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Rigidity theorems for compact Bach-flat manifolds

with positive constant scalar curvature
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Abstract. In this paper, we prove some rigidity theorems for compact Bach-flat n-
manifold with the positive constant scalar curvature. In particular, our conditions in
Theorem 2 have the additional properties of being sharp.

Key words: Bach-flat, constant curvature space, Weyl curvature tensor, trace-free
Riemannian curvature tensor.

1. Introduction

Let (M",g) (n > 3) be an n-dimensional Riemannian manifold with
the Riemannian curvature tensor Rm = {R;;x; }, the Weyl curvature tensor
W = {Wi;u}, the Ricci tensor Ric = {R;;} and the scalar curvature R. For
any manifold of dimension n > 4, the Bach tensor, introduced by Bach [2],
is defined as

1

Bi'E
7T n—3

1
VAV Wi + mR’leikﬂ. (1.1)

Here and hereafter the Einstein convention of summing over the repeated
indices will be adopted. In [20], Korzynski and Lewandowski proved that
the Bach tensor can be identified with the Yang-mills current of the Cartan
normal conformal connection. Recall that a metric g is called Bach-flat if
the Bach tensor vanishes. It is easy to see that B;; = 0 if (M", g) is either
locally conformally flat, or an Einstein manifold. In the case of n =4, g is
Bach-flat if and only if it is a critical metric of the functional (see [3], [15])

W g / (W, |2dV,.
M
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Now we introduce the definition of the Yamabe constant. Given a com-
plete Riemannian n-manifold (M™,g) of dimension n > 3, the Yamabe
constant Y (M, [g]) ([g] is the conformal class of g) is defined as

4(n—1
/ (quﬁ + Ru2>dVg
= inf M — .

0£ueCse (M™) (n—2)/n
0 </ ’u‘Zn/(n—2)dvg>
M

The important works of Aubin [1], Schoen [23], Trudinger [27] and Yamabe
[28] showed that for compact manifolds the infimum in the above is always

achieved. There are noncompact complete Riemannian manifolds of negative
scalar curvature with positive Yamabe constant. For example, any simply
connected complete locally conformally flat manifold has positive Yamabe
constant (see [25]). Furthermore, for compact manifolds, Y (M, [¢]) is deter-
mined by the sign of the scalar curvature R (see [1]), and for noncompact
manifolds, Y (M, [g]) is always positive if R vanishes (see [10]).

The curvature pinching phenomenon plays an important role in global
differential geometry. Some isolation theorems of Weyl curvature tensor
of positive Einstein manifolds are given in [17], [19], [26], when its L%-
norm is small. Recently, two rigidity theorems of Weyl curvature tensor of
positive Einstein manifolds are given in [5], [13], [14], which improve results
due to [17], [19], [26]. The first author and Xiao have studied compact
manifolds with harmonic curvature to obtain some rigidity results in [11],
[12]. Here when a Riemannian manifold satisfies §Rm = {VlRijkl} =0, we
call it a manifold with harmonic curvature. Bach-flat manifolds have been
studied by many authors. For any complete Bach-flat manifold, Kim [21]
has studied their rigidity phenomena and derived that a complete Bach-flat
4-manifold M* with nonnegative constant scalar curvature and the positive
Yamabe constant is an Einstein manifold if the L?-norm of the trace-free
Riemannian curvature tensor Rm is small enough. Later, Chu [6] improved
Kim’s result and showed that M? is in fact a space of constant curvature
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under the same assumptions. Chu and Feng [7] proved the rigidity result
for n-dimensional Bach-flat manifolds with constant scalar curvature and
positive Yamabe constant. For a compact Bach-flat manifold M* with the
positive Yamabe constant, Chang et al. [9] proved that M* is conformal
equivalent to the standard four-sphere provided that the L?-norm of the
Weyl curvature tensor W is small enough, and also showed that there is
only finite diffeomorphism class with a bounded L?-norm of W.

