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The stationary Boussinesq equations describing the heat transfer in the viscous heat-conducting
fluid under inhomogeneous Dirichlet boundary conditions for velocity and mixed boundary
conditions for temperature are considered. The optimal control problems for these equations with
tracking-type functionals are formulated. A local stability of the concrete control problem solutions
with respect to some disturbances of both cost functionals and state equation is proved.

1. Introduction

Much attention has been recently given to the optimal control problems for thermal and
hydrodynamic processes. In fluid dynamics and thermal convection, such problems are
motivated by the search for the most effective mechanisms of the thermal and hydrodynamic
fields control [1-4]. A number of papers are devoted to theoretical study of control problems
for stationary models of heat and mass transfer (see e.g., [5-19]). A solvability of extremum
problems is proved, and optimality systems which describe the necessary conditions of
extremum were constructed and studied. Sufficient conditions to the data are established in
[16, 18, 19] which provide the uniqueness and stability of solutions of control problems in
particular cases.

Along with the optimal control problems, an important role in applications is played
by the identification problems for heat and mass transfer models. In these problems,
unknown densities of boundary or distributed sources, coefficients of model differential
equations, or boundary conditions are recovered from additional information of the original
boundary value problem solution. It is significant that the identification problems can
be reduced to appropriate extremum problems by choosing a suitable tracking-type cost
functional. As a result, both control and identification problems can be studied using
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an unified approach based on the constrained optimization theory in the Hilbert or Banach
spaces (see [1-4]).

The main goal of this paper is to perform an uniqueness and stability analysis of
solutions to control problems with tracking-type functionals for the steady-state Boussinesq
equations. We shall consider the situation when the boundary or distributed heat sources play
roles of controls and the cost functional depends on the velocity. Using some results of [2]
we deduce firstly the optimality system for the general control problem which describes the
first-order necessary optimality conditions. Then, based on the optimality system analysis,
we deduce a special inequality for the difference of solutions to the original and perturbed
control problems. The latter is obtained by perturbing both cost functional and one of
the functions entering into the state equation. Using this inequality, we shall establish the
sufficient conditions for data which provide a local stability and uniqueness of solutions to
control problems under consideration in the case of concrete tracking-type cost functionals.

The structure of the paper is as follows. In Section 2, the boundary value problem for
the stationary Boussinesq equations is formulated, and some properties of the solution are
described. In Section 3, an optimal control problem is stated, and some theorems concerning
the problem solvability, validity of the Lagrange principle for it, and regularity of the
Lagrange multiplier are given. In addition, some additional properties of solutions to the
control problem under consideration will be established. In Section 4, we shall prove the
local stability and uniqueness of solutions to control problems with the velocity-tracking cost
functionals. Finally, in Section 5, the local uniqueness and stability of optimal controls for the
vorticity-tracking cost functional is proved.

2. Statement of Boundary Problem

In this paper we consider the model of heat transfer in a viscous incompressible heat-
conducting fluid. The model consists of the Navier-Stokes equation and the convection-
diffusion equation for temperature that are nonlinearly related via buoyancy in the
Boussinesq approximation and via convective heat transfer. It is described by equations

—vAu+(u-V)u+Vp=£f-pGT, divu=0 inQ, (2.1)
-MT+u-VT=f inQ, (2.2)

oT
u=g onl, T=¢ onIp, A<$+aT>:X on I'n. (2.3)

Here Q is a bounded domain in the space R, d = 2,3 with a boundary T consisting of two
parts I'p and I'n; u, p, and T denote the velocity and temperature fields, respectively; p = P/p,
where P is the pressure and p = const > 0 is the density of the medium; v is the kinematic
viscosity coefficient, G is the gravitational acceleration vector, ﬁ is the volumetric thermal ex-
pansion coefficient, A is the thermal conductivity coefficient, g is a given vector-function on
I, ¢ is a given function on a part I'p of I, y is a function given on another part ' =T'\ I'p
of I, n is the unit outer normal. We shall refer to problem (2.1)-(2.3) as Problem 1. We note
that all quantities in (2.1)—(2.3) are dimensional and their dimensions are defined in terms of
SI units.
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We assume that the following conditions are satisfied:

(i) Qis a bounded domain in R9, d = 2,3, with Lipschitz boundary I' € C%!, consisting
of coupled components rv i=1,2,...,N;T =I'pUTly and meas I'p > 0.

Below we shall use the Sobolev spaces H*(D) and L?(D), where s € R, or H¥(D) and
L?(D) for the vector functions where D denotes Q, its subset Q, I or a part Iy of the boundary
I. In particularly we need the function spaces H'(Q), L?(Q), H'(Q), H/?(T'), H'/?(I'p) and
their subspaces

T= {9 e H(Q): 6|y, = o}, [X(Q) = {r € LX(Q) :f rdx = o},
Q
H (Q) = {v e H(Q) : div v = o}, H)(Q) = {v e HY(Q) : v|p = o},
V= {v € Hé(Q) cdivv= 0}, H'(Q) = {v eHY(Q): (v-n,1)s =0, venlp, = 0},

HY/2(T) = {v|1-: veﬁl(g)} CHYAT), [*(Tn)= {(])GLZ(FN):(j)zO ae. on FN}.
(2.4)

The inner products and norms in L?(R2), L2(Q), or L?>(T'y) are denoted by (-,-), || - ||,
(o I-llg, or (-, )ry/ I [Iry - The inner products, norms and seminorms in H'(Q) and H'(Q)

are denoted by (,-); o, II-l,0,and |-l,g or (-,-)y, || [l1 and |- if Q = Q. The norms in H'/(T') or
H'2(T'p) are denoted by || - [l1/2r or || - l1/2,rp; the norm in the dual space H'/(T)* is denoted
by || - [l-1/2,r- Set b = BG. Let in addition to condition (i) the following conditions hold:

(ii) f e HY(Q), b = G € LX(Q), a € L2(T'y).
The following technical lemma holds (see [2, 20]).

Lemma 2.1. Under conditions (i) there exist constants 6; > 0, y; > 0, C4, C,, and 1 > 0 such that

(Vv,Vv) > 8lv? YweHN(Q), (VT,VT)>6|T|3 VT €T, (2.5)
(- V)v,w)l < ollallIviblwlh, [ VT0)] < mlluly Tl flall,  (26)
|(bT,v)| < ATl lIvll; VT € H'(Q), ve HY(Q), (2.7)
|(X/T)rN < Y2||X”1“N”T”1' |(“T/71)r,\, < ysllelie NTl |7l 2.8)

ITllg < yallTlli, — MIvllg < yallvlly,
[rot v[f < Crlivlly,  [|div v]| < Callv];. (2.9)

Bilinear form —(div -, -) satisfies the inf-sup condition

inf  sup —(div v,r) > f = const > 0. (2.10)

rel2(Q) yemioy  NVILI7I
i)
r#0 v#0
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Besides the following identities take place:

(u-V)v,v) =0 VueH)} (Q), veH(Q), (2.11)

(u-VT,T)=0 VYueH, (QnH(Q), T e H(Q). (2.12)

Let g € HY2(T), y € L*(Tn), ¢ € HY*(Tp), f € L*(Q) in addition to (i), (ii). We
multiply the equations in (2.1), (2.2) by test functions v € H(l) (Q) and S € T and integrate
the results over Q with use of Green’s formulas to obtain the weak formulation for the model

(2.1)-(2.3). It consists of finding a triple x = (u,p,T) € H!(Q) x L%(Q) x H'(Q) satisfying the
relations

»(Vu, Vv) + ((u- V)u,v) - (p,div v) = (f,v) - (bT,v) VYveH(Q), b= BG, (2.13)

MVT,VS) + A(aT,S)r, + (u-VT,S) = (f,5) + (x, S)FN VSeT, (2.14)

divu=0 inQ, u=g onl, T=¢ onlIp. (2.15)

Following theorem (see [2]) establishes the solvability of Problem 1 and gives a priori
estimates for its solution.

