Linearly compact modules and cogenerators II
By Takeshi ONODERA

Introduction

Let R be a ring with 1-element. A left R-module M is called linearly
compact if every finitely solvable system of congruences x=m, (mod M,),
a€l, where m,eM, and M,’s are submodules of M, is solvable. Linearly
compact modules play an essential role in Morita duality without chain con-
 ditions.  ([9], [12], [14]).

Let P be a finitely generated projective left R-module and rQ be a
cofinitely generated injective” left R-module. We say that the {P, Q} is an
RZ-pair if every simple homomorphic image of rP is isomorphic to a sub-
module of ;Q, and every simple submodule of Q is a homomorphic image
of z P. It should be noted that {P, P} is an RZ-pair if and only if nP is
a finitely generated projective and cofinitely generated injective RZ-module
(cf. [11]). Let S and T be the endomorphism rings of P and zQ, respec-
tively. The main purpose of this paper is to show the following

THEOREM (THEOREM 2). Suppose that the pair {P,Q} is an RZ-pair
and both RP and Q are linearly compact. Then both (Homy (P, Q) and
Homy (P, Q), are injective cogenerators, and, S and T are naturally iso-
morphic to the endomorphism rings of Homyg (P, Q); and ¢Homy (P, Q)
respectively.

A ring R is called a left Morita ring following [14], if R and the
injective envelope of every simple left R-module are linearly compact. A
right Morita ring is defined similary. Then we have the following

CoRrROLLARY A (CoROLLARY 2 to THEOREM 2). Let R be a left Morita
ring. Then the endomorphism ring of every finitely generated projective
left R-module is a left Morita ring, and, the endomorphism ring of every
cofinitely generated injective left R-module is a right Morita ring.

The first half of the corollary was announced by R. W. Miller and
D. R. Turnidge [7].

Further, we have the following corollaries.
CoroLLARY B (CorOLLARY 3 to THEOREM 2). Let R be a ring such

1) A module Q is cofinitely generated if and only if the socle of Q is finitely generated
and an essential submodule of Q (cf. [12, 13]).
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that rR is linearly compact. Let Q be a linearly compact, cofinitely gener-
ated injective left R-module, and T be the endomorphism ring of zQ. Then
the right T-module Qr is a linearly compact cogenerator, and the left R'-

module Q 1is cofinitely generated and injective, where R’ is the double
centralizer of zQ, R'=End(Q).

CoROLLARY C (CoROLLARY 4 to THEOREM 2). Let R be a ring such
that xR is linearly compact. If there is a (faithful) linearly compact, co-
Jinitely generated injective and flat left R-module, then there exists a (faithful)
finitely generated projective and injective right R-module. :

These corollaries afford some useful generalizations in the study of QF-3
rings (cf. [3, 8]).

§1 A pairing of modules

Throught fhe present paper, P and zQ denote left R-modules, and, S
and T denote always the endomorphism rings of rP and Q, respectively.
sHomg (P, Q)r is then a S-T-bimodule in the following way:

(sg2) (p) = g(ps)t, geHomyz(P,Q), s€S, teT, peP.

Let Pz =Homy (P, R) be the R-dual of zP there is a mapping (,) of P*xQ
into Homy (P, Q) which is defined by

(Lo (p)=flplg, feP*, qeQ, peP.
It is easy to see that the fdllowing identities hold:

(fitfe, =1, @+ (@), (fsat+a)=(f, q)+(f; )
sfia=s(f,q), (fig)=(fqt
(frg)=(f,rq
£ fis i€P%, ¢, q, ¢:€Q, s€S, teT, reR.
Here we consider the following conditions:
(A) (f,q)=0 for all feP* implies g=0.
" (B) (£q)=0 for all geQ implies f=0.
If these two conditions are fullfiled, then we say that the pair {P,Q)} is a

regular pair. It is easy to see that if pP is a generator, then {P, Q} satisfies
the condition (A) for every left R-module Q.