Now, we are interested in LP pinching problems for compact Bach-flat
manifolds with positive constant scalar curvature. In this paper, under
some LP pinching conditions, we show that the compact Bach-flat manifold
with positive constant scalar curvature is spherical space form or Einstein
manifold. More precisely, we have the following theorems:

Theorem 1 Let (M",g)(n > 4) be an n-dimensional compact Bach-flat
Riemannian manifold with positive constant scalar curvature. For p > n/2,

if
. 1/p
</|Rmmwg < e(n)Y (M, [g])"/?P RY—"/20
M

where e(n) is a constant depending only on n, i.e.,

n—2 ) n
4m—1mcmywn—m 12j3>7 n=tomir=y
{m;(zg(_zpn;n)r/% (6 — n)p ___

2(n—1)(2p—n) <C(n) + (n—2) 2(n—1)>
e(n) = ifn=4,5 andg<p<%,
1
= (cn + -2,/ =2)
0> 6andp> " orifn=14,5andp> anLQ,

and C(n) is defined in Lemma 1, then (M",g) is isometric to a quotient of
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the round S™.

Corollary 1 Let (M™,g) (n > 4) be an n-dimensional compact Bach-flat
Riemannian manifold with positive constant scalar curvature. If

(Aﬁmmwww)wn<dmymamx

where

, ifn=4,5,
4(n—1)<C(n)+(n—2) 2&‘_%)
e(n) =
1
= ,  ifn>6,
(n—l)(C(n)—i—(n—Q) M)

then (M™, g) is isometric to a quotient of the round S™.

Remark 1 The above LP-pinching condition in Theorem 1 is invariant
under any homothety. L"™/? trace-free Riemannian curvature pinching theo-
rems have been shown by Kim [21], Chu [5], and Chu and Feng [7], in which
the pinching constant are not explicit, respectively. Theorem 1 extends the
LP trace-free Riemannian curvature pinching theorems given by [5], [7], [21]
in power p =n/2 to p > n/2.

Theorem 2 Let (M",g) (n > 4) be an n-dimensional compact Bach-flat
Riemannian manifold with positive constant scalar curvature. If

(/‘ 2\fn— )Ric@g

where

n/2 2/n
dn) <OMYOLE).  (12)
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then (M™,g) is an Einstein manifold. In particular, for n = 4,5, then
(M™, g) is isometric to a quotient of the round S™; for n > 6, if the pinching
constant in (1.2) is weakened to 2Y (M, [g])/nC2(n), where Cy(n) is defined
in Lemma 2.1 of [14], then (M™,g) is isometric to a quotient of the round
S”.

Remark 2 When n > 6, the inequality (1.2) of this theorem is optimal.
The critical case is given by the following example. If (S'(t) x S"71, g;)

is the product of the circle of radius ¢ with S"~!, and if g; is the stan-
dard product metric normalized such that Vol(g;) = 1, we have W = 0,

g¢ is a Yamabe metric for small ¢ (see [24]), and ( [}, |ch|”/2dV )Z/n =

Y (M, |g])/+/n(n — 1), which is the critical case of the inequality (1.2) in
Theorem 2. We know that (S'(t) x S*71,g;) is not Einstein.

Corollary 2 Let (M*,g) be a 4-dimensional compact Bach-flat Rieman-
nian manifold with positive constant scalar curvature. If

5 . 1
/M W 2dV, + 1 /M |Ric|?dV, < B /M R?dV,, (1.3)

then (M*, g) is isometric to a quotient of the round S*.

Remark 3 By the Chern-Gauss-Bonnet formula, the pinching condition
(1.3) in Corollary 2 is equivalent to the following

2 160
/M W 2dV, + 39 /., R2dV, < —n?%x(M), (1.4)

7713
where x (M) is the Euler-Poincaré characteristic of M.

Theorem 3 Let (M™,g) be an n-dimensional compact Bach-flat Rieman-
nian manifold with positive constant scalar curvature. If

1 2
2(n—=2)(n—1)

W% + |Ric|? < (1.5)

2(n —2)

then (M™,g) is isometric to either an Einstein manifold or a quotient of
St x S"=1 with the product metric.

Corollary 3 Let (M™,g) be ann = 4 or 5-dimensional compact Bach-flat
Riemannian manifold with positive constant scalar curvature. If
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1 2
2(n—2)(n—1)

W%+ |Ric|? <

n
2(n —2)
then (M™, g) is isometric to either a quotient of the round S™ or a quotient
of St x S*=1 with the product metric.

