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This paper is the continuation of the paper with the same title [1]. Defi-
nitions and terminologies in the previous paper will be used here also. Let
$R$ be a Riemann surface with positive boundary and let $G$ be a domain in
$R$ . We suppose Martin’s topologies $M$ and $M’$ are defined over $R+\Delta(R, M)$

and $G+\Delta(G,M’)$, where $\Delta(R, M)$ and $\Delta(G, M’)$ are sets of all Martin’s bound-
ary points of $R$ and $G$ respectively. Let $\Delta(R, M)1$ (resp. $\Delta$ ($G1$’

$M’$ )) be the set

of all minimal points of $\Delta(R, M)$ (resp. $\Delta$ ( $G$, $M’$)). Let $G(z,p)$ and $G’(z,p)$

be Green’s functions of $R$ and $G$ respectively and let $p^{*}$ be a fixed point

in $G$ . Put $G_{\delta}= \{z\in G:\frac{G’(z,p^{*})}{G(z,p^{*})}>\delta\}$ . Then

THEOREM 1. (M. Brelot) [2]. Let $p$ be a point on $\partial G$. If $p$ is irregular
for the Dirichlet problem in $G$, the set of points in $\Delta(G, M’)$ lying on $p$

consists of only one point which is minimal.
THEOREM 2. (M. Brelot) [3]. Let $p\in\Delta(R, M)1^{\cdot}$ Then there exists a path

$\Gamma$ in $RM$-tmding to $p$ .
THEOREM 3. (L. Na.im) [4]. Let $\{p_{i}\}$ be a sequence in $G_{\delta}$ : $\delta>0$ such that

$M$

$p_{i}arrow p\in\Delta(R, M)1^{\cdot}$ $Thm$ $\{p_{i}\}M’$-tends to a point $q\in\Delta(G, M’)1^{\cdot}$

We shall consider extensions of the above theorems. In this paper we
use I and $E$ operations. Let $A$ and $B$ be two hyperbolic domains in $R$ such
that $A\subset B$. Let $U(z)$ be a positive harmonic function in $B$. We denote by
$AI^{B}[U(z)]$ the upper envelope of continuous subharmonic functions in $A$ smaller
than $U(z)$ and vanishing on $\partial A$ except a set of capacity zero. Let $V(z)$ be
a positive harmonic function in $A$ vanishing on $\partial A$ except a set of capacity

zero. We denote by $E^{B}[V(z)]A$ the lower envelope of continuous superharmonic

functions larger than $V(z)$ . Then I and $E$ have following properties:
1). $E$ and I are positive linear operators.
2). I $E[V(z)]=V(z)$ .
3). If $U(z)$ is minimal in $G$ and $I[U(z)]>0$ , $EI[U(z)]=U(z)$.
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4). If $I[U(z)]>0$, $U(z)$ preserves minimality of $U(z)$ and if $E[V(z)]$

$<\infty$ , $E$ presenes minimality of $V(z)$ .
Assertions except 3) are clear. We shall show only 3). Clearly $EI[U(z)]$

$\leqq U(z)$ . Hence $EI[U(z)]=aU(z):0<a\leqq 1$ by 4). Hence $E$ I $EI[U(z)]=$
$a^{2}U(z)$ . On the other hand by 2) a $U(z)=E(IE)I[U(z)]=a^{2}U(z)$, whence
$a=1$ and $EI[U(z)]=U(z)$.

Let $U(z)$ be a positive superharmonic function in $R$ . Let $F$ be a closed
set in $R$ . We denote the lower envelope of superharmonic functions larger
than $U(z)$ on $F$ by $FU(z)$ . Then $FU(z)=H_{\sigma}^{CF}(z)$ in $CF$, where $H_{U}^{CF}(z)$ is the
solution of Dirichlet problem in $CF$ with boundary value $U(z)$ on $\partial F$ and
$=0$ on the ideal boundary of $R$ . If $G(z,p)\neq_{CG}G(z,p):p\in R$, we say $CG$ is
thin at $p$ . For $p\in\partial G$, it is known that $p$ is irregular for the Dirichlet
problem in $G$ if and only if $CG$ is thin at $p$.

1. The mapping $f(p)$. Let $K(z,p)$ and $K’(z,p)$ be Martin’s kernels in
$R+\Delta(R, M)$ and $G+\Delta(G, M’)$ respectively such that $K(p,p^{*})=1=K’(p,p^{*})$.
Regard $R-p$ as a Riemann surface, then we can $defifine_{G-p}^{R}\overline{I}^{p}[K(z,p)]$ for $p\in R$

$+\Delta(R, M)$ . Then we shall prove the following
$p_{ROPOSITION}1$ .
1). If $p\in R-\overline{\dot{G}}$ or $p\in\partial G$ and $p$ is regular,

$K(z,p)-_{CG}K(z,p)=^{R}\overline{I}^{p}[K(z,p)]=0G-p$ .

2). If $p\in\partial G$ and $p$ is irregular, $p\in\overline{G}_{\delta}^{M}$ for a const. $\delta>0$ , where–M
means the closure relative to M-top.

If $p\in\partial G$ and $p$ is irregular or $p\in G,I[K(z,p)]G-pR-p>0$ .

3). R-pI[K(z, $p)$] $>0$ for $p\in\overline{G}_{\delta}^{M}\cap\Delta(R, M)$ .
G-p

4). $G-pRp\overline{I}[K(z,p)]=K(z,p)-_{CG}K(z,p)$ in $G$ for $p\in R+\Delta(R, M)$ .
PROOF 0F 1). If $p\in\partial G$ and $p$ is regular or $p\in R-\overline{G}$, $CG$ is not thin at

$p$, $i.e$ . $G(z,p)=_{CG}G(z,p)=H_{G(\cdot,p)}^{G}(z)$ in $G$. Hence $CGG(z,p)$ is quasibounded
in $G(ifU(z)$ is a limit of a increasing sequence of bounded positive har-

monic functions, $U(z)$ is called quasibounded). Now $K(z,p)= \frac{G(z,p)}{G(p^{*},p)}$ and

$R-pI[K(z,p)]$ is clearly a singular function in $G$ or $=0$ (if a positive harmonic
G-p

function $U(z)$ has no positive bounded harmonic function smaller than $U(z)$,

$U(z)$ is called singular). Evidently $G-pR-pI[K(z,p)]\leqq K(z,p)$ . Since $K(z,p)$ is
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quasibounded in $G,I[K(z,p)]=0R-pG-p$ . We have

$K(z,p)-_{CG}K(z,p)=0_{G-p}^{R-p}=I[K(z,p)]$ .

PROOF OF 2). Suppose $p$ is irregular. Then we can find a sequence
$\{p_{i}\}$ and a const. $\delta>0$ such that $p_{i}arrow p$ and $\lim_{i=\infty}G’(p_{\dot{l}}, p^{*})>\delta>0$ . Hence

$p\in\overline{G}_{\delta},$ , where $\delta’=\frac{\delta}{G(p,p^{*})}$ .

Suppose $p\in\partial G$ and $p$ is irregular. then $K(z,p)-_{CG}K(z,p)>0$ (because $CG$ is
thin at $p$). Clearly $K(z,p)=_{CG}K(z,p)=H_{K(.,p)}^{G}(z)$ on $\partial G$ except a set of ca-
pacity zero. Hence we have at once

$G-pR-pI[K(z,p)]\geqq K(z,p)-_{CG}K(z,p)>0$ .

Let $p\in G$. Then evidently $K(z,p)-_{CG}K(z,p)>0andI[K(z,p)]R-pG-p>0$ .

PROOF OF 3). Let $p_{i}\in G_{\delta}$ . Then

$K(z,p_{i})=. \frac{G(z,p_{i})}{G(p^{*},p_{i})}\geqq,\frac{G(z,p_{i})}{G(p^{*},p_{i})}\frac{G’(p^{*},p_{i})}{G(p^{*},p_{i})}\geqq\delta K’(z,p_{i})$ in $G$ .

$M$

Let $\{p_{i}\}\subset G_{\delta}$ be a sequence and $\{p_{i},\}$ be its subsequence such that $p_{i}arrow p$

$M’$

and $p_{i}’-r\in\Delta(G, M’)$ respectively. Then

$K(z,p)=, \lim_{i=\infty}K(z,p_{\dot{f}’})\geqq\delta K’(z, r)>0$

Now $K’(z,p)=0$ on $\partial G$ except a set of capacity zero. Hence $R-pG-pI[K(z,p)]\geqq$

$\delta K’(z, r)>0$ .

