Illinois Journal of Mathematics
Volume 52, Number 2, Summer 2008, Pages 681-689
S 0019-2082

FROM DYADIC A, TO A,

WAEL ABU-SHAMMALA AND ALBERTO TORCHINSKY

ABSTRACT. In this paper, we show how to compute the A, norm,
a > 0, using the dyadic grid. This result is a consequence of the
description of the Hardy spaces HP(R™) in terms of dyadic and
special atoms.

1. Introduction

Recently, several novel methods for computing the BMO norm of a func-
tion f in two dimensions were discussed in [9]. Given its importance, it is also
of interest to explore the possibility of computing the norm of a BMO func-
tion, or more generally, a function in the Lipschitz class A, using the dyadic
grid in RY. It turns out that the BMO question is closely related to that
of approximating functions in the Hardy space H'(R") by the Haar system.
The approximation in H*(R™) by affine systems was proved in [2], but this
result does not apply to the Haar system. Now, if H4(R) denotes the closure
of the Haar system in H!(R), it is not hard to see that the distance d(f, H*)
of f€ H'(R) to H* is ~ | [J° f(x)dax|, see [1]. Thus, neither dyadic atoms
suffice to describe the Hardy spaces, nor the evaluation of the norm in BMO
can be reduced to a straightforward computation using the dyadic intervals.
In this paper we address both of these issues. First, we give a characterization
of the Hardy spaces HP(RY) in terms of dyadic and special atoms, and then
by a duality argument, we show how to compute the norm in A, (RY), a >0,
using the dyadic grid.

We begin by introducing some notations. Let J denote a family of cubes @
in RV, and Py the collection of polynomials in R of degree less than or equal
tod. Given a >0, Q € J, and a locally integrable function g, let pg(g) denote
the unique polynomial in P, such that [g —pg(g)]xq has vanishing moments
up to order [a].
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For a locally square-integrable function g, we consider the maximal function
Mi% g(x) given by

o _ 1 L - , 1/2
My 79(x) S o\ g ng(y) po(9)W)"dy ) .

The Lipschitz space Aq, 7 consists of those functions g such that M7 "2 79 18

in L, |lglla.., = 1M, Jg||oo, when the family in question contains all cubes
in RY, we simply omit the subscript J. Of course, Ao = BMO.

Two other families, of dyadic nature, are of interest to us. Intervals in R of
the form I,, ,, = [(k —1)2", k2"], where k and n are arbitrary integers, positive,
negative, or 0 are said to be dyadic. In RY, cubes which are the product of
dyadic intervals of the same length, i.e., of the form Qp =I5, X -+ X Iy gy,
are called dyadic, and the collection of all such cubes is denoted D.

There is also the family Do. Let I}, , = [(k—1)2", (k+1)2"], where k and n
are arbitrary integers. Clearly, I;% i is dyadic if k£ is odd, but not if % is even.
Now, the collection {I}, ; : n,k integers} contains all dyadic intervals as well
as the shifts [(k —1)2" +27 1 k2" + 2”*1] of the dyadic intervals by their half
length. In RY, put Dy = {Qn piQn =1, 5 ¥ x I, } @ is called a
special cube. Note that Dy contains D properly.

Finally, given I/, ,, let I;Lk = [(k—1)2",k2"], and L% = [k2", (k+1)2"].
The 2V subcubes of Q!, , =1, % ---x I/, of the form I,% x - x .5 |
Sj=Lor R,1<j<N, are called the dyadic subcubes of Q;L,k

Let Qo denote the special cube [~1,1]". Given a > 0, we construct a family
S, of piecewise polynomial splines in L?(Q) that will be useful in character-
izing A,. Let A be the subspace of L?(Qq) consisting of all functions with
vanishing moments up to order [a] which coincide with a polynomial in Py
on each of the 2V dyadic subcubes of Q. A is a finite dimensional subspace
of L?(Qo), and, therefore, by the Graham—Schmidt orthogonalization process,
say, A has an orthonormal basis in L?(Qq) consisting of functions p*,...,p"
with vanishing moments up to order [«], which coincide with a polynomial
in P, on each dyadic subinterval of ()o. Together with each pr, we also
consider all dyadic dilations and integer translations given by

pﬁyk,a(x) = 2"(N+°‘)pL(2"w1 +ky,...,2"%cn +EkN), 1<L<M,
and let
Sa = {pﬁ’k’a : n, k integers,1 < L < M}.