2. Proof of Theorem 1

Let (M™, g) (n > 3) be an n-dimensional complete Riemannian man-
ifold with the metric g = {g;;}. Denote by Ric = {R;;} and R the Ricci
tensor and the scalar curvature, respectively. It is well known that the Rie-
mannian curvature tensor Rm = {R;;;;} of M™ can be decomposed into
three orthogonal components which have the same symmetries as Rm

Rijri = Wijrg + Vijra + Ui,

Vijkt = p— (Rikgjl — Rugjn + Rjgix — éjkgil)v

TL(TL— 1) gzkgjl gzlg]k 9

Uijri =

where W = {Wiju}, V ={Vijr} and U = {U;jx} denote the Weyl curva-
ture tensor, the traceless Ricci part and the scalar curvature part, respec-
tively, and Ric = {Rw} = {R;; — (R/n)gi;} is the trace-free Ricci tensor.
Denote by Rm = {R”kl} = {Rijri — Ujji} the trace-free Riemannian cur-
vature tensor. In local coordinates, the norm of a (0,4)-type tensor T is
defined as

’T|2 — |Tijkl|2 = gimgjngksgltﬂjlemnst-

The following equalities are easily obtained from the properties of Rie-
mannian curvature tensor:

gikéijk:l = éjl, (2.1)
Rijr + Rijr, + Rirty = 0, (2.2)
Rijir = Riij = —Rjim = —Rijue, (2.3)

4 o
|IRm|? = W2+ V]2 = |W|*+ n_Q\Rz'c\z. (2.4)
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Moreover, under the assumption of constant scalar curvature, we get
vhéijkl + Vzﬁiz'jhk + kau’ijlh =0, (2.5)
and
VWi = V' Rijr — V'Vijk — VUi
=V'Riju — V'Vij

n—3 o o
=9 (VjRi — ViRjk)
n—3_;-
= 2lel-jkl. (2.6)

Since n > 3, from (2.4) we see that
o2 _Mm—2) o 2
|Ric|” < T‘Rm‘ . (2.7)

Let A%2(M) and ®2(M) denote the space of skew symmetric 2-tensors
and 2-tensors, respectively. It is easy to know that the dimension of A%(M)
and ®2(M) is n(n — 1)/2 and n?, respectively. Let T = {T};x} be a tensor
with the same symmetries as the Riemannian curvature tensor. It defines a
symmetric operator T : A2(M) — A%(M) by

(Tw)kr == Tijriwiy,

with w € A%(M). Similarly, it also defines a symmetric operator T :
®*(M) — ®*(M) by

(T0) 1 = Thi1;0i5,

with 6 € ®2(M).
In order to prove Theorem 1, we need the following lemma:

Lemma 1l Let (M™, g) (n> 3) be an n-dimensional Riemannian manifold
with constant scalar curvature, then

RIM AR, 1y > —C(n)|Rm)? + 2R,V Ryjjm + A(n)RIRm|?,  (2.8)
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where

1
j? 'lfRZO,

il if R <0,
n

and C(n) = 4(n?—-2)/nvn2 -1+ (0?2 —n—4)/y/(n—2)n(n2-1) +
Vi —2)(n—1)/n.
Remark 4 Although Lemma 1 and the explicit coefficient of the term

|Rm|? of (2.8) have been proved in [6] and [12] respectively, for completeness,
we also write it out.

Proof. To simplify the notations, we will compute at an arbitrarily chosen
point p € M in normal coordinates centered at p so that g;; = d;;. We
obtain from (2.3) and (2.5) that

éijklAf?ijkl = éijklvmvméijkl
= 2éijklvmvléi]’km
= 2éz’jkl (vlvméijkm + ha’lm—éhjkm + thlméihkm
+ thlméijhm + Rhmlméijkh)a (2.9)

where the Ricci identities are used in the last equality of (2.9). By the
definition of trace-free Riemannian curvature tensor and (2.1), from (2.9)
we get

