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On Weyl modules for the symplectic group

Ilaria Cardinali Antonio Pasini

Abstract

A rich information can be found in the literature on Weyl modules for
Sp(2n,F), but the most important contributions to this topic mainly en-
lighten the algebraic side of the matter. In this paper we try a more geomet-
ric approach. In particular, our approach enables us to obtain a sufficient
condition for a module as above to be uniserial and a geometric descrip-
tion of its composition series when our condition is satisfied. Our result
can be applied to a number of cases. For instance, it implies that the mod-
ule hosting the Grassmann embedding of the dual polar space associated to
Sp(2n, F) is uniserial.
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1 Introduction

Let V be a 2n-dimensional vector space over a field F and, for a given non-
degenerate alternating form «f(.,.) of V, let G = Sp(2n,F) be the symplectic
group associated with it and A the building associated with G. The elements of
A of type k = 1,2,...,n are the k-dimensional subspaces of V' totally isotropic
for the form «a.

1 2 3 n—2 n—1 n

For 1 < k < n, let G be the k-grassmannian of PG(V'), where the k-sub-
spaces of V' are taken as points. We recall that the lines of G;, are the sets

Ixy ={Z|X CZcCY, dim(Z) =k}
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for a (k + 1)-subspace Y of V and a (k — 1)-subspace X of Y. Put Wy, := AFV
and let ¢ : G — PG(W}) be the natural embedding of G, in PG(W}), sending
a k-subspace (vy,...,v;) of V to the 1-dimensional subspace (v; A --- A v;) of
Wy. Let Ay be the k-grassmannian of A, elements of A of type k being taken as
points of A;. When 1 < k < n the lines of A, are the lines [y y of G, where X
and Y are totally a-isotropic, while A; and A,, are respectively the polar space
and the dual polar space associated to A. In any case, Ay, is a full subgeometry
of Gi. The embedding ¢ induces an embedding ¢: Ax — PG(V}), called
the natural embedding of Ay, where Vj is the subspace of W} spanned by the
t,-image of the set of points of A;. We recall that dim(V}) = (213) —( kz_”2) while
dim(W) = (%"). When char(F) # 2 the embedding ¢, is absolutely universal.
This follows from the fact that A, admits the absolutely universal embedding
(Kasikova and Shult [14]) and, when char(FF) # 2, it also admits a generating
set of size equal to dim(V},) (Blok [4]).

The group G acts on Vj, via ¢;. In the language of Chevalley groups, V}, is the
Weyl module whose highest weight is the k-th fundamental dominant weight.
We are interested in the structure of the G-module V.

It is well known that if char(F) = 0 then V}, is irreducible (see Steinberg
[16], for instance). When char(F) = p > 0 the module V}, can be reducible. In
fact Vj, admits a unique maximal proper G-submodule R(V}), which we call the
radical of the embedding ey, also the radical of V. The radical R(V}) can be
characterized as the intersection of all hyperplanes of V), spanned by ¢j-images
of singular hyperplanes of A, (see Blok [5]).

The dimension f; := dim(Vy/R(V})) can be explicitly computed with the
help of the following recursive formula (Premet and Suprunenko [15], Baranov
and Suprunenko [3, Section 2]; see also Adamovich [1, 2] and Brouwer [9]):

2n 2n
()2 5
(k,n)

jE€JI,p
where
Jp(k,n) :={j|0<j<k k—j=0(mod 2), n—j+1>,(k—j)/2}

and, for two integers a > b > 0, expressed as a = ag + a1p + -+ + a,p” and
b=1by+ bip+ -+ bsp® to the base p, we write ¢ >, b and say that a contains
b to the base p if s < r and for every i = 1,..., s either b; = a; or b; = 0. Note
that fo = 1, namely Vj = A°V is the trivial 1-dimensional G-module.

More explicitly, put m := |J,(k,n)| and let kq, ko, ..., k,, be the elements of
Jp(k,n), listed in increasing order.
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Theorem 1.1 (Premet and Suprunenko [15]). The composition series of Vj, have
length m+ 1. If0 = Sy C S1 C -+ C Spe1 € S = R(Vi) C Vi is a
composition series of Vj, then there exists a permutation o of {1,2,...,m} such
that Si/Si—l = Vko—(i) /R(de(i))for 1=1,2,...,m.

Note that, in general, V,, admits more than one composition series. How-
ever, according to the Jordan-Ho6lder theorem, the family of irreducible sections
S;/S;—1 of a composition series does not depend on the choice of the series.
These sections and the quotient Vj,/R(V}) are the irreducible sections of Vi, a
section of V}, being a quotient S’/S for two submodules S C S’ of V.

Even if in general V; admits more than one composition series, the first non-
zero member S; of a composition series of V. does not depend on the choice of
the series (see Adamovich [2]; also Baranov and Suprunenko [3, Section 2]).
Hence S; = S(V), where S(V}) stands for the socle of Vj. In other words, the
socle S(V%) of Vj, is simple. When J,,(k) = ) we put S(V}) = 0, by convention.

Let £(V}) be the lattice of submodules of V},. A description of the isomor-
phism type of the lattice £(V}), originally due to Adamovich [2], is offered by
Baranov and Suprunenko [3, Section 2]. They define a particular ordering re-
lation on certain finite sequences of integers depending on n, k and p, thus
obtaining a poset which is proved to be isomorphic to £(V}). This description
as well as Theorem 1.1 have been obtained by purely algebraic methods. For
instance, Theorem 1.1 has been obtained by an investigation of the weight sub-
spaces of Vj, based on the theory of representations of symmetric groups (see
James [13]).

In this paper, carrying on a project laid down in Blok, Cardinali and Pasini
[8] (but already implicit in Cardinali and Lunardon [10] and Blok, Cardinali
and De Bruyn [6]), we try a different, more geometric approach to this matter.
Our dream is to obtain Theorem 1.1 and a description of £(V},) in a geometric
way. We made our first steps towards this goal in [8]. In this paper we go on
further.

Our investigation will exploit poles, introduced in [8]. When k is odd the
group G acts fixed-point freely on PG(W)},) while when £ is even G fixes exactly
one point Py of PG(W}) (see [8, Theorem 4.1]). The point Py is called the pole
of G in Wy, also the pole of W}, for short.

Lemma 1.2. The pole Py is contained in Vj, if and only if dim(S(Vy)) = 1. If
dim(S(Vy)) = 1 then S(Vi,) = Py and k is even.

The second claim and the ‘if’ part of the first claim of this lemma immediately
follow from the uniqueness of P, and the fact that P, exists only if k is even.
The ‘only if’ part of the first claim follows from the fact that S(V}) is simple.
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The first claim of the next lemma is obvious. The second claim is a little piece
of Theorem 1.1. We put it in evidence since it is the only part of Theorem 1.1
which we need in the proof of our main theorem (Theorem 1.4, to be stated
below). As we will show in Section 3.2, nearly all the rest of Theorem 1.1 can
be deduced from it.

Lemma 1.3. (1) A nonnegative integer r < k belongs to J,(k,n) if and only if
0€ Jp(k—r,n—r), namely k —risevenand (k—r)/2 <,n—r+1

(2) The module V;, admits a 1-dimensional section if and only if 0 € J,(k, n).

Clearly, if S(Vi) = Py then Py is a 1-dimensional section of Vj. In fact, it is
the unique 1-dimensional section of V}, since, according to Theorem 1.1, no two
1-dimensional sections can occur in the same composition series of ;. On the
other hand, it can happen that V; admits a 1-dimensional section but P, ¢ Vj
(see Remark 5.3).

We slightly change our notation by writing W n, Vin, tkn, €kn and Py,
instead of Wy, Vi, i, € and Py, in order to keep a record of the rank n of G
and A in these symbols, but we refrain from extending this heavier notation
further, thus keeping the symbols G, A, G, and A, with no change.

