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SCATTERING LENGTH FOR STABLE PROCESSES

BARTLOMIEJ SIUDEJA

ABSTRACT. Let 0 < a < 2 and X; be the isotropic a-stable Lévy
process. We define scattering length I'(v) of a positive poten-
tial v. We use the scattering length to find estimates for the
first eigenvalue of the Schrodinger operator of the “Neumann”
fractional Laplacian in a cube with a potential v.

1. Introduction

The scattering length has been studied for the Brownian motion and the
classical Laplacian by many authors, see [7], [8], [12], [13]. The last two
papers contain applications, for example, a bound for the first eigenvalue of
the Schrédinger operator of the Neumann Laplacian in a cube. Scattering
length is also important in mathematical physics where it arises in many
situations, including the study of neutron scattering and general few-body
systems (see, for example [11] and [1]).

This paper is the first attempt to define and study scattering length for
processes different than the Brownian motion. As an application, we prove es-
timates for the first eigenvalue of the Schrodinger operator of the “Neumann”
fractional Laplacian in a cube. This result is similar to the one obtained in
[12] for the Laplacian.

Let X; be the isotropic a-stable Lévy process in R? with the characteristic
function

(1.1) E° (exp(i6 X¢)) = exp(—t[¢|*).
For simplicity, we assume that d > «. It is well known that this process has
the generator A®/2 = —(—A)*/2, where A is the classical Laplacian on R%,

For an overview of results, for the potential theory of this process, we refer
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the reader to [4]. The Dirichlet form for this process is given by

y))?
1.2
(1.2) (u,u) C/Rd/ﬂ{{d |:1c— |d+a dz dy

and its domain is W*/22(R%), the fractional Sobolev space. See [3] for details
about Dirichlet forms and domains for the generators of stable processes.

The constant in front of the double integral depends on « and d, as do all
other constants in this paper. Dependence on any other parameter will be
indicated explicitly. We also adopt the convention that constants may change
their values from line to line as long as they stay positive.

We can also define the “Neumann” fractional Laplacian A?\,/ % on an open
set 2 as the operator with the Dirichlet form

u(x) —u(y))?
(1.3) Sy(u,u)zC/Q/Q(l(x)_%dxdy

and the domain W*/22(Q). Here, we also refer the reader to [3] for details

about the definition of A?\/ 2 The stochastic process Y; associated with this

operator is the reflected stable process in €2 studied in [3].
Let v be a positive function and let U, be the capacitory potential of v

(1.4) Uv(x)zl—EQJexp<—/ v(XS)ds>.
0

Let p, be the capacitory measure of v

(1.5) o = —AY2U,.

We define the scattering length I'(v) by

(1.6) I'(v)= /Rd dpiy ().

The product of d intervals (—1,1)% will be called the cube in R?. The main
result of the paper is the following.

THEOREM 1.1. Let Q be the cube in R, 0 <v e LY(Q), and let \i(v) be

the first eigenvalue of the operator fA%m + v in Q (the Schrédinger operator
of the “Neumann” fractional Laplacian on Q). Then there exists a constant
C1(Q), such that

(1.7) C1( T (v) < Ai(v).

Furthermore, there exists a constant = (1) > 0, such that whenever
I'(v) < B, then

(1.8) A (v) < Co(Q)T ().

REMARK 1.2. The second bound is valid for any bounded domain Q.
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Remarks 3.6, 3.7, and 3.9 give applications of this result. The idea of the
proof is the following. We choose an appropriate representative of stable-like
processes (see [2] and the definition in Section 4) for which the proof is similar
to the Brownian case. The main result follows from the fact that all stable-like
processes have the same bounds for eigenvalues.

The rest of the paper is organized as follows. In Section 2, we give the
precise definition of scattering length. In Section 3, we prove some properties
of capacitory potential and scattering length. The proofs in this section are
easy and they carry over from the Brownian case to the stable case with min-
imal changes. We present them here for the sake of completeness. Section 4
contains the proof of Theorem 1.1.

2. Definitions
We start with the definition of the potential operator U.

DEFINITION 2.1. For any nonnegative function f define U by

(2.1) i) e[ rxas).

Note that the definition of this operator can be naturally extended to pos-
itive measures on R%.