Theorem 2.2. Let conditions (i), (ii) be satisfied. Then Problem 1 has for every quadruple g €
HY2(),y € L*(TN), f € L*(Q), ¢ € H?(T'p) a weak solution (u,p, T) that satisfies the estimates

llull; < My, llp|| < M, ITll; < Mr. (2.16)

Here My, My, and Mr are nondecreasing continuous functions of the norms ||f[|_1, |[bl], [Igll1/2r,
lxllen, WAL Mgl sz, ey - If, additionally, £, g, x, f, ¢, a are small in the sense that

Yo 1 P
LA LN 2.17
60VMu * 601) 61)LMT < 1’ ( )

where 6y, 61, Yo, Y1 and Py are constants entering into (2.5)—(2.7), then the weak solution to Problem
1 is unique.

3. Statement of Control Problems

Our goal is the study of control problems for the model (2.1)-(2.3) with tracking-type
functionals. The problems consist in minimization of certain functionals depending on the
state and controls. As the cost functionals we choose some of the following ones:

Lv)=lv-valy, — LM =lv-valig, (V) =llrot v-gally- (3.1)

Here Q is a subdomain of Q. The functionals I;, I, and I3 where functions u; € L?(Q) (or
u; € HY(Q)) and ¢, € L?(Q) are interpreted as measured velocity or vorticity fields are used
to solve the inverse problems for the models in questions [2].
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In order to formulate a control problem for the model (2.1)—(2.3) we split the set of
all data of Problem 1 into two groups: the group of controls containing the functions y €
L*(Tn), ¢ € HY?(I'p), and f € L*(Q2), which play the role of controls and the group of fixed
data comprising the invariable functions f,b, and a. As to the function g entering into the
boundary condition for the velocity in (2.3), it will play peculiar role since the stability of
solutions to control problems under consideration (see below) will be studied with respect to
small perturbations, both the cost functional and the function g in the norm of H/2(T’).

Let X = HY(Q) xL2(Q) x HY(Q), Y = H(Q) x L2(Q) x H/?(T') x T* x H'/?(T'p). Denote
by I:H'(Q) — R aweakly lower semicontinuous functional. We assume that the controls y,
¢, and f vary in some sets K; C L?(T'y), K» ¢ HY?(I'p), K3 € L*(Q). Setting K = Ky x Ky x K3,
x = (u,pT), u = (£b,a), u = (y,¢, f) we introduce the functional | : X x K — R by the
formula

0 1 2 3
Joou) = 21w + Sl + Sl o, + B (32)

Here po, p1, pi2, pi3 are nonnegative parameters which serve to regulate the relative importance
of each of terms in (3.2) and besides to match their dimensions. Another goal of introducing
parameters y; is to ensure the uniqueness and stability of the solutions to control problems
under study (see below).
We assume that following conditions take place:
(iii) K7 ¢ L2(Tn), Ko ¢ HY2(Tp), K3 C L?(Q) are nonempty closed convex sets;
(iv) po >0,y > 0 or pp >0, u; > 0 and K; is a bounded set, [ = 1,2, 3.

Considering the functional ] at weak solutions to Problem 1 we write the
corresponding constraint which has the form of the weak formulation (2.13)-(2.15) of
Problem 1 as follows:

F(x,u,g8) = F(up,T,x, v f,8) =0. (3.3)

Here F = (F;, Fy, F3,Fy, Fs) : X x K x HY/2(T') — Y is the operator acting by formulas
(Fi(x),v) =v(Vu, Vv) + ((u- V)u,v) - (p,div v) - (f,v) + (bT,v),
F>(x) =div u, F3(x,g) =ul; - g, Fs(x,¢) =T, - ¢, (34)
(Fa(x,£,x),S) = \(VT, VS) + \(aT, S)y, + (u- VT, 9) - (£,S) = (x, S)r..-

The mathematical statement of the optimal control problem is as follows: to seek a pair (x, u),
where x = (u,p,T) € Xand u = (y, ¢, f) € Ki x K, x K3 = K such that

Joow) =51+ i, + Z Mol ar, + S FI7 — inf (3.5)

Fxu,8) =0, (xu)eXxK.

Let X* = H'(Q)" x L2(Q) x HI(Q)* and Y* = H}(Q) x L2(Q) x H/2(I)* x Tx H/2(I'p)*
be the duals of the spaces X and Y. Let Fi(X, 4, g) : X — Y denotes the Fréchet derivative



6 International Journal of Differential Equations

of F with respect to x at the point (X,%,g). By Fi(X,1,g)" : Y* — X* we denote the adjoint
operator of F; (X, 11, g) which is determined by the relation

(Fx(X,1,8)"Y", X) yurx = (¥, Fx(X, 1, 8)X)y.., Vx€X, y" €Y" (3.6)

According to the general theory of extremum problems (see [21]) we introduce an element
y* = (¢,0,40,¢) € Y* which is referred to as the adjoint state and define the Lagrangian
L:XxKxR*xY*xHY2I) — R, where R* = {x e R: x>0}, by

L(x,u,X0,y",8) = AoJ (x,u) +(y", F(x,u)) = Ao J (x, u)
+(F1(x),¢) + (F2(x),0) + (&, F3(x, 8) )r (3.7)
+x(Fs(x, f,X),0) + (&', Fs(x, ), -

Here and below (g, -)p = (Q')ﬁl/Z(r)*xﬁl/Z(r)/ <§t/'>rD = <§tr'>H1/2(I‘D)*xH1/2(FD) and « is an aux-
iliary dimensional parameter. Its dimension [x] is chosen so that dimensions of ¢, o, 6 at the
adjoint state coincide with those at the basic state, that is,

[¢] = [u] =LoTy',  [0]=[T]=Ko,  [o] = [p] = L3T,~ (3.8)

Here Ly, Ty, My, Ko denote the SI dimensions of the length, time, mass, and temperature units
expressed in meters, seconds, kilograms, and degrees Kelvin, respectively. As a result ¢, 0,
and 0 can be referred to below as the adjoint velocity, pressure, and temperature. Simple
analysis shows (see details in [16]) that the necessity for the fulfillment of (3.8) is that [«] is
given by [x] = L3T;2K,>.

The following theorems (see, e.g., [2]) give sufficient conditions for the solvability of
control problem (3.5), the validity of the Lagrange principle for it, and a regularity condition
for a Lagrange multiplier.

Theorem 3.1. Let conditions (i)—(iv) hold and g € H/2(T). Then there exists at least one solution
(x, 1) = (u,p, T, X, @, f) toproblem (3.5) for I = I, k =1,2,3.

Theorem 3.2. Let under conditions of Theorem 3.1 a pair (X, %) = (4,5, T, {, %, f) € Xx K be a local
minimizer in problem (3.5) and let the cost functional I be continuously differentiable with respect to

u at the point X. Then there exists a nonzero Lagrange multiplier (Ao, y*) = (Ao, ¢,0,¢,6,¢") € R* xY*
such that the Euler-Lagrange equation

F,(x,u,8)y" = -\ (x, 1) inX* (3.9)

for the adjoint state y* is satisfied and the minimum principle holds which is equivalent to the
inequality

’E(i/ ﬁ/ -/\0/ y*, g) < ’E(i/ u, )‘0/ y*l g) Vu € K. (310)
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Theorem 3.3. Let the assumptions of Theorem 3.2 be satisfied and condition (2.17) holds for all u =
(x, ¢, f) € K. Then any nontrivial Lagrange multiplier satisfying (3.9) is regular, that is, has the
form (1,y*) and is uniquely determined.

