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In this paper, we construct and verify the asymptotic expansion for the spectrum of a boundary-
value problem in a unit circle periodically perforated along the boundary. It is assumed that the
size of perforation and the distance to the boundary of the circle are of the same smallness. As an
application of the obtained results, the asymptotic behavior of the best constant in a Friedrichs-type
inequality is investigated.

1. Introduction

We study a two-dimensional eigenvalue problem for the Laplace operator in a unit circle per-
iodically perforated along the boundary. It is assumed that the size of perforation and the dis-
tance to the boundary of the circle are of the same smallness. The asymptotic behavior of the
spectrum of the considered boundary-value problem is investigated in this paper. We con-
struct and verify the asymptotic expansion for the eigenvalues with respect to the small para-
meter describing the microinhomogeneous structure of the domain. A similar problem was
considered in [1] for the case of perforation located along the plane part of the boundary. The
case studied in this paper is much more complicated since the eigenvalues of multiplicity
more than one can appear. The technique for asymptotic analysis of such kind of problem can
be found, for example, in [2, 3].
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The obtained results are used for asymptotic expansion of the best constant in a Fried-
richs-type inequality for functions from the space H', vanishing on the boundary of the per-
foration and satisfying homogeneous Neuman condition on the boundary of the circle. Anal-
ogous questions concerning the asymptotic behavior of the best constant in Friedrichs-type
inequality in domains having microinhomogeneous structure in a neighborhood of the boun-
dary were studied in [1, 4-11]. In the remaining part of this introduction, we will give a short
description of some of the most important results in these papers to put the results obtained
in this paper into a more general frame.

In paper [4], the authors proved a Friedrichs-type inequality for functions, having
zero trace on the small periodically alternating pieces of the boundary of a two-dimensional
domain. The total measure of the set, where the function vanishes, tends to zero. It turns out
that for this case the constant in the Friedrichs-type inequality is bounded. Moreover, the pre-
cise asymptotics of the constant in the derived Friedrichs-type inequality is described as the
small parameter characterizing the microinhomogeneous structure of the boundary, tends to
Zero.

Paper [5] is devoted to the asymptotic analysis of functions depending on the small
parameter, which characterizes the microinhomogeneous structure of the domain where the
functions are defined. The authors considered a boundary-value problem in a two-dimen-
sional domain perforated nonperiodically along the boundary in the case when the diameter
of circles and the distance between them have the same order. In particular, it was proved that
the Dirichlet problem is the limit for the original problem. Moreover, some numerical simu-
lations were used to illustrate the results. As an application, a Friedrichs-type inequality was
derived for functions vanishing on the boundary of the cavities. It was proved that the con-
stant in the obtained inequality is close to the constant in the inequality for functions from

H'. The three-dimensional case of the same problem is considered in [8].

In paper [9], the author considered a three-dimensional domain, which is aperiodically
perforated along the boundary in the case when the diameter of the holes and the distance
between them have the same order. A Friedrichs-type inequality was derived for functions
from the space H' vanishing on the boundaries of cavities. In particular, it was shown that the
constant in the derived inequality tends to the constant of the classical inequality for functions

from H' when the small parameter describing the size of perforation tends to zero.

Paper [1] (see also [7]) deals with the construction of the asymptotic expansion for the
first eigenvalue of a boundary-value problem for the Laplacian in a perforated domain. This
asymptotics gives an asymptotic expansion for the best constant in a corresponding Fried-
richs-type inequality.

Paper [11], is devoted to the Friedrichs-type inequality, where the domain is period-
ically and rarely perforated along the boundary. It is assumed that the functions satisfy homo-
geneous Neumann boundary conditions on the outer boundary and that they vanish on the
perforation. In particular, it is proved that the best constant in the inequality converges to the
best constant in a Friedrichs-type inequality as the size of the perforation goes to zero much
faster than the period of perforation. The limit Friedrichs-type inequality is valid for functions
in the Sobolev space H'.

Some generalizations of Friedrichs-type inequalities are Hardy-type inequalities. There
exist several books devoted to this topic, see [12-16]. The first attempts to generalize the clas-
sical results concerning Hardy-type inequalities in fixed domains to domains with micro-
inhomogeneous structure one can find in [6, 10].
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Paper [6] deals with a three-dimensional weighted Hardy-type inequality in the case
when the domain Q is bounded and has nontrivial microstructure. It is assumed that the
small holes are distributed periodically along the boundary. The main result is the validity of
a weighted Hardy-type inequality for the class of functions from the Sobolev space H! having
zero trace on the small holes under the assumption that a weight function decreases to zero
in a neighborhood of the microinhomogenity on the boundary.

