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Let G be a locally compact abelian group, I" be its dual group, and M(G)
be the Banach algebra of all regular complex measures on G. A compact
subset P of G is called a Kronecker set (=K-set) if every modular continuous
function on P is uniformly approximable (= u-approximable) by continuous
characters of G. P is called a Helson set if for some ¢>0 and each peM(P)

(H, <) sup [ 7(—a)dp(a) Z <l where [l =1 (P).

If Pis a K-set, P has the property (H,1). W. Rudin asked in [1] whether
the property (F, 1) implies that P is a K-set, and 1. Wik [2] and R. Kaufman
[3] show counter examples.

The purpose of this paper is to prove the following theorem which is
a characterization of the set with the property (H, 1).

Theorem. Let G be a locally compact abelian group, P be a metrizable
compact subset of G. Then P satisfies (H, 1) if and only if the following con-
ditions are satisfied.

1) For every finite subset {x,, &y, Ty, -, Z,} of P, {xe— 2y, 29— Xy, Tyg— Ty,
e, To— X, 15 a K-set.

2) For each peM(P), there exist open subsets C; in P and x,€ P such
that

a> CIDCZDC3DC4D"'9xO
b) lim | p(C) = [p] {xo}
c) Every closed subset of P—C, (i=1,2,3,--+) is a K-set.
Later we show an example which shows that a closed subset of a K-set
is not always a K-set.
Notations. Throughout this paper, G is used to denote a locally compact
abelian group. we call a Borel set with the property (F1, 1) a (H, 1)-set, and
by characters we mean continuous characters of G. 7T, C(G) is used to denote

the group of all complex numbers of absolute value 1, and the set of all con-
tinuous functions on G respectively. Let ¢ be a function on G and P be
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a subset of G, then by ¢|P, we mean the restriction of ¢ to P.

Definition. We call a compact subset P of G a K'-set, if for each
modular continuous function ¢ on P there exists feT such that Bg is u-
approximable by characters.

Lemma 1. Let B be a (H, 1)-set in G, and g be a modular continuous
function on B. Then for each pe M(B) and {6;:0,>0, i=1,2,3,---}, there
exist BeT, and open subsets C, in B such that

J 1 lfll Cg <5¢, CIDCZDC3DC4
| 2) Bg|B—C; is u-approximable by characters. (1=1,2,3,--)
Proof. Since B is a (H, 1)-set, there exist 7,€I" and a;€ T for which

. [, an—g@ain@ = n-a@d
= |p|(B)—1/32
and we have
(1. 2) | [1=Refar (—a)g (@)} ] a1l s 132
Put Al—{xeB 1—Rela7s(—2)g(«)]>1/16) Then from the relation
|zl (Ay)- (1/16)<1/32, we have [p¢|(A)<1/2. On the other hand, the relation
(1. 3) 1—Re[al,(—2)g(x)] 116 (zeB-A)
gives
(1. 4) llm[alrl(%)g(x)]{guwT (ze B—A)
and hence

15 |n@—ao@)| 1 - Re[an(-o)] +

| Im[alfl(—x)g(x)]‘
S1/16+1/24y2 <1/2 (re B—A))

In the same way, we get open subsets A, of B, 7,€I', a,€T (i=2,3,4,-)
such that

(1.6) { r@—ao@|<Vi  (@eB-A)
lel(Ay) < 1/2¢
Let n, be positive inetegers such that

< <ny<mny<--,
1.7

(i=1,2,3,-)

[‘ul( U A<, (1=1,2,3, )

k=ny
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Choose a subsequence {a;}of {a;} which converges to some B€7. Then if
we put G A;=C, (¢1=1,2,3,-+), Bg| B—C; is u-approximable by characters,
k=n

and the le;nma is proved.
Proposition 2. Let P be a compact metrizable (H, 1)-set in G. Then
for each pe M(P), there exist open subsets C; in P such that
1) CIDCZDC3DC4D"',
2) lim|pl(C)=0,
3) Ewvery closed subset of P—C,; (i=1,2,3,--) is a K'-set.
Proof. Since P is metrizable, C(P) has a countable dense subset with
respect to sup-norm, say {fi,fs/fs ':}. Put B;={xeP:1/2<]|f;(x)]<3/2}
(=1,2,3,--+), and since B; is also (H, 1)-set, by Lemma 1 there exist open
subsets C,; in B; and B;€T such that
[2](Ciy) <1/279, CyDCpDCi3DCyy D+,

(2. 1) (Gj=1,2,--)

B f:l| ﬁ”Bi—Ci ; is u-approximable by characters.

Put C;= CJCH, and we have
i=1

2. 2) l1(C)<1/27 (j=1,2,3, ), C;DC,DCDCyD .