In [8] we proved that, for any given value of the difference h = n — k,
denoted by n(h, p) the smallest »n for which V4 ,, is reducible, if n = n(h, p) then
R(Vi.n) = Py, while if n > n(h,p) then R(Vj ,,) contains a submodule spanned
by ‘local poles’. We shall explain in a few lines what local poles are.

Given a positive integer r < k with k — r even, for every r-element X of A
let Gy x be the set of k-subspaces of V' that contain X and WX, the subspace
of Wy, ,, spanned by ¢y, (Gk,x). Also, let A, x be the set of k-elements of A
that contain X and V;¥ the subspace of Vj,, spanned by e (A x). Let Gx
be the stabilizer of X in G and let Ky be the element-wise stabilizer of Ak, x.
Then Gx/Kx = Sp(2n — 2r,F) and Kx also fixes all elements of gk x. Thus
Gx/Kx also acts on WkX Moreover Wk n = Wi and Vk = Vi rner
as Sp(2n — 2r,F)-modules (see also Proposmon 2.1 of this paper) As k —r
is even, Wj_, ,—, admits a pole Pj_, ,_,. Let Px be the point of PG(Wkﬁn)
corresponding to Pj_, ,—_, in the isomorphism Wan = Wi_rn—r. Then Px is
the unique fixed point of G x in its action on PG(W,jfn). We call Py the pole of
Gx in W;¥,, also the local pole of G at X.

Suppose that Py, ,—p C Vi—yn—r, namely dim(S(Viy—yrn—»)) = 1. Then
Px C V,fn and we can consider the following subspace of V}, .

Pr.n = (Px | X is an r-element of A).
If Py, C Vin We put P := Py . Let
Jp(kyn) i={r |0 <r <k, dim(S(Vi_pn_r)) =1}
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By Lemma 1.3, J,(k,n) C J,(k,n), with J,(k,n) = J,(k,n) if and only if, for
everyr =0,1,...,k—1,if 0 € J,(k —r,n —r) then dim(S(Vi—prn—r)) = 1.

In [8] we proved that R(V},,) 2 Ure.fp(k n)P};’n. A sharper version of this
result will be given in Section 4 of this paper.

When writing [8] we believed that all of R(V} ,) could be explained by
means of the submodules P;, .. Considering that V} ,, can admit a 1-dimensional

section even if it does not contain Py ,, whence jp(kz,n) can be smaller than
Jp(k,n), we now feel differently. However, as we will show in this paper, that
belief is still right when J,(k,n) = J,(k, n).

In order to state the main result of this paper we need one more definition.
Recall that a module is said to be uniserial when it admits exactly one composi-
tion series. Let Vj, ,, be uniserial, let 0 = Sy € S; C -+ C Sy = R(Vin) C Vi
be its unique composition series and let o be the permutation of {1,2,...,m}
such that S;/S;—1 = Vj, , n/R(Vj,yn) fori=1,2,...,m. In general, o is not
the identity permutation, even if V} ,, is uniserial. If V},, is uniserial and o is
the identity permutation, then we say that V}, ,, is plainly uniserial.

Theorem 1.4. Let char(F) # 2. Assume that jp(k,n) = Jp(k,n). Then Vy

is plainly uniserial. If k1 < ko < --- < ky,, are the elements of J,(k,n) and
0=250C SVin) =51 C S C---CSp=RVin) C Vin is the composition
series of Vi, then S; = P,’jn foreveryi=1,2,...,mand P,’jn is a homomorphic

image of Vi, . In particular, S;/Si—1 = Vi, n/R(Vi; n)-

We shall prove Theorem 1.4 in Section 5. As previously said, the second
claim of Lemma 1.3 is the only part of Theorem 1.1 that we need to assume in
that proof.

As we shall prove in Section 6 (Lemma 6.1), the equality jp(k, n) = Jy(k,n)
holds whenever n — k < p — 1. Moreover, by the first part of Lemma 1.3 and
Lemma 2.3 of Section 2 one can see that if n — k < p — 1 then

Jp(k,n) ={2(n+1)—k—2p" [t =1,2,...,m}

where m = [log,(n + 1 — k/2)| (integral part of log,(n + 1 — k/2)). Note that
m = 0 if and only if n < p—1+k/2. Clearly, m = 0 precisely when J,(k,n) = 0,
namely Vj, ,, is irreducible. By Theorem 1.4 and the above, we immediately
obtain the following:

Corollary 1.5. If char(F) # 2 and n—k < p—1 then V}, ,, is plainly uniserial. The
composition series of Vj, ,, contains m non-zero proper submodules Sy, Sa, ..., Sy
where m = |log,(n+1—k/2)|. Fori=1,2,...,m the module S; is a homomor-
phic image of Vi, », where k; = 2(n + 1) — k — 2p™+1=7,
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In particular, the above applies to V;, ,,, which hosts the Grassmann embed-
ding of the dual polar space A,,.

Most likely the hypothesis char(F) # 2, assumed in Theorem 1.4 and inher-
ited by Corollary 1.5, is superfluous (compare Blok, Cardinali and De Bruyn
[6], where a part of the statement of Corollary 1.5 is obtained for V,, ,,, but in
even characteristic). We have assumed that char(F) # 2 mainly because, in the
sequel, we will sometimes exploit the fact that when char(F) # 2 the natural
embedding ¢, is absolutely universal in order to prove that certain embed-
dings are homomorphic images of it, but perhaps this conclusion can also be
obtained in a straightforward way, allowing char(F) = 2.

We finish this introduction by mentioning a few problems which should be
solved in order to pursue our project of obtaining a complete geometric expla-
nation of the structure of Vj ,,:

1. As previously remarked, when n — k > p it can happen that V}, ,, admits a
1-dimensional section but dim(S(V%,,)) > 1. Find a geometric explanation
of the occurrence of these sections.

2. Find a geometric proof of the second claim of Lemma 1.3.

3. Lemma 1.2 follows from the the simplicity of S(V} ,) but this crucial prop-
erty of S(Vj ) is obtained in [3] and [2] as a by-product of the descrip-
tion of the lattice £(Vj ). Find a more straightforward way to prove
Lemma 1.2.

2 Preliminaries

2.1 Notation and conventions

Throughout this paper V, of(.,.), G, A, Ay, Gk, tkn> €k.n> Wkn and Vi, have
the meaning stated in the introduction. The orthogonality relation with respect
to « will be denoted by L.

Henceforth (ey,...,en, f1,..., fn) is a given basis of V, hyperbolic for the
form «. For a subset J = {ji,ja2,...,Js} of {1,2,...,n}, where j; < j» <

- < js,weputey :=e; A---Aej, and fy = f;, A--- A f;,. We also put
I = {1,2,...,n} and, for a nonnegative integer » < n, we denote by (') the
collection of 7-subsets of . With this notation, a sumas ) _ , () e A fjis read
as follows:

ZEJ/\fJZ Z ejl/\"'/\eﬁ/\fjl/\'”/\fjw

Je(h) 1<j1<<jr<n



On Weyl modules for the symplectic group 91

We will make use of a few notions from the theory of embeddings, as isomor-
phism and morphisms between embeddings, absolute universality, homogene-
ity. We are not going to recall these notions here. We presume that the reader
is familiar with them. If not, we refer to [7, Section 2.2] or Kasikova and Shult
[14].

As explained in the introduction, we must assume char(FF) # 2 because we
need ¢y, to be absolutely universal. On the other hand, if char(F) = 0 then
R(Vi.n) = 0. In this case there is nothing to study. So, from now on we assume
char(F) =p > 2.

