A relation between the fibers of Milnor fiberings
associated to polynomials f(z)=z+---4 z

By Yoshifumi Anpo

§0. Introduction

All manifolds will be oriented and differentiable of class C*. Let a=
(ay, a1, as, -+, a,) be a set of integers, a,>1 and consider a polynomial f(z,,
2,y Zy) =20+ 24+ 20, 2,€C (1=0,1,2,---,7m). If K, is the intersection
of £7}(0) and the unit sphere S**! in €C™*!, then we have an associated
Milnor fibering ¢: S**'—K,—S. It is well known that a fiber F, of ¢ is
a (n—1)-connected 2n-manifold and the closure F', of F, in S**!, a manifold
with boundary K, (see [5]). The purpose of this paper is to give a relation
between F, and F,, where b is another set of integers, b=(b,, by, -, b,),
a; b, (1=0,1,2, -+, n).
By Pham’s results we can give a canonical basis z;,x, -, x,, to
H, (F,; Z) and also a basis y1, 43, ***, Y, to H, (F,: Z), where p,=(a,—1)(a
—1)--(a,—1) and p,=(by—1)(b;—1)---(b,—1). (see [Theorem 1.6). Then we

have

THEOREM A. Let F,, F,, {Z}ic10,-n, and {Ys}1o10,.n, be as above. If
" n=3, then there exists a smooth embedding e: F,—F, so that each z, is
mapped onto y; by (e)y and that F,—e(F,) is a manifold with boundary
(—KJUK, (1=0,1, -, o).

This is proved by considering the intersection pairing of H,(F,), H,(F,)
and maps «a: m,(F,) (and =,(F,))—=,_,(SO,) which are defined in [7].

Let a=(2,2,---,2,s). If s odd, then we have well known results that
K, is a homotopy sphere which is determined in [1]. But if s is even, then
K, is not a homotopy sphere. As an application of Theorem A we have
the following

THEOREM B. 1) If n is even, then K, is diffeomorphic to D*x S"~ 1U

Sn—1x D where f, is described as follows. Let 8: 1,(S")—1,-1(SO,) be a
boundary homomorphism associated to the fibration SO,—SO,,.,—S", t,=idgn
and ¢,=0([s/2)¢,). Then a diffeomorphism f,: S*'x S =8 1x S is
given by fu(x, y)=(z, p.(z), v)-

i) If n is odd, then K, is diffeomorphic to
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S 1% S when s=0(8),
0D(rg) =2(8),
(S 1x S™4Y s=4(8),
and o0D(tgm)$2 s=6(8),

where aD(rSn)/ is .the boundary of the tangent disk bundle of S™ and 2, a
generator of bP,,.

I am greately indebted to Professor K. Kobayashi for helpful discussions
and encouragements.

§1. Intersection pairings and maps @

Let a=(a,, ai, a5, -+, a,), a;,>1. We write F, F and K in place of F,,
F, and K, for convenience. We shall study the diffeomorphism class of the
manifold F. For this we notice the following results by C. T. C. Wall [7]

(1.1) Let N be a compact differentiable (n—1)-connected 27-manifold,
dNx¢ and n=3. Then the diffeomorphism class of N is determined by
the intersection pairing: H,(NY® H,(N)—>Z and a map a: n,(N)—=>r,-1(SO,).
a is defined by corresponding an embedded 7-sphere to its normal bundle
in N.

Now we recall results by F. Pham and J. Milnor.

(1.2) Let 2, be the set of all a-th roots of unity. Then F is homotopy
equivalent to 2, * 2, *--- *£, , where * denotes join [6]. It follows that
H,(F)=H,(2.,)®H,(2,)Q--®H,(2,,,,) [5, p- 74].