It is well known that for the symmetric stable processes this potential
operator is given by the Riesz kernel (see e.g., [2])

(22 vl =c [ A0
We have

LEMMA 2.2. If f € LY(R?), then U[f](z) is finite for almost all x € R?. If
f s in L, then U[f](x) is finite everywhere.

Proof. Set g(z) =C/|x|?~.
(2.3) Ulfl(z) = (f*g)(x) = (f * (91B0,1))) @) + (f * (91Be(0,1)) ) (2).

The first term is the convolution of two L' functions, hence, also in L'. The
second term is bounded above by || f||1 since g < C outside of the ball B(0,1).
The result follows. O

dy.

Let v € L}(R?) be positive, and
(2.4) 1= Ul(z) = ! A" 01 (2) = BF (e Jo v(Xo) ds),
Using U!, we can define the capacitory potential of v by
(2.5) Us(e) = lim Uj(z) =E"(1 - e JoT v(Xa)ds),
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Let the capacitory measure of v equal

(26) () do = (@) (1 - U (2) .
We want to show that U, (z) = Ulu,](x). We have

)=
@0 V) =B ([ OB I as)
= E* (/OOO v(X)E(e o vXn)drg 95|]-"5))

:/ E"E(v(X,)e~ JoovXr)dr 6 g | Fs) ds.
0

The last equality follows from Fubini theorem and the fact that v(X;) is Fs
measurable. Hence,

(25) (o) =B ([ oxe 7000 ).

By Definition 2.1 and Lemma 2.2, we have
(2.9) /000 v(Xs)ds <oo as.
for almost every starting points = € R%. Therefore, the function
(2.10) f(s)= /00 v(X,)dr

is absolutely continuous for almost all paths of the process X and so is e/,
By the fundamental theorem of calculus,

(2.11) Ulpo](z) = E* (/OOO jse I3 v(Xr)dr ds)

=E?(1— e Jo vXdr) (),

for almost every x € R?,

Note that if v is also bounded than by the second part of the Lemma 2.2
the last equality holds for all . Since e~/(*) is nondecreasing, its derivative
exists almost everywhere and U, (x) = Ulu,] () for all x € R%.

Finally, we define the scattering length of v as

(2.12) I'(v) :/ oy () dz :/ v(z)(1—Uy(z)) da.
R4 R4
If we assume that the potential v(z) is in L'(R?) N L2(R9), then p,(z) is
also in L?(R%). In such a case, we get
(2.13) — A2, = .

The notion of the scattering length generalizes the capacity of sets. Let K
be a Kac regular set (see [10] for details). Informally, the set K is Kac regular
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if after entering the set K the process will stay there for a positive amount of
time. Put

(2.14) vg =00 on K, and 0 outside.

Under the assumption of Kac regularity, the notion of the capacitory potential
Uy, coincides with the capacitory potential Uluk] of the set K, where pg is
the equilibrium measure on K (see [10]). Analogously to (2.11)

(2.15) Uk (z) := Uy (2) = Ulpsc] ().

In such a case, this potential is also equal to the probability that the process
X; starting from x ever hits K.
Similarly to (2.13), we also have

(2.16) AUk = k.

The total mass of the equilibrium measure is called the capacity of the
set K

(2.17) Cap(K /d/,LK

We see that Cap(K) =T'(vk). Proposition 3.8 shows that the capacity is also
a limit of scattering lengths.

3. Properties of scattering length

In this section, we prove several useful properties of the scattering length
and the capacitory potential. We start with upper bounds for U, and I'(v).

PROPOSITION 3.1. Let v € L'(RY). Then

(1) T(v) <|lv,
(2) if BCR? is bounded, then

/ Uy(z)dx < C(B)T'(v).
B

Proof. The first inequality follows from (2.6) and U, < 1. For the second,

we have
fow=c [ [
<cfow [ = 1o
)T (v).

=C(B)I'(v O

Next, we prove some monotonicity and convergence properties of the scat-
tering length.

PROPOSITION 3.2. Let v,v,,w € L*(R?) be positive. Then
(1) if v<w a.e. then U, <U, a.e. and T'(v) <T(w),
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(2) if vp(z) is a.e. nondecreasing and converges a.e. to v then U, is a.e.
nondecreasing and converges a.e. to U,, and I'(v,) is nondecreasing and
converges to I'(v).

Proof. The monotonicity and convergence of capacitory potentials follow
directly from (2.5).