In paper [10], the author derived a new two-dimensional weighted Hardy-type in-
equality in a rectangle for the class of functions from the Sobolev space H'! vanishing on small
alternating pieces of the boundary. The dependence of the best constant in the derived in-
equality on the small parameter describing the size of microinhomogenity was established.

This paper is organized as follows: in Section 2 we give all necessary definitions and
state the spectral problem. Section 3 is devoted to the construction of the leading terms of
asymptotic expansion, while the complete expansions for the simple and multiple eigenval-
ues are constructed in Sections 4 and 5, respectively. The verification of the constructed asym-
ptotics is given in Section 6. Finally, in Section 7, the obtained results are applied to describe
the asymptotic behavior for the best constant in a Friederichs-type inequality considered in a
perforated domain.

2. Preliminaries

Consider a unit circle Q centered at the origin. We introduce the polar system of coordinates
(0, r) in Q. Introduce a small parameter ¢ = 2/N, N > 1, and consider the open set B, which
is the union of small sets periodically distributed along the boundary. Each of these small sets
can be obtained from the neighboring one by rotation about the origin through the angle eur.
Finally, we define Q, = Q \ B. and 0B, =T, see Figure 1. Let us describe the geometry of B,
in details. Consider the semi-strip:

I= {g:—;—f <& < %,§2>0}, I:= {g;-% <& < g,gpo}. (2.1)

Let B be an arbitrary two-dimensional open domain with a smooth boundary that is symmet-
ric the vertical axis and lies in a disk of a fixed radius a < 1 centered at the point (0,1), see
Figure 2. Let B, be the union of the sr-integer translations of B along the axis ¢;. Then we de-
fine B, as the image of B, under the mapping 0 = &é;,r =1 - ¢é.

Consider the following spectral problem:

—-Au, = \u, in Q,,

u.=0 on I, 2.2)
Ou,
aL: -0 on dQ.

The problem,

—Auo = ./\0110 in Q,
(2.3)
up=0 on 02,
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Figure 1: Perforated circle.

Figure 2: Cell of periodicity.

is the limit one for (2.2). This fact can be established analogously as in [17, 18], by using the
same technique.

Remark 2.1. In particular, it can be proved that the number of eigenvalues (bearing in mind
the multiplicities) of the original problem converging to the eigenvalue of the limit (homo-
genized) problem is equal to the multiplicity of the mentioned eigenvalue of the limit pro-
blem (for the method of proof see, e.g., [19]).

Remark 2.2. The limit spectral problem (2.3) is studied very well. In particular, if the eigen-
value A is simple, then the corresponding eigenfrequency ko = v/Ag of (2.3) is the zero-point
of the Bessel-function Jy, and the corresponding eigenfunction has the form Jy(kor). One can
find the definition of Bessel-functions, for example, in [20, Section 4.7].

The goal of this paper is to construct and verify the asymptotic expansion for the eigen-
values of (2.2). The obtained asymptotics is used for studying the behavior of the best cons-
tant in a Friedrichs-type inequality for functions belonging to the Sobolev class H'(Q,,I.)
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(see the definition of H!(,,T) in Section 7). One of the main results of this paper is the fol-
lowing asymptotics for A, converging to \o:

Ae=do+ D ey, (2.4)

i=1

where \; are some fixed constants which can be calculated according to (4.23) and (4.15) in
the case of simple A, and according to (5.10) and (4.15) when A, is of multiplicity two. In parti-
cular, \; < 0 which implies that A, < Ao.

3. Construction of the Leading Terms of the Asymptotic Expansion

Suppose that Ay is the simple eigenvalue for (2.3) and the corresponding eigenfunction uy is
normalized in L,(L2). Our aim is to construct the leading terms of the asymptotic expansions
for A, converging to Ag as well as u, converging to uy. We use the method of boundary-layer
functions (see [21]) for this purpose. We are looking for eigenvalues and eigenfunctions in the
following form:

.)LEZ)L0+E)L1+~--,

(3.1)
U (x) = up(x) + eup (x) + eapg(Q)v(¢) +---,
where ¢ = (¢1,¢2), é1=0/¢, & =(1-71)/¢, and
uo(x) =a0(9)(1—r)+0<(1_r)2> asr —1, aO(Q) = _% ,
- (3.2)
w1 (x) = ut],. + 1 (0)(1—7) + O<(1 - r)2> asr—1, a1(0) = _% )
r=1

Substituting the first expansion from (3.1) and the sum ug +<u from the second expan-
sion in (2.2) and equating terms at the same power of €, we get the equation for u;:

—Axu1 = J\oul + .)Lluo in Q. (33)

The existence of the solution for (3.3) is given in the following proposition.