PROOF OF 4). Since $RpG-p\overline{I}[K(z,p)]\geqq K(z,p)-_{CG}K(z,p)$ , we have to prove

the inverse inequality. Let $v_{n}(F)$ be a neighbourhood of $p$ (if $p\not\in R$ put $v_{n}(p)$

$=0)$ . Let $U_{n}(z)$ be a harmonic function in $(G\cap R_{n})-v_{n}(p)$ such that $U_{n}(z)=$

$K(z,p)$ on $\partial G\cap R_{n}-v_{n}(p),=0$ on $\partial v_{n}(p)+(\partial R_{n}\cap G)$ . Then $U_{n}(z)\nearrow_{CG}K(z,p)$

as $narrow\infty$ , where $\{R_{n}\}$ is an exhaustion of R. $K(z,p)-U_{n}(z)$ is superharmonic
in $G\cap R_{n}-v_{n}(p)$ and $=K(z,p)$ on $\partial v_{n}(p)+\partial R_{n}\cap G$, whence

$R-pG-pI[K(z,p)]\leqq K(z,p)-_{CG}K(z,p)$ ,

and we have 4).
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Let $G(M, \Delta)=\{p\in R-G+\Delta(R, M):1R-pG-pI[K(z,p)]>0\}$ .

We shall defifine the mapping $f(p):p\in G+G(M, \Delta)$ as follows: Since $R-pG-pI$

preserves the minimality in $R-p$ of $K(z,p)$, $G-pR-pI[K(z,p)]>0$ is minimal in

$G-p$ and there exists a uniquely determined point $f(p)$ in $G+\Delta(G, M’)1$ and
a const. $a(p)>0$ depending on $p$ such that

$R-pG-pI[K(z,p)]=a(p)K’(z,f(p))$ ’.

where $K’(z,p)$ is Martin’s kernel in $G$ relative to $M’$-top.

If $p\in G$, $supK(z,p)<\infty z\in CG$ and $K(z,p)=\infty$ at $p$ . Hence $R-\prime\prime G-pI[K(z,p)]=$

$a(p)K’(z,p)$ and $f(p)=p$ in $G$. Hence $f(p)$ is defined in $G+G(M, \Delta)$ and
$f(p)$ is continuous in $G$. Denote by $f(G+G(M, \Delta))$ the set of point $q$ of
$G+\Delta(G, M’)1$ such that there exists at least a point $p\in G+G(M, \Delta)$ with
$q=f(p)$ . Then we shall prove.

THEOREM 4.
1). $f(p)=p$ in $G$ and $f(p)$ is univalent, $i.e$. $f(p_{1})\neq f(p_{2})$ for $p_{1}\neq p_{2}$ .

Hmce $f(p)$ is one to one mapping from $G+G(M, \Delta)$ onto $f(G+G(M, \Delta))$ .
2). As for $a(p)$ : $p\in G+G(M, \Delta)$ such that $R-pG-1I,[K(z,p)]\backslash =a(p)K’(z,f(p))$ .

$a)$ . $a(p)$ is continuous in $G$.
$b)$ . $a(p)$ is upper semicontinuous in $G+G(M, \Delta)$ .
$c)$ . Let $G_{\delta}^{*}=\{p\in G+G(M, \Delta):a(p)\geqq\delta>0\}$ . Then $G_{\delta}^{\star}$

. is $M$-closed in $G+$

$G(M, \Delta)$

and $G_{\delta}^{*}\supset\overline{G}_{\delta}^{M}\cap(G+G(M, \Delta))$ .
$M$ $M’$

3). If $p_{i}arrow p$ in $G_{\delta}^{*},\cdot f(p_{i})-f(p)\in G+\Delta(G, M’)1^{\cdot}$ Hence $f(p)$ is con-

tinuous at $p$ in $G_{\delta}^{\star}$ .
4). By defifinition of $G+G(M, \Delta)$ we have at once

$G+G(M, \Delta)=\bigcup_{\delta>0}G_{\delta}^{*}$

PROOF OF 1). $f(p)=p$ in $G$ is clear. We show $f(p_{1})\neq f(p_{2})$ for $p_{1}\neq p_{2}$ .
CASE 1. $p_{1}\in G$ and $p_{2}\in G+G(M, \Delta)$ . Then $Rp_{1}G-p\overline{I}‘[K(z,p_{1})]=a(p_{1})K’(z,p_{1})$ :

$a(p_{1})>0$ and $R-p_{1}I[K(z,p_{1})]=\infty$ at $p_{1}$ . On the other hand, $Rp_{2}\overline{I}[K(z,p_{2})]$ is
$G-p_{1}$ $G-p_{2}$

harmonic at $p_{1}$ , whence $K’(z,f(p_{1}))$ and $K’(z,f(p_{2}))$ are linearly independent
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and $f(p_{1})\neq f(p_{2})$ .
CASE 2. $p_{1}$ and $p_{2}\in G(M, \Delta)$ . $K(z,p_{1})$ and $K(z,p_{2})$ are harmonic and linearly
independent in $G$. Hence $b_{y}^{R-}E^{p_{i}}[K’(z,f(p_{i}))]=a_{i}K(z,p_{i})a_{i}>0:i=1,2K’(z$,

$G-p_{i}$

$f(p_{1}))$ and $K’(z,f(p_{2}))$ are linearly independent and $f(p_{1})\neq f(p_{2})$. Hence we
have 1).

$M$

PROOF 0F 2. CASE 1. $p\in G$. In this case, let $p_{i}arrow p$. Then $p_{i}\in G$

for $i\geqq i_{0}$ and $p_{i}=f(p_{ll})arrow f(p)=p$ . Now $p_{i}\in\overline{G}_{\delta}^{M}$ for a const. $\delta>0$ for $i\geqq i_{0}$ and
$K(z,p_{i})\geqq\delta K’(z,p_{i}):i\geqq i_{0}$ . Hence

$R-pG-p_{i}I‘[K(z,p_{i})]=K(z,p_{i})-_{CG}K(z,p_{i})=a(p_{i})K’(z,p_{i})$ : $i\geqq i_{0}$ .
Since $K(z,p_{i})\leqq M<\infty$ on $CG$ : $i\geqq i_{0}$ , $cGK(z,p)= \lim_{i=\infty}ceK(z,p_{i})$ . Hence

$a(p)K’(z,p)=I[G-pK(z,p)]= \lim_{i=\infty}(K(z,p_{\dot{l}})-_{CG}K(z,p_{i})|R-p$

$= \lim_{\dot{\iota}=\infty}a(p_{i})K’(z,p_{i})=\lim_{i=\infty}a(p_{i})K’(z,p)$

and $a(p)= \lim a(p_{i})$ and $a(p)$ is continuous in $G$.
$i=\infty$

CASE 2. $a$). $p\in G(M, \Delta)$ and $\varlimsup a(r)>0$ . In this case, we can find a
$r\epsilon\vec{(G}+G(M,\Delta))rpM$

$M$

sequence $\{p_{i}\}$ in $G+G(M, \Delta)$ such that $p_{i}arrow p$ and $\lim_{i=\infty}a(p_{i})=\varlimsup a(r)$ .

Let $\{p_{i’}\}$ be a subsequence of $\{p_{i}\}$ such that
$f(p_{i’})-r_{0}\in G+\Delta(G,M’),\sin r\epsilon^{rarrow p}(G+G(M,\Delta))$

ce
$G+\Delta(G, M’)$ is compact.

Then $R-G-p_{i}I^{v_{i’}},[K(z,p_{i’})]=K(z,p_{i’})-_{CG}K(z,p_{i’})=a(p_{i’})K’(z,f(p_{i’}))$ .

Let $i’arrow\infty$ . Then by $K’(z,f(p_{i’}))-K’(z, r_{0})$ and $cGK(z,p) \leqq,\lim_{i=\infty}CGK(z,p_{i},)$ ,

$RGI[K(z, p)]=K(z,p)-_{CG}K(z,p) \geqq,\lim_{i=\infty}K(z,p_{i’})-,\varliminf_{i=\infty}CGK(z,p_{i’})=\overline{\lim_{i=\infty}},a(p_{i’})K’(z, r_{0})$

$>0$ . Now $K(z,p)$ is minimal in $R$, whence $K’(z, r_{0})$ is minimal and $r_{0}=f(p)$,
$M’$ $M’$

$i.e$ . $f(p_{i’})arrow f(p)$ . Hence $f(p_{i})-$ $f(p)$ .
$M’$

As above by $f(p_{i})$– $f(p)$ we have

$a(p)K’(z,f(p))=\underline{I}[K(z,p)]\geqq_{i=\infty G-p_{i}}R-pGp\varlimsup I[K(z,p_{i})]R-p_{i}$

$=\varlimsup_{i=\infty}(a(p_{\dot{l}})K’(z,f(p_{i})))=\varlimsup a(p_{i})K’(z,f(p))$ .
Hence

$a(p)\geqq\varlimsup_{M}a(r)r\epsilon^{rarrow p}(G+G(M,A))$

.
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CASE 2. $b$). $p\in G(M, \Delta)$ and
$r\in(G+G(M,\Delta))\varlimsup_{rarrow p}a(r)=0$

. In this case, by $p\in G(M, \Delta)$

$G-pR-pI[K(z,p)]>0$ and $=a(p)K’(z,f(p))$ . Hence we have at once
$a(p) \geqq\lim_{rarrow p}a(r)r\in(G+G(M.\Delta))$

$=0$ . Thus $a(p)$ is upper semicontinuous in $G+G(M, \Delta)$ with respect to M-
top. Since $K(z,p)\geqq\delta K’(z,f(p))$ for $p\in G_{\delta}^{*}\cap(G+G(M, \Delta))$, $a(p)\geqq\delta$ . By the
upper semicontinuity of $a(p)$ we have $a(p)\geqq\delta$ in $\overline{c_{\tau_{\delta}}}^{M}\cap(G+G(M, \Delta))$ and we
have $c$).