Our first result shows how the dyadic grid can be used to compute the
norm in A,.
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THEOREM A. Let g be a locally square-integrable function and o > 0. Then
g €Ay if and only if g € Ao p and An(g) =sup,es, [(9,p)| < o0o. Moreover,

19llaa ~ l19llaa,» + Aalg)-

Furthermore, it is also true and the proof is given in Proposition 3.1 be-
low that [glla, ~ llglla.,p,- However, in this simpler formulation, the tree
structure of the cubes in D has been lost.

The proof of Theorem A relies on a close investigation of the predual of
A, namely, the Hardy space HP(RY) with 0 <p= (a+ N)/N < 1. In the
process, we characterize H? in terms of simpler subspaces: HZY, or dyadic
HP, and H ga, the space generated by the special atoms in S,. Specifically,
we have the following theorem.

THEOREM B. Let 0<p <1, and a=N(1/p—1). We then have
HP = Hp, + Hg_,
where the sum is understood in the sense of quasinormed Banach spaces.

The paper is organized as follows. In Section 2, we show that individual
H? atoms can be written as a superposition of dyadic and special atoms.
This fact may be thought of as an extension of the one-dimensional result of
Fridli concerning L*°1- atoms, see [5] and [1]. Then we prove Theorem B.
In Section 3, we discuss how to pass from A, p and A, p,, to the Lipschitz
space A,.

2. Characterization of the Hardy spaces H?

We adopt the atomic definition of the Hardy spaces HP, 0 < p <1, see [6]
and [10]. Recall that a compactly supported function a with [N(1/p — 1)]
vanishing moments is an L? p-atom with defining cube Q if supp(a) C Q, and

1/2
|Q|1/p(§2| /Q |a<x>|2dz) <1

The Hardy space H?(R™) = HP consists of those distributions f that can be
written as f =" Aja;, where the a;’s are HP atoms, ) |\;[” < co, and the
convergence is in the sense of distributions. Furthermore,

/
112 Ninf(2|)\j|p>1 3

where the infimum is taken over all possible atomic decompositions of f. This

last expression has traditionally been called the atomic H? norm of f.
Collections of atoms with special properties can be used to gain a better

understanding of the Hardy spaces. Formally, let A be a nonempty subset
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of L? p-atoms in the unit ball of H?. The atomic space HY spanned by A
consists of those ¢ in HP of the form

p= Naj, a; €A Y NP <o

It is readily seen that endowed with the atomic norm

1/p
el g7, = inf INIP) re=) Naja; € Ap,
A
H i becomes a complete quasinormed space. Clearly, Hi C HP, and for f €

H e <A1 f |l -

Two families are of particular interest to us. When A is the collection
of all L? p-atoms whose defining cube is dyadic, the resulting space is HZY,
or dyadic HP. Now, although [|f||g» < ||f[|zz, the two quasinorms are not

equivalent on HZ. Indeed, for p=1 and N =1, the functions

Jn(z) = 2n ! [X[l—Z*",l] (z) — X[1,1+2*"](33)]>
satisfy || f || g1 = 1, while, on the other hand, with <p(a:) = X[1,00) (%) In(z — 1),

1427
_ [(fr )] 2" ) o(x) dz|
[ fallzy, = sup > ~
$eBMOp ||¥]|BMOS llellBMmos

tends to infinity with n.

Next, when S, is the family of piecewise polynomial splines constructed
above with o« = N(1/p— 1), in analogy with the one-dimensional results in [4]
and [1], H fs’a is referred to as the space generated by special atoms.

We are now ready to describe HP atoms as a superposition of dyadic and
special atoms.