RijiARjm
= 2éijklvlvméijkm + 2éijkl (Rhilméhjkm+thlméihkm+thlméijhm)
+ 2Rhléz‘jkléz‘jkh
= 2éijklvlvméijkm + ZRijkz (Rhilméhjkm+éhjlméihkm+éhklméijhm)
+ 2R, jua Rijin Bt + ?\R%%P
2R

+ mRi]’kl (Ruijri+Rikj+ Rijie+ Rjedii — Rirdi;)
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= 2éz’jklvlvméijkm + 21:31']‘1@1 (éhilméh]’km+éhjlméihkm+éhklméijhm)
4

.. R . OR .
+ 2Rk Rijen R — m‘Ricf + F‘Rm‘z

o o o o o 1o o o
=2RijiaViVim Rijiem — 2<2RijlkRihlmthmk + 2RijklRijhmRhmkl>

N . AR
+ 2R Rijin B — -

o, 2R, -

We consider Rm as a trace-free symmetric operator on A2(M) and
®2(M). By the algebraic inequalities tr(T3) < ((m — 2)/v/m(m — 1))|T?
for trace-free symmetric m-matrices T' and \; < \/(m — 1)/m/|T| for the
eigenvalues A; of T" in [18], we get

. . 1. ,
‘2RijlkRz’hlmthmk + iRijklRijhmRhmkl

o o o 1, o o
< 2| Rijik Rinim Rhjme | + §‘Rijk:lRijhmRhmkl’

2(n* - 2) n?—n—4 © 13
: (n\/n2_1 i 2\/(n—2)n(n2—1)>|Rm} ’ (2.11)

and

° o o In—1, o o
‘RijklRijthhl} § nT‘RZCHlez (2.12)

Combining with (2.7), (2.10), (2.11) and (2.12), we get

éijklAéijkl
>_< (n—l)(n—2)+4(n2—2) n?—n—4 )‘Rm‘g
n nvn?—1 /(n—2)n(n%-1)
+ 2R N R, + A(n)R|Rim . (2.13)

Proof of Theorem 1. For simplicity of natation, we denote by ((5Rom)ijk =
VlRi]-kl the divergence of the trace-free Riemannian curvature tensor and
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u = |Rm|. By the Kato inequality |VRm|? > |V|Rm||?, we get
RIMAR 3y < RIM AR + |[VRm|* — |V|Rml|?
1 o o
= SA[Rm[" — |V|Rm||’
= |Rm|A|Rm| = uAu, (2.14)

which together with Lemma 1 and integrating on M™ give

/ uAudVy, > —C(n) / urdVy + 2 / RN ™ Ry s rem dV
M M M

R
/ quVg.
n—1Jy

Moreover, using the Stokes’s theorem, we get

_|_

/ (Vul*dV, SC’(n)/ u3dvg+2/ }5R%m\2dvg—R/ u*dV,.
M M M n—1/y
(2.15)

Since M™ is Bach-flat, we have

1 kol 1 kl
Bij - ﬁv V Wikjl + mR Wik:jl — 0

Multiplying the above equality by R and integrating on M™ give

1 1
0= / RINFN ' Wi judVy + —— / RY RFYWp.0dV,
n — M n—2 M
1 o .. o 1 0. . o
=-—— /M VFRUIV Ry j1dV, + — /M RY RFW . 0dV,
- ! / 1(v’wf?f'f — V' RFI) V! Ry judVy + 1/ R RM Wiy 0dV,
n—2 Jy 2 YIRS T —2 R
1 o 13 1 e
=———— [ [6Rm|"dV, + — | RYRMW;;dV,, 2.16
2(”—2)/1\4‘ m| g+n_2/M wIET ( )

where (2.6) and the second Bianchi identities are used in the second line and
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the third line of (2.16) respectively. Using (2.7) and the Huisken inequality
(see Lemma 3.4 of [18])

okl n—2 o2

‘R R’ Wijkl’ < Um\WHRZd )

o 2 n—2 n—2 / 3
ORm| dV, < 1/ u’dV,. 2.17
/M‘ ‘ 9 — 9 2(n—1) o g ( )

Combining with (2.15) and (2.17), we obtain

we have

/M |Vul?dV, < E(n) /M u?dV, — nlj : /M u?dV, (2.18)

where E(n) = C(n) + /(n—2)3/2(n —1). From (2.18), using Young’s
inequality and the Holder inequality, we get