PROOF OF 3. Without loss of generality we can suppose $p_{i}\in G+G(M, \Delta)$ .
$p_{i}\in G_{\delta}^{*}$ implies $K(z,p_{i})\geqq a(p_{i})K’(z, f(p_{i}))\geqq\delta K’(z,f(p_{i}))$ . Let $\{p_{i’}\}$ be a sub-

$M’$

sequence of $\{p_{i}\}$ such that $f(p_{i},)-arrow r\in\Delta(G, M)$ . Then

$K(z,p)=, \lim_{i=\infty}K(z,p_{i’})\geqq\delta,\lim_{i=\infty}K(z,f(ff_{i’}))=\delta K’(z, r)>0$ .

Since $R-pG-pI[K(z,p)](\geqq\delta K’(z, r)>0)$ is minimal in $G$, $f(p)=r\in\Delta(G, M’)1$ and

by 2), b)

$RpGp\overline{\underline{I}}[K(z,p)]=a(p)K’(z, r):a(p)\geqq\delta$

$M’$

Hence $f_{\backslash }(p_{i})arrow f(p)$ .
PROOF OF 4). We have at once by 2) c) and the definition of $G_{\delta}$ .
Let $r\in\Delta(R, M)$ and $\mu$ be the canonical measure of $K(z, r):K(z, r)=$

$R+\Delta(R,M)1!K(z,p_{a})d\mu(p_{\alpha})$
. Clearly $\mu=0$ in $R$ . If $\mu$ has a measure $\rho(0<\rho\leqq 1)$ at

$p\in\Delta(R, M)1$’ we say that $r$ has activity $\rho$ at $p$. It is easily verified that $r=p$

if and only if $r$ has activity $\rho=1$ at $p$ . Let $\mathfrak{G}=f(G+G(M, \Delta))$ and $\mathfrak{G}_{\delta}=f(G_{\delta}^{*})$ .
Then $\mathfrak{G}=\cup \mathfrak{G}_{\delta}$ and $f^{-1}(q)$ is uniquely determined in $\mathfrak{G}$ by the univalency of

$\delta>0$

$f(p)$ . We shall prove the following.
$M’$

THEOREM 5. 1). Let $\{q_{i}\}$ be a sequence in $\mathfrak{G}_{\delta}$ such that $q_{i}arrow q\in(G+$

$M$

$\Delta(G, M’))1^{\cdot}$ Then $f^{-1}(q)$ is defifined. If$f^{-1}(q_{i})-r\in R+\Delta(R, M)1$ ’
$thm$ $f(r)=q$.

$M$

2). Let $\{q_{i}\}$ be a sequence in 1). If $f^{-1}(q_{i})-$ $r\in(\Delta(R, M)-\Delta(R, M))1$ ’

there exists $f^{-1}(q)$ in $G+G(M, \Delta)$ with the following properties: $f^{-1}(q)\neq r$,

$K(z,r)$ is non minimal and $r$ has activity $\geqq\frac{\delta}{a(f^{-1}(q))}$ at $f^{-1}(q)$ , where



On minimal points of Riemann surfaces, II. 145

$a(f^{-1}(q))$ is the const. such that $I[K(z,f^{-1}(q))]=a(f^{-1}(q))K’(z, q)$ .
3). $\mathfrak{G}_{\delta}$ is $M’$-closed in $G+\Delta(G, M’)1$ and $f(G+G(M, \Delta))$ is an $F_{\sigma}$ set in

$G+\Delta(G, M’)1^{\cdot}$

4). Let $\{q_{i}\}$ be a sequence in 1). Let $F$ be the set of limiting points
of $\{f^{-1}(q_{i})\}$ . Put $A=F\cap(\Delta(R, M)-\Delta(R, M))1$ (A may be empty). Then

$F\subset f^{-1}(q)+A$ and

any point $s$ in $A$ is not so far from $f^{-1}(q)$ that $s$ has activity $\geqq\frac{\delta}{a(f^{-1}(q))}$

at $f^{-1}(q)$ .
5). Let $\{q_{i}\}$ be a sequmce in 1) and let $A$ be in 4). $Thm$ if $A\neq 0$,

$f^{-1}(q)\in\Delta(R, M)1^{\cdot}$

$M$

5’). Let $\{q_{i}\}$ be a sequence of 1). If$f^{-1}(q)\in R$, $A=0$, $i.e.f^{-1}(q_{i})arrow f^{-1}(q)$

and $f^{-1}(q)$ is continuous at $q$ in $\mathfrak{G}_{\delta}(\delta>0)$ rdative to $\Lambda 4’- top$.
6). Under what condition $f^{-1}(q‘)arrow f^{-1}(q)$ ? As a sufficimt condition

$M’$

we have the following: Let $\{q_{i}\}$ be a sequence in $\mathfrak{G}$ such that $q_{i}arrow q\in \mathfrak{G}$

$M$

and $\lim_{i=\infty}a(f^{-1}(q_{i}))=a(f^{-1}(q))$ . $Thmf^{-1}(q_{i})-arrow f^{-1}(q)$ .

PROOF OF 1). By definition, $f^{-1}(q_{i})$ is in $G_{\delta}^{*}$ Let $p_{i}=f^{-1}(q_{i})$. Then

$K(z,p_{i})\geqq\underline{I}[K(z,p_{i})]GR-p_{i}p_{i}\geqq\delta K’(z,p_{i})r$

Let $iarrow\infty$ . Then $K(z, r)\geqq\delta K’(z, q)>0$ . Since $K(z, r)$ is minimal in $R-r$,
$R-rG-rI[K(z, r)]=\delta’K’(z, q)$ : $\delta’\geqq\delta>0$ . Hence $q=f(r)$ and we have 1).

PROOF 0F 2). Similarly as 1)

$K(z, r)\geqq\delta K’(z, q)$ . (1)

Now since $K(z, r)$ is harmonic in $R$, $E^{R}[K’(z, q)]G$ ( $<\infty$ by (1)) is harmonic and
minimal in $R$. Hence there exists a uniquely determined point $p(=f^{-1}(q))$ in
$G+\Delta(R, M)1$ such that

$R-pG-pI[K(z,p)]=a(p)K’(z, q)$ . (2)

By (1) and (2) we have $K(z, r) \geqq\frac{\delta I[K(z,p)]RG}{a(p)}$ and since $K(z,p)$ is minimal,
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$K(z, r) \geqq\frac{\delta EI[K(z,p)]R-pR-pG-pG-p}{a(p)}=\frac{\delta K(z,p)}{a(p)}$ . (3)

Let $\mu$ be the canonical measure of $K(z, r)$ . Then by (3) $\mu$ has measure
$\geqq\frac{\delta}{a(p)}$ at $p$ .

$M’$

PROOF OF 3). Let $\{q_{i}\}$ be a sequence in $\mathfrak{G}_{\delta}$ such that $q_{i^{-}}q\in(G+$

$\Delta(G, M))1^{\cdot}$ Let $p_{i}=f^{-1}(q_{t})$ . Since $(R+\Delta(R, M))$ is compact, there exists a
$M$

subsequence $\{p_{i’}\}$ of $\{p_{i}\}$ and a point $r\in(R+\Delta(R, M))$ such that $p_{i’}arrow r$ .
Then two cases occur: CASE 1. $r\in(R+\Delta(R, M))1$ and CASE 2. $r\in(\Delta(R, M)$

$-\Delta(R, M))1^{\cdot}$

CASE 1. In this case, by 1) $r=f(q)$ and $K(z, r)\geqq\delta K’(z, q)$ and $q\in \mathfrak{G}_{\delta}$ .
CASE 2. In this case by 2), there exists a point $p\in G+\Delta(R, M)1$ and

$r\in\Delta(R, M)-\Delta(R, M)1$ and $f(p)=q$ and $K(z, r) \geqq\frac{\delta K(z,p)}{a(p)}$ .

On the other hand, $K(p^{*}, r)=1=K(p^{*},p)$ . Hence $a(p)\geqq\delta$ . Thus $p\in G_{\delta}^{*}$

and $f(p)=q$. Hence $\mathfrak{G}_{\delta}$ is $M’$-closed in $G+\Delta(G, M’)1^{\cdot}$ Next by Theorem

4, 2) $\mathfrak{G}=f(G+G(M, \Delta))$ is an $F_{\sigma}$ set in $G+\Delta(G, M’)1^{\cdot}$

By 1) and 2) we have at once 4).