To prove the results about the scattering length, we need another for-
mula for T'(v) if suppwv is bounded. Consider a compact set K such that
v CC K. Let Ug be its capacitory potential and pg its equilibrium measure
(see (2.15)). Note, that Ux =1 on suppwv, and

(31) T(v)= / U () (d) = / Uljarc) (2o () = / Ulpeo) () dpe ().

If we take K large enough to have (suppwv) U (suppw) CC K, the monotonic-
ity of the scattering length follows from the monotonicity of the capacitory
potentials.

Now, suppose that v is any positive L' (R?) function. Let v,, be a.e. nonde-
creasing sequence of functions with bounded supports such that v,, converges
a.e. to ve LY(RY). Suppose that w <wv a.e., and let w,, = min{v,,w}. We
have

(3.2) /]Rd v () (1 = Uy, (2)) dz =T (v,) > T(wy,)

= / wy (z) (1 = Uy, (2)) dz.
Rd

Both integrands are bounded above by v, hence, by the dominated conver-
gence theorem

(33) Do) = /R o(@)(1 - Uy () do > /]R w(@)(1— Uy (@) do = T(w).

The second part of the proposition follows from the first one, and the
dominated convergence theorem. O

PROPOSITION 3.3. For r >0 and nonnegative v,w € L'(R?) we have
(1) Upsw Uy + Uy and T'(v+w) <T'(v) +T'(w) and
(2) if w(z) =r*v(rx), then Uy(z) = U,(rz) and T'(w) = r*~9T(v).

Proof. The first inequality follows from the inequality 1 — e 2% < (1 —
e~ ) 4 (1 — e~?) which is valid for any nonnegative numbers a and b. The
second inequality follows from the first one and the monotonicity of the po-
tentials.

The second part of the proposition can be easily verified by a direct calcu-
lations. g

It is interesting to see what is the behavior of the scattering length for very
small and very large potentials.



SCATTERING LENGTH FOR STABLE PROCESSES 673

PROPOSITION 3.4. Let 1<p<oc and p~' 4+ ¢ ' =1. Assume that v €
LP(R?) and suppv C B bounded. For any e >0,
1
T(ev) =¢llvlls — O/ lu]l,|[v];/?).

Proof. By Proposition 3.1 and by definition, we have

(3.4) 1Usllz1(5) < C(B)L'(v),
(3.5) [Uslloo < 1.
Hence,

1UslLa(m) = (/B|UU|Q>1/q< (/B|Uv|>1/q<0(3)r(u)1/q.

But,
/ oUy dz < [0l 1Us o)
< C(B)|jv]|,(v)V
< C(B)|vll,llv]ly"".
Hence,

[(ev) = /Ev(l — Ueo) dz =¢[Jv]ls = O/ ]Jo]l, J0];/7). O
PROPOSITION 3.5. If v € L' (RY), then
1

lim -T = .

lim 21(e0) = o]
Proof. By the definition of scattering length, we have

1
(3.6) lv]]x — gf(sv) = /vUeU dx.

By Proposition 3.1, ||Usy||z1(5y < C(B)||lv][1e. Therefore, U, — 0 in mea-
sure, and the same is true for vU,,. Since 0 < U, <1, vaEv — 0 and this
completes the proof. O

The last two propositions together with the main result give an asymp-
totic formula for the first eigenvalue of the Neumann Laplacian with a small
perturbation.

REMARK 3.6. Let v € L}(Q) be positive. We have

. Ai(ev)
3.7 Ci1() <1
3.7 H() < By 2T

< C2(2).

REMARK 3.7. Proposition 3.4 can be used to improve the above if v €
Lr(Q).
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If the potential v is large on its support, the scattering length is close to
the capacity of the support of v.

ProrosITION 3.8. Consider v > 0 with compact support K. Let us also
assume that K is Kac regular. Then

I'(v) <CapK.
If vi(x) /v (x) (see (2.14)), then
I'(v;) / Cap K.

Proof. Suppose that v > 0 is supported in K, where K is Kac regular. Let
B be a ball such that K is contained in the interior of B. By (3.1)

P(v) = / U () dyu (),
and
CaPK:/UK(fE) dup ().

But U, < Uk, so I'(v) < Cap K. The second part of the proposition follows
from monotone convergence theorem and from the first part. O

The main result combined with the properties of the scattering length gives
the dependence of the first eigenvalue on the scaling of the potential.