Proposition 3.1. For any Ay, there exists the smooth solution of (3.3) satisfying the boundary con-
dition

27T -1
up = -\ (0) < I aj d9> on 0Q. (3.4)

0
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Proof. The existence of the smooth solution follows from the classical results on regular solu-
tions of elliptic equations (see e.g., [22]). In order to get u; as the unique solution, one can add
the condition of mutual orthogonality:

f upuidx = 0. (3.5)
Q

By multiplying (3.3) by uy, integrating (3.3) over £, and twice integrating by parts the
obtained equation, we find that

auo au1

—I 1w Augdx — f U —de + f uy—do = 44 f ugdx + )LOJ‘ wupdx. (3.6)
Q sQ  Or sQ O Q Q

Taking into account the fact that 1 is the normalized (in L,(€2)) solution of (2.3) and since u;
satisfies (3.5), we can deduce that

A= -J' Ouo . do = -J' o(0)u1 d6. (3.7)
oo Or aQ
Then (3.7) leads to (3.4) and the proof is complete. O

However, the approximation up+¢u; does not satisfy the condition on I';. This forces us
to introduce an additional term agv in second expansion of (3.1) to satisfy the appropriate
boundary condition. We assume that the function v has exponential decay as ¢, — oo and is
sr-periodical with respect to ¢;. Under this assumption, agv “almost” does not destroy (2.2) in
the sense that the norm of additional contribution is small. The rigorous explanation is given
in Section 6. Proceeding, we have that

—Ay(ug+euy +eagu+---) = (Ao +el +---)(Up + Uy + g + -+ ). (3.8)

Taking into account (2.3) and (3.3), we see that v has to satisfy the equation

—Ax(agv) = Agago. (3.9)

Rewrite A, in polar coordinates and pass to the ¢-variables in the argument of v:

10/ 0 1 0*(aov
Ax(aor) = = — <Tg(ao71)> 3 ég‘; )
= 62_’04_@6_04_1 v_azao+2%a_v+aaz_v
"N T e T2\ eer T 7o a8 T o2 (3.10)

_®®v a oo 1| O 20000 adv
£0%  (e-e%) 08 (1-ehp)’| 000 ¢ 00 0L e of
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Finally, replacing formulas 1/ (¢ — £2&) and 1/ (1 - £&)* with Taylor series with respect to &,
substituting the obtained formula for A, (apv) in (3.9), and equating terms at £ 2, we deduce
that

Asv =0. (3.11)

Now we derive the boundary conditions for function v. Substituting the second series
from (3.1) in boundary conditions from (2.2) and using (3.2), we have

0=1u;=up+eu +eagv+--- = e(apdy + u1|,1 + av) + O<52>,
_ Que _ Oug +sau1 +ea oo +oe=—ag—ca;—a oo + 12
T or  or = or 0 ar T 0T e TR0, ’
which implies that
doéz + u1|r:1 + g0 = O,
o . (3.13)
-y — aoa—gz =Uu.

Taking into account (3.4), we derive the boundary conditions for v on 0B and on I’:

27T -1
v=-&%+\ (J a% d9> on OB,
0

ov

(3.14)

Summing up (3.11) and (3.14), we get the following boundary-value problem for v:

271 =
v=-6+)\ (f al d6> on 0B, (3.15)
0
ov

—=-1 on .
o0&
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Define the function Y as the solution of the following boundary-value problem in the cell of
periodicity:

AY =0 inII\B,
Y=0 on 0B,

6_Y=0 on OIT\T,

0¢1 (3.16)

oY

a_gz =0 on T,
Y
0%

=1 asé — oo.

It was proved in [7] that there exists the solution of (3.16), which is even with respect
to ¢ and has the asymptotics:

Y(@) =&+ C(B)+0(e ) asé — o, (3.17)
where

C(B) = fwww— &)Pdé + [B > 0, (3.18)

and |B| is the area of the domain B.
The following lemma gives the conditions to obtain v as an exponentially decaying fun-
ction as é — oo.