/ |vu‘2d‘/g < nE’(n)E—(Qp—n)/n/ u2+2p/ndVg
M 2p M
(2p —n)eE(n) R / )
- d
+ ( % n=1) /., u”dV,
(n=2)/n 2/n
s [
=9 y :
(2p —n)eE(n) R / )
N 2.1
—|-< % — MudVg, (2.19)

where € is a positive constant. By the definition of Yamabe constant
Y(M,[g]), we get

it mson gy )
n n— d
_9)R
< [ |vul2dv, +(”/ 24V,
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<(1+n) /M |Vu|*dV, + M/M u?dVy, (2.20)

where n > 0 is a constant. Substituting (2.19) into (2.20), we conclude that

{25y 0nl - e B e ([ updvg)m}

) ) (n=2)/n
([ amena)
M

< {m + (1+n)<(2p_;;€E(n) - n}E 1)}/Mu2dvg. (2.21)

How we select (e,7) to maximize ( [, updVg)2/n in (2.21) is equivalent
to a problem of finding (e,7) on a domain D which minimizes a function

nE(n —(2p—n) /n
F(e,n) := 2}() )(1+77)6 (Zp=n)/n,

Here, the domain D consists of points (e, ) which satisfies inequalities

G(e,n) == w (1 +77)((2p —n)eE(n) R > 0.

4(n—1) 2p T n—1

e>0,n>0.

In the case of p = n/2, since we have

Flem =Bm(+n) md Glen =20 ("1 =),

we can set

n—=~6

, ifn > 6, ...
n= , €= (any positive number).

0, ifn=4,5

In the case of p > n/2. In order to minimize F'(e,n) and G(e,n) = 0, we can
set
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(n—2)p—2 2
w, ifn=4,5and p > " orn > 6
. 2n n—2
77_ 2n I
0, 1fn—45and—<p<72
R n
—_— if n=4,5and p > >6
= D)Em)’ ifn ,bandp> —— orn 2
€ =
p(6 —n)R 2n
ifn=4,5 d—< < —F.
(2(n — )2p —n)E(m)” " M SPsu

In conclusion, we can choose ( [, updVg)l/p < e(n)Y/(M, [g])/?P R} —"/2P

such that (2.21) implies ( [,, uzn/(”’g)dVg)(nim/n =0, ie., Rm = 0. Hence
(M™, g) is isometric to a quotient of the round S™. O

3. Proof of Theorem 2
Now, we compute the Laplacian of | Ric|?.

Lemma 2 Let (M™,g) (n > 4) be a complete Bach-flat n-manifold with
constant scalar curvature, then

A|Ric|* = 2|V Ric|* — 4Ry Ry Wiy + -~ RlJRJkRzk + —\R ¢,
(3.1)

Remark 5 Although Lemma 2 has been proved in [8], for completeness,
we also write it out.

Proof. We obtain from (2.3) and (2.5) that
A|Ric|? = 2|VRic|” + 2Ri; Vi Vi Ry
= Q‘VROZ'C|2 + 2}021»ij (Vj[jiik — Vléilkj)
= 2‘VR°2‘0|2 + QIO%iijVjﬁiik + 2ﬁiijvkvl}°¥ikﬂ. (3.2)
Since the scalar curvature is constant, by the Ricci identities, we get
Rz‘jvkvjéik = éij (Vjvkﬁiz‘k + éhthijk + éithkjk)
= éijéhthijk + éijéithj
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. 1 . . . .
= Rij Rp |Whijr + —3 (RikOnj + Rnjdir — RijOne — Rnidis)

+ n(nR_l)(éik(th — 0i;0nk) | + éijéihéhj + %‘chf
= Rij RniWhiji + -~ Rw RjiRi + —{ch : (3.3)
and
éijvkvléikjl
= Rz]vklezk]l + Rz]vkvl (Rz](skl + Rkléz] Ril5jk - éjkéil)
= Ry ViV W1 + ﬁ(}?UAR — RijV;ViRy — Ry ViV Ry;)
= Ry ViV Wi + %2 [RijAR;; — RijVi(ViRij + ViR
= RZ]V;CVZWZ;W; —I— RZJVleRZ;Wl
Since M™ is Bach-flat, we get from the above equation that
Rij ViV Rirji = —Rij Rt Wigj1. (3.4)
Combining with (3.2), (3.3) and (3.4), we obtain
A|Ric|> = 2|VRic|* — 4Ry Ry Wir + RZ]R]kR K+ —\ch}
This completes the proof of Lemma, 2. O