PROOF 0F 5). Assume $f^{-1}(q)\in R$ and $A\neq 0$ . Then there exists a sub-
$M$

sequence $\{q_{i’}\}$ of $\{q_{i}\}$ such that $f^{-1}(q_{i’})arrow r\in\Delta(R, M)-\Delta(R, M)1^{\cdot}$ Then by

3) $r$ has activity $\geqq\frac{\delta}{a(f^{-1}(q))}$ at $f^{-1}(q)$ . Since $K(z, r)$ is harmonic, the ca-

nonical measure of $K(z, r)$ has no measure in $R$ . This is a contradiction.
Hence $A=0$ and we have 5). Next we have 5’) by 5) at once.

PROOF OF 6). If $q\in G$, $M$ and $M’$-top. $s$ are homeomorphic to the original
$M’$ $M$

topology in $G$ and $q=f(p)$ in $G$ . Hence $q_{i}arrow q\in G$ implies $f^{-1}(q_{i})-$ $f^{-1}(q)$ .
We can suppose without loss of generality $q\in\Delta(G, M’)1$ by $\mathfrak{G}\subset(G+\Delta(G, M))1^{\cdot}$

$M’$

Let $q_{i}arrow q$ and $a(f^{-1}(q_{i}))-a(f^{-1}(q))$ . Assume $f^{-1}(q_{i})$ does not $M$-tend to
$f^{-1}(q)$ . Then since $R+\Delta(R, M)$ is compact, we can find a subsequence $\{q_{i},\}$

$M$

of $\{q_{i}\}$ such that $f(q_{i’})arrow r\neq f^{-1}(q)$. Then
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$K(z, r)=, \lim_{i=\infty}K(z,f^{-1}(q_{i’}))\geqq,\lim_{i=\infty}a(f^{-1}(q_{i’}))K’(z, q_{i’})$ (4)

$=a(f^{-1}(q))K’(z, q)>0$ .

Hence if $r\in R+\Delta(R, M)1$ ’ $f(r)=q:r=f^{-1}(q)$ . This contradicts the assump-
tion. Whence $r\in\Delta(R, M)-\Delta(R, l1f)1$ and $K(z, r)$ is non minimal. We remark
both $K(z, r)$ and $K(z,f^{-1}(q))$ are harmonic in $R$ . Since $K’(z, q)$ is minimal
in $G$, $E[K’(z, q)]= \frac{K(z,f^{-1}(q))}{a(f^{-1}(q))}GR$ . Hence by (4) $K(z, r)\geqq K(z,f^{-1}(q))$ . Now

$K(p^{*}, r)=1=K(p^{*},f^{-J}(q))$ implies $K(z, r)=K(z,f^{-1}(q))$ and $r=f(q)$ . This is
also a contradiction. Hence $f^{-1}(q_{i})-f^{-1}(q)$ .

Let $G$ be a domain in $R$ and let $U(z)$ be a positive superharmonic func-
tion in $R$ or in $G$. Let $F$ be a closed set in $G$ . We denote by $FGU(z)$ the
lower envelope of superharmonic functions in $G$ larger than $U(z)$ on $F$.
Lt $v$ be a domain in $R$ (resp. in $G$). If $CvK(z,p)<K(z,p):p\in R+\Delta(R, M)1$

(resp. $CvGK’$ ($z$, $q)<K’(z,$ $q):q\in G+\Delta$$1(G,$ $M’)$), $v$ is called a fine neighbourhood
of $p$ (resp of $q$). Let $v_{n}(p)$ and $v_{n}(q)$ be neighbourhoods of $p$ and $q$ such that

$v_{n}(p)=\{z:M$-dist $(z,p)< \frac{1}{n}\}$ , $v_{n}(q)=\{z:M’$-dist $(z, q)< \frac{1}{n}\}$

respectively. Then it is well known $v_{n}(p)K(z,p)=K(z,p)$, $Cv_{m}(p)K(z,p)<K(z,p)$

$[5]$ ( $i.e$ . $v_{m}(p)$ is a fine neighbourhood) and $\lim_{n=\infty}v_{n}(p)(_{Cv_{m}(})K(z,p))=0$ . Consider
$G$ as a Riemann surface, then we have the same facts about $v_{n}(q)$ and $K’(z, q)$ .
Then we shall prove the following

THEOREM 6. 1). By Theorem 4. 3). we have: For any $v_{n}(f(p))$ there
exists a $v_{m}(p)$ such that $v_{m}(p)\cap G_{\delta}^{*}\subset v_{n}(f(p))\cap \mathfrak{G}_{\delta}\cap G$.

2). By Theorem 5. 2), if $f(p)\in \mathfrak{G}$ ,

$\bigcap_{n}\frac{\Lambda I}{v_{n}(f(p))\cap \mathfrak{G}_{\delta}\cap G}\subset p+A$ ,

where $A$ is a set of non minimal points with activity $\geqq\frac{\delta}{a(p)}$ at $p$

3). $G\cap v_{n}(p)$ is $a$ fifine neighbourhood of $f(p)$ and $v_{n}(f(p))$ is $a$ fifine
neighbourhood of $p$, where $p\in G+G(M, \Delta)$ and $f(p)\in \mathfrak{G}$ . Hence $\{v_{n}(p)\}$ and
$\{v_{n}(f(p))\}$ are almost equivalmt.

Since 1) and 2) are proved at once by Theorem 4 and 5, we have to
prove only 3).

Case 1). $p\in G$. In this case since $M$ and $M’$-top.s are homeomorphic
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to the original topology in $R$, our assertion is trivial.
Case 2). $p\in G(M, \Delta)$ . Suppose $p\in\partial G\cap G(M, \Delta)$ . Then $p$ is irregular

and there exists no continuum component of $\partial G$ containing $p$ and there
exists only one point $r$ of $G+\Delta(G, M’)$ and $r\in G+\Delta(G, M’)1$ on $p$ by The-

orem 1 and $K(z,p)$ is harmonic in $R$ except $p$, whence $r$ must coincides
with $f(p)$ . On the other hand, $M$-top. is homeomorphic to the original
topology, hence

$\{v_{n}(p)\cap G\}$ and $\{v_{n}(f(p))\}$ are equivalmt. (5)

Let $p\in G(M, \Delta)$ and $q=f(p)$ . Then

$R-pG-pI[K(z,p)]=K(z,p)-_{CG}K(z,p)=a(p)K’(z, q)$ in $G:a(p)>0$ . (6)

We show $v_{m}(p)\cap G$ is a fine neighbourhood of $q$. Assume $v_{m}(p)$ is not
so. Then $Cv_{rn}^{G}(p)K’(z, q)=K’(z, q)$ . Since $v_{n}(q)GK’(z, q)=K’(z, q)$ for any $n$ , and
since $G\subset R$ we have by (6)

$K(_{Z},F)\geqq_{G\cap v_{n}(q)(_{Cv_{m}(p)\cap G}K(z,p))\geqq a(p)(_{v_{n}(q)}^{G}(_{Cv_{m}^{G}(p)}K’(z,q)))=a(p)(_{v_{n}(q)}^{G}K’(z,q))=},$.
$a(p)K’(z, q)>0$ .

Let $narrow\infty$ . Then $v_{n}(q)$-ideal boundary of $R$ or to $p$ by (5) according
as $p\in\Delta(R, M)1$ or $p\in\partial G\cap G(M, \Delta)$ . Put $U(z)= \lim_{n=\infty}G\cap v_{n}(q)(_{Cv_{m}(p)}K(z,p))$ . Then
$K(z,p)\geqq U(z)$ and $K(z,p)$ and $U(z)$ are positive harmonic in $R$ or $R-p$ and
$K(z,p)$ is minimal in $R$ or $R-p$ . Hence

$K(z,p)\geqq U(z)=\alpha K(z,p)>0$ : $1\geqq\alpha>0$ . (7)

And

$\lim_{m=\infty}(p)Uv_{m}(z)=\alpha K(z,p)$ .

On the other hand,

$0= \lim_{n=\infty}v_{n}(p)(_{cv_{m}(p)}K(z,p))\geqq\lim_{-,n-,\infty}v_{n}(p)(_{Cv_{m}(p)\cap G}K(z,p))\geqq\lim_{n=\infty}(p)Uv_{n}(z)>0$ .

This is a contradiction. Hence $v_{m}(p)\cap G$ is a fine neighbourhood of $f(p)$ .
Next we show $v_{n}(q)$ is a fine neighbourhood of $p$. By (6) we have

$c_{v_{n^{(q)}}}K(z,p)=_{Cv_{n}(q)}(_{CG}K(z,p))+a(p)(_{Cv_{n}^{G}(q)}K’(z, q))$ in $v_{n}(q)$ .