REMARK 3.9. Let v be a positive L'(2) function. Suppose that wg(x) =
rBu(rx). We have

. /\l(wa)

. ) < lim ————- < Cy(N).
(33) C(0) < lim ZEEeL < Co(@)
Moreover, if B > «a,

, A1 (wp)

. < <
9 Cu0) = i o SO0
and if f < «

- Ai(wg)
(3.10) C1() < Tim ——r= < Cp(9).
r—oo =4[]y
Proof. Follows from Propositions 3.3, 3.5, and 3.8. O

4. Proof of Theorem 1.1

First we prove the upper bound (1.8) by using a variational characterization
of eigenvalues. The first eigenvalue \i(v) can be calculated using Rayleigh
quotient

Ey (g, )+ 2
(4.1) M) = e @@ tgue
peWa/22(Q) Ja¥
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Our strategy is to choose a function ¢ which will give a desired bound. We
claim that ¢ =1 — U, will do the job. The space W/22(Q) is the subspace
of L?(f2) consisting of all functions f for which the Dirichlet form Ey-(f, ) is
finite. Therefore, the infimum may be taken over the whole L?(Q2). Since ¢
is bounded and € is also bounded, this function belongs to L?(Q2). We get

Uy(z) — Uy(y))?
Al(v)/wgéﬁy(tp,wH/wQ:C (Ohz) 7 ) dxdy+/w2
Q Q |z — y|T+e Q

QxQ

_ 2
Rd x R4 |z — yldte Q

Let

vp(z) = 13(07,1)(:1:) min(v(x),n).
The sequence v,, is nondecreasing and converges to v. By Proposition 3.2, we
get U,, /U, and I'(v,) / T'(v). The sequence v,, belongs to L?(R%), hence,
_A;lv/ 2Uvn = [by,, . Therefore,

_ 2
no) [@zo [ i G DLW,
Q RdxRd N—00 |x—y| +a
+/ lim v,(1—U,,)?
Q n—oo
— 2
< Climinf / Oy, (2) ldf ®)* . dy
n—00 JpdyRd |1'_y| e
+ lim v (1 — Uvn)2
n—oo Q
= liminf (SX(vamUvn) + / Un(l — Uvn)z)
n—oo Q

n—oo

:liminf/ (=Uo, AU, +0,(1 - Uy, )?)
]Rd

= liminf (anvn(l —Uy,) +v,Uyp, (U, — 1) —v,(U,, — 1))

n—oo [pd

=liminfT'(v,) =T(v).

n—oo

On the other hand,
(4.2) / 22> 9] — 20()T(v),
Q

Hence, if T'(v) < |Q]/(4C(02)) = 5(£2) the last expression is comparable to the
volume of 2. This completes the proof of (1.8).

Let B; be a Brownian motion running at twice the usual speed, and Uy
be a reflected Brownian motion in the cube 2. That is, U; is the process
generated by the Laplacian with Neumann boundary conditions in the cube.
We will use a subordination technique (see [9]) to obtain stable processes from
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these processes. Let A; be a positive «/2-stable subordinator independent
of B; and U;. If we subordinate a Brownian motion with A; we get an
isotropic a-stable process. In other words, X; = By4,. Let Vi be the process
U; subordinated with the same subordinator A;. The resulting process is a
stable-like process (see [5]). However, it is not the same as a the reflected
stable process Y; (see [3]).

The following lemma gives a comparison between expected values of the
multiplicative potentials of X; and V;.

LEMMA 4.1. Let supp(v) C Q, where Q is a cube. Then

(43) Ew{mp<_éﬂmm)@)}<Ew{mp(_éﬂxxgmg}.

Proof. Define g as follows:

(4.4) g(x) =

x—2n, ifxe2n,2n+1),nez,
2n—x, ifxe2n—1,2n), neZ.

One can think about g as a function that continuously folds a real line into a
unit interval. Using a tensor product, we can define

flr1, 29, ..., 2q) = g(21) @ g(22) @ - ® g(zq).