Lemma 3.2. Assume that F is sr-periodic with respect to ¢ function with exponential decay as & —
oo, and let v be a sr-periodic solution of the boundary-value problem:

Av=F, &>0; v=A, ¢€O0B; % =A,, ¢€T; (3.19)
2

with finite Dirichlet integral in I1. Then there exists the unique weak solution, which has asymptotics
v=C+0(e),a> 0. To obtain v as a function with exponential decay as & — oo, it is necessary
and sufficient to have

f YF dé + Alg dSB + f AQY dr§1 =0. (320)
M\B 0B OVB r

Proof. The existence of the solution with asymptotics v = C + O(e~*?) follows from the classi-
cal results on elliptic boundary-value problems in cylindric domains (see, e.g., [23] and
[24, Chapters 2, 5]). Let us verify (3.20). Define IIg = IIN {0 < & < R} and I'gr = {¢ :
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-r/2 <& <xw/2,& = R}. By multiplying the equation from (3.15) by Y, integrating it over
Ik \ B, and using the property of Y, we get that

f FY d¢ = —j vovyde+ [ van - [ Lyag
Iz\B Ix\B T'r 0é r 0
6 oY J‘ oY
= vAY d dé + v— dé — v—dS
Joaoar e |, vag s [ g an- [ o5 s
5 5 oy 5 (3.21)
v v Y
+| =Yd —Yd d Aj— dS
Y[ g =], ogg -] ag as
0v J‘
+| ==Yd&-| AYdg.
L 08 & Y dé
Passing to the limit as R — oo, we obtain that
j  FYdé=-xC- Al— dSg - I AyY déy. (3.22)
B OB
This can be rewritten as
C:l —’[ Aszgl—f Ala—YdSB—I FY d¢ ). (3.23)
T r oB O IMB

Then v has exponential decay as ¢, — oo if and only if C = 0 which is equivalent to (3.20).
The proof is complete. O

In order to obtain v as function with exponential decay as ¢, — oo, one must have

oY
=- faB(—éz +K )E dSp + L Y d¢i, (3.24)

where we denote K = )q(fzyr 2 dG) . However, (3.24) implies that

oY oY -
K = —dSg+ | Yd —dSs . (3.25)
< OB & 0vp b J‘r él) <LB 0vp B)
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Integrate the identities 0 = .[HR\E AY d¢,0 = JHR\E HAY dE:

0= I AY d¢ = oY —dS = gdSB + oY —déy,
Ix\B d(T1x\B) on 0B OVB T 0é>
oY agz
0 =I (&AY = YA&)dé = < — )dS 3.26
B & &)dé o(1615) & Fo an (3.26)

- gz—dsB+I Yd§1+J <§zag —Y>d§1,

Passing to the limit as R — oo, we find that

0=f a—YdSB+.71',
0.

VB
’ (3.27)
0= 52—d53+f Ydél—JZ'C(B)
Then (3.25) and (3.27) together with Remark 2.2 imply that
20 )
A =-C(B) f ayd = -2 C(B)ky (24) (ko) <O. (3.28)
0

4. Complete Expansion in the Case of the Simple Eigenvalue .\,

Assume that \g is the simple eigenvalue of the limit problem. Now we construct the complete
expansion in the following form:

ue(x) = u(x) + y(1 - r)ui“(lg;r, Q>, (4.1)

£

where y is a smooth cutoff function, which equals to one when 1/2 < r < 1 and zero when
r<1/4:

ug (x) = Jo(k(e)r), (4.2)
ul (@) = D). (4.3)
i=1

Here k(e) = \/A.,vi(¢) are or-periodic in ¢; functions with exponential decay as & — oo. One
can easily show that (4.2) solves the equation:

A (x) = L (x) (4.4)

if and only if k(¢) = Ve
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We are looking for ui"(¢), which solves the equation:
—Aul (8) = L (@) (4.5)
If (4.4) and (4.5) are satisfied, then u, from (4.1) is the solution of

—Au, = \u, + F, (4.6)

where F = —u"A, y — 2V,u"V, y. Our aim is to construct u!" so that F will be of small order
as ¢ — 0. This is the reason why we need to have v; as exponentially decaying functions.
Now we derive the formula for the Laplacian in ¢-variables:

¥ 10 1

=i trer T o
e, 1 8 1 &
2082 (el —1)0k  £2(ey — 1)% 02 (4.7)

B SN SRR S S SRR Nl
2 e -1)08 2\ (e -1 ) 0F

By substituting the Taylor series for the functions

1 1 1
Ch 1) 6—2<—(£§2 e 1> (4.8)

in (4.7), we get the final formula for A,:

1 < n-2¢n 62 < n-1gn 0
Be= A+ nZ:O(nJr e §2a_§§ —nzzoe ‘§2a_g2' (4.9)

Substituting (2.4) and (4.3) in (4.5) and taking into account (4.9), we deduce the follow-
ing formula:

iAo, = 28 4yt len g i 00
;g %Y <£+£§2+ +e" N+ >§€6§2
22 nan < ibzvi
—<2£§2+35§2+---+(n+1)5§2+~-->Zea—§2 (4.10)
i=1 1

[e/e]
- <€2)L0 +8N + -+ £"+2An>Z£lvi.
i=1
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By equating terms of the same power of ¢, we obtain that

e Ay
ov 0%v

2 A _ 1 _9 1

€ 102 = G & o

’ (4.11)
k-1 ov

Aév <]1 kl )gz > Z-Arvka/

j=1 aél j=0

Consider now the boundary conditions from (2.2). According to the property of y,

w) =)+ (225,0) < 2kt + Sem), @12)
i=1

in a small neighborhood of 0Q. Moreover, on 0€, it yields that

au ov;
= =k(e)2o(k(e)) - Zel ! 35 (4.13)
62 le=0
We assume that the function k(¢) has asymptotics:
k(e)=ko+eki+---+&"k,+---, (4.14)
and since A, = k?(g), we can derive the following formulas for \;:
Ao=ky,  M=2koki,..., A=) kjki. (4.15)
Rewriting 2 (k(¢)) as a Taylor series with respect to €, we have
, ! ”(ko)kls 20 (ko)k? + 24 (ko) k) €
2o(k(e)) = Zy(ko) + : ( ! 0 ) + (4.16)

1! 2!

Substituting (4.16) in (4.13), using (4.14), and equating the terms with the same powers
of €, we get the following boundary condition for v;,i =1,2,...:

% = gi(k1, ooy ki—l) on F, (417)
0%
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where
gl = kogé(ko), gz = klgé)(ko) + koklgg(ko) =0. (418)

Consider now the boundary conditions on small holes. Analogously,

() = Do(k(e)r) + Semi(@) = Dolk(e)(1 - ) + 3 vi(2). (4.19)

i=1 i=1

Substituting the Taylor series for Jg(k(e) (1 —¢€é)) with respect to € in the last formula,
using (4.14), and equating the terms with the same powers of ¢ in equation u, = 0 on I, we
get the following boundary condition for v;, i=1,2,..., on 0B:

= —kiZy (ko) + fi(&; ko, ki, ..., ki-1) on 9B, (4.20)

where f; are polynomials of power i with respect to ¢ with coefficients which depend on
(ko,k1,...,ki-1). The precise formula for f; can be derived for each fixed i. For example, we
have that

fi=kdykE,  fo=kZk)E - 3 (ko) (ki - koda)? (@21)

The following Lemma is useful for our analysis. For the proof see for example,[3].

Lemma 4.1. Suppose that F and v satisfy the conditions of Lemma 3.2. (a) If F is even with respect to
&1, then v is even; (b) if F is odd with respect to ¢ and Ay = Ay = 0, then v is odd with respect to &
and decays exponentially as & — oo.

Theorem 4.2. There exist numbers k; and sr-periodic in & functions v; with finite Dirichlet integral
in I1 and exponential decay as & — oo, such that these functions are solutions of the following
boundary-value problems:

) e
Avi:FiEZ<£1a§ ( )§2 ag > Z)LUIJZ lTLH\B

j=0

v = _kigé) (ko) + fl(;ZI kOl kl/ ey ki—l) on aB/ (422)
avi _

5_§2 = gl(kll .., kiiy) onT.