Let D be a closed subset of P—C,, and ¢ be a modular continuous
function on D. We can extend g to a continuous function ¢, on P and
there exists a sequence of positive integers 7, n,, 75, -+, such that

(2. 3) ”fnL_gl“w<2ﬂb (1=1,2,3, -e)

and B, , B, B, B, -+, converge to some Be7. If ¢>0, then there exist
a positive integer £ and 7€l’ such that

18— Bn,| <eld, 27*<e/d
T(@) = ba foy (@) fo (@) <e]4 (2€B,,—C)

From (2.3), B,,DD, and hence B, —C,DD.
From (2.3) and (2.4), we obtain

(2. 4)

(2. 5) e/4>27> | fo,—aille = £, () =1 (xeD)

and hence

2.6 Bus S @ = Busfoy D] fof @] = | fus@|1|<eld (D)
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From (2.3), (2.4) and (2.6) we have

(2.7) ]@@—:MSW@FAM@Hﬁw@%mJMM

t Busfudt= B, fo (@] fo )+ B, () ) =T ()
§5/4—|—e/4+e/4—|—e/4—e (xe D)
Since ¢>0 can be arbitrary small, this proves that D is a K'-set.

Lemma 3. Let Q be a compact subset of G, and suppose every closed
subset of Q is a K'-set. If every modular constant function on Q is u-
approximable by characters, then every closed subset of Q is a K-set.

Proof. Let Q, be a closed subset of Q, and 2 be the set of all con-
tinuous functions on Q; which are wu-approximable by characters. Then £
form a group with respect to multiplication. Let g be a modular continuous
function on Q;, then there exists a€ 7" such that age 2, and constant function
a2 and so a'ag=geR. This proves that Q, is a K-set.

Lemma 4. Let Q be a compact subset of G, and suppose every closed
subset of Q is a K'-set. Then for every pair (V, K), where V is open in Q,
K is compact and QD VDK, either of the following a) or b) is true.

a) FEvery closed subset of Q—V is a K-set.

b) Ewvery modular continuous function h on Q—(V—K) of the form

l1:x -V
(4.1) h<x>={ ) €

rxekK, where ce T,
is u-approximable by characters.
Proof. Let g be a modular continuous function on Q such that
] a:xeQ—V
4. 2) glx)=41:2eK
l « : x€V—K, where a€eT and « is of infinite order.

Then there exists f€ 7" such that B¢ is u-approximable by characters.

a) If af is of infinite order, then every modular constant function on
Q—V is w-approximable by characters, and by lemma 3 every closed subset
of Q—V is a K-set.

b) If af is of finite order, then there exists a positive integer m such
that (af)”=1, so the function

w . )_’]1 rxeQ—-V
@.2) B vy ek
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is u-approximable by characters. Since " is of infinite order, the function
of the form (4.1) is u-approximable by characters, and the lemma is proved.

Proposition 5. Let P be a compact metrizable (H, 1)-set in G. Then
for each peM(P), either of the following a) or b) is true.

a) There exist open subsets C; in P and x,€P such that
1) PDCIDCZDC3DC4D“‘3.’L‘0,
2) lii_rg |e](Co) = | 1] {20},
3) Every closed subset of P—C; (i=1,2,3,--+) is a K-set.

b) There exist open subsets C; in P such that
1) PoC>2(C,oCoCD -,
2) lim |p](C) =0,
3) Every closed subset of P—C,; (i=1,2,3,--) is a K-set.
Proof. By Prop. 2 there exist open subsets C; of P such that
CioCoC:oCiD -,
(5. 1) lim || (C;) =

g—r00

 Every closed subset of P—C, (i=1,2,3,--+) is a K'-set.
Put Q;=P—C;, then we have P— ﬂ C,= UQ@, QcQcQicQ,c-,

and every closed subset of Q; is a K'-set. For each xe€ U Q;, put
g=1

(5.2) n, = sup[{O} U{i: x€ Q; and every closed subset of Q; which

don’t contain x is a K—set}].

Case 1. Suppose there exists x,€ UQ for which m, =oco. Then there

exist a sequence of open subsets U, in P such that
[ U>U>DU,DUD - 32
| lim Il (U) = | el {aro}

If we set C;=(C;VUU;) (1=1,2,3,---) we have a).

(5. 3)

Case 2. Next consider the case m,<oco for all xe€ UQ{. In this case,

we can correspond to each x€ U Q; an open neiberhood U, of x in P such

that for every triple (Q}, U, K), Where je{m.+1, m,+2, m,+3, ---},U is an
open subset in U,nQj; and K is a compact subset of U, the case b) of the
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Lemma 4. is true.

