu(A,u — 2)dz < 1.
k=1 J-1 lzl>1

Since @q.(n, A; z, y) = Qa(n, A; y, 2), it follows that the term (1 — 3*)™*®
in (1.28) can be replaced by min[(1 — 2*)™% (1 — )™ %. This com-
pletes the proof.

DEriniTiON 1.1. We define

(1.30) Po(\, A32) = Dow e ™ @q(nA, 2)-A
and
(1.31) A\, Asz,y) = 2naa e " qaln, Aja, y)-A

foreachx =z 0, A > Oandz # y.

That the series in (1.30) and (1.31) are convergent follows from the in-
equality

(1.32) 0 = Quln, A;2,9) S Co(ni, z — y)
and the following lemma.
LemMa 1.5. ForallA 2 0and 0 < a < 1,
(1.33) P.(\ A;2) < Clz|*
where C is a constant independent of A and .
Proof. We have

P.\ A 2) < 7'A Y [ cos vze """ dy
n=1 J0
(1.34) w
=7'A f cos v2(e*™ — 1) do.
0

If we let AV = w,
(1.35) P.(\ A 2) < oA -{ cos(zwA™*) (e — 1) duw.

Since (¢“* — 1) is positive and decreasing for w > 0, we may use the second
mean value theorem to obtain an estimate for the integral on the right:

L

cos zw(e” — 1) dw = | zl'lf cos w(e” "™ — 1) dw
0
(1.36)

< lz‘—l{f: (ewalzl"a _ 1)—1 dw + 2(eAa|z|‘¢ _ 1)—1} < Clzla_lr

where A is an arbitrary positive number,
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The next two theorems incorporate the main results of this section.

TaeoreM 1.1. Define

(1.37) FP@, A z,9) = Guln, 27°A; 2, )

for 27" nA £t < (n + 1)27" A whenn > 1 and

(1.38) FP@, Az, y) =0

for0 <t < 27*A. Then

(1.39) lime.e FE@E, A, 2, y) = Qult, 2, y)

exists and 1s fintte when «© £ y. The limiting function Q. satisfies
(1.40) | Qaltr, z, y) — @Qalle, 2, y) | < flx, )| 8 — &,
where f(x, y) = 0 is finite for x = y, and

(1.41) Qult, 2, y) = O@™%)

ast— o, AlsoforN = 0

lljg A e—MFik)(t, Az, y) dt = %l.g: A, A.2—-k; 2, 3)

(1.42) @
= f e ML, , y) db.
0

Proof. First suppose that ¢ = 27'nA for some I, n, and A. Then

(1.43) FP@, A z,y) = Q@ 'n, 2745 2, y)
fork = 1. Also by (1.9),

(1.44) FE™@, A, 2,y) < FOW, A, 2, 9)
for k = 1. Hence, for fixed A, z, y (z # ¥),

(1.45) limgo FP(t, A, 2, y) = Qalt, 7, y)

exists and is finite for ¢ of the above form. Such ¢’s are dense on the real line.
To show that the limit in (1.45) exists for all ¢, we shall prove that

(146) |[FPW, A, y) — FP(, A, 2,9) | < fl@, )t — b+ 274,
where 0 < f(z, y) < », when z # y. Suppose that
(1.47) 27 A £ ti < 27%(ns + 1)A, i=1,2.
Then
|FEM, A, 2,y) — FP(t, A, 2, 9) |
= | Qu(m1, 27¥A; 2, y) — Qalna, 27°4; 2, y) |,

and (1.46) follows after an application of (1.23). This completes the proof
of (1.39). Clearly, (1.40) also follows from (1.46).

(1.48)
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To prove (1.41), we note that
(1.49) Colt, T, y) S Cult,z — y) < o " f 1% dw.
(]

Finally, to show the convergence of the Laplace transforms in (1.42), we
need only show that given ¢ > 0, we can find a T independent of k, such that

(1.50) fT FO@ A, 3, y) dt < e.

Tueorem 1.2. If P, and A, are defined as in (0.7) and (0.8) respectively,
then

Pa()‘; xr — y) = Aa(x; X, y)
(1.51) 1
+ C(a) [ A\ 2, uw) duf Pir;z—g)|e— w7 de
1 lz]>1
with C(a) given in (1.20).