We identify H,(F) with I:.TO(.Q%)@HO( a) X R H, (R, _) by this isomor-
phism. Let w;=¢e® (;=0,1,2,---,n), y —1 =i. Then (wj—1) (=12,
--.,a;—1) is a basis of HO(Q,,}). We shall write wi—1<wf—1 if 0<i<k
<a;. We order the basis {(wi—1)®Q--R(wi»—1)} of H,(F) by the lexico-
graphic order. Let A, be a trivialization of ¢*(C) defined by £,(z, 21, 22, ***» Z»)
=(e"/"z,, ez, -, " z,), where C={e"eS"|te[—x/2, z/2]}. [5, p. 73]

ProposITION 1. 3. Consider H,(F) with the above ordered basis. Then
the matrizx of the linking number {L((h_,)sxs, x;)} is given by AQAQ
- ®A,, where L denotes the linking number, A;= 1 1 --- 1 ., the rank

1 - 1
0" -,
q

of which is a;—1 (i=0,1,2,---,n) and t is a sufficiently small positive number.
(Proor) The proof shall rely on results of F. Pham and J. Milnor [5,
§9 and 6]. The join of (n+1) unit circle S S'*S'*---+S’, is canonically
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embedded in C”*'. Let g be a p. I. homeomorphism: S+ Sl ... x§1— 82+
which is given by g((¢20, £121, -+, £.2,)) =tV B+ -+ + 82, -+, L2V 8B+ -+ + ),
~ where t,€R, 2,65 and £,+4+---+¢,=1. Now consider the fibration gog:
St oo x§1—g 1 (K)—S" in place of ¢: S#'—K—>S. Let ¢: O —f1(0)—S!
be ¢(z)=f(2)/| f(2)|. It is easy to see that g (2, * Q. * - *2,)Cé(1), so
Q4% Qo -+ 202, Cgog)(1). At first we show that this inclusion is a homo-
topy equivalence. Let d: ¢7'(1)x R—¢ (1) be a diffcomorphism and 7:
¢ )= 2, % Qax -+ x2, , a deformation retract which are defined in [5, §9
and 6]. Then it follows from the construction of r that the composition

g d r

map: 4% 2o% - *2,, — ¢ (1)x0C (1) X R— ¢ (1)—— 2, % 2, % -+ 2,
is an identity map. It follows that do(g/2, * --- * 2, ) is a homotopy equiva-
lence. Therefore we may consider that (¢7)4(wik—1)® - ® (wir—1)) of

H, (g7(F)) is represented by an embedded 7n-sphere ('i)"o)*( 1 )**( 1 )

0 wh W,
There is a trivialization &, of ($og)"!(c) which comes from &,; &,(z, -, 2,)
=(e"/%z,, €%z, -+, €*/%z,), where (2,2, ", 2,)€¢ (S*"*"'—K) and te[—z/2,
7/2]. For convenience put z=(g "y (wh—1)Q (wh—1)® - (wir—1)), y=
(7% (wd—1)Q(w—1)Q @ (wi=—1). Now we can calculate the linking
number (4_,)sx and y by using these facts together with

e_.it/a,o e—it/an
L<(h_t)* X, 2/> = L((e_“/%w?)* *(e~'it/anw in>a ?_-/)

n e it/ay 1
R ()

where ¢ is a sufficiently small positive number.

Since L( e ), (1 )>= {O, when 0<¢<0<2n
e %) \e” 1, 0<0=9p<2r,

the matrix of the linking number { L((e‘“/“l ), (1 ))} is ;1 1. 1.,

e~ ayt) \ it

the rank of which is (a,—1).
REMARK 1.4. We can calculate L((A,)4x, v) similarly by using

<<e¢t/a; )’ (i >>= {0, when 0<p<0<2rn
et/ e —1, 0<9=s9<2r.

We will need this later.