LEMMA 2.1. Let a be an L? p-atom with defining cube Q, 0 <p <1, and
a=N(1/p—1). Then a can be written as a linear combination of 2V dyadic
atoms a;, each supported in one of the dyadic subcubes of the smallest special
cube Qn 1 containing Q, and a special atom b in S,. More precisely,

2N M
=Y diai(@)+ Y erpt, pal@), |dil,|es] <e.
1=1 L=1

Proof. Suppose first that the defining cube of a is Qq, and let Q1,...,Qqn
denote the dyadic subcubes of Qg. Furthermore, let {e},...,eM} denote an
orthonormal basis of the subspace A; of L?(Q;) consisting of polynomials in
Plajs 1 <i <2V, Put

M
a;(z) = a( ZGXQu el)es(x), 1<i<2V,
j=1
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and observe that (a;,e}) =0 for 1 <j < M. Therefore, a; has [a] vanishing
moments, is supported in Q);, and

levilla < flaxeq.l2 + Z llaxq;llz < (M + 1)[laxq, [l2-
j=1

So,
9N(1/2-1/p)

M+1
is an L? p-dyadic atom. Finally, put

a;(x) =

N
M+1
b(z) =a(zx) — SNG/=1/p) Zaz

Clearly, b has [a] vanishing moments, is supported in (g, coincides with a
polynomial in P,) on each dyadic subcube of Qg, and

2N M

1615 <>~ >~ [axq..€))[* < Mljall3.

i=1 j=1
So, b€ A, and consequently b(z) = 224:1 cp’(z), where
e =1(b,p")| <e, 1<L<M.

In the general case, let @@ be the defining cube of a, side-length @ = ¢, and
let n and k = (ky,...,kx) be chosen so that 2"~ < /< 2" and

Q C [(ky — 1)2", (ky +1)27] x -+ x [(ky — 1)2", (ky +1)2").

Then (1/2)Y <|Q|/2"N < 1.
Now, given x € Qo, let a’ be the translation and dilation of a given by

d(x) =2"NPa(2"xy —ky,...,2"xN — k).
Clearly, [a] moments of a’ vanish, and
[a" |2 = 2" N/P27 N2 a5 < e QVPIQ M lalla < e

Thus, ¢’ is a multiple of an atom with defining cube Q. By the first part of
the proof,

2N M
= Zdiag(x) + Z crpt(x), x€Qo.
i=1 L=1

The support of each a! is contained in one of the dyadic subcubes of @y, and
consequently there is a k such that

ai(x) = 2—nN/pafL_(2—nx1 — k‘l, .. .,2_n!EN - kN)
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a; is an L?p -atom supported in one of the dyadic subcubes of Q. Similarly,
for the pr’s. Thus,

M
a(z) = Zdiai(:c) + Z ch£n7_k7N(1/p_1)(x),

L=1
and we have finished. O

Theorem B follows readily from Lemma 2.1. Clearly, H}, + Hg — HP.
Conversely, let f = Zj Aja; be in HP. By Lemma 2.1, each a; can be written
as a sum of dyadic and special atoms, and by distributing the sum, we can
write f = fq+ fs, with fg in HS, fs in Hga, and

1/
Wiy 1 follmz, < e(3oI0l)

Taking the infimum over the decompositions of f, we get || f|az +m8 <
cllfllzv, and H? — Hp, + Hg . This completes the proof.

The meaning of this decomposition is the following. Cubes in D are con-
tained in one of the 2V nonoverlapping quadrants of RY. To allow for the
information carried by a dyadic cube to be transmitted to an adjacent dyadic
cube, they must be connected. The pﬁ’k’a channel information across adja-
cent dyadic cubes which would otherwise remain disconnected. The reader
will have no difficulty in proving the quantitative version of this observation.
Let T be a linear mapping defined on H?, 0 < p <1, that assumes values
in a quasinormed Banach space X. Then T is continuous if and only if the
restrictions of 7' to H}, and Hg are continuous.