2.2 Induced embeddings of residues of elements of A

Given an element X of A of type r € {1,2,...,k}, let A% be its upper residue,
formed by the totally isotropic subspaces of V' properly containing X. It is well
known that A7, is isomorphic to the building of a symplectic polar space of rank
n —r. We take {1,2,...,n — r} as the type-set of A%. So, an element of A% of
type 7 has type 7 + r when regarded as an element of A. In particular, elements
of AY of type k — r have type k in A. The (k — r)-grassmannian (A%);_, of
A% is a full subgeometry of Ay and ¢y, ,, induces an embedding of (A% ), in
the subspace <5k7n((A})k,r)> of V4., spanned by the ¢, ,-image of the set of
points of (A% )_,. (By a little abuse, we denote that image by ey (A% )k—r).)
The embedding of (A%);_, in (e, ((A%)x—r)) induced by e, ,, will be denoted
by 55,

Proposition 2.1. &}, = €4 pnp-

Proof. Without loss of generality we can assume that X = (eq,...,e,). There-
fore X1/X = V' := {(e;41,...1€n, frt1,...,[n) and the points of (A%)s_,
bijectively correspond to the totally isotropic (k — r)-subspaces of V’. We may
regard Wy_,.,,_, as the same thing as A*~"V’. There exists a unique linear

mapping

k—
Peq,....ep - Wk—r,n—r =NV = Wk,n
vl/\vg/\--~/\vk,r»—>v1/\~--/\v;€,r/\e{1 r}

yeeey

where (vq,...,v,—,) stands for any independent (k — r)-tuple of vectors of V'
,,,,, »} = e1 A Aep, as stated in Section 2.1. Clearly, ¢, .. ., maps
(5k7n((A})k_T)> isomorphically onto Vj,_, ,_,. It yields the desired isomor-
phism from &7, t0 &y . O
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2.3 Radical and 1-dimensional sections of Vj ,,

In the introduction, the radical R(Vj ) of Vi, has been defined as the largest
proper submodule of V4 ,,. We have also mentioned that R(V} ,,) can be charac-
terized as the intersection of all hyperplanes of V4, ,, spanned by ¢, ,,-images of
singular hyperplanes of Ay (Blok [5]). This characterization can be rephrased
in the following way, more suited to our needs in this paper.

A non-degenerate bilinear form «y(.,.) can be defined on W}, ,, such that,
for any two points X and Y of A, and any non-zero vectors = € €, (X),y €
ern(Y), we have ay(z,y) = 0 if and only if X and Y are non-opposite as
elements of A (see [8, Section 2]). Blok’s characterization of R(V} ,) amounts
to say that R(V ) = Vk,,LOVkﬁ’;, where 1, stands for the orthogonality relation
with respect to «. /

We shall now describe when 1-dimensional sections occur. To this end, we
consider pairs (k,n) with a fixed difference h = n — k. It turns out that the
decomposition of V}, ,, largely depends on this difference h. Let N(h,p) be the
smallest integer n > h such that p divides (IH(ZI{‘)/ 2}). The following proposi-
tion is a corollary of the proof of Theorem 1.1 by Premet and Suprunenko [15].
A different, more geometric proof of this proposition is given in [8, Section 5],
but only valid when p — 1 does not divide h. Another proof is given by De Bruyn
[11].

Proposition 2.2. Let h =n — k. If n < N(h,p) then R(Vy,,) = 0. If n = N(h,p)
then R(Vy ) is 1-dimensional. If n > N (h, p) then dim(R(Vi,,)) > 1.

In view of the next formula we need to state a few conventions. Let h =
Z;’;O h;p’ be the expansion of h to the base p. Let e the smallest j such that
hj <p-—1. So,

e—1
h = [(p—l)'zp’} + hep® + herp™ - D

Jj=

with 0 < h, < p — 1. Note that e = 0 is allowed in the above. In this case
ho < p — 1. As remarked in [8, Section 5],

N(h,p) =2(p —1— he)p® + h. 2

By claim (2) of Lemma 1.3, V}, ,, admits a 1-dimensional section if and only if
0 € Jy(k,n), namely k/2 <, n+ 1.

Lemma 2.3. Let k be even. Then k/2 <, n+ 1 if and only if p° divides k and

]f t ‘ r ‘ v Si+t; )
STt ALEIED SUPEES B ACED DY BENC)
j=0 i=1 j=s;
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for an integer t > —1, a nonnegative integer r, positive integers s, Sa, ..., s, and
nonnegative integers t1,to, . .., t, such that

t+r>0, t+1<s,

s1+ti4+1<s9, So+to+1<s3, ... ,S—1+t—1+1<s,,
p—1>hjr. forj=0,1,...,¢,
hets, 70 fori=1,2,...,r, and

P=1>heray; fori=1,2,...,r, j=1,2,... t.

We will turn to the proof of this lemma in a few lines. We make a few

remarks first. If t = —1 then Z;ZO hjtep’ = 0 by convention, while if r = 0
then Y7, [p**t+! = 377" hj,p’] = 0. Note that either ¢ > 0 or r > 0, since

t+r > 0. Note also that, if we put ¢t = r = 0 in (3), then we obtain n = N (h,p)
as in (2).

Proof of Lemma 2.3. We only give a sketch of the proof of the ‘only if’ part of
the lemma, leaving the rest and all details for the reader. Note that n = k + h.
Let k/2 = ko + k1p + kop? + - - - be the expansion of k/2 to the base p. So,

n+1=[2ko+2kip+--]+ (14 he)p® + hes1D"T! + hepop™ +---].

It follows that k/2 <, n+ 1 only if kg = k1 = - - - = ke—1 = 0. Therefore, assum-
ing that k/2 <, n+1, we obtain that p° divides k/2. Assume first that k. # 0 and
let ¢t be the largest integer such that k; # O forevery j =e,e+1,...,e+t. Then
condition k/2 <, n+1 implies that k; = p—h;—1forevery j = e,e+1,... , e+t.

So,
t t

Z kj+epj+e _ pt+e+1 _ pe _ Z hj+epj+e~

Jj=0 j=0
If k; = 0 for every j > e+t then k/2p° is as in (3) with r = 0. Suppose that k; #
0 for some j > ¢ + e and let s; be the smallest integer j > ¢ such that k. # 0.
As keyy11 = 0 by the choice of ¢, we have s; > t 4+ 1. Moreover, k/2 <, n+1
forces keis, = p — hets,- Hence h.is, # 0, because k.5, # 0. Let ¢; be the
largest integer such that k; # 0 for every j = e+ s1,e+s1+1,...,e+ 51 + t1.
Then keys,4j = p — 1 — heys, 4 for j = 1,2,...,¢;. For these values of j we
have h¢is,+; < p— 1 because k.5, 4+, # 0. Moreover,

s1+t1 s1+t1
j+e _ t1+s1+e+1 I+e
E kj+ep7 =pt - E hj+ep] .
Jj=s1 Jj=s1

It is now clear how to go on. We end up with (3). We have assumed k. # 0. If
k. = 0 then we still obtain (3) but with ¢t = —1. In this case s; is the smallest
integer j such that k; . # 0. O
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Proposition 2.4. We have 0 € J,(k,n) if and only if k is even, p°® divides k and
k/2p€ is as in (3) of Lemma 2.3.

Proof. By claim (2) of Lemma 1.3, 0 € J,(k,n) if and only if k is even and
k/2 <, n+ 1. Lemma 2.3 yields the conclusion. O

2.4 The basic series and the pole

For 0 <4 < |k/2], where |k/2] is the integral part of k/2, we denote by Vk(f;)
the subspace of W}, ,, spanned by the vectors ¢, ,(X) for a k-subspace X of V

with dim(X N X+) > k — 2i. In particular, Vk(k’") = Vin. Clearly, Vk(f’;i) is
G-invariant and Vk(f’;) C Vk(fg;) for 0 <i < j < |k/2]. Note that k — 2| k/2] is
equal to 0 or 1 according to whether & is even or odd. In any case, ,ff’i)k o) =

Wi n. We put Vk(i’;) := 0, by convention. The series of the G-submodules of
Wi, defined above is called the basic series of G in W ,,:

0=V Vi vt C o VI ) = Wi,

When & is odd the clause ¢ < k/2 — 1 is equivalent to ¢ < |k/2|. When £ is even
and i = k/2 — 1 then VQ(k’") is a hyperplane of Vo(k’") = Wi .