Lemma 3 On every n-dimensional Riemannian manifold, the following
estimate holds

‘ - Wijkléz’kéjl + éijéjkéik

2(n—2)

n

-2 R" 2 W|2 n R°. 2 1/2
72@_1)‘ ic|™( | —1—72(”_2)} ic| :
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Remark 6 We follow these proofs of Proposition 2.1 in [5] and Lemma
4.7 in [4] to prove this lemma. For completeness, we also write it out. In
general, according to the proof of Lemma 3, we can obtain

| — Wijkléz’kifijl + Kéijéjkéik‘

n—2 , o 2 2(n —2)K? | - |2 1/2
< Um‘de <|W|2+n’ch‘ > ;

where K is a constant.
Proof.  First of all we have
(Ric ® g) ikl = Rirgn — Ragse + Rjgir — Rjrga,
(Rcic D RDZ'C)Z,].M = Q(éikéﬂ — éiléjk),

where @® denotes the Kulkarni-Nomizu product. An easy computation
shows

.. 1 . .
Wijki Rix Rjt = - Wij (Ric @ Ric)

4 ijkl’

R Rk Ry = —3 (ch D g)ijkl (ch D ch)ijkl.
Hence we get the following identity

- N n o o o
— Wi R Ry + mRinijik
1

n o °. °.
=-1 (W + mch ) g) (Ric ® ch)ijkl. (3.5)

ijkl

Since Ric D Ric has the same symmetries of the Riemannian curvature
tensor, it can be orthogonally decomposed as

]iic@RDic:T-i-V'—l-U/,

where T is totally trace-free and
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=2 (B og) -2 |Rif g o)

igkl — n—9 g B n(n—2) gDy ijkls
ijkl

!

1 o 12
ikl = —m‘Rld (9 ® 9)ijri,

o 2 o o
where (Ric )ik = R, Ryp. Taking the squared norm one obtains

|Ric @ Ric|” = 8| Ric|* — 8| Ric”|*,
e 16 20 16 oo
vl _n—QIRZC } n(n—2)‘RZC‘ ’
N2 _ 8 > |4
|U'|* = Y o 1)‘ch’ :
In particular, one has
8(

, , _9 —9) .
7% + g|v’|2 — |Ric @ Ric|” + %yv’ﬁ U = :_1)\Rz‘c|4.

We now estimate the right hand side of (3.5). Using the fact that W and T
are totally trace-free and the Cauchy-Schwarz inequality we obtain

2
W+ —Ri ) ic) ..
‘( +4(n—2) zc@g)ijkl(chquzc)mkl

2
—_— |/‘/ n o‘ , ..
B ( + 4(n — 2)ch @g) ijkl LV

2

IN

Von o n
= || W+ —=Ric ®g> <T+ V')
< 4(n —2) ijkl 2 )ik
van ’ 2, M2
i(n—2) ('T‘ +3V )
8(n—2

W+7Roic®g
)| s 14 9 n o 12
. | Ric| (!W! + =2 |Ric|™ ).

This estimate together with (3.5) concludes this proof. O
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Proof of Theorem 2. By Lemmas 2 and 3 and the Kato inequality
12
‘VRiC‘ >

1/2
‘RZC}A|RZC‘ > — ‘R W2 + ‘ch|
(n

R o 12

2
, we get

Set u = ‘ch‘ By (3.6), we compute

u*Au® = u® (a(a — )u®?|Vul?> + au® "' Au)

-1
=4 |Vu®? + au®*2ulu
a
@2 2(n—2) W2+ n 2 12 2
= L om—2" ) "
a5,
. 3.7
* n— 1" (3.7)

Integrating (3.7) on M™ and using Stoke’s theorem, we have

1
0> <2—>/ |Vu®|*dV,
« M
1/2
2 2 2c
\/ n—l /('W 2(n—2)" ) s

2a
it /M na (3.8)