3. Characterizations of A,

Theorem A describes how to pass from A, p to A, and we prove it next.
Since (H?)* = A, and (HS)* = Ay p, from Theorem B, it follows readily that
Ao =AopN(HS )", so it only remains to show that (Hg )* is characterized
by the condition A,(g) < co.

First note that if g is a locally square-integrable function with A, (g) < oo
and f=3, 1 Cj7LprL1j,kj,m since 0 <p <1,

g, <D les Ll (g, Pk, k00

§,L
1/p
< 4al)|Slesal’]
3L
and consequently taking the infimum over all atomic decompositions of f in
Hg_ , we get g € (Hg )" and [|gll(gz )~ < Aa(g)-

To prove the converse, we proceed as in [3]. Let Q,, = [—2",2"]Y. We begin
by observing that functions f in L?(Q,,) that have vanishing moments up to
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order [«] and coincide with polynomials of degree [«] on the dyadic subcubes
of @y belong to HE and

1 g, < 1QulP7H2] ]2

Given £ € (Hg_)*, for a fixed n let us consider the restriction of £ to the space
of L? functions f with o] vanishing moments that are supported in Q,,. Since

O <INz < NelQal P~ 2] fll2,

this restriction is continuous with respect to the norm in L?, and consequently
it can be extended to a continuous linear functional in L? and represented as

(f) = ; f(@)gn(z)dz,
where g,, € L*(Q,,) and satisfies || g,||2 < ||€|||@x|"/?~*/2. Clearly, g,, is unique-
ly determined in @, up to a polynomial p, in PJ,;. Therefore,

gn(@) = Pn(@) = gm () — Pm(2), 2. T € Qmin(n,m)-
Consequently, if
9(z) = gn(2) —pn(z), 7€ Qu,
g(z) is well defined a.e. and if f € L? has [a] vanishing moments and is
supported in @,,, we have

)= [ f@n)da

= | f(@)[gn(x) — pn(z)]dz
RN

- /R J@)g(a)dr.

Moreover, since each 2"N/Ppl (2™ . +k) is an L? p-atom, 1 < L < M, it readily
follows that

Ao(g)= sup sup |(g,27"/Pp= (2" +k))|
1<L<M n,k€Z

< HEHS%I)HPL”HP <,

and consequently A, (g) <|[|£||, and (Hg_ )* is the desired space.

The reader will have no difficulty in showing that this result implies the
following. Let T be a bounded linear operator from a quasinormed space X
into Ay, p. Then T is bounded from X into A, if and only if A, (Tx) < c|lz|x
for every z € X.

The process of averaging the translates of dyadic BMO functions leads to
BMO, and is an important tool in obtaining results in BMO once they are
known to be true in its dyadic counterpart, BMOy, see [7]. It is also known
that BMO can be obtained as the intersection of BMO, and one of its shifted
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counterparts, see [8]. These results motivate our next proposition, which
essentially says that g € A, if and only if g € A, p and g is in the Lipschitz
class obtained from the shifted dyadic grid. Note that the shifts involved in
this class are in all directions parallel to the coordinate axis and depend on
the side-length of the cube.

PROPOSITION 3.1. Ay =Aq p,, and ||g||la, ~ [lg]la

a,Dg *

Proof. It is obvious that ||g|la, », < llglla.. To show the other inequality
we invoke Theorem A. Since D C Dy, it suffices to estimate A, (g), or, equiv-
alently, |{g,p)| for p € S,, a=N(1/p—1). So, pick p :pﬁk,a in S,. The
defining cube @ of pﬁ’ k.o 18 1n Do, and since pﬁ’ k.o has [a] vanishing moments,
(pfb,k@,pQ (9)) = 0. Therefore,

(9P k.ol = 1(9 = P (9), PF ko)
< |Ipf x.ll2llg = Po (D)l r20)
<1QI*™MQIM2(Ipk 1 all2 gl Aw o, -

Now, a simple change of variables gives |Q|*/N|Q[*/2|[pk ;. ,ll2 <1, and con-
sequently also A, (g) < HQHAQ,DO~ O
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