Let 0 < i < k/2. Given a totally singular (k — 2i)-subspace X of V, choose a
k-subspace Y of V such that Y N Y+ = X and put

k,n k,n k,n
i(X) = Lk,n(y) + VF72¢)+2 € PG(VI€(72i)/Vk(72i)+2>'

Proposition 2.5. The mapping p; is well defined, it is an embedding of Aj_o;
in PG(V,C(E’;) / Vk(ig?w) and it is isomorphic to the natural embedding ey _2;n
Of Ak,%.

(See [8, Theorem 3.5]; we warn that the universality of e;_s; ,, is exploited in
the proof of that theorem.) As recalled in the introduction of this paper, if & is
odd then G acts fixed-point-freely on PG(W}, ) while when & is even G fixes
exactly one point Py ,, of PG(W} ,), called the pole of G in W}, ,,. Clearly, G
stabilizes the 1-dimensional subspace (Vz(k’”))“r of Wy, (where 1 is defined
as in Section 2.3). Hence P, = (V*"™)Lx,

Proposition 2.6. Py, = (vp, ) where vp, , = ZJe(k§2) es A fi.

(See [8, Lemma 4.2].) We take the vector vp, , as the canonical representative
of Py . The following is also proved in [8, Theorem 4.3]:



On Weyl modules for the symplectic group 95

(n)

Proposition 2.7. We have vp, , € V. if and only if p divides (,, /2)

As said in the introduction, Py ,, is contained in Vk(k’”) = V4, if and only if the
socle S(V} ) of Vi, is 1-dimensional, namely Py ,, = S(Vi,,). Let ¢ be minimal
with vp, , € Vk(k;) Then vp, , € V520 \ ka22)+2' The next proposition gives
necessary conditions for this to happen.

(k,n)

Proposition 2.8. Assume that vp, , € Vk(kznl \ Vieloiy

i < k/2. Then:
(1) p divides (k/;‘ﬂ.);
@) k/2—i<,n+1;

(3) either p divides both ("~ %**') and (k%:) or it divides neither of them.

5 for a nonnegative index

Proof. Let vp,, € Vk(f’zni) \ Vk(f;lr2 Then dim(S(Vi—2i»)) = 1 by Proposi-
tion 2.5, hence p divides (k/g_i) by Proposition 2.7 and k/2 —i <, n + 1 by
claim (2) of Lemma 1.3 applied to Vj,_o; ,,. Claim (3) follows from [8, Proposi-

tion 4.7]. O

3 Irreducible sections

In this section we show how to exploit claim (2) of Lemma 1.3 and the infor-
mation collected in Section 2 to prove that every irreducible section of V;, ,, has
dimension as it can be obtained from Theorem 1.1.

3.1 A few lemmas

Let B be the Borel subgroup of G stabilizing the chamber ({ey, ..., e;))7_; of A
and let U be the unipotent radical of B. For every i = 0,1,...,|k/2]| we put

€ = €{1,2,....k—2i} and
v; = > esAfr
Je ({k 27.+1.,.,,n})
So, ¢€; corresponds to the subspace 4; := (eﬁf 2 of V and (7;) is the local
pole of G at A;, namely the pole of the group induced by G4, on W4, :=
AP ek—2i41s -+ Cny flm2it1s- - s Fr) = Woin_kt2ie

Lemma 3.1. A vector of Wy ,, is fixed by U if and only if it belongs to (€; AT;); Lk/QJ.
A point of PG(Wy, ,,) is fixed by B if and only if it is equal to (€; A v;) for some
i=0,1,...,]k/2].
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Proof. Let ©y, be the set of ordered triples (X,Y, Z) of pairwise disjoint (and
possibly empty) subsets of I = {1,2,...,n} such that |X| + 2|Y| + |Z| = k.
Every vector v € W}, ,, can be written in a unique way as a linear combination

v = Z Ax,y,zex A (ey A fy) A fz.
(X,Y,Z)€0

Suppose that U(v) = v. This condition is equivalent to L(U)(v) = 0, where
L(U) is the nilpotent subalgebra of the Lie algebra L(G) of G corresponding
to U. Considering elements of L(U) corresponding to long roots, it is straight-
forward to check that \x y z = 0 whenever Z # (). So,

UZZ(/\)QYex/\(ey/\fy) |XﬁY=@,‘X‘+2|Y‘=k’)

where A\xy := Ax yg. We can now consider elements of L(U) corresponding
to short simple roots or sums of short simple roots. Given two disjoint subsets
X,Y C I such that |X| + 2|Y| = k, we write X < Y if every element of X
is smaller than all elements of Y. Recalling that the elements of L(U) map v
to 0, one can see that Axy = 0 only if X < Y and that if X < YY"’ then
Ax,y = Ax,y’. We leave details for the reader. At this stage,

v=> (Axyex Aley Afy) | X <Y, |X|+2Y] = k).

It remains to prove that X is an initial segment of I. This can be seen by
considering elements of L(U) corresponding to sums of short simple roots and
one long root. Again, we leave details for the reader. The first claim of the
lemma is proved.

Turning to the second claim, note that if B((v)) = (v) then U(v) = v. There-
fore, if (v) is fixed by B, then v € (¢; AT;) ¥/* say v = S/ A&, AT;. Let now
H be the Cartan subgroup of B stabilizing each of the subspaces (e; Av;). Recall
that H = (F*)". If g € H corresponds to (¢1,...,t,) € (F*)", then g maps v to

Lk/2]
g(U) = Z (tl . ‘tk—Qi) . Aié\i AN il\z
i=0
The vectors €; A v; are independent, the scalars ¢4, . .., t, are arbitrary elements
of F* and F* contains at least two elements. It follows that H(v) € (v) if and
only if v is proportional to one of the vectors ¢; A ;. O

Lemma 3.2. For J C I = {1,2,...,n}, let j = |J|, put V’ = (€is fidiens =
V(2n —25,F)and W ; = ANV =Wy, and let Vi), = Vi, ; be the
subspace of W,/ ; spanned by the vectors representing totally isotropic subspaces
of V. Then ey ANV i = (e AW ;) 0 Vi .
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Proof. Clearly e; A V! ; C (e; AW ;)N Vi,. To prove the converse, we
exploit a result by De Bruyn [11]. As in the proof of Lemma 3.1, let O be the
set of triples { X, Y, Z} of (possibly empty) subsets of I such that X, Y and Z are
pairwise disjoint and | X |[4-2[Y'|+|Z| = k. Then {ex A(ey A fy) A fz}x. v,z €0,
is a basis of Wy ,,. For every ! € {0,..., ng b, let 00 Wy, — Wy_an, be the
linear mapping defined as follows on the basis vectors ex A (ey A fy) A fz of
kan:

Opi:ex Ney Afy) A fz — Z ex A(ey' A fy/) A fz
Y'Y, Y/ |=|Y|-1

with the convention the sum is 0 when |Y| < [. (Note that 6, ; only effects the
anisotropic term ey A fy of the vector ex A (ey A fy) A fz leaving the isotropic
term ex A fz unchanged.)

k

De Bruyn [11, Theorem 3.5] proves that V , = ﬂiL:"’f ker(f,;). So, let v €
(es A W,;’_j) N Vi, S8y v = ey A w for a suitable w € W,;’_j. Asv € Vi, we
have 0, ;(v) = 0 forevery i = 1,..., | %]. However, it is clear from the definition
that Oy, i (eg Aw) = ey AOJ_; ,(w), ' =1,...,[*52], where 6]_, ,: W;/_, —
Wi—j—2i/.n—j is defined just in the same way as 6, ;, but on W,;’_j = Wi jn—j-
Since 0y, ;(v) = 0 forevery i = 1,..., | %], we must have ng—j,i’ (w) = 0 for every

. =)
i =1,...,|%5%). However, N\, 2 ' ker(6/_,,) = Vi, by [11, Theorem 3.5].