Since $v_{n}(q)$ is a fine neighbourhood of $q$, there exists a uniquely determined
component $v_{n}^{*}(q)$ of $v_{n}(q)$ such that $c_{v_{\iota^{(q)}}}^{G},K’(z, q)<K’(z, q)$ in $v_{n}^{*}(q)$ . Hence
by $cGK(z,p)\geqq_{Cv_{n}(q)}(_{CG}K(z,p))$ we have $Cv_{n}(q)K(z,p)<K(z,p)$ in $v_{n}^{*}(q)$ . Hence
$v_{n}(q)$ is a fine neighbourhood of $p$ and we have 3).
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2. Let $R$ be a Riemann surface with null or positive boundary. If a
non compact domain $G$ has a compact relative boundary $\partial G$ consisting of a
finite number of analytic curves, we call $G$ an end. $G$ has not necessarily
one ideal boundary component. In the following we denote by $G\in \mathcal{E}$ , $G\in \mathcal{E}_{0}$

or $G\in \mathcal{E}_{p}$ according as $G$ is an end of a Riemann surface, a Riemann surface
with null or positive boundary.. We suppose Ker\’ekj\’art6-Sto.i1ow’s topology
is defined on $R+\beta(R)$, where $\beta(R)$ is the set of all boundary components.
Let $\beta(G)$ be the set of all points of $\beta(R)$ such that $G$ is a neighbourhood
of relative to $K$-top. (Ker\’ekj\’art6’s top.). Let $F_{i}(i=1,2, \cdots)$ be a compact
continuum in $G$ such that 1). $G-F$ is connected, where $F= \sum F_{i}$ . 2). $F_{i}\cap F_{f}$

$=0$ for $i\neq j$. 3). $\partial G\cap F=0$ . 4. $\{F_{i}\}$ clusters at only $\beta(G)$ . 5). There exists
a determining sequmce $\{\mathfrak{V}_{n}(\mathfrak{p})\}$ of $\mathfrak{p}$ such that

$\min_{z\in\partial \mathfrak{B}_{n}(\mathfrak{H})}\frac{G’(z,p^{*})}{G(z,p^{*})}\geqq\delta>0$ for any $n$ .

where $\mathfrak{V}_{n}(\mathfrak{p})$ has a compact relative boundary $\partial \mathfrak{V}_{n}(\mathfrak{p})$ in $G’$ , $G(z,p^{*})$ and
$G’(z,p^{*}):p^{*}\in G-F$ are Grem’s functions of $G$ and $G’=G-F$ respectively.
$Thm$ we say that $F$ is thin at a boundary component $\mathfrak{p}$ .

It is easily seen that the thiness of $F$ does not depend on $p*$ . If $\mathfrak{V}_{n_{0}}(\mathfrak{p})$

is conformally equivalent to $0<|z|<1$ , $F$ is thin at $\mathfrak{p}$ if and only if $z=0$

is irregular for the Dirichlet problem in $\{0<|z|<1\}-F$. Let $\{\mathfrak{V}_{n}(\mathfrak{p})\}$ be a
determining sequence of $\mathfrak{p}$, $i.e$ . a decreasing sequence of K-neighbourhoods
relative to $K$-top. over $G$ such that $\partial \mathfrak{V}_{n}(\mathfrak{p})\cap F=0$ for any $n$ . Since $F_{i}$ is
compact, we can choose such $\{\mathfrak{V}_{n}(\mathfrak{p})\}$ . $\mathfrak{V}_{n}(\mathfrak{p})\cap G’$ consists of at most a finite
number of components: $\mathfrak{V}_{n}^{1}$ , $\mathfrak{V}_{n}^{2}$ , $\cdots$ , $\mathfrak{V}_{n}^{i(n)}$ , because $\partial \mathfrak{V}_{n}^{i}\subset\partial \mathfrak{V}_{n}(\mathfrak{p})$ . A decreasing
sequence $\mathfrak{V}_{1}^{f_{1}}\supset \mathfrak{V}_{2^{2}}^{f}\supset \mathfrak{V}_{3}^{f_{3}}\cdots$ determines a boundary component $q$ of $\beta(G’)$ . In
this case we say that $q$ lies over $\mathfrak{p}$ . We denote by $\mathfrak{S}’(\mathfrak{p})$ all points of $\beta(G’)$

lying over $\mathfrak{p}$ . $\mathfrak{S}’(\mathfrak{p})$ consists of many points generally. But if there exists
a number $n_{0}$ such that $\mathfrak{V}_{n_{0}}(\mathfrak{p})\cap G’$ is connected and of planar character,
$\mathfrak{V}_{n}(\mathfrak{p})\cap G’$ consists of only one component for $n\geqq n_{0}$ and $\mathfrak{S}’(\mathfrak{p})$ consists of
only one point $\mathfrak{p}’\in\beta(G’)$ . Suppose Martin’s topologies $M$ and $M’$ are defined
on $G+\Delta(G, M)$ and $G’+\Delta(G’, M’)$ respectively. If there exists a sequence

$M$ $K$

$\{p_{i}\}$ such that $p_{i^{-}}p$ and $p_{i}arrow \mathfrak{p}$ (relative to Ker\’ekj\’art6’s to’$p$ .), we say
$p$ lies over $\mathfrak{p}$. Let $\nabla(\mathfrak{p}, G, M)$ be the set of points of $G+\Delta(G, M)$ (clearly
of $\Delta(G, M))$ lying over $\mathfrak{p}$ and let $\nabla(\mathfrak{S}’(\mathfrak{p}), G’, M’)$ be the set of points of
$\Delta(G’, M’)$ lying over $\mathfrak{S}’(\mathfrak{p})$ . Suppose $F$ is thin at $\mathfrak{p}$ . Then there exists a
sequence $\{\mathfrak{V}_{n}(\mathfrak{p})\}$ and a const. $\delta_{0}>0$ such that

$\min_{z\in\partial \mathfrak{B}_{n}(\mathfrak{h})}\frac{G’(z,p^{*})}{G(z,p^{*})}\geqq\delta_{0}$ for $n\geqq n_{0}$ .
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Put $\{\gamma\}=\sum_{n\geqq n_{0}}\partial \mathfrak{V}_{n}(\mathfrak{p})$
\’and let $G_{\delta_{0}}=\{z\in G’$ : $\frac{G’(z,p^{*})}{G(z,p^{*})}\geqq\delta_{0}\}$ Then $\{\gamma\}\subset G_{\delta_{0}}$ .

Let $p\in\nabla(\mathfrak{p}, G, M)\cap\Delta J(G, M)$ (resp. $\nabla$ ( $\mathfrak{S}’(\mathfrak{p})$, $G’$ , $M’)\cap\Delta 1(G’,$ $M’)$). Then by

Theorem 1 there exists a path $\Gamma$ in $G$ (resp. $G’$ ) $M$ (resp. $M’$)-tending to $p$.
$\Gamma$ intersects $\{\gamma\}$ and $p\in\overline{\overline{G}}_{\delta_{0}}^{M}\cap\Delta(G, M)1^{\cdot}$ Hence the mapping $f(p)$ is defined
in $\nabla(\mathfrak{p}, G, M)\cap\Delta(G, M)1$ and $f(p)\in\nabla(\mathfrak{S}’(\mathfrak{p}), G’, M’)\cap(G+\Delta(G’, M’))\subset \mathfrak{G}_{\delta_{0}}1^{\cdot}$ Till

now we discussed the behaviour of $f(p)$ . Theorem 4, 5, 6 are valied for
$\nabla(\mathfrak{p}, G, M)\cap\Delta 1(G, M)$ . It is not necessary to quote them. In the following

we consider only distinctive properties of $\nabla(\mathfrak{p}, G, M)$ . Then we have by
Theorem 4, 5 and 6 following

THEOREM 7.
Suppose $F$ is thin with const. $\delta_{0}$ . Then
1). There exists $a$ one to one mapping $f(p)$ from $\nabla(\mathfrak{p}, G, M)\cap\Delta(G, M)1$

onto $\nabla(\mathfrak{S}’(\mathfrak{p}), G’, M’)\cap\Delta(G’, M’)1^{\cdot}$

2). For any givm $v_{n}(f(p)):p \in\nabla(\mathfrak{p}, G, M)\bigcap_{1}\Delta(G, M)$, there exists $a$

$v_{m}(p)$ such that $(v_{m}(p)\cap\{\gamma\})\subset(v_{n}(f(p))\cap\{\gamma\})$ , where $v_{m}(p)$ and $v_{n}(f(p))$ are
neighbourhoods relative to $M$ and $M’- top.s$. Let $\Gamma$ be a path M-terminating
at $p$ . $Thm$ any sequence $\{p_{i}\}$ on $\Gamma M$-tmding to $\mathfrak{S}(\mathfrak{p})M’$-tmds to $f(p)$ .