For 2—1/a > 0, by the definition of Yamabe constant and Hoider inequality,
we obtain from (3.8) that

0> {<2 - ;) 4(7;__21>Y(M7 la])

S () )

_l’_
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(n—2)/n
% (/ U2na/(n2)d‘/g>
M

4% —2(n —2)a+n —2 o
*dV,. .
4 e R/Mu v, (3.9)

Case 1. when n > 6, taking a = ((n —2)(1+ /1 —4/(n —2))) /4, from
(3.9), we get

0= { \/2(17;(]%17)[(911) o (/M (\WP + 2(71”_2)u2>n/4dvg>2/n}
’ </M uzna/(n_z)dV") (”‘”/"' (3.10)

Since W is totally trace-free, one has

NG 3
W+———R
‘ +2\@(n—2) oy

2
= |W[* +

n o2
72@ Py ’ch‘

and the pinching condition (1.2) implies that M™ is Einstein.

Case 2. When n = 4,5, we have (4a? — 2(n — 2)a+n — 2)/4a(n — 1) > 0
for @ > 1/2, and from (3.9), we get

0= {(1 - (1 - ;)) 32?;_21)Y<M, 9)
- (/M (\WP + 2(nn_2)u2>n/4dVg>2/n} (/M u2na/<n—2>dvg>(”_2)/"_

Taking o = 1, we have

(n—2)/n
X (/ u2”/("_2)dvg> . (3.11)
M
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Thus the pinching condition (1.2) implies that M™ is Einstein.

In particular, for n = 4,5, the pinching condition (1.2) implies

2/n n —
([ wrean) < [ =2ovonh < 20D )

where the constant

@, if n =4,
2
8 .
CQ(?’L) = 7@’ ifn= 5,
2 _ 2 _
4(n* —2) n®—n-—4 Cifn>6
nvn?—1 /(n—=2)(n—1)n(n+1)

is defined in Lemma 2.1 of [14]. By the rigidity result for positively curved
Einstein manifolds (see Theorem 1.1 of [14]), (3.12) implies that M™ is
isometric to a quotient of the round S".

For n > 6, we can choose a such that (4a? — 2(n — 2)a +n — 2)/
da(n —1) > 0 and

, , (n=2)/n
([ amerom2av, )
M

From Case 1, the pinching condition (1.2) implies that M™ is Einstein.
Hence, the pinching condition (1.2) implies

( /M ywy"/2dvg>2/n < 212,(2121’)[5]). (3.13)

By the rigidity result for positively curved Einstein manifolds (see Theorem
1.1 of [14]), (3.13) implies that M™ is isometric to a quotient of the round
Sm. O
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Proof of Corollary 2. To prove Corollary 2, we need the following lemma
which was proved by Gursky (see [16]). For completeness, we also write it’s
proof out.

Lemma 4 Let (M*,g) be a complete 4-dimensional manifold, then the
following estimate holds

/ R%dV, — 12/ | Ric|*dv, <Y (M, [g])*,
M M

moreover, the inequality is strict unless (M*, g) is comformally Einstein.

Proof. By the Chern-Gauss-Bonnet formula (see the Equation 6.31 of [3])
2 |2 1 2 2
/ |W“dV, — 2/ |Ric|"dV, + 6/ R*dV, = 32m*x (M), (3.14)
M M M

and the conformal invariance of [, [W1[*dV,, we find that —2 [, }ROiCIQdVg—F
(1/6) [,; R*dV, is also conformally invariant. Let § € [g] be a Yamabe
metric. Then

Y(M, [g])” = /M o / R2dV;

v 2
Z / R;d‘/b - 12/ ‘RZC@EdVg
M M
_/ R2dVg—12/ | Ric|*dv,.
M M

The equality case follows immediately. O

By Lemma 4, we get

: Y(M, [g))?
/ |W|2dVg+/ \Rz'c|2dvg—(4’8[g])

/ [W|2av, + = / | Ric|*dV, — S/MR2dVg. (3.15)