Hence w € V;/_ ;- O

Lemma 3.3. The module V. .,/ R(V} ) is self-dual.

Proof. With a(.,.) as in Section 2.3, let f be the linear mapping from V}, ,, to
its dual V¥, sending v € V}, ,, to the functional f, that maps every = € Vj,, onto
ag (v, x). As R(V4 ) is the radical of the restriction of ay, to Vj, ,,, the linear map-
ping f induces an isomorphism ]?from Vien/R(Vi ) to its dual (Vi .,/ R(Vi,n))*
Clearly, G commutes with f Hence Vi n/R(Vin) = (Vin/R(Vin))* as G-
modules. O

The next lemma immediately follows from Theorem 1.1, but we prefer not
to use that theorem, as far as possible. So, we shall give a more straightforward
proof here.

Lemma 3.4. IfV, ,,/R(V, ) =V, ,/R(Vs ) as G-modules, then r = s.

Proof. Let B and B’ be the stabilizers of the chambers ({e1,...,¢;))" ; and re-
spectively ({f1,..., fi))’, and let U and U’ be their unipotent radicals. Let
Vin/R(Vin) & Vsn/R(Vs,y) and put J, = {1,2,...,r} and J; = {1,2,...,s}.
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Let f be an isomorphism from V ,,/R(V; ) to V. ,,/R(V; ). Turning to the Lie
algebra L(G) of G, V,,/R(V,,) and V; ,,/R(V; ) are also isomorphic L(G)-
modules. Moreover, e, and e;, are highest weight vectors in V, , and V; ,
respectively, where the positive (negative) roots correspond to the root sub-
groups of U (respectively, U’). It follows that f(e;,) is R(V, ,)-equivalent to
a weight vector of V,.,,. Similarly, f~'(e;,) is R(V;,)-equivalent to a weight
vector of V; ,,. Therefore, if A(U’) is the subalgebra of the enveloping associa-
tive algebra of L(G) generated by the subalgebra of L(G) corresponding to U’,
then f(es,) + R(V;n) = wi(ey,.) + R(V,,,) for an element u; € A(U’). Simi-
larly, f=(es,) + R(Vs) = uz(ey,) + R(Vy,,) for an element uy € A(U). Hence
ey, + RV, n) = ua(f(es,)) + R(V,.,). It follows that usui(ey,.) + R(V;n) =
e, + R(V;.y). This can happen only if usu; = 1, namely uy = uy = 1. This
forces f(e;, ) = ey,. Let A\, and A, be the fundamental dominant weights rel-
ative to the types r and s respectively and let  be the Cartan subalgebra of
L(G), relative to the choice of ({ei,...,e;))" ; as the fundamental chamber.
Then h(e;, ) = A-(h)ey, and h(es,) = As(h)ey, for every h € H. However,
f(es.) = ey, and f is an isomorphism of L(G)-modules. Therefore \s;(h)e;, =
hes) = h(f(es,) = f(hles)) = FO(R)es) = M(h)f(es,) = Ar(h)ey

Hence A\ (h) = A.(h) for every h € H. It follows that r = s. O

3.2 From Lemma 1.3 to Theorem 1.1

Lemma 3.5. Every irreducible section of Vj, ,, is a copy of a section V;.,,/R(Vy )
for some nonnegative integer r < k.

Proof. By induction on k. If kK = 1 then V; ,, = V(2n,F), which is irreducible.
In this case there is nothing to prove. Let k¥ > 1 and let S’/S be an irreducible
section of Vi ,. If S’ = Vi, then S = R(V},) and we are done. So, let
S" C Vim, namely 8" C R(V,). Then Vi, C TV = St o T o= Gl
Moreover, T/T" is dually isomorphic to S’/S.

We shall now exploit the basic series of G in Wy, ,,. Suppose that T'N V(k’".)
Vi =1 v v for every i. However T V"3 > 7' n Vk(k;)
for at least one i, smce T > T and U1>0ka21) Wi.n. Let i be such that
TﬂVk(f;) OT ﬂVk i s ), but as small as possible. Certainly i > 0, since TNVin =
T'NVin = Vin. Choose z € TN V(k ”) \T' N (k ") Since by assumption
TN Vk(k;) V(k;)ﬁ =T7'nN Vk(f;.) Vk(f;)w, we have r =a +ywith2' €

T’ﬂV,fk;) andy € Vk(k;)H So,y=x—2' € TN Vk(k;llrz By the minimality of i,
k,n)

TN Vk(k;)ﬁ =T'N Vk( 9o Therefore y € T". It follows that » = 2’ +y € T7,
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contrary to the choice of z. This contradiction shows that T'N Vk(f;) + Vk(ﬁz"zlﬂ >
(k,n)

k,n
AR N AN VAL

g2 for at least one ¢ > 0.

Let i > 0 be such that T n V¥ 4 viEm) o praylhn) V,C(EQZ)JFQ and

2i+2
consider the quotient

(k.n) (k;n)

TNV AVl

o (k,n) (kmn) -~

TN Vela! + Viladis

Then @ is a homomorphic image of T'/T’. However T'/T" is irreducible, since
it is dually isomorphic to S’/S which is irreducible. Hence Q = T/T". It fol-
lows that Q = T/T" is an irreducible section of V,*7")/ Vk(f;gr? The latter is
isomorphic to Vj_s; ,, by Proposition 2.5. Therefore ) = T'/T" is isomorphic
to an irreducible section of V},_s; ,. We can now apply our inductive hypothe-
sis: all irreducible sections of Vj_;,, are isomorphic to a section V,.,,/R(V;..,)
for some r < k — 2¢. Hence T/T" = V,.,,/R(V;.), namely S’/S is dually iso-
morphic to V,.,,/R(V,.,,). However V,.,,/R(V,.,,) is self-dual (Lemma 3.3). So,
S')S =2V, n/RVin). O

Lemma 3.6. Let S’/S be an irreducible section of Vj, ,,. Then there exists a unique
nonnegative integer r < k such that S'/S =V, ,,/R(V,. ). Moreover; there exists a
unique isomorphism of G-modules f: V, ,/R(V, ) = S'/S. Let J = {1,2,...,r}
If r < k then S’ contains a vector e¢; A vy where vy € VkJ_T = Vi—pn—r and
fles + R(Vrpn)) = es Avy + S (notation as in Lemma 3.2). If r = k then
S" = Vim, S = R(Vin) and f is the identity automorphism of Vi, .,/ R(Vi,n).

Proof. The existence of r follows from Lemma 3.5 and its uniqueness follows
from Lemma 3.4. Assume first that » < k and let f be an isomorphism from
Vin/R(V, ) to S’/S. Then f is induced by a unique homomorphism f: Vin —
S’/S. Let J = {1,2,...,r} and let B be the Borel subgroup of G stabiliz-
ing the chamber ({ei,...,e;))]—;. The fundamental weight vector e; of V.,
is mapped by f onto a vector v + S of S’/S on which B acts as on e;. (In
particular, B stabilizes (v) + S, but when saying that B acts on v + S as on
ey we say more than that.) For every X C J we can find a vector vx of
A=IX e, 1, en, f1,. .+, fa) insuch away thatv = Y . ; ex Avx. The vec-
tors vy are linear combinations of vectors ex A fri where K C {r+1,...,n},
H C{l,...,n} and |K|+ |H| = k — r. For every j € J, we can split vx as
vx = vk ;+vx ; where vk, ; 1s a linear combination of vectors ex A fy as above

with j € H while vy jisa linear combination of vectors ex A fg with j & H.
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So, v = 11;' +v; + w;' +w; where

+ - _ —
v = jexcyex Ny vy = Djexcyex Nox

+_
J
wh =", ex Avk w; =Y. ex Nuy

j JEXCI EX T EX j JEXCI EX X G
Let b be the element of B fixing e; and f; for i # j and sending e; to te; and f;
to ¢t~ f;. Then

b(v) —tv € S. 4

Indeed b(e;) = tey in V,.,, because j € J and b(v + S) = t(v + S). (Recall that
B acts on v + S as on e¢;.) On the other hand,

b(v) = U;_ +tv; + t_le +wj (5)