We note that the functional | and Lagrangian £ given by (3.7) are continuously
differentiable functions of controls y, ¢, f and its derivatives with respect to x, ¢, and f are
given by

(&, x)=m@Or, & e)=m@ ), (& f)=um(f.f),
<,£3((§,ﬁ, )tofy*rg)rx> = dop1 (X, X)r, = %(0, X)r, = (o X — %6, x), Vx €Ki,
(2, (%1, 40,",8), 4 ) = o2 (F4) 1o, — K 9)p, = (opap = 8,40}y, Vg €K,
<li’f(>?,ﬁ, )to,y*,g),f> = )Loyg,(f,f) =0, f) = (Aopsf ~ %6, ) Vf € K,

(3.11)

Here for example £\ (X, 1, 1o, y", 8) is the Gateaux derivative with respect to y at the point
(X, 1,40,7,8) € X x KxR"xY* x ﬁl/z(F). Since K1, K,, K3 are convex sets, at the minimum

point i = (Y, ¢, f) of the functional £(X, -, Ao, y*,g) the following conditions are satisfied (see
[22]):

<’£;((i/ ﬁ/ )‘O/ y*r g)rX > = ()‘Ol'llix\ - Kelx - X)FN > 0 VX € Klr

-X
(L, (%8, 20,",8), 4= § ) = (Aopaf ~ 58, ¢ =G,y 20 Vo € Ko, (3.12)

(L&, 20,y",8),f = F) = (Aopaf =6, ~ ) 20 ¥f € Ka,
We also note that the Euler-Lagrange equation (3.9) is equivalent to identities

v(Vw, V&) + (@ V)w,&) + (W V)8,8) +x(w- VT,0)

~(o,div W) + (¢, W) + Ao{JL (X, 1), w) =0 Yw e H(Q),
(3.13)
(r,div¢) =0 VreL3(Q),

K[)L(VT, V) + \(ar, 0)p, + (@ - V,6) + <gf,T>FD] +(b1,8) =0 VYre HY(Q).

Relations (3.13), the minimum principle which is equivalent to the inequalities (3.10) or
(3.12), and the operator constraint (3.3) which is equivalent to (2.13)-(2.15) constitute the
optimality system for control problem (3.5).

Theorems 3.1 and 3.2 above are valid without any smallness conditions in relation to
the data of Problem 1. The natural smallness condition (2.17) arises only when proving the
uniqueness of solution to boundary problem (2.1)—(2.3) and Lagrange multiplier regularity.
However, condition (2.17) does not provide the uniqueness of problem (3.5) solution.
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Therefore, an investigation of problem (3.5) solution uniqueness is an interesting and
complicated problem. Studying of its solution stability with respect to small perturbations
of both cost functional I entering into (3.2) and state equation (3.3) is also of interest. In order
to investigate these questions we should establish some additional properties of the solution
for the optimality system (2.13)-(2.15), (3.12), (3.13). Based on these properties, we shall
impose in the next section the sufficient conditions providing the uniqueness and stability of
solutions to control problem (3.5) for particular cost functionals introduced in (3.1).

Let us consider problem (3.5). We assume below that the function g entering into (2.3)
can vary in a certain set G ¢ H2(T'). Let (x, 1) = (w, p1,Th, X1, 1, f1) € XxK be an arbitrary
solution to problem (3.5) for a given function g = g1 € G. By (x2, 2) = (u, p2, T2, X2, ¢2, f2) €
X x K we denote a solution to problem

=~ Moz Wiy o2 | B2 2 H3 1 12 : 5

Toou) = B2y + Bl + 2ol or, + 2 NFIP — inf, Foow8) =0, (o) € Xx K
(3.14)

It is obtained by replacing the functional I in (3.5) by a close functional T depending on u and

by replacing a function g € G by a close function g € G.
By Theorem 3.1 the following estimates hold for triples (u;, pi, T;):

lwilly < M3, lpell <My, IITilly < My (3.15)

Here

0 0 0
My = sup My(uo,u,g), Mp = sup Mp(uo,u,g), M7 = sup Mr(up,u,g),
uek,geG uek,geG uck,geG

(3.16)

where My, M,, and Mr are introduced in Theorem 3.1. We introduce “model” Reynolds
number Re, Raley number Ra, and Prandtl number 0 by

e

M? MY
Re - My PO (WL D

50y 2= 5w Gix (3.17)

They are analogues of the following dimensionless parameters widely used in fluid
dynamics: the Reynolds number Re, the Rayleigh number Ra, and the Prandtl number Pr.
We can show that the parameters introduced in (3.17) are also dimensionless if ||u]|, |u];, and
lul|1 (where u is an arbitrary scalar) are defined as

||u||2=fgu2dx, |u|%=fQ|Vu|2dx, Nl = T2l + [P (3.18)

Here [ is a dimensional factor of dimension [I] = Ly whose value is equal to 1.
Assume that the following condition takes place:

My n AMy

Re+Ra=
etha 601) 601) 61.)L

1
<5 (3.19)
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Let us denote by (1,y?), where y* = (&, 0;,¢;,60;,¢!) € HY(Q) x L2(Q) x H/2(I')* x T x

HY2(Tp)*,i=1,2, Lagrange multipliers corresponding to solutions (x;, #;). By Theorems 3.2
and 3.3 and (3.12) they satisfy relations

(YW, V&) + ((u; - V)W, &) + (W - V)u;, &) + x(w - VT, 0;) - (0;,div w)
Ho N ) , (3.20)

(gw)e+ (5) () @), w) =0 vwe (@), i=1.2,
(div &,7) =0 Vr e L3(Q), (3.21)
K[)L(VT,V@i) +AMat,0)r, + (u; - VT,60;) + ( f,T)rD] +(b7,&) =0 Vre H(Q), (3.22)

()i = k0i, X = Xi)p, + (i =18, ¢ = i)y, + (afi—%0;, f = fi) 20 Y(x, ¢, f) €K
(3.23)

We renamed I' = I, I2 =T in (3.20). Set & = &1—&, 0 = 01— 02, £ = (1~ 8o, 0 = 01 -0y, & = g-¢h,
g =81 — g and

u=u;—uy, pP=p1—p2 T=T,-1>, X=X1—X2 g=g1—, f=fi—fa
(3.24)

Let us subtract (2.13)—(2.15), written for uy, pp, T>, 12, go from (2.13)—(2.15) for wy, p1, T1, u1,
g1. We obtain

»(Vu, Vv) + ((u- V)ug + (a2 - V)u,v) - (div v,p) + (bT,v) =0 Vv € H)(Q), (3.25)
A(VT,VS) + A\(aT, S)y, + (u-VTy,S) + (w2 - VI,S) = (£,5) + (1,S);, VSE€T,  (3.26)

divu=0 in &, ur=g, T, = . (3.27)

We set y = x1, ¢ = ¢51, f = fi1 in the inequality (3.23) underi=2and y = o, ¢g = ¢, f = frin
the same inequality under i = 1 and add. We obtain

—[(0 O, + (& 9)r, + (£,0)] < -mllxllE, - pellglls or, - sl fIP (3:28)

Subtract the identities (3.20)—(3.22), written for (xz, u2,y5, g2) from the corresponding
identities for (x1,u1,y],g1), set w =u, 7 = T and add. Using (3.27) we obtain

v(Vu, V¢&) + ((ug - V)u+ (u- Vyuy, &) +2((u- V)u, &) + k(u- VI, 0) + x((u- V)T, 0,)
+(8,8)r + & [M(VT,V0) + A(@T, 0)y, + (wr - VT,0) + (u- VT,0,) + (¢, ¢)p, | + (bT,¢)

* (%) (I'(ur) = T'(w),u) = 0.
(3.29)



10 International Journal of Differential Equations

Set further v = ¢ in (3.25), S = x0 in (3.26), and subtract obtained relations from (3.29). Using
inequality (3.28) and arguing as in [18], we obtain

((u-V)u, & +&) +x(u-VT,0; +0,) + I'(w) - I'(wp),u
1+6& 1+ 62 <2>< 2 > (3.30)

2 2 2
<G 8)r _/41”X||r,\, _W”‘/’Hl/z,rD _P‘3”f” .

Thus we have proved the following result.

Theorem 3.4. Let under conditions of Theorem 3.2 for functionals I and T and condition (3.19)
quadruples (w1, p1,Ti,u1) and (uy,pa2, To, uz) be solutions to problem (3.5) under g = g; and
problem (3.14) under g = gy, respectively, y = (&, 04, 6i,0;,¢}), i = 1,2 be corresponding Lagrange
multipliers. Then the inequality (3.30) holds for differences u,p, T, x, ¢, f, defined in (3.24), where
g8=81-8,¢(=01—G.