Rigidity theorems for compact Bach-flat manifolds 601

Moreover, the inequality is strict unless (M*, g) is comformally Einstein. In
the first case “<”, Theorem 2 immediately implies Corollary 2; In the second
case “=", g is conformally Einstein. Since g has constant scalar curvature,
g is Einstein from the proof of Obata Theorem (see Proposition 3.1 of [22]).
By the rigidity result for positively curved Einstein manifolds (see Theorem
1.1 of [14]), (3.15) implies that M* is isometric to a quotient of the round

S*. O

4. Proof of Theorem 3

Proof of Theorem 3. From (3.1), by Lemma 3, we get

A!ch‘ >2‘VRZC‘ +4’/ ‘ch‘

{\/Qn—l )(n —2) <|W|2 (7;1_2)|R20]2)1/2}. (4.1)

Note that (1.5) is equivalent that the second of RHS of (4.1) is nonnegative.
By the maximum principle, from (4.1) we get VRic = 0. Since M™ has
positive constant scalar curvature, M™ is a manifold with parallel Ricci

tensor. Hence M™ is a manifold with harmonic curvature. Using the same
argument as in the proof of (3.1), we obtain a Weitzenbock formula (see

(2.20) in [11])

A|Ric|* = 2|VRic|* — 2R RiuWirs + - R”R]lek - —]ch\
(4.2)
By Remark 6, we get

‘ - Wzyklekle + szR]kRzk

1/2
1/ ‘ch‘ \W\Q 2n |ch‘> . (4.3)

Combing (4.2) with (4.3), we have
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Al|Ric|” > 2|VRic|* + 2|Ric|?

1 n—2 o 2n o o2\ 2
— R— | —— — . (44
x{n_lR 2(n_1)<|W| +n_2\ch}> (4.4)

Case 1. W # 0. By (4.4), the inequality (1.5) implies

0>2 M!R%\Q{ (n_l)z(n_Q)R - <‘W‘2 * n2—n2|Riic‘2)l/2}

_ <|W|2 + n2f2 }R°z'o]2)1/2}. (4.5)

By (4.5), we get Ric =0, i.e., (M™,g) is Einstein.

Case 2. W = 0. Note that the inequality n(n — 1)|Ric|> < R? is equivalent
to equation (1.5). From (4.4), we have

2n
n—2

> %‘ﬁin(R —v(n - l)n}Roz'cD > 0. (4.6)

oo o 2R | .
0= Rinijik: + m’R’LC‘z

Hence at every point, either Ric is null, i.e., M"™ is Eninstein, and by
conformally flatness it has constant positive sectional curvature, or R —
V/(n = Dn|Ric| = 0, according to the estimation of trace-free symmetric
2-tensors, it has an eigenvalue of multiplicity (n — 1) and another of multi-
plicity 1. Since the Ricci tensor is parallel, by the de Rham decomposition
Theorem, M™ is covered isometrically by the product of Einstein manifolds.
We have R = \/(n — 1)n|Ric|. Since M™ is conformally flat and has positive
scalar curvature, then the only possibility is that M™ is covered isometri-
cally by S* x S"~! with the product metric. So (M™, g) is isometric to either
an Einstein manifold or a quotient of S* x S»~! with the product metric. [J

Proof of Corollary 3. By Theorem 3, we consider the case that M" is
Einstein. Using the same argument as in the proof of (3.1), we obtain a



Rigidity theorems for compact Bach-flat manifolds 603

Weitzenbock formula for Einstein manifolds (see (5) in [14])
2 2 3 AR o
AW = =2|VW|* = 2C3(n)|W|° + WIW’ , (4.7)

where C3(4) = v/6/2 and C3(5) = 8/+/10. From (4.7), the condition of
Corollary 3 implies that

4
AW? = 2]V |2 + <f’ - 203(n)\W\> W% > 0.

Hence W = 0, i.e., M™ is conformally flat. So (M™,g) is isometric to a
quotient of the round S™. This completes the proof of Corollary 3. ([

Remark 7 Let (M™,g) (n > 4) be an n-dimensional compact Bach-flat
Riemannian manifold with positive constant scalar curvature. If
1
R?,
(n—2)(n—-1)

n ° 12
|W’2+27_2)‘RZC} < 5

(n
then M™ is an Einstein manifold.
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