3). Let $q\in\nabla(\mathfrak{S}’(\mathfrak{p}), G’, M’)\cap\Delta(G’, M’)1^{\cdot}$ $Thm \bigcap_{n}$

$\frac{M}{v_{n}(q)\cap\{\gamma}\rangle\subset f^{-1}(q)+A$

,

where $A\subset\Delta(R, M)-\Delta(R, M)1$ and any point of $A$ has activity $\geqq\frac{\delta_{0}}{a(f(q))}$

at $f^{-1}(q)$ . Let $\Gamma$ be a path $M’$-tending $q$. Let $\{q_{i}\}$ be a sequmce on $\Gamma\cap\{\gamma\}$

tending to $\mathfrak{S}’(\mathfrak{p})$ . Then $\{f^{-1}(q_{i})\}M$-tends to $f^{--1}(q)$ or $A$ .
PROOF. 1) is clear 2) and 3) are direct consequences of Theorem 5

and 6.
REMARK. If $F$ is thin at $\mathfrak{p}$, by removing $F$ from $G$ may be divided

into some components in $\beta(G’)$ , though any point $p$ in $\nabla(\mathfrak{p}, G, M)\cap\Delta(G, M)1$

is not divided into points in $\nabla(\mathfrak{S}’(\mathfrak{p}), G’, M’)\bigcap_{1}\Delta(G’, M’)$ . In the other words,
$F$ may change superficial structure of $p$ (relative to Ker\’ekj\’art6’s top.) but
not potential theoretic structure so much. If $p$ can be decomposed by
removing a thin set, $p$ consists of some points in the sense of potential
theory by nature.

Let $\tilde{G}\in \mathcal{E}$ and let $J_{i}(i=1,2, \cdots)$ be a simple closed Jordan curve in $\tilde{C_{J}}$

such that $J_{i}$ divides $\tilde{G}$ into two components. One of them which has not
$\partial\tilde{C_{7}}$ in its relative boundary is denoted by $\overline{K}_{i}$ , $i.e$ . $\partial\overline{K}_{i}=J_{i}$ , where $\overline{K}_{i}$ may
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be compact or non compact. Let $G\in \mathcal{E}_{0}$ and let $K_{i}(i=1,2, \cdots)$ be a simply
connected domain in $G$ and $F_{i}(i=1,2, \cdots)$ be a continuum such that $K+F$
($K= \sum_{i}K_{i}$ and $F= \sum_{i}F_{i}$) is thin at a component $\mathfrak{p}\in\beta(G)$ . Put $\tilde{G}’=\tilde{G}-\sum_{i}\overline{K}_{i}$ ,

$G’=G-K$ and $G’=G’-F$. Suppose there exists a conformal mapping from
$\tilde{G}’$ onto $G’$ so that $\partial\tilde{G}\subset^{\backslash }\partial G$, $\partial\overline{K}_{i}=^{\backslash }\partial K_{i}$ . Identify $\tilde{C_{r}}’$ and $G’$ . Then we
can consider that $G’$ is prolonged to $\tilde{G}$ by $\sum_{i}\overline{K}_{i}$ through $\sum_{i}\partial K_{i}$ and we have

$\tilde{G}\mathfrak{J}G’=G-K\supset G’=$

$G-K-F$
$G\eta$

Let $\{\mathfrak{V}_{n}(\mathfrak{p})\}$ be a determining sequence of $\mathfrak{p}\in\beta(G)$ such that $\partial \mathfrak{V}_{n}(\mathfrak{p})\cap(K+F)=0$

for any $n$ . Consider $\partial \mathfrak{V}_{n}(\mathfrak{p})$ in $\tilde{G}$ . Then $\partial \mathfrak{V}_{n}(\mathfrak{p})$ divides $\hat{\dot{G}}$ into two com-
ponents, because $\partial K_{i}$ is a dividing cut in $\tilde{G}$ . One of the components not
containing $\partial G$ in its relative boundary is denoted by $\tilde{\mathfrak{V}}_{n}$ . Let $\mathfrak{V}_{n}’=\mathfrak{V}_{n}(\mathfrak{p})\cap G’$

and $\mathfrak{V}’=\mathfrak{V}_{n}(\mathfrak{p})\cap G’$ . Then $\tilde{\mathfrak{V}}_{n}$ and $\mathfrak{V}_{n}’$ consist of only one component respec-
tively. $\mathfrak{V}’$ may consist of some components.

$\{\tilde{\mathfrak{B}}_{n}\}$ , $\{\mathfrak{V}_{n}’\}$ and $\{\mathfrak{V}_{n}’\}$ determine $\tilde{\mathfrak{p}}\in\beta(\tilde{G})$, $P’\in\beta(G’)$ and a set of boundary com-
ponents $\mathfrak{S}’(\mathfrak{p})$ respectively. Let $\overline{M}$, $M$, $M’$ and $M’$ be Martin’s top. $s$ over
$\tilde{G}$ , $G$, $G’$ and $G’$ respectively. In the following, if there exists a one to one
mapping $f$ between $A$ and $B$, we denote it by $A\equiv B$. Then we have

COROLLARY 1. Let $G\in 6_{0}^{\gamma}$ and $F+K$ is thin at $\mathfrak{p}\in\beta(G)$, where $K_{i}$ is $a$

simply connected domain in G. $Thm$

$\nabla(\check{\mathfrak{d}},\tilde{G},\overline{M})\bigcap_{11}\Delta(\hat{G},\overline{M})\underline{\wedge-\vee}\nabla(\mathfrak{p}’, G’, M’)\cap\Delta(G’, M’)$

$\equiv\nabla(\mathfrak{p}, M, G)\bigcap_{11}\Delta(G, M)\equiv\nabla(\mathfrak{S}’(\mathfrak{p}), G’, M’)\cap\Delta(G’, M’)$ .

PROOF. Since $F+K$ is thin at $\mathfrak{p}$, there exists a determining sequence
$\{\mathfrak{V}_{n}’(\mathfrak{p})\}$ such that

$\min_{z\epsilon\partial \mathfrak{B}_{n^{(p)}}},\frac{G’(z,p^{*})}{G(z,p^{*})}>\delta>0:p^{*}\in G’-\mathfrak{V}_{1}’(\mathfrak{p})$ , (7)

where $G’(z,p^{*})$ and $G(z,p^{*})$ are Green’s functions of $G’$ and $G$ respectively.
Without loss of generality we can suppose $\mathfrak{V}_{n}(\mathfrak{p})=\mathfrak{V}_{n}’(\mathfrak{p}’)$. Let $G’(z,p)$ be
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a Green’s function of $G’$ . Then $G’(z,p^{*})\geqq G’(z,p^{*})$ . Hence $F$ is thin at
$\mathfrak{p}$ in $G$ and $F+K$ is thin at $\mathfrak{p}$, whence by Theorem 7. 1) we have

$\nabla(\mathfrak{p}, G, M)\cap\Delta(G, M)_{\wedge\sim}=\nabla(P’, G’, M’)\cap\Delta(G’, M’)11$

$\cong\nabla(\mathfrak{S}’(\mathfrak{p}), G’, M’)\bigcap_{1}\Delta(G’, M’)$ .

Since $G \in \mathcal{E}_{0},\inf_{z\epsilon \mathfrak{B}_{1}(p)}G(z,p^{*})=\min_{z\in\partial \mathfrak{B}_{1}(v)}G(z,p^{*})=N>0$
, we have by (7)

$z \in\min_{\partial \mathfrak{B}_{l}(p)},G’(z$
,

$p^{*})>\delta_{1}>0$ for any $n$ . Let $\hat{G}(z,p^{*})$ be a Green’s function of $\tilde{G}$ , then $\sup_{z\epsilon \mathfrak{B}_{1}}\tilde{G}(z$
,

$p^{*})\leqq M<\infty$ and we have

$\min_{z\in\partial B_{n}(p)}\frac{G(z,p^{*})}{\hat{G}(z,p^{*})}\geqq\frac{\delta_{1}}{M}>0$ for any $n$ .

Hence $\sum\overline{K}_{i}$ is thin at $\tilde{\mathfrak{y}}$ in $\tilde{G}$ and by Theorem 7, 1)

$\nabla(\check{\mathfrak{p}},\tilde{G},\overline{M})\bigcap_{11}\Delta(\tilde{G},\overline{M})_{\wedge-\prime}=\nabla(\mathfrak{p}’, G’, M’)\cap\Delta(G’, M’)1$

Thus we have the corollary.
REMARK. This corollary means, under the condition that $F+K$ is so

small that $F+K$ may be thin at $\mathfrak{p}$ , that the structure of $\nabla(\mathfrak{p}, G, M)\cap\Delta(G, M)1$

of $G$ does not change, however much $G$ may increase to $\tilde{G}$ or decrease to
$G’$ through $\sum_{i}\partial K_{i}$ by $\sum_{i}\overline{K}_{i}$ or $\sum F_{i}$ .