LEmMMA 1.5, Let S?, S CS™ and S, S¥YC.S™* be piecewise linearly
embedded spheres of dimension p, p' and q, q¢' respectively. Let p+p'=n,
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q+q'=m, S"NS” =¢ and S*NSY=¢. Moreover we assume that S**'—Sr
and S™*'—8? are homotopy equivalent to S” and S¥ respectively. Then

L(5», §7)-L(5¢, §v) = L(§**5¢, § * )

(Proor) We can think of the linking number, for example, L(S?, S*)
h,

as the degree of the map c,: S* cS*H—§r 58 . where h, is an oriented
homotopy equivalence so that the orientations of S? and §?' are compatible
with that of S**. Similarly we have a map ¢, for S S*C.S™"". Consider a
map ¢, * ¢g: S? x §9—(S*+1— §) x(§7+1— §¢)c §»*+7+3— §7'x §¢—§7x §%.  Then
deg (c, *c,)=deg (c,) - deg(c,). This completes the proof. (Q.E.D.)

Now we have the following

THEOREM 1.6. We consider H,(F) with the above ordered basis. Then
1) the matrixz of the intersection pairing is given by AQA,R---QA,—
(=1 (P A)R(A)R - R(*A,). i) alz) (=0,1,2,---,n) is an element of
7,-1(80,) which corresponds to a tangent bundle of S™

(ProoF) The first part follows from the fact that {x, y)=L((h_)xx, ¥)
—L((h)xx, v) [3, 2.5]. Now we prove the second part. If n is even, then
it is easy to see {(x;,,x;)=2 ({=0,1,2,---,n). Therefore the Euler number
of a(x;) is 2. By [4, p. 51] a(x,) is as stated above. If 7 is odd, then we
have L((h_;)xx;, x;)=1. It follows from [3, 3.3] that a(x,) is a unique non-
trivial element of I,9, where 9: =,(S*)—r,_,(SO,). (Q.E.D).

The intersection pairing of H,(F) is given and stated in other form in
[2, p. 88].

§ 2. Embeddings

In this section we give a proof of Let a=(a,, a,, as, -+, a,),
b=(by, b1, b,, -, b,) and a;<b; (1=0,1,2, ---, n). Let F,, F, be fibers of Milnor
fiberings for the polynomials f,(z)=2f+2"+ - +2% and f,(2)=20+20+

B A

Proor oF THEOREM A. We shall prove the special case of Theorem
A. Let by=a,+1, and b,=a,, 1<i<n. The proof of other cases are much
the same. This inductively prove the general case. By C. T. C. Wall
and [Theorem 1.6, F, is diffeomorphic to a unit 2zn-disk with attached p,
n-handles D™ (UD"XD") where the attaching map f; is determined by an

element of =,_ 1(SO,,) associated to the tangent bundle of S™ and matrix (c;,)
which is that in [Theorem 1.6l c¢;; denotes the linking number of f£;(D} x 0)
and f;(0D%x0). Now we consider a manifold F, with the last nz-handles
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D,,. xD, -, D;x D" removed. We denote this by N. Then the inter-
section pairing and the map a of N coincide with them of H,(F,). There-
fore if n=3, F, is diffeomorphic to N by (1.1). It is trivial from the
construction that x; is mapped onto y; by this embedding. (Q.E.D.)

Let & be a characteristic diffeomorphism of a fiber F of a Milnor fibering
¢. Let hy: H,(F)—H,(F) be represented by a matrix (h;). Then we have
the following proposition. We use the notations in [Theorem 1.6l

PrROPOSITION 2.1. “h;)=(—1/"(AR'A;R - ®°A,) + (AR - ®A,)""
(Proor) Notice h;,=h. Then

Chytty, x5) = L((h—t>*h*$¢, xj) - L((ht)*h*xz'a xj)

= L((hae- s i, 25) — L((Bs Dhase, 7). |

So, we have
(hes)({Tes 239) = (— 11 (FAQ - ®FA,)
— (=1 b, (AR - @A)
) {(A® @A) —(— 1 A®- ©'A,)
= (=1 A® @A) —(— 1) (k) (AR RA,) .
Hence, ‘(hey)=(—1/"*"("A,® - ®'A4,)  (A,®-@A,) ™.