LemMmA 1. Let {P,Q} satisfy the condition (A) and M be a left R-
module. Then, for any submodule X of sHomgz(P, M) and for any S-

2) Condition (A) is equivalent to say that Q is P-distinguished in the terminology of [6}
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homomorphism & of X into (Homg (P, Q), the following mapping,
X(P)3 4 fulp)—— L 0(f)(pIeQ, fi€X, pieP,

finite

is an well defined R-homomorphism.

ProoF. By assumption, it suffices to show that if X fi(p)=0, then
(£, T6(F)(p)=0 for all feP*. Let s, be the element of S which is defined
by psi=f(p)p:» PEP. Then we have }s,f;=0, because (21s,1;) (p)= 2 fi(ps)
=2 f(p)fi(p)=0 for all peP. Now, (f, Lo(f)(p)(p)= 2L f(p)(0(f)(p.))=

TO(f) (f(P)pe)= 28(f2) (ps)= 26(s:f2) (p)=0(Ts:f3) (p)=0 for all peP. Thus
(f, 26(f5)(p))=0. Since f is arbitrary element of P*, we have obtained

our assertion.

COROLLARY. Let zP be a generator. Then, for any left R-modules
A and pB, Homg(Homy(P, A), Homy (P, B)) is naturally isomorphic to
Homy (A, B). 3

ProOF. Let & be an element of Homg(Homy (P, A), Homg (P, B)). Then,
by Lemma 1, the mapping

g: A=Homz(P, A)(P)e T, fi(p)—>20(f)(p)eB, frc Homu(P, A), p.eP,

finite

is an well defined R-homomorphism. This implies that 6(f)=gf for all
feHomz(P, A). On the other hand, if ¢ is an element of Homz(A, B) and
gf=0 for all fe Homg(P, A), then ¢=0, because P is a generator. Thus
Homgy(Homy(P, A), Homy (P, B)) is naturally isomorphic to Homz (A, B).

LemMA 2. Let {P, Q} satisfy the condition (A), and prM be a left R-
module. Then the following conditions are equivalent.

(1) zQ is M-injective.”

(2) Homgz (P, Q) is sHomy (P, M)-injective and Homs(Homz (P, M),
Homgy (P, Q) is naturally isomorphic to Homzp (M, Q).

Proor. (1)=>(2). Let X be a submodule of ¢Homy (P, M) and § be a
S-homomorphism of X into gHompg(P, Q). Then, since pQ is M-injective,
by Lemma 1, there exists an element ge€Homg (M, Q) such that o(f)=gf
for all feX. It follows that ¢FHomy (P, Q) is sHomy (P, M)-injective, and, by
taking JHomy (P, M) as X, Homg(Homy (P, M), Homz (P, Q)) is homomorphic
to Homy (M, Q). It remains to show that if g is an element of Homz (M, Q)
such that gf=0 for all fe Homy (P, M), then g=0. Let m be an element
of M. Then we have (h, g(m))(p)=h(p)g(m)=g(h(p)m)=0 for all heP*,

3) Q is called M-injective if every homomorphism of a submodule of M into Q is ex-
tended to that of M into Q (cf. [1].
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and for all peP. This implies, by assumption, that g(m)=0. Since m is
an arbitrary element of M, we have ¢g=0. This proves our assertion.
(2)=>(1). Let M’ be a submodule of M and ¢ be an R-homomorphism of
M’ into Q. Then, by assumptions, there exists an element g€ Homz(M, Q)
such that ¢-f=g-f for all fe Homz (P, M').. Then we have ¢(m')=g¢g(m') for
all m'eM’, since (h, o(m')—g(m')) (p)=(p—g)(h(p)m')=0 for all he P*, and
for all peP. Thus Q is M-injective.

CoroLLARY 1. Let {P, Q} satisfy the condition (A). If zQ is injective,
then (Homy (P, Q) is injective, and the endomorphis ring of zQ is naturally
isomorphic to that of ¢Homz(P, Q).

ProoF. Setting M=P in Lemma 2, we see that ¢Homg (P, Q) is injec-
tive, and, setting M=(Q we obtain the latter half of our assertions.

CoroOLLARY 2. (Pahl).Y Let P be a generator and S be the endomor-
phism ring of pP. Then the following conditions are equivalent.

(1) &P is quasi-injective.