By substituting (5) in (4) we obtain that (1—t)v; + (¢! —t)w] + (1 —t)w; € S.
If ¢t # 1 then

_1_

1-1
By putting ¢t = —1 in (6) we obtain that

v;f + w;r +w; €8. (6)

J

v;f +w; € S. (7

Suppose that F contains at least four elements. Then we can assume to have
chosen t # 1,—1 in (6). Hence (t~' —t)/(1 —t) # 1 and by comparing (6)
with (7) we also obtain that wj € S. Therefore vj + wj +w; € S and
we can assume to have chosen the representative v of v + S in such a way
that v = v; = >’ ycsex Avy ;. However this holds for every j € J. By
considering the elements of J in some order and adjusting at every step the
choice of v as explained above, we can eventually assume to have chosen v so
that v = e; Avy where vy € W/ = A*""(e,11,...,en, frits---, fa) (nOtation
as in Lemma 3.2). On the other hand, e; Avy; € S’ C V;,,. By Lemma 3.2,
vy € V;',.. So, fles) = es Avy+ S with vy € V.. Note that no use is
made in the above argument of the hypothesis that S’/S is irreducible. We
have only exploited the existence of a surjective homomorphism of G-modules
F:Vin—8'/8.

Let now F = F3. (Recall that F # F, because char(IF) # 2 by assumption.)
Then (6) and (7) only allow us to choose v =)y ;ex A fnx Avx withvx €
W, for every X C .J. However, we can get out from this blind alley by the
following trick. Note first that the G-invariant subspaces of V}, ,, are precisely the
L(G)-invariant subspaces of V} ,,, where L(G) is the Lie algebra of G. However,
L(G) bears the structure of a vector space. So, given any extension F of F (for
instance, F = Fy), we can consider the scalar extensions L(G) := F ® L(G) as
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well as Vi, := F ® Vj,,,. For every a € L(G), x € V},, and scalars o, ¢ € F, we
have (e ®a) - (€ ® z) = (a€)(a-z) = a - (ax). Therefore the F-extensions of
the L(G)-invariant subspaces of Vj ,, are L(G)-invariant subspaces of V,p. In
this way, by replacing F with IF S with S =F® S, S’ with S .=F ® S’ and f
with the homomorphism F® f Vin — S /S, we are led back to the case where
|F| > 3 and we are done.

So far, we have assumed r < k. When r = k we can use the same argument as
above, except that now VkJ_T is the trivial (1-dimensional) G-module and e; Av
means the same as e;. In this case, f(eJ) = e;. As the G-orbit of e; spans Vj, ,,,
we obtain that S’ = Vj, ,,. Consequently, S = R(Vj ). As f(g(es + R(Vien))) =
g(fles+R(Vipn))) = g(es+5) for every g € G, the isomorphism f is the identity.
Turning back to the case of r < k, if there are two distinct isomorphisms f, fo
from V,.,,/R(V,.,) to S'/S then f := f, ' f, is an automorphism of V;.,,/R(V;..).
By the above, f = id. Hence f; = fo. d

In the next proposition S’/S is an irreducible section of V, ,, and r < k is
the nonnegative integer such that S’/S = V,.,,/R(V,.,,), existing and unique by
Lemmas 3.5 and 3.4.

Proposition 3.7. Let S'/S = V,.,,/R(V;.) be an irreducible section of Vi, ,, with
S" C Vi Thenr < kand r € Jy(k,n).

Proof. By Lemma 3.6, we have r < k and there exists a unique isomorphism
fiVin/RWV,pn) = 8'/S. PutJ ={1,2,...,r}and v+ S = f(es + R(V,,)). By
Lemma 3.6, we can choose v = ¢e; A vy W1th vy € ij’_r.

Let A = (ey,...,e,) and let L be the Levi complement of the unipotent radical
of the stabilizer of A in G. It is well known that L = L; x Ly where L; =
GL(r,F) and Ly = Sp(2n — 2r,F). The latter group acts naturally on V;/ =
Vik—rn—r (notation as in Lemma 3.2) and fixes e;. So, if g € Ly, thene; A (v —
g(vy)) = v —g(v) € S. Let S, be the subspace of V;/  formed by the vectors
z € V! such that e; Az € S. Clearly, S; is a submodule of V;” . By the
above, S’ := (v;,Sy) is also a submodule of V,f_,, and S; has codimension 1
in S’. Hence the composition series of V;/  admits a 1-dimensional section. By
Lemma 1.3, 0 € J,(k — r,n — r), whence r € J,(k, n). O

The first claim of the next proposition is a special case of Proposition 3.7.
However the argument we will use to prove the second part entails a proof
of the first claim. So, we prefer to regard this result as a new proposition,
independent of Proposition 3.7.
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Proposition 3.8. Let S # 0 be an irreducible proper submodule of Vj, . Then
S = V. n/R(V, ) for a unique integer r € Jy(k,n). Moreover, S(Vi_yn—r) is
1-dimensional.

Proof. Let B be the Borel subgroup of G stabilizing the chamber {(eq, ..., ;) ;.
By Lie’s Theorem, B stabilizes a 1-dimensional subspace (v) of S. By Lemma 3.1,
(v) = (€&; Nv;) for some i = 0,1,...,|k/2|. Without loss of generality, we may
suppose v = €; AU;. Letr =k —2i. Asv € Sand S C V,, the vector v;,
which generates the local pole of G at A; = (ei>f;12i, belongs to Vi_, ,_, by
Lemma 3.2. Hence (0;) = S(Vi—r n—r). Therefore dim(S(Vi—yp—r)) = 1.

As S is irreducible, the G-orbit of v spans S. Therefore S = V,.,,/R(V, ).
By Lemma 3.4, r is the unique integer such that S = V,.,,/R(V;.,,). By Proposi-
tion 3.7, r € J,(k,n). O

So far we have shown that claim (2) of Lemma 1.3 and the results collected
in Section 2 are sufficient to prove that the irreducible sections of V4, ,, have the
dimensions that can be obtained from Theorem 1.1. Two things remain to prove
in order to get back the whole of Theorem 1.1, namely the following:

1. At most one 1-dimensional section occurs in Vj ,,.

2. If V4—, ,—, admits a 1-dimensional section then V4 ,, admits a section iso-
morphic to V,.,/R(V, ).

Claim 1 is sufficient to prove that no two distinct irreducible sections of V; ,,
can be isomorphic. Indeed let S’/S = T'/T = V,, for irreducible sections
S’/S and T'/T of Vi, . Let J = {1,2,...,r} and choose v;,w; € Vi_y pn—y SO
that e; corresponds to e; Avy+ SinS’/Sandtoey; Awy+ T in T'/T. As in
the proof of Proposition 3.7, let S; = (g(vy) — vy)geq, S5 = (vs,5)), Ty =
(g(wy) —wy)geq and Th = (wy, Ty). Then S /S; and T /Ty are 1-dimensional
sections of Vy_,,,—,. By claim 1, S, = T} and S; = T;. Hence v; = wj.
Consequently S’ =T7" and S =T.

By Lemma 1.3, claim 2 is sufficient to prove that V}, ,, admits a section iso-
morphic to V;.,,/R(V,..), for every r € J,(k,n).

4 Geometric submodules of Vj,,

Put h := n — k, as in Section 2.3. Given a positive integer r < k and an r-
element X of A, we put V; = (exn((A%)r—r)), where AL, (A%)r—, and
ek.n((A%)r—,) have the meaning stated in Section 2.2. According to Proposi-
tion 2.1, the embedding ¢}, : (A )k—r — VX is isomorphic to 4y .
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Suppose that r € jp(k,n), namely the socle S(V;—; ) of Vi_p - is 1-di-
mensional. So, by Lemma 1.2, k£ — r is even and, for every r-element X of A,
the local pole Px of G at X is equal to S(V,jfn). (Recall that Px is the unique
point of PG(W,fn) fixed by the stabilizer Gx of X in G; see Section 1.) Then
n —r > N(h,p) by Proposition 2.2 applied to Vj_, ,—,. Hence n > N(h,p).
Therefore dim(R(V} ) > 1 again by Proposition 2.2, but now applied to V}, ,.

