ON AN IDENTITY INVOLVING BESSEL POLYNOMIALS

BY
F. M. Racas
1. Introduction

Bessel polynomials arise in the solution of the classical wave equation in
spherical coordinates. They are defined by Krall and Frink [1] by the
formula,

(1) 'Yn(xy a, b) = 2F0(-n7 a+n— 1, —Jib)

Recently a number of papers have been written on these polynomials. Full
references for these papers are given in Agarwal’s paper [2], where a second
definition is given on p. 414, namely

— 1 ~ ® —\y a-+n—2 = n
(2) va(2, a, b) = et n =) fo NTTHL 4 Aa/b)" d),

where R(a +n — 1) = 0.

Also a divergent generating function was given by Brafman [3].

In §2 an identical relation between Bessel polynomials will be established,
and in §3 an integral involving a modified Bessel function will be evaluated
by means of this relation in terms of these polynomials. Some further iden-
tities for Bessel polynomials and Kummer functions are deduced in §4.

2. An identity involving Bessel polynomials
The formula to be established is
(3) ZO nCr(]- - a4 — 2k — n; 7')'Yk+n-—r(xy a + r, b)(b/x)—r = 'Yk(x) a, b)7
where n, k, r are positive integers (or zero) and
I'la + 1)

;1’ = — =

(4) (e57) I'(a)
(a;0) = 1.

ale+1) -~ (a+r—1), r=1,23---

To prove it, start with the two known relations for Bessel polynomials,
namely, if k is any positive integer:

(B)  wlx, a,b) = vealz, a + 1,0) + (¢/b)(a + k — Dyia(z, @ + 2, b);
2k + a — Dvi(z, a, b)
= kyia(x,a + 1,0) + (¢ + k — Dy, @ + 1, b).
Multiply (5) by (2k 4+ a — 1) and subtract (6); thus

(6)
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v(x, @ + 1,b) + (1 — 2k — a)(b/2) iz, a + 2, b)
= ypalz, a + 1, b).

(7

Here replace k by £ + 1 and a by @ — 1, and get
(8) Yer(®, @, 0) + (—=2k — a)(b/2) iz, @ + 1, b) = vz, e, D),

which is formula (3) with n = 1.
Now assume (3) for a particular value of n, and apply (8) to each term on
the left-hand side. This then becomes

n

2.1 —a — 2k — n;r)(b/x)”"

r=0

-1
X [7k+n_r+1(x,a +r,b)+(=2k—2n+r —a) (g) YVirn—r(@, 0 + 7 4 l,b)] .
But
"C,(1 —a — 2k — n;7)
+ "Copa(l —a— 2k —n;r — D(—=2k — 2n + r — a)

=", 1—-a—-2k—n—1;r).
Therefore (3) holds with n + 1 in place of n. It holds, however, whenn = 1;
hence it holds for all positive integral values of n.

3. An integral involving a modified Bessel function
The integral formula

f ¢TI 4 N T Lo [24/ {2 abN (L + M) ] dN
0

9)
_r@m—k . b\ o _ ~
“Tem+ 0" (5) Fi2m — k; 1+ 2m;a)yi(x, 1 + 2m — 2k,b),

where R(b) > | a |, R2m — k) > 0, 2m + 1 is not a negative integer or zero,
and k is any positive integer, will now be established.

To prove (9), assume m > —3%, expand ¢ and I, in a series, and multiply.
Then the integral becomes

(t_lé)m ‘[n e—b)\)\2m——lc—l(1 + )\)k X i i (=1)° {x_lab)\(l + M) }T—s(a)\)s d\

x 7=0 9=0 r2m—+r —s—+ 1)sl(r — s)!
_ ab m oo T e (ab/x)r—sas (b)k-—-2m—r
_<~x_) gg( b r@m+r — s+ Dsl(r — s)! \z

. f e—)\)\2m—k+r—~l(1 + )\x/b)kﬂ—é’ d\
0

7=0 80 T@2m+7r — s+ Dsl(r — s)! \z
T@2m — k + 7)Vigr—s(®, 1 + 2m — 2k + s,b)

by (2).
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Therefore the left-hand side of (9) is equal to

o (b)k—m =~ I'@Qm — k + 1)

) Srremtitn’

X Z "C(=2m — r; 8)( >— Vitr—s (@, 1 4+ 2m — 2k 4 s, b)

_T@m—k) m( )k-m =~ (2m — k1)
T Tem 1) 2 @m T 1,0

by (3). IFrom this (9) follows after removing the restriction m > —1 by
analytical continuation.

a’vi(x, 1 + 2m — 2k, b),

4. Further identities

In (9) assume m > —3%, expand I, , and apply formula (2); the left-hand
side of (9) then becomes

b m oo (2 — k b k—2m—r
(‘;) gr'lg(;nm—i- 112)( > (a-l-;;) Verr (@, 1+ 2m — 2k, az + b).
Thus if R(b) > |a |, R@2m — k) > 0, and k is any positive integer,

2m—Fk
Ji@m — k;2m + 1; a)ve(x, 1 + 2m — 2k, b) = (#L>
ax + b

S~ _(2m — k;7) ( ab )’ ,
% >=:o rl(2m + 157) \az + b Yirr (@, 1+ 2m — 2k, b + az),
where the restriction m > —3 is now removed. In (3) take &k = 0, and get

n

(11) 1= "C( —a—n;r)b/x) yur(x,a + 1,b),

r=0

(10)

which can be proved alternatively by considering the Cauchy product for a
double series and then applying Gauss’s theorem.

In (9), take k = 0, x = 1; thus if R(b) > |a|, R(m) > 0, and 2m + 1 is
not a negative integer or zero,

f T ) L [24/ 1A+ V] dA

0
_(g”‘_l__l_l_a _|_1 @ _|_l a 4o
“\b) 2m " 112m+1 T 212m+2) ' 312m+3 ’
which is a new integral formula.
Again in (10) take £ = 0, and get

oo b r
2, 717 <2m2 7—? r)(axa—i— b> (o, 14 2m, b 4 az)

_fax + b m & m & m
—< _> {1+1'm+1+§im+1+3“1m+%+ }
where R(b) > |a |, R(m) > 0, and 2m —+ 1 is not a negative integer or zero

(12)

(13)
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Finally I may mention the following formulae:
k
(14) Eo "Cula + 20 + 1 — I57) Yopa(@,a + 1, 0)(0/2)" = yan(z,a,b),

where &, n are any positive integers (or zero) such that n + 1 — k = 0; and
n(l —a— n)y, (z,a + 2,b)
(15) + (2 — a — b/x)ya(z, a, b)
+ @' /2" Vynsa(z, @ — 2,b) = 0.
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