We have U; = f(B;) for a reflected Brownian motion U; on [0,1]¢. Since 1-
dimensional components of B; (and U; on a cube) are independent of each
other and are transition invariant, we have

(4.5) Us = f(By).
This gives
Vi=Ua, = f(Ba,) = [(X).
Now, we can define 9(z) =v(f(z)) so that ¥ =v on supp(v). We have:

E${exp <— /Otv(Vs)ds) } = Ew{exp (— /Otv(f(Xs))ds> }
—W%W<A%mm@}
gE%m%KM&Ma} O

The processes X; and Y; are examples of a larger class of processes defined
in [5], called stable-like processes Z;. These processes have generators with
quadratic forms

(4.6) (u,u) /Q/Q qufigo?) dz dy.
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Here, ¢(x,y) is a symmetric function satisfying 0 < ¢ < ¢(z,y) < C < oo for all
x, y where ¢ and C are constants independent of x and y. The domain of
this form is the same as the domain of the “Neumann” fractional Laplacian,
namely We/22(Q). For more detail about this class, we refer the reader
to [5]. The first eigenvalues of the Schrodinger operators of the generators of
two arbitrary stable-like processes are comparable. In particular, we have

LEMMA 4.2. Let A} be the first eigenvalue of the operator —A + v, where
A is the generator of V;. Let also A\1(v) be as in Theorem 1.1, i.e., the first
eigenvalue of the Schrodinger operator for the “Neumann” fractional Lapla-
cian. Then

(4.7) Ay <\i(v) <CANY,
where ¢ and C' are positive constants.

Proof. Process V; is a stable-like process, hence,

ws = [ [ovtan CEZID 4

and ¢ < cy(x,y) < C for some constants ¢ and C'. We can assume that ¢ <1
and C' > 1. Given any positive potential v,

(4.9) %<8v(u,u) + / mﬁ) < &y (u,u) + / vu? < %<Ev(u,u) + / mﬁ).

By (4.1), we get the inequality between the eigenvalues. O

Now, we are ready to prove the lower bound (1.7). By Lemma 4.2, it is
enough to prove the lower bound for the process V;. Let A be its generator.
It is enough to prove that there exists ¢, such that

(4.10) [[efA=)|, < e=CT),

There exists a kernel function wa (¢, x,y), such that

(4.11) A=) f(2) = / walt,z,9)f(y) dy,

for every bounded f (see [6] for existence and properties of such kernels).
Using the Feynman-Kac formula we get

(4.12) / ua (t7 x, y) dy = E® (e_fooo v(Vs) ds)-
Q

Let u(t,z,y) be a heat kernel associated with the Schrodinger operator of the
fractional Laplacian. Then

(413) / U(t,.’II7y) dy: E* (e_fooo U(XS)dS).
Rd
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By Lemma 4.1, it is now enough to prove that

1-Ul(z)= / u(t,z,y)dy < e T,
R4

First, we need an upper bound for the capacitory potential

(4.14) /|x—y|d ~>CT(v )(diam())>~.

Using the semigroup property of u(t,z,y),

/ w(t, 2, ) US () dy = / u(t,x,y)(l— / u(y,z,s)dz) dy

= /u(tﬁmy)dy— /u(t—i—&ﬂmz)dz
=U,"(z) = Uy(a).

If we let s tend to oo, we get

(415) Us(a) = Usto) = [ ult. .U (w) dy.

Let p(t,x,y) be a heat kernel associated with the process X;. Since our
potentials v are nonnegative, we have

(4.16) u(t,z,y) <p(t,z,y).

Using this inequality, we obtain

Uy(z) - U(z) = / ut, 2, y)Us(y) dy < / p(t, 2, 9)Us(y) dy

:C//%p(t,x,y)dy
:C//ﬁ)(_t’—m’dy)adyduv(@

p(t,
<CT(v) sup / | :c| dy
z—

ZEQ zER4 *

We need to show that the supremum tends to 0 as ¢t tends to oo. Then we
can take g large enough so that

(4.17) U, - Ul <U,/2.
And, using (4.14)
1—Ub(x)<1-Uy,(z)/2<1—C/20(v)(diamQ)*~¢ = =T,

The only thing left to prove is the following.
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LEMMA 4.3. Let p(t,x,y) be the heat kernel associated with the process X .

Then
t
lim sup / Mdy =0.
t—00 z,x€R4 JRA |y - Z| @

Proof. The Riesz kernel (see (2.2)) satisfies
0

|z —yl|i=
By the semigroup property,

t,I, >
R R4 JO

aly — z[d=
zC/ p(t—l—s,x,z)ds:C’/ p(s,x,2)ds
0 t
gc/ sTVads =0ttt L, O
t
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