Case 2. a. Suppose the set {mz:xe G Q;} is not bounded. Then we
J=1
can choose x;€ UQ) and open nelberhoods V; of x, in P such that
=1

O<m2l<m12<mz3<mx4<mxs< Tt

5. 4) { ] (V<2 (i=1,2,3, ).

If we put Cj=C}U(f_OJ K) (j=1,2,3, ), then we have the case b).
=

Case 2. b. Finally consider the case {mz i xE€ GIQ;} is bounded. In this
P
case, we can suppose without loss of generality that m,=0 for all x€ GlQ;.
P
Since Q; is compact, we can choose a sequence x,, 1, xs, -+ € LZJOQ; and an
increasing sequence of positive integers %, ¢, &, ---, such that o
{2, 23, 23, -+, 24, } CQi

(5.5 ¢ —
5.5) L__lexiDQé (k=1,2,3--")

Since p is regular, we can choose compact subsets K¢ such that
KPcU,nQ, (=12, t,; n=12--),
(5.6) 0. cQ.cQ,cQ,cQ;cC---,
bim | (Q0) = |/ (P).

where Qn=(j<K<’;>—jJUxi>, U,=¢ (n=1,2,3,).
§=0

=1

By the property of U,, every modular constant function on Q, is u-approxi-
mable by characters, and by Lemma 3 every closed subset of Q, is a K-set.
If we set C;=P—Q,, we have the case b) and this completes the proof.

Corollary. Let P be a metrizable (H, 1)-set in G. Then for each
1€ M(P) there exist open subsets C; in P and x,€P such that
1) PoCoCGOC,OC, D3,
2) lim|p(C) = [a{zo),
3) Ewvery closed subset of P—C; (i1=1,2,3,--+) is a K-set.
Proof. By prop. 5, a) or b) of the prop. is true. In the case a) we

have nothing to prove. In the case b) we can select x,¢ P and open neiber-
hoods W, of &, in P such that



A Characterization of a Particular Class of Helson Sets 81

WoW,.oW,oW,D--3x,
|l (W) <1/2F ((=1,2,3,--).
If we rewrite C,UW, by C;, {C,;: {=1,2,3,---} and x, satisfies 1), 2), 3).
Lemma 6. Let Q be a compact subset of G and suppose every closed

subset of Q is a K-set. If G-Q3x,, QD VDK, where V is open in Q and
K is compact, either of the following a) or b) is true.

a) (Q—WU{x} is a K-set.
b) Every continuous function of the form
fc:zeK

(6.1) k(x>‘l 1: xze(Q—V)U{x)}, where ce T,

is u-approximable by characters.

Proof. Let h be a modular continuous function on Q—(V—K) of the
form
cxeK

a
6.2 h = I
(6.2) (=) |1 x€Q—V, where a€ T is of infinite order.

Then there exist 7,€I’ (:=1,2,3,--) such that
6. 3) Tdx)—h@)|<1/i  (xeQ—(V—K)

and we can choose subsequense {7, (), 7. (o), -} of {1(x), T2(x,), -++} which
converge to some f¢e 7.

a) If B is of infinite order, then (Q— V)U{x,} is a K-set.

b) If B is of finite order, there exists a positive integer m such that
=1 and {(7.,"|(QY{x} —(V—K) : i=1,2,3,---} converge uniformly to A,
where

™ xe K
p e (Q—V)U{x}

and so the function of the form (6.1) is u-approximable by characters.

_Je
(6.4) @)=

Proposition 7. Let P be a compact subset of G. Suppose
1) Ewvery finite subset of P is a K'-set.
2) For each pe M(P), there exist open subsets C; of P and x,€P such
that
a) C,\DC,OC,DOC, D352
b) lim [2[(C)) = |¢| {xo}
c) Every closed subset of P—C, (i=1,2,3,--) is a K-set.
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Then P is a (H, 1)-set.

Proof. U peM(P), by condition 2) there exist C, (:=1,2,3,---) and
x,€P for which a), b), ¢) hold.
(I)  The case when p{x)} =0. In this case, the fact a K-set is a (H, 1)-

set and a simple calculation lead us to

@.1) l(P)=sup| | 7(—2)dutz)
rel G i
(I) The case when p{x,} #0. Fix ¢>0 and positive integer z,, such
that
7.2) l(Coma) < e/ 2

We can choose {x,, 25, 23, -, 2,} © P—C, , and open neiberhoods U, of x;
(1=1,2,3,---,n) in P—C,, such that

lel{x} =z /2 ((=1,2,3,-,n)
(7.3) e} <e/2 (xeP—CU{x 222} )
I/ll <ZL:JIUZ— {xb Loy L3y =, —Tn}> <e/2?