Below we shall need the estimates of differencesu =uj —uy, p=p1—-p2, T =T1 - T2
entering into (3.25)—(3.27) by differences y = y1 — Y2, ¢ = g1 — ¢, f = f1— fo,and g = g1 — g».
Denote by uy € H(Q2) a vector such that div ug = 0in Q, uly = g, |[ug|l1 < Col|gll1/2,r- Here Co
is a constant depending on Q. The existence of uy follows from [20, page 24]. We present the
difference u = u; — up as u = ug + U, where u € V is a new unknown function. Set u = ug + 4,
v =t in (3.25). Taking into account (2.9) we obtain

v(Va, Vi) = -v(Vug, Vi) - ((uo - V)uy, ) = ((@- V)uy, u) - ((uz - V)ug, ut) - (bT, w).

(3.31)
Using estimates (2.5), (2.6), (2.7), and (3.15), we deduce from (3.31) that
SovI[ll} < vilwolly Il + yoMRIIEIT + 2y Mgllwolly 1Glly + ATl [l (3.32)
It follows from (3.19) that
6;1: < 6y — YOMO ‘?51); M0 < Hgv - YoMg. (3.33)
Rewriting the inequality (3.32) by (3.33) as
(%5 )1 < (0w = voM )i < (v 20wl Gl + AT, (339

we obtain that

~ 2 2/ B )
il < (s ) (v-+ 200M8) ol + (2 )T < (265 + 4Re) ol + (22 )1

<Rl + (Z2 )T, =67+ 2Re.
(3.35)
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Taking into account the relation u = ug+u, we come to the following estimate |[u|l; via ||g|l1/2r
and ||T||;:

~ 21 206,
lhully < Jlwolly + llull; £ 2R + 1) luoll; + <—ﬂ >||T||1 <Co2R + 1)lIglly/pr + <_ﬂ )||T||1‘
Sov Ogv
(3.36)

Denote by Ty € H'(Q) a function such that Ty|;, = ¢ and the estimate ||Toll; <
Cillglli/2r, holds with a certain constant C;, which does not depend on ¢. Let us present the
difference T =Ty -TrasT =Ty + f, where T € T is a new unknown function. Set T = Ty + TIN",
S =T in (3.26). We obtain

A(Vf, Vf) + )L<zx7~", T") + <u2 VT, T)

I'n

= -A(VTo, vT) - A(aTO,T>r (3.37)

N

~ (w1, T) - (w- VT, T) + (£,7) + (X’T>rN'
Using estimates (2.5)—(2.8) and (3.15) we deduce that

R L R L R T ) A

M2l | 7], + (elllle, + w17

or

I7], < (;—A(A + 1M + s lalle, ) IToll, + Yglifnunl + %(anxnm wulfl). 339

Taking into account the relation T = Ty + T, we obtain from this estimate that

vellxlle, +wllAl Mg A+ My + sl

< T =
||T||1 = Cl(-/v+1)||q}”1/2,rD + 61.A, + 6].)L ”u”l/ -/U 611
(3.40)
Using further the estimate (3.36) for u, we deduce from (3.40) that
vallxllr, + vall £l
ITlh < C+ Dl o, + =53
. . (3.41)
1Mz 2061 1Mz
+C0(2R+1) 61.)L ||g||]/2/r+ 601) 61.)L ”T”l
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From this inequality and (3.17), (3.19) we come to the following estimate:

Ci(N+1) vl +nllfll | coer+1) M 3.42
ITlh < = =5ra W9lher, * =530 2y * 1-27a 61 g byor 342
Using (3.42), we deduce from (3.36) that
1 2p nMy
lull; < Co(2R +1) <1 . 2Rabov Gl 8ll1/2,r
(3.43)
) [STE R . 2llxlle, + vl £l
6ov| 1-2ra Whan ™ 75370 -2ra) |
Taking into account (3.17) we come to the following estimate for ||ul|;:
|| ” ﬁ Cl(./v + 1) || || n Y2||X”FN + Y4||f|| CO(ZR + 1)||g||1/2,1" (3 44)
1= 6w | 1-2Ra 2o = §/0(1 -2Ra) 1-2Ra '

An analogous estimate holds and for the pressure difference p = p; — p». In order to
establish this estimate we make use of inf-sup condition (2.10). By (2.10) for the function
p = p1 — p> and any (small) number 6 > 0 there exists a function vy € H}(Q), vo #0, such that
—(div vo,p) = Pollvoll1llpll where By = (p — &) > 0. Set v = v in the identity for u in (3.25) and
make of this estimate and estimates (2.6), (2.7), (3.15). We shall have

Pollvoll lIpll < ~(div vo,p) < (v+2yoM0) Ivoll lull + Bo Tl lvoll,. (345

Dividing to ||voll1 #0, we deduce that

V+2Yo p1 bov B
Ipll < —— || ull, + (ﬁ )||T||1 i ——R|lull; + 2 =ITl;. (3.46)

Using (3.42) and (3.44), we come to the following final estimate for ||p||:

pr(elllle, +l£1)

2R+1
ﬁlcl(./v"'l)“qj”l/z/r‘j"' 611 +6OVCO(R+Ra)“g”1/2,F .

IPll< 5 ey

(3.47)
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Remark 3.5. Along with three-parametric control problem (3.5) we shall consider and one-
parametric control problem which corresponds to situation when a function u = y is a unique
control. This problem can be considered as particular case of the general control problem
(3.5), for which the set K, consists of one element ¢y € H /2(Tp) and the set K3 consists of
one element fj € L?(Q). For this case the conditions f=fi—-f2=0¢=¢1—¢> =0take place,
and the estimates (3.42)—(3.47) and inequality (3.30) take the form

rallxlly Co(2R + 1) Y1 MY
N 3.48
GiM(1-2Ra)  1-2Ra &id Il 2 (349

Tl <

28172l xlIr, Co(2R +1)|Igll; /1

< .
Il < s ta-2ka) ©— 1-2ka ° (3.49)
R+1 [Pl
Il < 5= m)[ 51+ GvCoR + Ra)lglhzr (3.50)

((u- V)u, &+ &) +x(u- VT,0 +02) + (52) (1'un) = T(w), ) < =&, 8)r — millxlF,
(3.51)

4. Control Problems for Velocity Tracking-Type Cost Functionals

Based on Theorem 3.4 and estimates (3.42)-(3.47) or (3.48)-(3.50), we study below
uniqueness and stability of the solution to problem (3.5) for concrete tracking-type cost
functionals. We consider firstly the case mentioned in Remark 3.5 where I = I; and the heat
flux y on the part I'y of I is a unique control; that is, we consider one-parametric control
problem

J(v,x) = %Hv—vdeQ + %”x”iN —inf, F(x,x,8) =0, x=(v,p,T) €X, y € K.
(4.1)

In accordance to Remark 3.5 we can consider problem (4.1) as a particular case of the general
control problem (3.5), which corresponds to the situation when every of sets K, and K3
consists of one element.