Moreover, the constants are defined by the formula:

1

ki=—— YFld i ;k,k,... i— dS lk, .,ki_ Yd
JrQb(ko)<.[n\B §+LBf(§z o 1) s+ gilla 1)jr §1>

(4.23)



14 International Journal of Differential Equations

In particular,

ki = -rC(B)ko (D)o ko), (4.24)
ko, = k% 4.25
2= 5 (4.25)

Proof. Let v be the solution of boundary-value problem (3.15). It can be easily verified that
o1 = —koZ)(ko)o (4.26)

is a solution of (4.22), (4.20), (4.17) for f1, g1, and k; defined by (4.21), (4.18), and (4.24). For
any k,; boundary-value problem (4.22), (4.20), (4.17) for v, has a sw-periodic solution with
finite Dirichlet integral. By Lemma 3.2 and (3.27), v, has exponential decay as ¢, — oo if and
only if k; is given by (4.23) for i = 2. Let us verify formula (4.25) without applying the general
(4.23). It is obvious that

2 2
o oo (4.27)
05 05
By using that fact one can write the boundary-value problem for v; as
6711 0 (%] (37]1 (32’01 . 5
A +2&H— IT\ B,
U2 = (é 25 §> <ag §za§§> in IT\
! ! 1 /!
v2 = ~ka 4 (ko) + k1 Jy(ko)éa ~ 505 (ko) (k1 ~ koda)”  on 0B, (4.28)
avz
2= T.
36 0 on
It can be verified that the function
_1 ,00
2935, (4.29)

is sr-periodic with finite Dirichlet integral in I'l, has exponential decay as ¢, — oo, and satis-
fies problem (4.28) for k, defined by (4.25). We can use the induction process to finalize the
proof. O

Since k; are defined by (4.23), we can calculate \; by using (4.15). Denote

o = 90(\/A5,Nr) (= r)ven, (4.30)

where A, v and v,y are the partial sums of (2.4) and (4.3), respectively.
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Theorem 4.2 implies the validity of the following useful result.

Theorem 4.3. For any integer N > 0, the function u. n is the solution of the boundary-value problem

_Aue,N = )ts,Nue,N + FE,N in er

UeN = agn() onl, (4.31)

6u£, N
or

=b.Nn(0) on 0Q,

where ||a.nllL,w,) = O@EN), [benllre0) = OEN), [Fonln@) = OE™N), and N1 — oo as
N — oo.

Proof. According to the definition of u, n, we have that

—Axue,Nn = —Ax <QO<\/)L5,NT> +x(1- r)vg,N>
= _AXQO< \/ ~)‘S,N7"> - AXXUS,N - ZVXXVXUE,N - XAXUS,N

= AE,NQO( \/ )ls,Nr) + )‘E,NX(l - r)UE,N - AE,NX(l - r)UE,N - AXXUE,N - ZVXXVXUE,N

- XAxve,N
= Jls,Nue,N + FE,NI
(4.32)
where
FE,N = _US,NAXX - x()tg,N’UE,N + Axve,N) - 2Vxxvag,N = 11 + 12 + 13. (433)
Passing from (x1, x7) variables to polar coordinates (r,0), we get that
0 0 sinf 0O 0 . 0 cosB 0O
a—xl—coseg——r @, 6_x2 —51n9§+—r @, (434)
10 0 1 o2

By using the fact that lim, _, ,xe™* = 0 and due to the result of Theorem 4.2, we have
that, forany 1 <i < N,

gv; = siO<e*“§2> = ENO<£’;N€”"(14)/E> =eNO(e™) = O<£N+m>, (4.36)
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where m is fixed. Hence, v, ny = O(eN*™). Similarly, taking into account (4.34) and (4.35), we
can deduce that

acosf sinf asinf cosf
VyUeN = O<5N+’"> - , + ,
£ r £ r

(4.37)
Vix = (—cosOy’,—sinfy’).
Consequently,
1
— N+m -
vas,NVxX =0 <5 )O < or ) . (438)
Furthermore,
__a N+m “2 N+m 1 O N+m\ _ 1 N+m
Axvs,N—_;O<5 >+g—20<5 >+T_2 <5 ) =0 ﬁ O(E >, ( )
4.39

1 / " 1
AxY ==X *+X = O(;)-

According to the definition of y, the supportof V. y and A, yistheset {1/4 <r <1/2}.
Summarizing, we have that

I = o(gN”")o(%), L= o(sN+m)o<5217>, I = O<£N+m>O<:—r>, (4.40)

and we can derive that
IF NI 0 = fg F?rdrdo

I;rdrdo +f

[(11 + I3)%r + 2L(I + 13)r] drd® (4.41)
QN{1/4<r<1/2)