(2) &S ts injective.

(3) &P is injective.

Proor. Since {P, P} satisfies the condition (A4), the equivalence (1)< (2)

follows direct from Lemma 2 by setting M=Q=P, while the equivalence
(1)&(3) is well known.”

§2 RZ-pairs

Let P be a finitely generated left R-module and zQ be a cofinitely
generated injective left R-module. We say that the pair {P, Q} is an RZ-
pair if every homomorphic image of P is isomorphic to a submodule of Q,
and every simple submodule of Q is a homomorphic image of P.

LemMma 3. If the pair {P, Q} is an RZ-pair, then it is a regular pair.

Proor. Let (P* ¢)=0, geQ. Suppose ¢=0, and let Rqg, be a simple

submodule of Rg. Then, since Rq, is a homomorphic image of zP and P

is projective, there exists an element f€P* such that f(P)g=Rq,. But this
means that (f, ¢)=0, and we have a contradiction. Next, let (f, Q)=0,
feP*. Suppose f=0, and, let Rg, be a simple homomorphic image of f(P).
Then, since Q is injective, there exists an element ¢,€Q such that Rg,=
f(P)q,. But this means that (f, ¢;)=0, and we have a contradiction.

'Following lemma is easy to show and we omitt here the proof for it.

4) Cf. [5], Theérem 3.
5) Cf. [1]
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LEMMA 4. Let zP be a projective left R-module. Then, for a simple
left R-module pM, JHomy (P, M) is either 0 or simple.

TueoreM 1.° Let {P,Q} be an RZ-pair. Then gHomyz(P, Q) is a
cofinitely generated injective cogenerator, and the endomorphism ring of zQ
is naturally isomorphic to that of JHomgzp (P, Q).

Proor. Let Q, be the socle of Q. Then, by Lemma 4, (Hom (P, Q,)
is a sum of simple submodules. We show that (Homy (P, Q,) is an essential
submodule of ¢Homy (P, Q). Let f be a non-zero element of (Homy (P, Q)
and Q' be a simple submodule of f(P). Then Homg (P, Q') is a simple sub-
module of Homy (P, Q,) which is contained in Homz (P, f(P)=Sf. Thus
sHomy (P, Q) is cofinitely generated. Next, we show that ¢Homg (P, Q) con-
tains an isomorphic image of every simple left S-module. For this purpose,
let | be a maximal left ideal of S. Then, since P is finitely generated and
projective, we have PIxP. Let f be a non-zero R-homomorphism of P/P!
into Q. Then f=f-v is an element of ¢Homy(P,Q) such that SF=S/I,
where v is the natural homomorphism of P onto P/Pl. Thus gHomz (P, Q)
contains an isomorphic image of S/I. Since JHomy(P, Q) is injective by
Corollary 1 to Lemma 2, it is an injective cogenerator. The last assertion
of the theorem follows direct from Lemma 2.

CorOLLARY. If {P, P} is an RZ-pair, or equivalently, if »P is a finitely
generated projective and cofinitely injective RZ-module, then the endomor-
phism ring of rP is a left injectiv cogenerator.

§3 Endomorphism rings of linearly compact modules

We begin this section with the following

PROPOSITION 1. Let P be a finitely generated projective left R-module.
If xQ is linearly compact, then Homy (P, Q) is linearly compact.

Proor. This is proved in [14]. But for the sake of completeness, we
give here the proof for it. Let g=g, (mod W1,), a€l, where g,€ Hom (P, Q)
and U,’s are submodules of ¢Hom (P, Q), be a finitely solvable system of
congruences. Then, as is easily seen, for each element p of P, the system
of congruences x=g¢,(p) (mod U,(P)) is finitely solvable, and, because Q is
linearly compact, it is solvable. Let K=IIQ/1,(P) be the direct product

a€l

of QM. (P)’s and K, be the submodule {I[ (¢ mod U, (P))|qgeQ} of K. Let A
be the homomorphism of P into K wich is defined by,

h(p)=1I (¢.(p) mod W,(P)), peP.

6) Cf{. [6], Theorem 4.