Let (xq,u1) = (u1,p1,T1, x1) be a solution to problem (4.1), that corresponds to given
functions v, = ufil) e L2(Q)and g = g1 € G ¢ HYZ(I), and let (x,,u,) = (w2, p2, T2, x2) be
a solution to problem (4.1), that corresponds to perturbed functions v; = ufiz) € L*(Q) and

g=g €GcC H/2(I). Setting uy = ul(il) - u[(iz) in addition to (3.24) we note that under
conditions of problem (4.1) we have

(T, (w;), W) = 2<u,~ - ug>,w>Q, (I;(ul) -7 (uz),u) = 2<||u||2Q ~(u, ud)Q>. (4.2)
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Identity (3.22) for problem (4.1) does not change, while identities (3.20), (3.21), and
inequality (3.51) take due to (4.2) a form

v(Vw, V&) + ((ui - VIw, &) + (W - V)u;, &) + x(w - VT;, 0;) — (i, div w)

- 43
+<§i,W>r+ﬂo(ui ;),W>Q =0 YweH!(Q), (4.3)
(div &,7) =0 Vr e Lj(Q), (4.4)

((w- V)u & +&) +x(u VT, 00 +02) + o (lully - (wwa)g) < =G ghr —pullxlly,.  (45)

Using identities (4.3), (4.4), (3.22) we estimate parameters ¢;, 6;, 0; and ¢;. Firstly we
deduce estimates for norms ||¢;||; and ||6;||1. To this end we set w = ¢;, T = 6; in (4.3), (3.22).
Taking into account (2.11), (2.12), and condition ¢; € V, which follows from (4.4), we obtain

v(VE, V&) = ~((& - V)w, &) ~ (e VT, 0) — o (wi —ul &) (4.6)

kA[(V6;, V) + (a6, 0)r, ] = -(b6;, &), i=1,2. (4.7)

Using estimates (2.5)—(2.8) and (3.15) we have

(V& VE) 2 6ollélls, (V6 V6,) > 61116413, (4.8)
(&~ V)us, &) < yollwll &0 < yoMSI&15, (4.9)
x| (& - VT, 0:)] < wyn MYNI&l] 116:1:, [(bB;, &) < PallOill1 NIéills. (4.10)
”ui - ug)“Q < il + ”ug)”Q <M+ ”ug)”Q < Spvyayy <7€e + Reo>, (4.11)
<uz - uf;%gl) ||u _— || leillo < 60vy<7€e +Re )||§,||1, (4.12)
where
ity e = () w1

By virtue of (4.8)-(4.10) and (4.12), we deduce from (4.7) and (4.6) that

ﬁl

wllOilly < s Mgl (4.14)

SovII&ll} < o MSIIGIE + x5 MYIIGI, + poovy (Re + Re® ) 1&ll;- (415)
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Taking into account (4.14), we obtain from (4.15) that

(6ov ~ YoMy - %M?) 117 < poBovy (Re + Re®) 1], (4.16)

Using (3.33) we deduce successfully from (4.16), (4.14) that

Igill < 2p0y (Re + Re®), x|l < 2‘uoy% (Re+Re?). (4.17)

Let us estimate further the norms ||o;|| and ||gi]|-1/2r from (4.3). In order to estimate
lloill we make use of inf-sup condition (2.10). By (2.10) for a function o; € L3(Q) and any
small number 6 > 0 there exists a function v; € H(l)(Q), v; #0, such that the inequality

=(div vi, 0:) 2 pollvillylloill,  i=1,2, fo=p -0 (4.18)

holds. Setting in (4.3) w = v; and using this estimate together with estimates (2.6), (3.15),
(4.11), we have

Pollvill:lloill < =(div i, 0v)
<vlvillllilly (4.19)

+ 2o MylIvilly 1gilly + oy Mllvilly 16l + ﬂ050VY<R€ + 73@0) [[villz-
From this inequality we deduce by (4.17) that

o < 5[ (v+ 2000l + 7 Ml + vy (Re + Re)]

) o (4.20)
4 nivip 0
< . - - . .
<% [Rumh + gl + poy (Re + Re )]
Taking into account (4.17), we come from (4.20) to the estimate
601) 0
lloi]l < ‘uoyﬂ—<7€e+ Re )(27a+27aa+ 1). (4.21)
0

It remains to estimate ||§||-1/2,r- To this end we make again use of identity (4.3). Using
estimates (2.6), (2.9) and (3.15), (4.11), (4.17), (4.21) as well we have

(G, w) el < [(v+ 2500M3) &l + 1 MIxlOl, + Calloil + poovy (Re + Re®) | wlly
(4.22)
< yo60vy<1 + cdpgl) (Re+ Re°> (2R +2Ra +1)|wl, Yw e H'(Q).
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As { = {1 — {» we obtain from this inequality that
Igll-r/zr < poa, @ = 260wy (1+Caffy') (Re + Reo> (2R +2Ra +1). (4.23)

Taking into account (2.6), (3.48), (3.49), and estimates (4.17) for ¢;, 6;, we have

(- V) é1+ &)l < yollulF (Il + liéally)

26172 | x|l CoR +1)llgll, o 1
< 0 N ”
< dpuopoy (Re + Re?) [501;51“1 2Ra) ' 1-2Ra ’

4poyiypi (Re + Re) [ 262llxlle, CoCR+1)|gl, /2,r] (4.24)

cl(u- VT, 61+ 6,)] < Gl 86 A(1-2Ra) 1-2Ra

[ el +CO(ZR+1)Y1M0T” |
6.0(1-2Ra) = 1-2Ra 6,1 '8lhyar|

It follows from (4.24) that
[((a- V)w &1+ &) + x(a- VT, 01+ 02)] < pio (bl o + cll 7, )- (4.25)

Here constants b and c are given by

RE+R€0) Y1 2
b = 4yy,C3(2R + 1 2(— 3+<—> P*Ra?|,
171Gy ) (1—2Ra)2[ Yo

B fi 12\’ (Re+Re) 1\
C_4YY°<$61_A> (1-2Ra)’ 12+<%>p '

Let the data for problem (4.1) and parameters po, p1 be such that with a certain
constant € > 0 the following condition takes place:

(4.26)

(1-¢€)p1 > poc, € =const> 0. (4.27)
Under condition (4.27) we deduce from (4.25) that
[((u- V)w, & + &) +x(u- VT,0 +60)| < pobligll o + (1= o)pulx[lF,.  (428)

Taking into account (4.28) and the estimate (¢, g)r| < |I¢ll-1/2rllgll1/2r < poallglli/2r which
follows from (4.23), we come from (4.5) to the inequality

po(llullg = (wua)g ) < —((w- V)u, 1 +&) —x(u- VT,01 +60) - (&, 8)r — pu I x|I7, )

< —eml|x|It, +poallgly o + pobligll -
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It follows from this inequality that
2
#o||u||?g < po(u, ud)Q — &l ||}(||rN + #0a||g||1/z,r + #Ob”gnf/z,r- (4.30)

Excluding nonpositive term —ep; || XHI%N from the right-hand side of (4.30), we deduce from
(4.30) that

2 2
ullg < lluallgliullg + allglly 2,r + liglly/2,r- (4.31)

Equation (4.31) is a quadratic inequality for ||u||g. Solving it we come to the following
estimate for [ju||p:

1/2
lullg < llaallg + (allglh o0 + bllgll 2r) (4.32)

Asu=u; —uy, uy = ufil) - ufiz), g = 81 — g, the estimate (4.32) is equivalent to the following

estimate for the velocity difference u; — uy:
m_ .0 b 2 \12 4
[lui - u2||Q Su; —uy 0 + <a||g1 - 82||1/2,r +bllg1 - g2||1/2,r> . (4.33)

This estimate under Q = Q has the sense of the stability estimate in L*(Q) of the component
1 of the solution (4,5, T, {) to problem (4.1) relative to small perturbations of functions v, €
L%(Q) and g € G in the norms of L2(Q) and H'/?(T), respectively. In particular case where
g1 = g» the estimate (4.33) transforms to “exact” a priori estimate [[u; —uy||p < ||ufil) —ufiz) lo- It
was obtained when studying control problems for Navier-Stokes and in [18] when studying
control problems for heat convection equations. If besides ufil) = uff) it follows from (4.33)
that u; = up in Q, if Q = Q. This yields together with (4.30), (3.48), (3.50) that y1 = y2, T1 = T,
p1 = p2. The latter means the uniqueness of the solution to problem (4.1) when Q = € and
condition (4.27) holds.