Proof. For each A, it follows from (1.7) and Definition 1.1 that when
lz] <1,|y| <1 wehave

P\ Ay —y) = A\ A2, y)

1
—\A . -1, _ L
152 T° f_ (A, A5 2, ) du fl AT @a(A, u — 2)Pa(), Ajz — y) dz

z|>1
+ ™ fl or Co (A, — 2)Po(N, Az — y) de.

When |z | < 1, |y | > 1, it follows from (1.8) and Definition 1.1 that
Pa()‘) Ay — y)

1
= e‘“{f Aa(\, Az, w) dufl | AT@u(A, u — 2)Po(\, Ajz — ) d2
1 z|>1

1
(1.53) + f A 85 2, @8, u = y) du

+ f ®u(A, 2 — 2)P(\, A2 — y) dz + AGL(A, x — y)} .
lz] >1

To prove the theorem, we shall let A run through a sequence {A;} with

Ay = 5-27%, for some fixed 7, in (1.52) and (1.53). It will be sufficient to
show that

1
lim . A\ Ay, u) du ]; | AT ®L(Ar , u — 2)Po(N, Ax 2 — y) dz
z|>1

k—>o0

(1.54) )
=@ [ absmwan | POsz—y]e—ula
-1 I>1

121>
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since limy,o Po(\, Ar ;¢ — y) = P.(\; £ — y) and the extraneous terms in
(1.52) and (1.53) are O(Ax). The result then follows from dominated con-
vergence by using Lemmas 1.3 and 1.4 with the inequality

(1.55) A2, y) S Pahj2 — y).
2. The backward and forward equations

Associated with each of the stable symmetric densities of order «, there is
a semigroup {T';} on the space of totally finite measures to itself given by

@.1) 1.u) = [ do [~ 0w — i,

where S is a Borel subset of the real line. The resolvent R) of the semigroup
is the transformation defined by
(22) MAS) = Bau(®) = [ T u(S) d.

0

Both T'; u and R, u are absolutely continuous measures.
If u is a totally finite measure, we shall use the notation

23) #@) = [ euta,
and if f € L(— o, «), we shall write
(2.4) j@ = [ : () dt.

In the next three theorems we state some properties of the semigroups
agsociated with the symmetric stable densities.

TuroreM 2.1.  If u s a totally finite measure, and M is defined as in (2.2),
then forx = 0
(2.5) My(z) = a@)\ + =]

Proof. This follows directly from the definitions of R\ and T'; by using
(0.4) and (0.1).
As a matter of notation we let

(2.6) p(x) = p{(—=», 2)}
whenever u is a totally finite measure on the real line.

TaEOREM 2.2. If 1 and x» are points of continuity of the totally finite meas-
ure u, then for each \ = 0

MRy p(xs) — Ry p(xy)] — [u(@e) — p(z)]
2.7 i@ M Him [ (e — ) i) ] sgn w du

T->w J-T

where My is defined as in (2.2).
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Proof. We have from (2.5),
(28) Mh(x) — al@) = —|z |\ + | 2|9 ak) = —M()-| 2|

Since Ry u is an absolutely continuous measure, and z; and x» are points of
continuity of u, we can apply the Lévy inversion formula to (2.8) to obtain
@.7.

CororLLARY 2.1. If u ¢s an absolutely continuous measure with density
feL(—w, ©), then for each A = 0

N2 Bau@) - f@)
(2.9)

T

= 3(2r)7" (TZdE lim . (™ — 1)-My(z) | u ]“'l sgn u du.

T->0 J—

In the sequel we shall mainly use the special case in which u is an absolutely
continuous measure. To this end we shall state the following theorem.

TaeOREM 2.3. The transformations

(210) Tt f(x) = f: (Pa(t; r — y)f(y) dy

define a semigroup from L(— o, ) to itself, ®, being defined by (0.4). The
infinitesimal generator is of the form

(211) 9F @) = 7 'T(a) sin 7;——“(% [: ®(u)-|u — x| sgn (u — =) du.

Proof. It follows from Corollary 2.1 that the infinitesimal generator of
the semigroup (2.10) is

T

212) o o) = -—7,'(27r)_1(%1im @ — D&@) || sgn v do.

T->0 J_T
We shall first show that

T
(2.13) lim fT d@) |v|*" sgn v dy
T>0 J-

exists.