248 T. Onodera

Because pP is projective, there is a homomorphism % of nP in zQ such that
k(p)=g.(p) (mod U,(P)) for all peP. Our proof is therefore complete if we
prove the following :

LEMMA 5. Let nP be a finitely generated projective left R-module and
2Q be a left R-module. Let W be a submodule of sHompg (P, Q), and, k be
a homomorphism of pP in zQ such that k(P)SW(P). Then we have kell.

Proor. Let P= Zn}Rpi and k(p,)=ul® (p)+ - +uld (p0), uell, peP,
i=1

i=1,2,---,n. Let t=0L+---+[, and v be the homomorphism of P®, the
direct sum of #-copies of P, in Q which is defined by,

P® (xl, Tty xt)__—)ul(.l) (xl)—l— +u§:)(xt)e Q .

It is clear that 2(P)Cu(P"®). Since P is projective, there exist s, -+, s.€S
such that u{’(ps)+ - +u{”(ps,)=k(p) for all peP. It follows that 2=
s + - +su™ell, as asserted.

COROLLARY. Let nP be a linearly compact projective left R-module.
Then &S is linearly compact.

Proor.” It suffices to show that P is finitely generated. Since P is
complemented, Ra(P), the radical of P, is small and P/Ra(P) is semi-simple
artinian. It follows that P is finitely generated.

PrOPOSITION 2. Let pP be a generator and | #Q be a left R-module.
If the left S-module (Homy (P, Q) is linearly compact, then rQ is linearly
compact.

Proor. Let x=gq, (mod 1,), acl, where ¢,€Q and U,’s are submodules
of zQ, be a finitely solvable system of congruences. Since P is a generator,

there exist f,, --+, f,€ Homg (P, R) and p,, ---, p,€P such that i_ﬂ(p,,)-—:l. For
=1

each 7 and for each a, let ¢ be a homomorphism of P in Q which is

defined by,
9 Pap—fi(p)q.€Q.
@

Then, as is easily seen, for each Z, the system of congruences g =g

(mod Homyz(P,1,)), a€l, is finitely solvable. Since sHomz (P, Q) is linearly

compact, the system has a solution g®. Let q0=§1g“) (ps). Then we have,

Lv_]§

for each ael, g—g.= 330 (p)—(EA(p)a. = To®(p)—02(p) = 5le® —

= (4
99 (p,)e,. Thus our assertion is proved.

il

i

7) Cf. [4, 15].
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From Propositions 1 and 2 we have direct the following

PROPOSITION 3. Let P be a progenerator. Then sHomy(P, Q) is line-
arly compact if and only if zQ is linearly compact

We have also the following

ProPOSITION 4. Let zQ be an injective left R-module wzth essentzal
socle and P be a linearly compact left R-module. Then the right T-module
Hom (P, Q); is linearly compact.

Proor. For each submodule 1 of Homy (P, Q)r, we have
Anngom op,q(Annp(N)=U> Let g=g. (mod U,), a€l, be a finitely solvable
system of congruences, where g¢,€Homgz(P, Q) and W,s are submodules of
Homg(P,Q);. Then, as is easily seen, the mapping
ZAnnP( )5 Zpa__)zga (Pab)eQ

findte

where p..€ Annp(1,,), is an well defined R-homomorphism. Since zQ is injec-
tive, there exists g€ Homy (P, Q) such that g(p.)=g.(p.) for all p,€ Annp,(11,).
It follows that, for every a€l, g—¢.€ Annpmyr,ep (Annp(W,)=1U,. This
proves our assertion.

§4 Main results

THEOREM 2. Suppose that {P, Q} is an RZ-pair and both P and Q
are linearly compact. Then both JHomy (P, Q) and Homy (P, Q)s are injective
cogenerators, and, S and T are naturally isomorphic to the endomorphism
rings of Homy (P, Q); and sHomy (P, Q), respectively, where S is the endo-
morphism ring of P and T is that of Q.

Proor. By Theorem 1 ¢Hompy (P, Q) is a cofinitely generated injective
cogenerator and 7" is isomorphic to the endomorphism ring of ¢Homz (P, Q).
Further, by Proposition 1, both ¢S and ¢Homy (P, Q) are linearly compact,
whence sHomg (P, Q) is balanced and Homy (P, Q), is an injective coge-
nerator.”