REMARK 2.2. Let hg, h, be the characteristic diffeomorphism of F,, F,
which are associated to the polynomials f,, f, respectively. Although there
is an embedding e: F,—F,, hyce is not homotopic to ech,. This follows
from the consideration of (A,)s« and (h,)« by the above proposition.

§ 3. Examples

In this section we will prove Let s be always even.

ProrosITION 3.1. If n is even, then H, (K,)=Z, and H,(K,)=0. If
n is odd, then H, (K,)=H,(K,)=Z.

(ProorF) We have the exact sequence,

2 0
0__>Hn(Ka)__)Hn (F—a)_—_)Hn(Fa’ Ka)__) n~1(Ka)_—')0 .

Theorem 1.6 shows that if n is odd,then ¥=/ 0 1 1-..-1 1

—~1 0 1.1
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and that if n# is even, then ¥ = 1 ] Since s is even, we

2 1 1---
1 2 1.1
1 1, 2™

co '."2.1J
1 1712

can transform them into 1 0\ or 1 O\J by integer elementary

matrices respectively.

PrOPOSITION 3.2. Let n be odd. Then a generator of H,(K,) is —x;
+ X — X3+ X+ -+ (=10, . If we represent it by an embedded sphere,
then its normal bundle is trivial when s=0(4) and a tangent bundle of S™
when s=2 (4).

(ProoF) The proof is as follows from [7, Lemma 2],

a(—xl+x2+ +(—1)8‘1x8_3> = g}

=1+(1/2)(s—2)(s—3)
=0, s=0(4) (mod 2)
l 1 552(4).

Proor oF THEOREM B. At first we shall give a proof for 7, even.
Let s=4. We consider a manifold K,., F,, associated to a set of integers
a'=(2,2 +,2,5—1). Then it is well known that K, is a standard sphere.
Consider a manifold F,—e(F,) U D*. Then this manifold is a unit disk

Kgr=0D
with attached one n-handle, the boundary of which is K, by Theorem A.
If N,=D"UD"xD" where f,(z,y)=(x, ¢.(x)y) and (z, y)e D*x D", then

fa
H,(0N,)=0 and H,_,(0N,)=Z,. By using this fact and (1.1), we know that
N, is diffeomorphic to F,—e(F,) U D*. Especially K, is diffeomorphic to

Kqr=D
ON,. When s=2, it is easy to see that N, is diffeomorphic to F,.
Next we shall prove ii). As above we consider a manifold F,—e(F,).
By K, is diffeomorphic to a standard sphere S**! when s—1=+1(8)
and to F when s—1=+3(8). Now we consider the cases s=0 or 2(8).

Since K, is a standard sphere then, we can consider F,—e(F,) U D™
Kqr=iD

Since the image of 9: 7,(S™)—n,_1(SO,) consists of only 2-elements, K, must
be diffeomorphic to either S*"'xS” or dD(zgn). If K, is diffeomorphic to
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S*1x 8" then a(X(—1)x,)=0. And if K, is diffeomorphic to dD(zg), then
a(2(—1Yx)=1. Using these facts together with [Proposition 3.2 and (1. 1),
we know that K, is diffeomorphic to S*'xS™ when s=0(8) and to 0D(zg)
when s=2(8). When s=4, 6(8), the arguments are much the same. But
since K, is X, we must extinguish ¥ before constructing F,—e(F,)U D™
It is as usual to proceed as follows. At first Embed D*'xI in F,—e(F,)
and D! in ¥ so that D *x0cCK, and D,x1CK,. Then we remove
D7 'xT and L% 2xI from F,—e(F,) and 2 xI respectively. Then we
attach these two manifolds with each open tube removed, on 9D, xI and
0D, x 1. It is easy to see that the boundary of the manifold constructed as
above is (—S™ YUK, #(—2). K,#(—2) is determined as above. Therefore
we have determined K,.

Hokkaido University
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