If e domain Qp , then for some N > 0, ® is also in the range of the re-
solvent of the semigroup. Therefore, by Theorem 2.1, we have &() =
Fo)\ + |v|*)™" for some f e L(— », ) and some A > 0. Hence,

T ) T
f W) |v|* " sgnovdy = 26 / f(x) dx f sin ve(\ 4+ v dy
LT |— 0 0

(2.14) -
= 2 f flx)Gr(x) d.

Since | Gr(z) | < M < o and limr.. Gz(z) exists, we conclude by dominated
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convergence that the limit in (2.13) exists as T — «, The infinitesimal
generator can thus be written

* _ oW —1 d . T —Y . a—1
Q. ®(2) = (2mi) 3701;3}0 [Te ®()-1v|* sgnovdy

) T
(2.15) = ©2mn)™" c% lim | &®(u) du f sin v(u — x)-|v|*" sgn v do
T T

[

1 .ar d [” o _
= T'(a) s1n7%[w¢(u)!u x| sgn (u — x) du

for almost all z.

We now turn to the semigroups associated with the a-absorbing barrier
process.

TeEOREM 2.4. Foreach N = 0,0 < a < 1 and f ¢ C[—1, 1], the equation

2.16) A(z) — 7' T(e) -sin ——-——f Fy(w)|u — x| sgn (u — ) du
= f()
has a unique solution F) e C[—1, 1] given by
(2.17) F\(z) = ﬁ Ao(\; 7, »)f(y) dy.
Furthermore,
(18 [ 4052, dy = [P + DI - 2,
and for all N = 0,
(2.19) | Fa@) | = 1 ]-[T(e 4+ DI = 2%)*7,
if we use the norm of f in C[—1, 1].
Proof. Let )
(2.20) 8@ = [ Phje - 9)fQ) dy.

From (1.51) by defining F, as in (2.17),

(221) a(y) = Fy) + C) j;zblPa()\; ) alz[1 Fy@) |z — 2|77 da.

For simplicity, we put
g(2) = 0, [zl < 1,
(2.22) _ f F\(z) dx

Tz = 2% lz| > 1.

It is easily seen that g e L(— », «), since by (1.55) and Lemma 1.5, F\(z) is
bounded for all A = 0. It follows from Theorem 2.3 that whenever
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h e L(— «, ») the function y defined by

223) v@ = [ Pz = ph) dy

J OO

satisfies \p — Q& ¢ = h. We conclude, therefore, from (2.21) that
(2.24) @) = Mi(2) — € Ba(@) = M(@) — 2 Fa(@)

for |z | < 1. This establishes that Fy is a solution of (2.16).

We next show that Fy is continuous in the open interval (—1,1). We shall
do this by showing that the left and right members of (2.21) are in C(—1, 1).
It is easily shown that &, ¢ C(—1, 1) by dominated convergence with the use
of Lemma 1.5. That the right member is also in C(—1, 1) follows from
dominated convergence with Lemma 1.5 and the fact that the function g
defined in (2.22) is integrable over (— o, «).

So far we have shown that for A = 0, F\ is a bounded solution of (2.16),
continuous in (—1, 1). We shall have to use a rather circuitous argument to
show the continuity at the endpoints. We shall first prove that when A = 0,
there is only one bounded solution of (2.16) in C(—1, 1); in other words

d [* —a
(2.25) = [ F@le— = sen €~ x)de =0
x J1
has no nontrivial solutions in C(—1, 1). Suppose that such an F exists, and

let F* and F~ be the positive and negative parts of F. The function ¢ de-
fined by

(220 4@ = [ F@ 16— 2" ¢ — o) dt

isin C{—1, 1]. Let z be interior to an interval in which F(z) < 0. We may
assume without loss of generality that F(x) % 0. Then

1
2.27) ¢@) = f Fr@le - g7 de > 0.
On the other hand, if  is interior to an interval in which F(x) = 0, then
d ' .- —
(2.28) S F@le—a"smE - =0,

and therefore ¢’(x) = 0. Since ¢ € C[—1, 1], it follows that ¢ is a nondecreas-
ing function, but this is impossible since

(2.29) o(—1) = L Fr@) e+ 1™de>0

and

(2.30) an=—LW@m—u”&<a
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We are now ready to prove (2.18) and (2.19), which will also establish that
(231) limz_,il F)\(:l}) B 0,

thus proving that F ¢ C[—1, 1].
It is proved in [5] that

—{T(a + l)w}_lI‘(a) sin a?r
(2.32)

f (1 — D)y — ™ sgn (u — ) du = 1,

when |z | < 1. By our uniqueness proof above, it follows that (2.18) must
hold. Since A.(\; 2, y) = 0 and decreasing in A for all A = 0, the inequality
(2.19) is an immediate consequence of (2.18).