B an{1/4§r§1]
_ O<€2N+2m>o<$) + O<€2N+2m>o<gl4> _ O<€2N+2m>o<€1_4)'
Therefore,
IFeN L) = O<5N+m_2> = O<5Nl>, Ny — o0 as N — oo. (4.42)

Consider now u, n on I',:

Us,N = o <‘\/)LS,NT) + 0N = NP + N BN e, (4.43)
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where f; are the coefficients of the Taylor series of the function 2y(1/A¢,n7). Hence, a. N =
O(eN*1) and

2 2
2 _ 4 2 £ aN+2) _ 2N+2
||‘1£,N||Lz(r£) == LB a;  do 627ra£O<5 > O(E ), (4.44)

€

which yields that [|a: n|l1,xr.) = O(eN*!) = O(eM), N1 — o0 as N — co. Analogously, one
can verify that ||b, N1, 60) = O(eN),N; — ocwas N — oo. The proof is complete. O

5. Complete Expansion in the Case of Multiple Eigenvalue 1\,

In this section we consider the case when g is of multiplicity two. The asymptotics of the
eigenvalue were constructed in the form (2.4) and

ue(x) = u(x) + y(1 - r)uin<1£;r, 2,6), (5.1)
1 (x) = cos(n0) 2, (k(2)r), (52)
u(x) = cos(n@)ieivieve“(g) + sin(n@)isivfdd (é). (5.3)
i=1 i=2
In this case,
o5 = ki 2 (ko) + £ (& ko K, ... kia) on 8B, (54)

where f, l.(") are polynomials of power i with respect to ¢, with coefficients which depend on
(ko, k1,...,ki_1). Moreover,

0ur™ _
——=g"(ki,...,ki1) onT, (5.5)
02

where

£ =k 2kt = kg (ko) — = 2 (ko) (kr — koéa)?,
2 (5.6)

g =k ko), 8" = ka2, (ko) + koki 2 (ko)

odd
0v;

0%

0,

v =0, ¢€0dB, =0, ¢e€T. (5.7)
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Substituting (5.3) and (2.4) in (4.5), passing to the variables ¢ and (6, p), and collecting
all the terms with equal order of ¢, we get two systems of equations for v&**" and v

e i-1 i avf_\v]en aZ,Ueven :)d]d1
Av; :Z 2 o5, _(]+1)§2 _”Z(]+1)‘§2

j=1 02
(5.8)
_ nZZ(] + 1)@% :fv]enz Z')L Ue:f]en2 in I \ E/
ad i-2 i1 aveven 62 odd avevjenl
Avy™ = ) - +n +1 -
i ]gl 2 6§z (j+ )§2 6(;1 Z(] )52
(5.9)
i-3
+"ZZ(1 +1)god, - > 4o, in T\ B.
j=0

Theorem 5.1. There exist numbers k; and sr-periodic in & even functions v{*" and odd functions

v?™ with finite Dirichlet integral in T1, which have exponential decay as & — oo, such that these fun-
ctzons are solutions of the boundary-value problems (5.8), (5.4), (5.5), and (5.9), (5.7), respectively.
Moreover, the constants k; are defined by the formula:

1 () oY n) J'
i T A N YFI i ;Ko K1, Kic) i ERRNAS Y 7
k 70, (ko) <IH\B d§+faB 1 (& ko, ke k 1)61)3 dSg+g; ' (ki ki-1) ; dé;
(5.10)

Proof. The problems (5.8), (5.5), (5.4) for functions v{V*", v5¥*" coincide with problems (4.22),
(4.17), and (4.20) (if one change 2 (ko) by 2, (ko) and f;, gi by the respective fi("), gi(")). There-

fore the construction of vV", v5"" and ki, k, is just the same as the construction from the

proof of Theorem 4.2. Due to (5.9), (5.7), the problem for vgdd is as follows:

even

Av9id = ng, 6§ inIT\ B,
9% =0 on 0B, (5.11)
avgdd 0 r
= on 1.
08

The function v{"*" is even (due to (4.26)) and, hence, the right-hand side is odd in (5.11) and is
evenin (5.8). By Lemma 3.2 and Theorem 4.2, we conclude that there exists the even solution

°dd of (5.11) with exponential decay. Then we can use the iteration process to complete the

proof O
Denote

U N = cos(nd) o <\//\5,NT> +x(1=1r)venN, (5.12)

where A, v and v,y are the partial sums of (2.4) and (5.3), respectively.
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Theorem 5.1 implies the validity of the following result.