It is important to note that the uniqueness and stability of the solution to problem
(4.1) under condition (4.27) take place and in the case where Q C Q; that is, Q is only a part
of domain Q. In order to prove this fact let us consider the inequality (4.30). Using (4.32) we
deduce from (4.30) that

2 2 2
ep||xllt,, < —pollullg + pollualigliully + poallglly o r + pobliglly
1/2
2 2 2
< pollually + polluallg <a||g||1/2,r + b||g||1/2,r> + poallglly o r + Hobllgll o r

) 1/2]2
< ol + (allgh o1 + bl or) |
(4.34)
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From (4.34) and (3.48)—(3.50) we come to the following stability estimates:

1 = xallr,, < \/E#—;A, (4.35)

2p1y> Ho Co(2R +1)|Ig1 - 82”1/2r

— < ’ )

o —welh < s XA -2k Vg 1-2Ra ' (4.36)
»2 to . Co(@R +1) MY

- QN L — - )

M- < s -2ma) \em ™ * T-2ra &1 18~ &lhar (4:37)
QR+Dp1y, [mo . Co(@R +1)(R + Ra) 6yv

—po|| < ——— = 42 g - ,

I =p2ll < g5~ 2ray \ e 1-2Ra g 181~ 8lhor (438)
where

Ao ” M _ @ b 2 \2 4

=% ~ Y ”Q + <a||g1 = 82llior +blig1 - g2||1/2,r> . (4.39)

Thus we have proved the theorem.

Theorem 4.1. Let, under conditions (i), (ii), (iii) for Ky and (3.19), the quadruple (w;, pi, T;, xi) be
a solution to problem (4.1) corresponding to given functions vy = ug) e LX(Q)and g; € G c HV(T),
i =1,2, where Q C Q is an arbitrary open subset, and let the parameters a and b, c are defined in
(4.23) and (4.26) in which parameters y and Re® are given by (4.13). Suppose that condition (4.27)
is satisfied. Then stability estimates (4.33) and (4.35)—(4.38) hold true where A is defined in (4.39).

Now we consider three-parametric control problem

_ Ho Hipg w2 H2p 2 3012 —
Jv, e f) = 7||V—Vd||gg + 7”X||rN + 7”‘#’”1/2,&, + 7||f|| — inf, (4.40)

F(x,u,g)=0, x=(v,p,T)eX, u=(y¢ f) €K

corresponding to the cost functional I;(v) = ||v - lele- Let (x1,u1) = (ug,p1,T1, X1, 1, f1)

be a solution to problem (4.40) corresponding to given functions v4 = ug) € L%(Q) and
g = g1 € G, and let (xp, u2) = (uz, p2, T2, X2, 2, f2) be a solution to problem (4.40) corres-
ponding to perturbed functions v; = ut(f) € L2(Q) and g = g € G. Setting uy = ug) - ufiz)
in addition to (3.24), we note that under conditions of problem (4.40) identities (3.20) and
(3.21) transform to identities (4.3), (4.4), identity (3.22) does not change, while inequality

(3.30) takes by (4.2) a form

(U= V), g1 +&) + x(u- VT, 0 +62) + o ullg — (1w, ua))
(4.41)

2 2 2
<=8 —mllxllc, —rellollyor, —msllAI™
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From (4.3), (4.4), and (3.22) we come to the same estimates (4.17), (4.21), and (4.23)
for norms |[|&]|1, [|6;l1, ||oill and ||§||-1/2,r- Taking into account these estimates and estimates
(3.42), (3.44) for ||T||1, |lull1, we deduce that

[((u-V)u, & + &)l

< yollallF (&1l + 1211 < 4poyoy (Re + Re?)

2
26 A+ Dl or, 28 (elixlley + 1l D) Co@R + 1)ligll o

6ov(1-2Ra) | 6oworiM1-2Ra) | 1-2Ra ’

|(u ' VTlel + 92)'

< 4poy1ypr(Re + Re®)
- o1

26+ Dllgll o, 261 (v2llx e, + vl £11) , CoC@R + Dliglh /o
60v(1 - 2Ra) 60v61L(1 - 2Ra) 1-2Ra

—Cl(-/v +1) ” ” 4 Y2||X||FN +Y4||f|| + Co(2R + 1) YlM%” I
T-2ra NI T e A -0Ra) T T1-2Ra Gk BRT|

(4.42)
Here parameters y and Re' are given by (4.13). From (4.42) we obtain that

(- V)u,é + &) +xc(u- VT, 00+ 02)| < po(bllgl; o + 1 xIIE, + c2llll} o, + el £11P)-

(4.43)
Here constants b, ¢y, ¢, and c3 are given by relations
Re +Re) 11\?
b=8 C227a+12(— 3+<—> Ra*|,
Ty @R+ D oray? [ w) P
P 1 )Z(R’HREO) <Y1>2 2
c1=8 — ) —— |12+ — ,
! Y°Y<6ov 611/ (1-2Ra)? w) P

(4.44)

~ 5 2f B 2(Re + Re) 1\
€2 =By (A +1) <6ov> (1-2Ra)? 12+< >p /

B P 1a )2(R€+R60) <Y1>2 >
C3_8Y°Y<<%_vél_)u aoamar |2\ P
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Let the data for problem (4.40) and parameters po, p1, pi2, and ps be such that
w1(1—€) > poc1, p2(1—¢€) > poca, psz(l—¢€) > poc3, € =const>0. (4.45)
Under condition (4.45) we deduce from (4.43) that

|((u-V)u, &1 +&) +x(u-VT,0; +6,)]
2 2
<@-pullylP, + A-pllel ar, (4.46)
+ (=] f|* + pobligll o -

Taking into account (4.46) and (4.23), we come from (4.41) to the inequality

po (Il = (@ ua)g ) < ~((u- V)w & +¢&2) — (- VT, 0; + 62)
2 2 2
= (&8 —mllxllr, = r2llelly o, —msllfll

< _EP‘1||X||§N - 5.“2”‘/’";2,5 - 5/43||f||2 +poaliglly o + /‘Ob”g”%/ZI'
(4.47)

It follows from this inequality that

2 2 2
pollullg < po(w,ua)g —em||xllr,, —er2llelly or, 045)

—eps|| fII* + poallglly o + Hobligl -

Excluding nonpositive terms from the right-hand side of (4.48), we come to the inequality
(4.31) where constants a and b are defined in (4.23) and (4.44). From (4.31) we deduce the
estimate (4.32) for |lul|g with mentioned constants a and b given by (4.23) and (4.44). As in
the case of problem (4.1), stability in the norm L?(Q) of the component u of the solution to
problem (4.40) relative to small perturbations of functions v, € L?(Q2) and g € G in the norms
of L?(Q) and H'/2(T), respectively, and uniqueness of the solution to problem (4.40) follow
from (4.32) in the case when Q = Q and (4.45) holds.

We note again that the uniqueness and stability of the solution to problem (4.40) under
condition (4.45) take place and in the case Q C Q where Q is only a part of the domain Q. In
order to establish this fact we consider inequality (4.48) which we rewrite taking into account
(4.32) as

EMy ”X”iN + EP‘ZH‘FHT/MD + 5/‘3||f”2 < _P‘O”u”é + pollullglluallg + poallglly /o + /40b||g||%/2,r

) 1/2]2
< ol + (allgh o1 + Vil or)
(4.49)
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From this inequality and from (3.42)—(3.47) we come to the following stability estimates:

_ L _ Ho _ 1/&
1 = xellp, < smA' g1 =g2lly o, < gﬂzA/ | f1 = fol < 8#3A' (4.50)

s — w]l < % % N Co(2R +111||§713; g2||1/z,r’ (4.51)
T Tl < 8 s SCIDIME 452
lp1 = P2l < % [ﬁ1d %A +69vCo(R + Ra)l|g1 - g2||1/2,r]- (4.53)
Here a constant d depending on p, p2, and p3 is given by
r_ b, n (4.54)

d= + ,
SV i GG

and a quantity A is defined in (4.39). Thus the following theorem is proved.

Theorem 4.2. Let, under conditions (i), (ii), (iii), and (3.19), an element (w;, p;, Ti, i, i, fi) be a
solution to problem (4.40) corresponding to given functions v = uf;) eL*(Q)andg €G,i=1, 2,
where Q is an arbitrary open subset, and let parameters a and b,c1,cy,c3 be defined in (4.23)
and (4.44), where y and Relare given by (4.13). Suppose that conditions (4.45) are satisfied.
Then stability estimates (4.33) and (4.50)—(4.53) hold where A and d are defined in (4.39) and
(4.54).