As in Section 1, let P, be the subspace of V} ,, spanned by the 1-dimensional
subspaces Py, for X an r-element of A. Clearly, P} ,, is stabilized by G. We call
Pp., a geometric submodule of Vj, ,, also geometric submodule of type r. Define
the following map

T Br = PG(PL ),
X — Px.

Theorem 4.1. The mapping ., is an embedding of A,. Moreover 7y, ,, is G-ho-
mogeneous and there exists a morphism from the natural embedding ¢, ,, of A,
to 7y, .-

Proof. Assume r < n, to fix ideas. The case of r = n can be dealt with in a
similar way, modulo minor modifications, which we leave to the reader.

We first show that lines of A, are mapped onto lines of Pr.n- Let Xy and X,
be two distinct collinear points of A,.. They are r-dimensional totally isotropic
subspaces of V. As they are assumed to be collinear, without loss of generality

we may suppose that X; = (e1,...,e,_1,¢e,) and Xo = (ey,...,€,_1,€r41). SO,
a point X3 # X1, X5 on the line of A, through X; and X, corresponds to an
r-dimensional totally isotropic subspace of the form (ej,...,e._1,€, + te,41),
teF\{0}.

By Proposition 2.6 and the proof of Proposition 2.1, we obtain that Px, =
(v1) and Px, = (vs), where

V] = Z eJ/\fJ/\(el/\-~-/\eT_1/\er),
e )
Vg = Z esNfrN(er A ANep_1 Aepgq).
JE({T'&J:QT’)”/Q”})
In order to compute Px, we need to extend the basis {e1,...,e,_1, €, +te;11}

of X3 to a basis of X3~ by adding a hyperbolic basis B of a complement of X3
in X3-. We make the following choice:

B = {er+2>er+37 <.y €En, %frJrl - fr7f7"+2; f’r‘+37 RN fn7€r}-
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We also put e, := —f, + 1 f.41 and f. := e,, regarding the symbol = as an
additional index, in order to get a list of n—r indices, namely r+2,743, ..., n, *.
With this convention, Px, = (vs) where

Vg = Z egNfrN(er A~ ANep—1 A(er +teryr)).
Je({r+2(,;tl;}“)./..2‘n,*})
It is now straightforward to check that v3 = vy + tv,. It is now clear that 7},
maps lines of A, onto lines of PG(P;, ).

We shall now prove that the map 7 , is injective. The group G permutes the
fibers of 7}, .. Moreover, G acts transitively and imprimitively on the point-set
of A,. Therefore, either T4, 1s injective or it maps all points of A, to one single
point. However, the previous discussion makes it clear that the latter case is
impossible. Hence Thn is injective.

So, m ,, is an embedding of A,. As g(Px) = Py(x) for every r-element X
of A and every element ¢ of G, the embedding 77, ,, is G-homogeneous. As the
natural embedding ¢, ,, of A, is absolutely univeréal, there exists a homomor-
phism of vectors spaces ¢: V;,,, — P}, such that ge,, = m ,, namely ¢ is a
morphism of embeddings from ¢, ,, to 7}, ,,. O

Corollary 4.2. Py, C R(Vin).

Proof. By Theorem 4.1, the embedding 77, ,, is a homomorphic image of ¢, .
Hence P}, is a homomorphic image of V;.,,. However dim(V,.,,) < dim(Vj ).
Therefore Py, C Vi, ,,. It follows that Pj;,, C R(Vj ), since Py, is G-invariant.

O

Letnow 1 < s < r and suppose that S(Vj_; ,,—s) is also 1-dimensional. Thus,
we can also consider the geometric submodule P} ,, of type s.

Lemma 4.3. P; , C Py .

Proof. Let X be an element of A of type s and let P% be the subspace of VX,
spanned by the set of poles Py for Y an r-element of A incident to X, namely
a point of (A%),_,. Then P% C R(V;Y,), by Corollary 4.2. However Px =
S(V,¥,) by Lemma 1.2. Hence Px C P%. On the other hand, P C Py .
Therefore P;;,, C Py ..

It remains to prove that P}, is properly contained in P; .. Suppose to the
contrary that Py, = Py . We know by the second part of Theorem 4.1 that
Pin = Vin/Uy and Py, = V;,, /Us for suitable subspaces U, and U of V.,
and V; ,, respectively. As both P;, and P;, , are G-homogeneous, both U, and
U, are G-invariant [7, Proposition 2.4]. Hence U, C R(V,,,) and Us C R(V,,).
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However V, ,, /U, = V;, /U, since Pin = Pin: This forces V. ,/R(V, ) to
be a quotient of V; ,, which is clearly impossible since V,.,,/R(V, ;) is irre-
ducible, V,,/R(V;,,,) is the unique non-trivial irreducible quotient of V; ,, and
Vin/R(Vin) % Vin/R(Vs ) because r > s (Lemma 3.4). O

Corollary 4.4. With r and s as above, the factor module Py, /P; ,, admits a
quotient isomorphic to V. ,/R(V,,,).

Proof. By Theorem 4.1, Pin = Vin /X for a submodule X of R(V,). So,
P/ Pin = V;n/Y for a submodule Y of V., containing X. Lemma 4.3 im-
plies that Y C V., whence Y C R(V,,,). O

Still assuming n > N(h,p) with h = n — k, let {ry,r2,...,r:} be the set of
integers 0 < r < k such that dim(S(Vy—,,—,)) = 1. We assume that r,...,7
are given in decreasing order, namely k > ry > ro > --- > r; > 0. So, r; =
n—N(h,p). If r, = 0 then dim(S(Vj,»)) = 1. In this case we put P;", := S(Vj ).
In any case, we set 7.1 := —1 and Pk_,ll =0.

Lemma 4.3, Corollaries 4.2 and 4.4 and Theorem 4.1 imply the following.

Theorem 4.5. With r1,7o,...,7: as above,

0="P,, CP, CPl Co- TP CP S R(Viw).
Moreover, for every i = 1,2,...,t the factor module Py, /P,:f;l admits a quo-
tient isomorphic to V., ,,/R(V;, »), with the convention that dim(V;, ,,) = 1 and
R(Vy, n) = 0when r, = 0.

We call (0,P",..., Py, Pyl,) the geometric series of Vj ,,. Clearly, all proper
submodules of V, ,, are geometric if and only if P,:ln = R(Vj ), the geometric
series is a composition series and it is the unique composition series of R(V} ,,)
(so, Vi, is plainly uniserial). However, in general, not all proper submodules
of Vj ,, are geometric. It can also happen that P,’ C R(V% ). The reader can
see the remark at the end of the next section for an example.

5 Proof of Theorem 1.4

Assume that jp(k,n) = Jp(k,n). Put h := n — k and let N(h,p) be defined as
in Section 2.3. Let n > N (h,p), otherwise R(V% ) = 0 and there is nothing to
prove.

Put N(h,n) := {m | h <m <nand 0 € J,(m — h,m)}. Clearly, N(h,p) is
the smallest member of N(h,n). Let hy, ho, ..., h; be the members of N(h,n),
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given in increasing order, so h; = N(h,p) < hy < -+ < hy—1 < hy < n. For
i=1,2,...,t putr; = n—h;. As in the previous section, (0, P;*, ..., P2, Pi.)
is the geometric series of Vj ,,.