Theorem 5.2. For any integer N > 0, the function u,  is the solution of the boundary-value problem:

_Aue,N = )ts,Nus,N + FS,N in er

U, N = ag,N(0) cos(nf) onT,, (5.13)
Oue
MeN _ b, n(0) cos(nf)  on 0Q,
or
where [|lacnllur,) = O@E™), [benllnee) = O@EM), [Fenlln@,) = O@EN), and Ny — oo as
N — co.
Proof. The proof is analogous to the proof of Theorem 4.3. Hence, we omit the details. O

6. Verification of the Asymptotics

Consider the boundary-value problem:

AU, =\, +F inQ,,

us = 0 on FE, (61)
ou, =0 on 0Q,
or

where F € L,(Q) and A #  is some fixed number.
Similarly to the techniques used in [3, 18], one can show that the boundary-value pro-
blem (6.1) has the solution U, € H'(Q) and the following representation holds:

u, = - J; u.Fdx+U,, (6.2)

for A close to the simple eigenvalue A of the problem (2.3) and
1 2, . ) -
Us=——D>u | u.Fdx+1U,, 6.3
)Ls -1 ; JQ ( )

for A close to multiple eigenvalue Ay of the problem (2.3). Here u, is normalized in L, () eig-
enfunctions to (2.2) and u! is orthonormalized in L,(Q) eigenfunctions to (2.2). Moreover,

a.

.+ <CIFl,, (6:4)
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where the constant C is independent on ¢ and \. It follows from (6.2) and (6.4) that

C
1 <
||u£||H = ./\g—)L

L, (6.5)
Consider now the case of simple \g. Define the function:
N 1 1
U (x)=(1+ - U n(x)—( 1+ L beny(1—1)(v(é) + &+ C(B)), (6.6)

where u, n and v are the solutions of (4.31) and (3.15), respectively, and C(B) is given by
(3.18). Then, by Theorem 4.3, U is the solution of (6.1) if

X=don,  |Fl, = o(gNz), Ny — o as N —s co. (6.7)

Taking into account (6.5), (6.7), and the fact that ||U,|| ;1 < oo, we can conclude that for each
fixed N,

Ae— Ao nN = O<£N2> = o<£N> as € — 0. (6.8)

Therefore the asymptotics constructed in Section 4 coincide with the expansion of A,. For the
case of multiple 1y, one can use the same technique. The difference is follows: one should use
(6.3) instead of (6.2) and Theorem 5.2 instead of Theorem 4.3. The asymptotics of A, are com-
pletely verified.

7. Application to a Friedrichs-Type Inequality
Consider the sets Q,,T',, which were defined in Section 2.

Definition 7.1. The Sobolev class H'(Q,, T;) is the class of functions from H'(Q,) having zero
trace on I';.

Theorem 7.2. Let u € H'(Q,,I.). Then a Friedrichs-type inequality
f u?(x) dx < K, f |Vu(x)|2 dx (7.1)
Q Q¢

holds, where the best constant K, has the asymptotics

K L ArCB) k)

k% k(z) o(e), (7.2)

as ¢ — 0. Here kq is the smallest root of the Bessel function 2y and the constant C(B) is given by
(3.18).
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Proof. The geometric approach developed in [5, 9] allows us to state that there is a constant
K > 0 such that

f 1% (x) dx < KI |Vu(x)[* dx. (7.3)
Q. Qe

The idea and method of proof are exactly similar to the ones which were used in the men-
tioned papers. We are interested in the behavior of the best possible constant as e — 0. Clear-
ly, the best constant K, = 1/}, where A! is the smallest eigenvalue of the boundary-value pro-
blem (2.2) (due to the variational formulation of the smallest eigenvalue). Therefore, we can
apply (2.4) and (3.28) to derive the asymptotic expansion for K:

K= </\i>71 = <)L(1) +eM + o(e))i1 = % - (iﬁz
0 0

e+o(e). (7.4)

Since we are interested in the smallest eigenvalue A}, we have to choose the smallest positive
root of Jy(ko) = 0 as ko, precisely, kg = 2,405. Then, we get, after some simple calculations
and using (4.15) and (3.28),

1, 47C(B)(J0) (ko)

K ko

K, = e+ o0(e). (7.5)

The proof is complete. O
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