We set LjUw-:U and P—C,;, =Q.
i=1

(II) a. At first consider the case there exists an open subset V in Q such
that |p¢|V<e/2 and (Q— V)V {x,} is a K-set. In this case, as in the case (1)
there exists 7€l’ for which

(7. 4) lﬂ!(P)—e<HHT(—I)d#(x)J

(I) b. Next consider the case, that for every open set V in Q with
e (V)i<e/2, (Q—V)U{x,} is not a K-set. Then by Lemma 6, for every pair
(V, K), where V is open in Q with [¢](V)<e/2 and K is a compact subset
of V, a continuous function of the form (6.1) is u-approximable by characters.
Since {@y, &1, Iy, -+, X} 1s a K'-set, there exist d,eT, 7,€I’, such that

(7.5) §0d171(—$i)#{$i} >§0|#| {x} —e/2°
Also since Q—U is a K-set, there exists d,eT, 7,€l’, such that

7.6) [ ddr+ 1)~ 2)dp(a)> Q= U)—e/2

From (7.3), to each xeQ— U we can correspond an open neiberhood V, of =

in Q with
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@7 el(Va<ef2, n@—nw) <e/2lpl  (weV)

and since Q—U is compact and g is reguler, we can choose {y,, ¥z ", Ym}
CQ—U and compact subset K; of V,.n(Q—U) such that

7.8 0V,20-U, [pl(0(K=UV,))>1ulQ=U)=e/2,

”m -1
where V, =¢. We set U <K U Vyk> K. By the properties of V, and

K;, we can choose 736F such that

(=) —dr(—a) <¢/2|p|  (xeK)

(7.9) { |
T(—2)=1 <e/2pl (x€{zym, @ 1))
Hence from (7.2), (7.3), (7.5), (7.6), (7.8), (7.9), we obtain

| mari—adn = | amry—adn

> [ dnr)—aidp| ()2 +e )2 4e)2)

EUlzg,2,,,2,)

;S dlrl(—x)dys‘ﬁj]{dldz(n+7’2)(—x)d‘u;

|
gz,

S {d1<71 + Ts)(‘x)“‘d171(_x)} d.u‘
{z,

Tyy s Ty

(7. 10)

_‘Sr {d1<7’1+7'3)(—x>—d1d2(7’1+7’2)(—x)}dlu'
— (e/28 +¢/2° +¢/2%)
> e @iy, o) + |l (K)= 3] (ef2¢4+e/204e/2)

> 16l (= (Do) 2 +e)Z e[ +]2) >l (P

Since in (7.4), (7.10), ¢>0 can be arbitrary small, (7.1) is also holds in the
case (II), and this completes the proof.

Theorem. Let P be a metrizable compact subset of a locally compact
abelina group G, and I' be its dual group. Then following a) and b) are
equivalent.

a) For each pe M(P), |p|(P =su ‘S (—x)dp( )holds.

b) 1) For every finite subset {xo, xy, -, 2,y of Py {xy—ay, xp—ay, -
xy—ax,) is a K-set.
2) For each peM(P), there exist open subsets C, in P and y,e P

>
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such that

(i) PoC,2CDOCD- dy,,

(i) lim|p|(C) = |#l {yo)

(iii) Ewvery closed subset of P—C,; (i=1,2,3,--) is a K-set.

Proof. a) implies b): a) implies that P is a (H, 1)-set, and by Cor. of

prop. 2, 2) of b) holds. Let x,eP (:=0,1,2,---,n), ;¢ T (i=1,2,3,--,n) and
pe M(P), with p{xy} =1, pl{x;} =¢; (=1,2,3,---.n), wE)=0 if En{x, x,
"'yllﬁ} ::9§

For ¢>0, there exists 7€' for which

Lr(—a) plad| z 3l {xd —e

and we have
51 + i T(xo—xi)cz.‘!:!i 7’(—xz-)c¢-+7(—xo)>

i=1 i li=1 i

~ B - alwd = 5l @) —

Since ¢;€T and ¢>0 is arbitrary, this implies that {x,—x;, xo—x,, -+, To—Z,}
is a K-set.

b) implies a): This is true from prop. 7 and the fact a finite subset
{Zo 3 *++, 2.} Of G is K'-set if and only if {x,—x, xo—xp, -+, To—x,} 1is a
K-set.

Example. Let S be the closed unit disk with 0 in the center in the
complex plane, and I" be the set of all continuous functions from S into 7.
I' form a discreat group with respect to multiplication. Let G be the dual
group of I', and then S can be naturally imbedded in G (cf. Kaufman [2]).
S is a Kronecker set, but 7(C.S) is not so, since the identity function from
T to T is not u-approximable by characters, and this shows a closed subset
of a Kroneker set is not always a Kronecker set.
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