This completes the proof of the theorem except for the uniqueness when
A > 0. Suppose that there exists a solution G ¢ C[—1, 1] of (2.16) with
f=0in[—1,1]. We then define

(2.33) H@) = X a0 (=N G(z),
where .
(234) $1.6@ =" Aa0 2, 1)6G) dy.

The series in (2.33) is meaningful, since for any G ¢ C[—1, 1],

3 1S6G@|<| [ Pde— 066 4| < 1G]x7

Hence, as a transformation from C[—1, 1] to itself,

(2.36) IS <A™
Now H satisfies the equation
(2.37) H(z) — A\S\ H(z) = G(z),

and by the first part of the theorem, this implies that H is a nontrivial solu-
tion of (2.25) in C[—1, 1], which we have shown to be impossible. Our proof
is now complete.

TuroreM 2.5. The transformation

(2.38) U, flzx) = f_ 1 Qalt, 2, Y)f(y) dy

defines a contraction semigroup on the space Col—1, 1] of functions continuous
on [—1, 1] and vanishing at =1, to itself. The infinitesimal generator is given by

(2.39) Q. F(x) = 7 'T'(a) sm-———f Fu)|u — x| sgn (u — 2) du,
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the domain of Q. consisting of those F ¢ Co[—1, 1] for which the right side of
(2.39) is also in Co[—1, 1]. The resolvent of the semigroup s given by the
transformation Sy of (2.34).

Proof. For each f e Co[—1, 1], we have
(2.40) fo MU f(@) dt = 8 f(@).

Theorem 2.4 shows that S, is a transformation from Co[—1, 1] to itself, and
that S, f = F, is the unique solution in Co[—1, 1] of (2.16). Therefore, by
the Hille-Yosida theorem all we need show in order to prove that S, is the
resolvent of a contraction semigroup is that the domain of @, in (2.39) is
dense in Co[—1, 1]. To accomplish this, we shall show that

(2.41) limaol NS f — | = 0

forall f e Co[—1,1]. We may consider (2.10) as a semigroup from C[— =, =]
to itself, with resolvent transformation f — &, given by

(242) 2@ = [ P0o — 0 dy

Hence for any f ¢ C[— «, «],
(2.43) limy,of M f = f| =0,

by using the norm of C[— «, »]. Furthermore, using (2.21), (2.30) and the
equation
(2.44) [ Panio =gy dy = X7,
we have
1
)\f P.(\;z — y) [ Sy fw)-|u — 2|7 du
1

lz]1>1

(2.45) ,
SUAI[ Pz =) [ Ju =2 du s N 5.

Hence, the left side of (2.45) tends uniformly to 0 as A — «. Combining
this with (2.43), we conclude that (2.41) holds.

TaEOREM 2.6. The transformation
1
(2.46) Us g(z) = f_ Gty 2, y)g(y) dy

from L(—1, 1) to dtself is a contraction semigroup whose infinitesimal generator
QF satisfies (2.39) with Q. replaced by O .

Proof. T? is the adjoint transformation to T,, acting on the space
L(—1, 1). Therefore T is a contraction semigroup on L(--1, 1) to itself.
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That its resolvent Sx satisfies the same equation as S, is easily proved by the
method used in the previous theorem.

We wish to make a final comment on (2.18), which has an interesting
probabilistic significance:

TureoreM 2.7. If Tx is the random variable defined in the Iniroduction, then
(2.47) E(Tx) = [D(a + DI7'(L = 2%

this is the expectation of the time taken for a particle starting af some point
2 e (—1, 1) to be absorbed at one of the boundaries 1 in the a-absorbing barrier
process for 0 < a < 1.

Proof. Let Fx be the distribution of Tx . Then we have

j:tde(t) = —Lmtdf_iaa(t,w,y) dy
(2.48)

=00 1
+ [ A0, z, y) dy.
ta=0 1

It then follows from (1.41) that the next to the last term in (2.48) vanishes.

1
= — f_l Qa(t, =, y) dy
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