In the same manner one can study control problem

Jx) =B -valo+ Sllxli, —inf,  F(xxg) =0 xeX yeKi (455

corresponding to the cost functional I(v) = |v - vd||%Q. Let us denote by (xi,u1)

(u1,p1,T1, x1) a solution to problem (4.55) which corresponds to given functions v = ul(;) €
L2(Q) and g = g1 € G; by (x2, 42) = (U, p2, T», 2) we denote a solution to problem (4.1) which
corresponds to perturbed functions v, = ut(f) € L%(Q) and g = g € G. Setting uy = ut(il) - ufiz)

in addition to (3.24) we note that under conditions of problem (4.55) we have

(I (w;), w) = 2<ul~ - u’(;)'w>1,Q' (Ié(ul) - Té(“z)ﬂ) = 2(”““%@ - (u, ud)l,Q>- (4.56)
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Identity (3.22) for problem (4.1) does not change while identities (3.20), (3.21) and inequality
(3.51) transform by (4.56) to (4.4) and relations

v(Vw, Vé) + ((u; - VIw, &) + (W V)u;, &) + x(w - VT;, 0;) — (03, div w) + (G, W)

. - 4.57
= —y0<ul~ - u?,w)1Q YweHY(Q), i=1,2, (4:57)

(- V)wds+ ) + - VT,00 +0) + ol o = (w,wa)10) < ~(&,8)r — urllxIF, -
(4.58)

Using identities (4.57), (4.4), and (3.22) we estimate parameters ¢;, 0;, 0; and ;. To this
end we set w = ¢, T = 6; in (4.57), (3.22). Taking into account (2.11), (2.12) and condition
¢; € V which follows from (4.4) we obtain (4.7) and relation

V(VE, V&) = ~((& - V)w, &) — (s VT, 8) — o (wi—u, &) - (4.59)
Using estimates (3.15) we deduce in addition to (4.8)—(4.10) that
”ui - uf;) ||1,Q <uilly g + ”uf;) ||1/Q <MY+ ”ug) ”Q < Govyy*t <Re + Reo>,

| 5), | < =] Mt = (M8 + 2], el < Govr (Re + Rl
(4.60)

where

Y=15" Re = 5};_01; max(”ug) ||1,Q' ”ufiz) ”LQ)' (4.61)

Proceeding further as above in study of problem (4.1) we come to the estimates for ¢;, 6;, o;
and ¢ = ¢; — &. They have a form (4.17), (4.21), and (4.23), where parameters y and Re’ are
given by (4.61).

Let us assume that the condition (4.27) takes place where parameter c is defined in
(4.26), (4.61). Using (4.27) and estimates (4.17), (4.21), (4.23) we deduce inequality (4.28)
where parameter b is given by relations (4.26), (4.61). Taking into account (4.28) and (4.23),
we come from (4.58) to the inequality

po(llulff g = (W ua) o) < ~((u- V)w, & + &) - x(w- VT, 0 +62) = G-y arllglh o — 1117,

2
< —gm ”X”FN + #Oa”g”l/z,r + #Ob”gni/z/r-
(4.62)

It follows from this inequality that

pollull? o < po(w, wa)y o = epar [l x|, + poallglly o + obligl o (4.63)
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Excluding nonpositive term —ep; | X”I%N’ we deduce from (4.63) that

2 2
“u”l,Q < ||ud||1,Q||u||1,Q + a||g||1/2,r + b||g||1/2,r' (4.64)

Equation (4.31) is a quadratic inequality relative to |lul|1,o. By solving it we come to the
estimate

1/2
lullyg < luallug + (allgll o + bligl 1 ) (4.65)

which is equivalent to the following estimate for u; — uy:

1/2
1 2 2
o~ wzll o < [[ug” ~u[| + (allss - gallor + blig ~ellfor) - (466)

The estimate (4.66) under Q = Q has the sense of the stability estimate in the norm H!(Q) of
the component 1 of the solution (@, p, T, {) to problem (4.55) relative to small perturbations
of functions v; € H'(Q) and g € G in the norms of H!(Q) and H'/2(T') respectively. In the
case where ug) = ufiz) and g = g it follows from (4.66) that u; = up in Q, if Q = Q. This
yields together with (4.63), (3.48), (3.50) that y1 = y2, T1 = T2, p1 = p2. The latter means the
uniqueness of the solution to problem (4.55) when Q = Q and (4.27) holds.

We note again that using (4.63), (4.65) we can deduce rougher stability estimates of the
solution to problem (4.55) which take place even in the case where Q # Q. In fact we deduce
from (4.63) (4.65) that

2
el xII7, < pollully glluall g + poallglh o + Hoblgl? o
4.67
) e (4.67)
< pioluall g + (allglh o + Bligh or) | -

From (4.67) and (3.48)—(3.50) we come to the estimates (4.35)—(4.38) where one should set
Nlg® _ @ 2 \?
A= ug? —u@|,  + (allg ~gelhjor + i g2l or) - (4.68)

Thus we have proved the following theorem.

Theorem 4.3. Let, under conditions (i), (ii), (iii) for Ky and (3.19), the quadruple (w;, p;, T, xi) be a
solution to problem (4.55) corresponding to given functions v = u((;) eH (Q)andgi € G,i=1,2,
where Q C Q is an arbitrary open subset, and let parameters a, b, ¢ be defined in (4.23) and (4.26),
in which y and Re° are given by (4.61). Suppose that condition (4.27) is satisfied. Then the stability
estimates (4.66) and (4.35)—(4.38) hold where A is defined in (4.68).



24 International Journal of Differential Equations

In the similar way one can study three-parametric control problem

1. 5) = v =valtg + Bl + Ellell o, + S — ink,
2 2 2 2 (4.69)

F(xx.¢.f,8) =0, (xx,¢,f) € XxKixKyxKs.

It is obtained from (4.40) by replacing of the cost functional I (v) by I>(v). Analogous analysis
shows that the following theorem holds.

Theorem 4.4. Let, under conditions (i), (ii), (iii) and (3.19), an element (w;, p;, Ti, xi, @i, fi) be a
solution to problem (4.69) corresponding to given functions ug = ug) eH (Q)andgi € G,i=1,2,
where Q C Q is an arbitrary open subset and let parameters a and b, c1, ¢z, c3 are defined in (4.23)
and (4.26), in which y and Re° are given by (4.61). Suppose that conditions (4.45) are satisfied. Then
the stability estimates (4.66) and (4.50)—(4.53) hold where A is defined in (4.68).

5. Control Problem for Vorticity Tracking-Type Cost Functional

Consider now one-parametric control problem

](V,x)z%||rotv—§d||é+%”x”§l\]—>ir1f, F(xx8) =0, xeX, yeki, (51)

which corresponds to the cost functional I3(v) = || rot v—{4 ||2Q Let (x1,u1) = (u1,p1,T1, x1) bea

solution to problem (5.1) corresponding to given functions ¢4 = ;1) €eL?(Q)andg=g; €G,
and let (xo,u2) = (up, p2, T2, x2) be a solution to problem (4.1) corresponding to perturbed
functions {4 = ;2) € L?(Q) and g = g € G. Setting uy = ufil) - uff) in addition to (3.24), we

have under conditions of problem (4.1)

(I3 (w;), w) = 2<rot u; — g),rot w)Q, <I§(u1) - Té(uz),u) = 2<||rot ul|3, - (rot u, gd)Q>.
(5.2)

Identity (3.22) for problem (5.1) does not change, while identities (3.20), (3.21) and inequality
(3.51) transform due to (5.2) to (4.4) and relations

v(Vw, V&) + ((u; - V)W, &) + (W - V)u;, &) + k(w - VT;,0;) — (0;,div w) + (i, W)

. ~ 5.3
= —‘u0<rot u; — f?,w)Q Yw € H(Q), (53)

((u-V)u, & +&) +x(u- VT, 0 +6,) + y0<||rot u||2Q — (rot u, gd)Q> <—(¢8)r - y1||x||§N.
(5.4)

Using identities (5.3), (3.22), (4.4) we estimate parameters ¢;, 0;, 0;, and ¢;. Firstly we
deduce estimates of norms ||¢;]|1 and ||6;||1. To this end we set w = ¢;, 7 = 0; in (5.3), (3.22).
Taking into account (2.11), (2.12) and condition ¢; € V, which follows from (4.4), we obtain
(4.7) and relation

v(VE, VE) = ~((&- V)i &) — (G- VT;,0) — po(rot wi = £ &) - (5.5)
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Using (2.9), (3.15) we deduce in addition to (4.8)—(4.10) that

o= < ot <+ e < 2 (reme),

(rot u; — Cg), rot éi)Q

< Jrot =0 e = € (Mi + e ||Q) &l >0
< Govy (Re + Re") &,

where

rect mee gm0 ) 57

Arguing as above in analysis of problem (4.1) we come to the same estimates (4.17), (4.21),
and (4.23) for ||&|1, [16:]l1, l|o:]l, and [|¢]|-1/2,r in which parameters y and Re® are given by (5.7).