COROLLARY 1. Let P be a linearly compact, cofinitely generated, in-
Jjective and projective left R-module. If {P, P} is an RZ-pair, then the endo-
morphism ring of P is a two-sided cogenerator ring.

A ring R is called left Morita ring® if both rR and the injective
envelope of every simple left R-module are linearly compact. A right Morita

8) Cf. [12], Theorem 5. Here, Annx(Y) denotes, as usual, the annihilator of Y in X.
9) Cf Theorem 2, Theorem 7.

10) Cf.
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ring is defined similarly. Then we have the following

COROLLARY 2. Let R be a left Morita ring. Then the endomorphism
ring of a finitely generated projective left R-module is a left Morita ring,
and, the endomorphism ring of a cofinitely generated injective left R-module
is a right Morita ring.

- Proor. Let P be a finitely generated projective left R-module. Since
R is a semi-perfect ring,’V there exists a cofinitely generated injective left
R-module zQ such that {P, Q} is an RZ-pair. Further, since R is a left
Morita ring, both P and Q are linearly compact, whence, by Theorem 2,
S is linearly compact and gHomy (P, Q) is a linearly compact injective
cogenerator. Thus S is a left Morita ring. The latter half of the corollary
is also proved similarly.

CoROLLARY 3. Let R be a ring such that xR is linearly compact. Let
#Q be a linearly compact, cofinitely generated injective left R-module and
T be the endomorphism ring of Q. Then Qr is a linearly compact coge-
nerator, and, rQ is a cofinitely generated injective left R'-module, where
R’ is the endomorphism ring of Q.

Proor. By assumption, there is a finitely generated projective left R-
module P such that {P, Q} is an RZ-pair. Then, by Theorem 2 Hom (P, Q),
is an injective cogenerator. Since Homgy (P, Q), is isomorphic to a direct
product of Q7, Q7 is a cogenerator. By Proposition 4, Q; is linearly compact
and whence »Q is injective.’® Further, »Q is cofinitely generated by ([13],
Lemma 8).%¥

COROLLARY 4. Let R be a two-sided cogenerator ring. Let P be a
finitely generated projective left R-module. Then Pg is a linearly compact
cogenerator and g P is a faithful finitely generated projective and cofinitely
generated injective left R'-module, where S is the endomorphism ring of rP
and R' is the double centralizer of rP.

Proor. Since zR, whence pP is linearly compact, cofinitely generated

and injective, our assertion follows direct from the above Corollary 3.

COROLLARY 5. Let R be a ring such that pR is linearly compact. If
there is a (faithful) linearly compact, cofinitely generated injective and flat
left R-module, then there exists a (faithful) finitely generated projective and
injective right R-module.

Proor. Let zQ be a linearly compact, cofinitely generated injective and

11) Ctf. Corollary to Theorem 5.
12) Cf. [12], Corollary 1 to Theorem 2.
13) Note that T is a semi-perfect ring.
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flat left R-module, and, T be the endomorphism ring of Q. Let zP be a
finitely generated projective left R-module such that {P, Q} forms an RZ-
pair. Then, by Theorem 2, both (Homy (P, Q) and Homz (P, Q)r are injective
cogenerators, and S, T are naturally isomorphic to the endomorphism rings
of Homy (P, Q)y, sHomz(P, Q) respectively, where S is the endomorphism
rings of z,P. We show that the right R-module P*= Homg (P, R) is injective.
Since Qy is linearly compact and {P, Q} is a regular pair, ¢P* is isomorphic
to the Homy (P, Q)-dual of Qy, that is, ¢Px=Homy(zQr, Homz (P, Q)r).*
It follows that P; is injective, because Q is flat and Homz (P, Q)r is injec-
tive. It is clear that P} is finitely generated and projective. Further, let
2Q be faithful. Then P*r=0, reR, implies that 0=(P*r, Q)=(P*, rQ). It
follows that 7Q=0, whence r=0. Thus Pj is faithful. This completes

our proof.
Department of Mathematics
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