Lemma 5.1. The geometric series of Vi, is a composition series. In particular
Pitn = R(Vie,n)

Proof. We must prove that the geometric series S := (P, ")i_, of Vj,, is a
composition series and its largest member P, is equal to R(Vj.n)- (Recall from
Section 4 that r.y1 = —1 and P, L = 0). The non-zero terms of S bijectively
correspond to the members of N(h,n). Let S be a proper submodule of V; ,,
such that P’ C S for some i <t + 1 and S/P;’, is irreducible. By Lemma 3.5,
S/P, = ‘/7"7777, for some r < k. By Proposition 3.7, k—re€ N(h,n). The proof
of Préposition 3.7 also shows that S contains e; A P, ,, where P, is the pole
of Gin W,.,, and J = {1,2,...,k — r}. Consequently, S contains the G-orbit of
ej A Py p,. This orbit spans Py ,,. Hence S contains Py, .. Since we have assumed
that S/P;’ is irreducible, either i > 1, r = r,_y and S = P,  orr = r;
for some j > 4. Assume the latter. The module S properly contains Pyl It
also contains the vector e; A P, = ej, A P, », where J; = {1,2,...,k —r;}.
As j > i, the vector e;; A P, ,, belongs to P,Zn So, ey AP, € P,Zn while,
according to the proof of Proposition 3.7, ey A P, ,, & P,:n We have reached a

contradiction. Therefore S = 73,:’; ',

By a similar argument, but exploiting Proposition 3.8 instead of 3.7, we can
see that P’ is irreducible. Therefore S is a composition series and P, =
R(Vie.n)- O

The following is also implicit in the proof of the previous lemma.
Lemma 5.2. dim(P}’, /P ) € Jy(k,n) forevery i =1,2,... 1.

In order to finish the proof of Theorem 1.4 it remains to prove that the geo-
metric series of Vj, ,, is the unique composition series of V}, ,,. By way of contra-
diction, suppose it is not. Then for at least one index i < s the geometric sub-
module P;’ admits two proper submodules S; and S; such that P, = S;+55.
On the other hand, P,Zn is a homomorphic image of V,., ,,, by Theorem 4.1. Let
S1 and S» be the pre-images of S; and S» by the projection of V., ,, onto Pgn
Then V,, , = S1 + S2. However this is impossible. Indeed both S; and S are
proper submodules of V,., ,,, whence they are both contained in R(V,, ,,).

Remark 5.3. Fori=1,2,...,t, let k; = n— h;. In general J, (k;,n) C J,(ki, n).
Indeed, while 0 € J,(k,n) implies 0 € J,(k;,n), the converse is false in general.
To fix ideas, suppose that ¢ = 2 and n € N(h,n). So, hy = N(h,p) and hy = n
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are the only members of N(h,n). Then dim(S(Vi,)) = 1 and R(Vi.n)/S (Vi)
is irreducible. Suppose that N(h;,n) contains at least two members and n is
one of them. If fp(kl,n) = Jp(k1,n) then S(V4, ) would be a 1-dimensional
proper submodule of R(Vj, ). However R(Vj ,) is a quotient of Vj, ,, say
R(Vin) = Vi, .n/S for a suitable submodule S of V4, ,,. On the other hand, S is
contained in R(Vj, ) and it contains S(Vj, »). So, no 1-dimensional submod-
ule can appear in Vj, /S, while R(V; ,,) does admit a 1-dimensional submod-
u~le; we have reached a contradiction. Therefore, in the considered situation,
Jp(kl, Tl) C Jp(kl,n).

For a concrete example of the above situation, choose p = 3, h = 0 and
n = 16. Then N(h,n) = {4, 16}, whence h; = 4. We have N(hy,n) = {6,12,16}
and R(Vi2,16) admits a unique composition series 0 C S; C Sy C R(Vi2,16)
where S = S(Vig,16) = Vii6/R(Va,16), S2/S1 = Vig,i6/R(Vio,16) and Sy is a
hyperplane of R(Vi2,16).

6 Proof of Corollary 1.5

Put h := n — k and assume h < p — 1. Then e = 0 in the expansion of h to
the base p (see formula (1)). As a consequence, the second sum of formula (3)
of Lemma 2.3 vanishes while the first sum contains just one summand, namely
ho = h. Thus, by Proposition 2.4, 0 € J,(k,n) if and only if n = 2(p* — 1) — h
for a positive integer ¢. So, in order to show that the hypotheses of Theorem 1.4
are satisfied we only need to prove the following:

Lemma 6.1. Let n = 2(p* — 1) — h. Then dim(S(Vi.,)) = 1.

Proof. If t = 1 then n = N(h,p) by formula (2), hence dim(S(V%,,)) = 1 by
Proposition 2.2. Assume ¢ > 1.

We first show that vp, , € Va*" by showing that p | ()2)- To this end, we
introduce the symbol ord,(m). For a positive integer m, we denote by ord,(m)
the largest exponent f such that p/ divides m. It is well known that ord,,(m!) =
> ;1lm/p’ |, where [m/p’ | is the integral part of m/p’ (see [12, Theorem 416]
for instance). Therefore

() S (G-G)e

Given an integer « > 0 we denote by |z|, the remainder of its division by p.

By exploiting formula (8) and recalling that n = 2(p* — 1) — h and k =
n—h = 2(p' — 1 — h), it is straightforward to check that, for a nonnegative
integer x < k/2,
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p divides (’;) iff |z], > p—1— h. ©)

It follows that p divides (,},). Indeed k/2 =p' =1 —h =p' —p+[p—1—hl.

k/2
Since p divides (,,), the pole Py, = (vp, ) of G in V4, is contained in v,

by Proposition 2.7. Let j < k/2 be the least nonnegative integer such that
vp,., € Vk(f’;;), namely vp, , € Vk(f;;) \ Vk(fgz) 5~ In order to prove the lemma
we only must show that j = 0.

Letr := 2(p—1—h). By (9), r is the smallest even integer such that p divides
(r%). Hence k — 2j > r by the minimality of ». So, j < (k —7r)/2 = p' — p. In
order to align our notation to that of Proposition 2.8, we set k —2j = r + 2i. So,
0 < i < p* — p and the equality j = 0, which we want to prove, is equivalent to
i=pt—p.

By condition (1) of Proposition 2.8, p divides (, /;L H.). Hence |r/2 + i|, >
p — 1 — h, by equivalence (9). Asr/2 =p—1—hand h < p — 1, the previous
inequality is equivalent to the following:

li], < h. (10)

On the other hand, condition (2) of Proposition 2.8 implies that r/2+i <, n+1,
namely
p—1-h+i<,2(p'—1)—h+1=2p"—1-h. (1D

In view of (10), condition (11) implies |i|, = 0 and i <, p* — p. So,
i=i1p+iop®+--+ipap'!
where iq,1s,...,7;—1 € {0,p — 1}. Consider now the binomial coefficient
( k/2 ):( k/2 ):(pt—l—h>
k/2 —j r/241 p—1—h+i)

k/2

By exploiting formula (8) one can see that p divides (T Jori

) if and only if

p+ip+iop® + - +igp® > pttt

for at least one s € {1,...,t — 1}. However, this is impossible, since p + i1p +
iop? + -+ + igp® < ptl. Therefore, p does not divide (k%:) In view of

Proposition 2.8 (3), the prime p neither divides

(5= Rt = (V)
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By exploiting (8) once again, one can see that (2(;:;:5;?7%) is prime to p if and
only if
2p + 2i1p + 2igp® + -+ 2ip® > p*TL 4 b

forevery s = 1,2,...,t — 1. This condition implies that iy > (p — 1)/2 for every
s=1,2,...,t — 1. However, i; € {0,p — 1}. Therefore, is = p — 1. It follows
that i = p* — p. Equivalently, j = 0. O

Conjecture 6.2. Let e be as in formula (1). We conjecture that dim(S(Vy ,,)) =1
ifand only if k = 2p° - [ptT!1 —1 — Z;zo hjtep?] for an integer t > —1 (compare
Lemma 2.3, formula (3)). This would include Lemma 6.1 as a special case.
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