If a compact set $F$ with $\partial F$ consisting of at most a finite number of
analytic curves, we call $F$ a regular set. Let $G\in \mathcal{E}_{0}$ and $F= \sum_{i}F_{i}$ thin at

$\mathfrak{p}\in\beta(G)$ such that $F_{i}$ is regular. Let $\tilde{G}’$ be the doubled surface of $G’$ relative
to $\sum_{i}\partial F_{i}$ , $i.e.\tilde{C_{3}}’=G’+\hat{C_{J}}’+\partial F$, where $\hat{G}’$ is the symmetric image of $G’=$

$G-F$ relative to $\partial F$. Then $\tilde{G}’\in 6_{0}^{\backslash }[6]$ . In $G$ we can find a determining

sequence $\{\mathfrak{V}_{n}(\mathfrak{p})\}$ such that $\partial \mathfrak{V}_{n}(\mathfrak{p})\cap F=0$ and $\min_{z\in\partial \mathfrak{B}_{n}(p)}\frac{G’(z,p^{*})}{G(z,p^{*})}>\delta>0$ for any

$n$ , where $G(z,p^{*})$ and $G’(z,p^{*})$ are Green’s functions of $G$ and $G’=G-F$ :
$p^{*}\in G’-\mathfrak{V}_{1}(\mathfrak{p})$ . Now $G\in \mathcal{E}_{0}$ , whence

$\min_{z\in\partial \mathfrak{B}_{n}(p)}G’(z,p^{*})\geqq\delta_{1}>0$ for any $n$ .

$Let.\hat{\mathfrak{V}}_{n}$ be the set obtained from $\mathfrak{V}_{n}(\mathfrak{p})\cap G’$ and $\grave{\mathfrak{V}}_{n}(\mathfrak{p})\cap\acute{\grave{G}}’$ by identifying $\sum\partial F_{i}$

and $\sum\partial F_{i}$ , where the summation is over $F_{i}$ contained in $\mathfrak{V}_{n}(\mathfrak{p})\cap G$. Then
$\{\check{\mathfrak{B}}_{n}\}$ deternines a $\tilde{\mathfrak{S}}(\mathfrak{p})$, set of boundary components of $\beta(\tilde{G})$ lying over $\mathfrak{p}$ .
Analogously $\{\mathfrak{V}_{n}(\mathfrak{p})\cap G’\}$ and $\{\grave{\mathfrak{V}}_{n}\cap G’\}$ determine $\mathfrak{S}’(\mathfrak{p})$ and $\hat{\mathfrak{S}}’(\mathfrak{p})$ respectively.
Let $M$, $M’$ and $\overline{M}$ be Martin’s top. $s$ over $G$, $G’$ and $\tilde{G}’$ respectively. Then
we have
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COROLLARY 2. Let $G\in \mathcal{E}_{0}$ and $F$ be thin at $\mathfrak{p}\in\beta(G)$ . $Thm$

$\nabla(\tilde{\mathfrak{S}}(\mathfrak{p}),\tilde{G}’,\overline{M})\cap\Delta(\tilde{G}’,\overline{M})=A^{1}+A^{2}1$
,
$\cdot$

$A^{1}\cap A^{2}=0$ ,

$A^{1} \cong\nabla(\mathfrak{S}’(\mathfrak{p}), G’, M’)\cap\Delta(G’, M’)\underline{\overline{\wedge\vee}}\nabla(\mathfrak{p}, G, M)1\bigcap_{1}\Delta(G, M)$ and $A^{2}$ is the sym-
$met7\dot{2}C$ image of $A^{1}$ .

PROOF. Let $\tilde{G}^{0}=\tilde{G}’-\sum_{i\geq 2}(\partial F_{i}+\partial\hat{F}_{i})$ . Then $\tilde{G}^{0}$ is obtained from $G’$ and
$\hat{G}’$ by identifying only $\partial F_{1}$ and $\partial\hat{F}_{1}$ . Without loss of generality we can
suppose $\mathfrak{V}_{1}(\mathfrak{p})\cap F_{\tau,\wedge},=0$ . Then

$\tilde{\mathfrak{B}}_{n}\cap\tilde{G}^{0}=\mathfrak{V}_{n}(\mathfrak{p})\cap G’+\hat{\mathfrak{V}}_{n}\cap\hat{G}’$ and $(\mathfrak{V}_{n}(\mathfrak{p})\cap G’)\cap(\tilde{\mathfrak{V}}_{n}\cap\hat{G}’)=0$ .
Whence $\tilde{\mathfrak{S}}(\mathfrak{p})=\mathfrak{S}’(\mathfrak{p})+\hat{\mathfrak{S}}’(\mathfrak{p})$ . Let $\overline{M}^{0}$ be Martin’s top. over $\hat{G}^{0}$. Then

$\nabla(\tilde{\mathfrak{S}}(\mathfrak{p}),\tilde{G}^{0},\overline{M}^{0})\bigcap_{1}\Delta(\tilde{Cj}^{0},\overline{M}^{0})=A^{1,0}+A^{2,0}$, $A^{J,0}\cap A^{2,0}=0$ , (8)

where $A^{1,0}=\nabla(\mathfrak{S}’(\mathfrak{p}),\tilde{G}^{0},\overline{M}^{0})\cap\Delta(\tilde{G}^{0},\overline{M}^{0})$ and $A^{2,0}$ is symmetric to $A^{1,0}$.
-1The structure of $\Delta(\tilde{G}^{0},\cdot M^{0})$ does not change in a neighbourhood of $\mathfrak{S}(\mathfrak{p})$

by removing a compact set $\partial F_{1}+\partial\acute{\grave{F}}_{1}$ . Extract $\partial F_{1}+\partial\hat{F}_{1}$ from $\tilde{G}^{0}$, then $\tilde{\bigcap_{-7}}^{0}$

is decomposed into $G’$ and $\hat{G}’$ . Hence
$A^{1,0}=\nabla\wedge(\tilde{\mathfrak{S}}(\mathfrak{p}), G’, M’)n_{1}\Delta(G’, M’)t$

By Corollary 1

$A^{1,0} \overline{\simeq}\nabla(\mathfrak{S}(\mathfrak{p}’), G’, M’)\bigcap_{11}\Delta(G’, M’)_{\wedge\vee}=\nabla(\mathfrak{p}, G, M)\cap\Delta(G, M)$ .
Next consider $\tilde{G}’$ and $\tilde{G}^{0}$. Let $\tilde{G}^{0}(z,p^{*}):p^{*}\in G’-\mathfrak{V}_{1}(\mathfrak{p})$ be a Green’s function
of $\tilde{G}^{0}$ . Then

$\tilde{G}^{0}(z,p^{*})\geqq G’(z,p^{*})$ in $G’$ . (9)

Let $\hat{G}’(z,\hat{p}^{*})$ be a Green’s function of $G\wedge’$ , then $G\wedge’(\hat{z},\hat{p}^{*})=G’(z,p^{*})$, where
$\hat{p}^{*}and.2$ are symmetric to $p^{*}$ and $z$ respectively. Consider $\tilde{G}^{0}(z,p^{*})$ in $\acute{\grave{G}}’$ .
Let $v(\hat{p}^{*})$ be a neighbourhood of $\hat{p}^{*}$ in $\hat{C_{J}}’-\hat{\mathfrak{V}}_{1}$ . Then $\tilde{C_{J}}^{0}(z,p^{*})\geqq\delta>0$ and
$\hat{G}’(z,\hat{p}^{*})<M_{1}<\infty$ on $\partial v(\hat{p}^{*})$ . Hence

$\tilde{G}^{0}(z,p^{*})\geqq\frac{\delta}{M_{1}}\hat{G}’(z,\hat{p}^{*})$ in $\hat{\mathfrak{V}}_{n}$ . (10)

Let $\tilde{G}’(z,p^{*})$ be a Green’s function of $\tilde{G}’$ . Then $\tilde{G}’(z,p^{*})\leqq M_{2}<\infty$ in $\mathfrak{B}_{1}$ .
Hence by (9) and

$\min_{z\in\partial \mathfrak{B}_{n}(p)}G’(z,p^{*})\geqq\delta_{1}$ and (10) we have

$\min_{z\epsilon\partial \mathfrak{B}_{n}},\frac{\tilde{G}^{0}(z,p^{*})}{\tilde{G}(z,p^{*})}\geqq\min_{z\in\partial \mathfrak{B}_{n}(p)}(_{\frac{G’(z,p^{*})}{M_{2}}}$ and ,$\frac{\tilde{G}^{0}(z,p^{*})}{\tilde{G}(z,p^{*})}\geqq\frac{\delta\delta_{1}}{M_{1}M_{2}}>0$ on $\partial\hat{\mathfrak{V}}_{n}$.

(11)
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Hence $\sum_{i_{\circ\geqq 2}}\partial F_{i}+\partial\hat{F}_{i}$ is a thin set in $\tilde{G}’$ at any boundary component in $\tilde{\mathfrak{S}}(\mathfrak{p})$ .
Hence $\nabla(\tilde{\mathfrak{S}}(\mathfrak{p}),\hat{\acute{G}}_{\backslash }’\overline{M})\cap\Delta(\tilde{G}’,\overline{M})\underline{\overline{\sim\cdot}}\nabla(\tilde{\mathfrak{S}}(\mathfrak{p}),\tilde{Cj}^{0},\overline{M}^{0})1\bigcap_{1}\Delta(\tilde{G}^{0},\overline{M}^{0})$ and by (8) we

have the corollary.