Let us assume that the condition (4.27) takes place where parameter c is defined
in (4.26), (5.7). Using (4.27) and (4.17), (4.21), (4.23) we deduce inequality (4.28) where
parameter b is given by (4.26), (5.7). Taking into account (4.28) and (4.23) with parameter
a defined in (4.23), (5.7) we come from (5.4) to the inequality

yo<||r0t u||f2 — (rot u, §d)Q>
<=((u-V)w g +&)—x(u-VT,0, + 67) + ||§||_1/2,r||g||1/2,r - #1||X||§N (5.8)

~epxllr,, + poallgly ox + Hobllgll: -
It follows from this inequality that
pollrot uly < puo(rot w,ta)g — e[l x|I7, + Hoallglly oy + pobligl - (5.9)
Excluding nonpositive term —ep1 || x |7, , we deduce from (5.9) that
Irot wlfy < ieallglirot wllg + allglly . + bligli - (5.10)

Equation (5.10) is a quadratic inequality relative to ||rot u||g. Solving it we come to the
estimate

1/2
ot wllg < ligallg + (allglly o + bligll} or) (5.11)

which is equivalent to the following estimate for the difference rot u; — rot uy:

1 2 1/2
Irot wy ~ rot wllg < [[¢f” = ¢ |+ (allgi ~gallor +bllgs - gl or) (5.12)
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The estimate (5.12) under Q = Q has the sense of the stability estimate in the norm
L2(Q) of the vorticity curl d of the component 1 of the solution (4, p, T, X) to problem (5.1)

relative to small perturbations of functions ¢; € L2(Q) and g € H/2(T) in the norms of L%(Q)

and H'/2(T), respectively. In particular case where Q(il) = C,(iz) and g1 = g it follows from (5.11)

that rot uy = rot up in Q, if Q = Q. From this relation and from (4.30), (3.48), (3.50) it follows
that y1 = x2, T1 = T>, p1 = p2. The latter means the uniqueness of the solution to problem (4.1)
when Q = Q and condition (4.27) holds.

If Q # Q we can deduce from (5.11) and (5.9) rougher stability estimates of the solution
to problem (5.1), which are analogous to estimates (4.35)—(4.38). In fact using (5.11) we
deduce from (5.9) that

2 2 2
el xllr, < —pollrot ullg + polidallglirot ullg + poallglly or + Hobliglly /2

1/2
< pollgallgy + #oIICdIIQ<aIIgII1/z,r + bllgllf/z,r) + poallglly or + pobligl or  (5.13)

) 1/212
< o I8l + (alghyor + bl o) |
From (5.13) and (3.48)—(3.50) we come to the estimates (4.35)—(4.38) where
|l _ @ 2 \2 14
A= e’ - el + (allg ~ gally o + blig ~ g2l r) (5.14)

Thus the following theorem is proved.

Theorem 5.1. Let, under conditions (i), (ii), (iii) for Ky and (3.19), the quadruple (u;, pi, T;, xi) be a
solution to problem (5.1) corresponding to given functions g((;) € L2(Q)and g; € G, i = 1,2, where
Q C Q is an arbitrary open subset, and let parameters a and b, ¢ be defined in relations (4.23) and
(4.26), in which y and Re° are given by (5.7). Suppose that condition (4.27) is satisfied. Then the
stability estimates (5.12) and (4.35)—(4.38) hold true where A is defined in (5.14).

In the similar way one can study three-parametric control problem

_ Mo Hi 2 K2 2 K3 2 i
T x4, f) = Solivot v=dallg + S llxllr, + 5 el or, + 5 IFII7 — inf, (5.15)

F(x,x,%,£,8) =0, (xx,¢ f)€XxKyxK;xKs.

It is obtained from (4.40) by replacing the cost functional I;(v) by I3(v). The following
theorem holds.

Theorem 5.2. Let, under conditions (i), (ii), (iii), and (3.19), an element (w;, pi, Ti, Xi, @i, fi) be a solu-
tion to problem (5.15) corresponding to given functions {4 = 2) €eL*(Q)and g € G,i=1,2, where
Q C Q is an arbitrary open subset, and let parameters a and b, c1, ¢z, c3 be given by relations (4.23)
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and (4.44), in which y and Re° be defined in (5.7). Suppose that conditions (4.45) are satisfied. Then
the stability estimates (5.12) and (4.50)—(4.53) hold where A and d are defined in (5.14) and (4.54).

6. Conclusion

In this paper we studied control problems for the steady-state Boussinesq equations
describing the heat transfer in viscous heat-conducting fluid under inhomogeneous Dirichlet
boundary conditions for velocity and mixed boundary conditions for temperature. These
problems were formulated as constrained minimization problems with tracking-type cost
functionals. We studied the optimality system which describes the first-order necessary
optimality conditions for the general control problem and established some properties of its
solution. In particular we deduced a special inequality for the difference of solutions to the
original and perturbed control problem. The latter is obtained by perturbing both the cost
functional and the boundary function entering into the Dirichlet boundary condition for the
velocity. Using this inequality we found the group of sufficient conditions for the data which
provide a local stability and uniqueness of concrete control problems with velocity-tracking
or vorticity-tracking cost functionals. This group consists of two conditions: the first is the
same for all control problems and has the form of the standard condition (3.19) which ensures
the uniqueness of the solution to the original boundary value problem for the Boussinesq
equations. The second one depends on the form of control problem under study. In particular
for the one-parametric problem (4.1) corresponding to velocity-tracking functional I; (v) it
has the form of estimates (4.27) of the parameters po and p; included in (4.1), while for
the three-parametric problem (4.40) it has the form of estimates (4.45) of the parameters
Ho, W1, P2, and p3 included in (4.40). Similar conditions take place for another tracking-type
functionals.

On the one hand, conditions (4.27) and (4.45) are similar to the uniqueness and
stability conditions for the solution to the coefficient identification problems for the
linear convection-diffusion-reaction equation. On the other hand, these conditions contain
compressed information on the Boussinesq heat transfer model (2.1), (2.2) in the form of the
constant ¢ defined in (4.26) for problem (4.1) or in the form of three constants ¢, ¢, c3 defined
in (4.44) for problem (4.40). An analysis of the expressions for c or c1, ¢, ¢z shows that for
fixed values of the parameters y; inequality (4.27) or inequalities (4.45) represent additional
constraints on the Reynolds number Re, Rayleigh number Ra, and Prandtl number /) which
together with (3.19) ensure the uniqueness and stability of the solution to problem (4.1) or
(4.40). We also note that for fixed values of Re, Ra, and /) inequalities (4.27) and (4.45)
imply that to ensure the uniqueness and stability of the solution to problem (4.1) or (4.40)
the values of the parameters y1, y, and pz should be positive and exceed the constants on
the right-hand sides of inequalities (4.27) and (4.45). This means that the term (y;/2)| Xlll%}\l
in the expression for minimized functional in (4.1) or the terms (p1/2)|| X”%Nl (M2/2) ||q,r||% /2p
and (pu3/2)||f||? in the expression for minimized functional in (4.40) have a regularizing effect
on the control problem under consideration. The same conclusions hold true and for another
control problems studied in this paper.
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