Let $G\in \mathcal{E}_{0}$ and $F$ be thin at $\mathfrak{p}\in\beta(G)$ such that $\min_{z\in\partial \mathfrak{B}_{n}(p)}\frac{G’(z,p^{*})}{G(z,p^{*})}\geqq\delta$, where

$G’(z.p^{*})$ is a Green’s function of $G’=G-F$. If there exists a number $n_{0}$

such that $\mathfrak{V}_{n_{0}}(\mathfrak{p})\cap G’$ is connected and is of planar character (for instance,
if $\mathfrak{V}_{n_{0}}(\mathfrak{p})$ is of planar character, $\mathfrak{V}_{n_{0}}(\mathfrak{p})\cap G’$ is also of planar character), $\mathfrak{S}’(\mathfrak{p})$

consists of only one component $\mathfrak{p}’$ . Map $\mathfrak{V}_{n_{0}}(\mathfrak{p})\cap G’$ conformally by $\xi=g(z)$

onto a domain f2 in $|\xi|<1$ so that $\gammaarrow|\xi|=1$ , where $\gamma$ is a component of
$\partial \mathfrak{V}_{n_{0}}(\mathfrak{p})\cap G’$ . Let $A=\cap\overline{g(\mathfrak{V}_{n}(\mathfrak{p})\cap G’}$ ). Assume $A$ is a continuum. Then

$n$

$G’(z,p^{*})-0$ as $zarrow \mathfrak{p}$ . This contradicts the thiness of $F$. Hence $A=one$

point $\xi_{0}$ and $\xi_{0}$ is an irregular point for $\Omega$ . Otherwise, $G’(z,p^{*})$-0 as $zarrow \mathfrak{p}$ .
Consider $K’(z, p):p\in\nabla(\mathfrak{p}’, G’. M’)\cap\Delta 1(G’, M’)$ . Assume

$\sup_{z\in G},$

$K’(z, p)<\infty$ .
Then $K’(z,p)=0$ by $K’(z,p)=0$ on $\partial G+\partial F$ and $G\in 6_{0}^{\urcorner}$ . Hence

$\sup_{z\in G}$,
$K’(z,p)$

$=\infty$ . By $p\in\overline{G}_{\delta}$ clearly $K’(z,p) \leqq\frac{1}{\delta}K(z, f^{-1}(p))$ : $f^{-1}(p)\in\nabla(\mathfrak{p}, G, M)\cap$

$\Delta(G, M)1^{\cdot}$ Since $\sup_{G-\mathfrak{B}_{n}(p)}K(z,f^{-1}(q))<\infty$ for any $\mathfrak{V}_{n}(\mathfrak{p})$ ,

$\varlimsup_{zarrow p}K’(z, p)=\infty$

Since $\partial \mathfrak{V}_{n_{0}}(\mathfrak{p})$ is compact, $\max_{z\in\partial \mathfrak{B}n_{0}(p)}K’(z,p)=M<\infty$ and since $K’(z,p)$ is minimal

in $G’$ ,

$\mathfrak{B}n_{0}(p)\cap GG’I$

, $[K’(z,p)]=K’(z,p)-H(z)>0$ and is minimal in $\mathfrak{V}_{n_{0}}(\mathfrak{p})\cap G’$ ,

where $H(z)$ is the solution of Dirichlet problem in $\mathfrak{V}_{n_{0}}(\mathfrak{p})\cap G’$ with the
boundary value $K’(z,p)$ and $H(z)\leqq M$.

By Theorem 1 there exists only one positive harmonic function $U(z)$ in

f2 vanishing on $\partial\Omega-\xi_{0}$ except its multiples. Hence $G’I$

$[K’(z,p)]=aU(z)$ :
$\mathfrak{B}n_{0}(p)\cap G’$

$a>0$ . Now $U(z)$ is expressed by $. \lim_{\dot{\eta}=\infty}G’(z, q_{i})$ , where $\{q_{i}\}$ is a sequence in
$\Omega$ tending to $\xi_{0}$ such that { $G’\{z, q_{i})\}$ converges to a positive harmonic func-
tion in f2 and $G’(z, q_{i})$ in a Green’s function of $G’\cap \mathfrak{V}_{n_{0}}(\mathfrak{p})$ . Such sequence can

be chosen by the irregularity of $\xi_{0}$ . By $K’(z, p)=$
$EG’$ $IG’$

$[K’(z,p)]$

there exists only one point in $\nabla(P’, G’, M’)\cap\Delta(G’, M’).Henceby1\mathfrak{B}n_{0}(p)\cap G’\mathfrak{B}n_{0}(p)\cap G’$ Theorem

7 $\nabla(\mathfrak{p}, G, M)\cap\Delta(G, M)1$ consists of only one point. Let $q\in\nabla(\mathfrak{p}, G, M)\cap$
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$\Delta(G, M)$ . Then $K(z, q)=.|K(z,p_{\alpha})d\mu(p_{\alpha})$, $\mu$ is a positive measure on $\nabla(\mathfrak{p},$ $G$,
$M)\cap\Delta(G, M)1^{\cdot}$ Hence $q=p$ and $\nabla(\mathfrak{p}, G, M)\cap\Delta(G, M)=\nabla(\mathfrak{p}, G, M)\cap\Delta(G, M)1$

$=one$ point. Similarly $\nabla(\mathfrak{p}’, G, M)\cap\Delta(G’, M’)=\nabla(\mathfrak{p}’, G’, M’)\cap\Delta(G’M’)=one1$

point. Hence we have
COROLLARY 3. Let $G\in \mathcal{E}_{0}$ and $F$ be thin at $\mathfrak{p}\in\beta(G)$ . If there exists $a$

number $n_{0}$ such that $\mathfrak{V}_{n_{0}}(\mathfrak{p})\cap G’$ is connected and is ofplanar character, $thm$

$\nabla(\mathfrak{p}’, G’, M’)\cap\Delta(G’M’)=\nabla(\mathfrak{p}’, G’M’)\cap\Delta(G’M’)1=one$ point,

$\nabla(\mathfrak{p}, G, M)\cap\Delta(G, M)=\nabla(\mathfrak{p}, G, M)\cap\Delta(G, M)=one$ point.
$1$

This means the following: Let $\{p_{i}\}$ be a sequence tending to $\mathfrak{p}$ $(res. \mathfrak{p}’)$ .
$M$ $M’$

Then $p_{i}-$ one point (resp $p_{i}$– one point) which is minimal.
As a special case of Corollary 1 we have similarly as Corollary 3
COROLLARY 4. Let $G\in \mathcal{E}_{0}$ and $F+K$ be thin at $\mathfrak{p}\in\beta(G)$ . If there exists

a number $n_{0}$ such that $\mathfrak{V}_{n_{0}}(\mathfrak{p})\cap G’$ is connected and is of planar character,

$\nabla(\tilde{\mathfrak{p}},\tilde{G},\overline{M})\cap\Delta(\tilde{G},\overline{M})=\nabla(\tilde{\mathfrak{y}},\tilde{G},\overline{M})\cap\Delta(\tilde{G},\overline{NI})1=one$ point,

$\nabla(\mathfrak{p}, G, M)\cap\Delta(G, M)=\nabla(\mathfrak{p}, G, M)\bigcap_{1}\Delta(G, M)=one$ point,

$\nabla(\mathfrak{p}’, G’, M’)\cap\Delta(G’, M’)=\nabla(\mathfrak{p}’, G’, M’)\cap\Delta(G’, M’)=one1$ point,

$\nabla(\mathfrak{p}’, G’, M’)\cap\Delta(G’, M’)=\nabla(\mathfrak{p}’, G’, M’)\cap\Delta(G’, M’)1=one$ point.

As a special case of Corollary 2 we have
COROLLARY 5. Let $G\in \mathcal{E}_{0}$ and $F$ be thin at $\mathfrak{p}\in\beta(G)$ . Let $\tilde{G}’$ be the

doubled surface. If there exists a number $n_{0}$ such that $\mathfrak{V}_{n_{0}}(\mathfrak{p})\cap G’$ : $G’=$

$G$- $F$ is connected and is ofplanar character, and $\mathfrak{V}_{n}(\mathfrak{p})\cap F\neq 0$ for any $n$,
then $\tilde{\mathfrak{S}}(\mathfrak{p})$ consists of one component $\tilde{v}$ and $\nabla(\check{\mathfrak{p}},\tilde{G}’,\overline{kl})\cap\Delta(\tilde{G}’,\overline{NJ})1$ consists of
two points $p_{1}$ and $p_{2}$ and any point $q\in\nabla(\tilde{|)},\tilde{G}’,\overline{N1})\cap\Delta(\tilde{C_{J}}’,\overline{M})$ is expressed by
$K(z, q)=\alpha K(z,p_{1})+\beta K(z,p_{2})$, where $\alpha\geqq 0$, $\beta\geqq 0$ and $\alpha+\beta=1$ .

3. Let $\Omega\in \mathcal{E}$ and let $F$ be a closed set in $\Omega$ such that $F\cap\partial\Omega=0$ and
$\Omega’=\Omega-F$ is connected. Let $U(z)$ be a positive continuous superharmonic
function in $\Omega’$ such that $U(z)=0$ on $\partial\Omega$ and $D( \min(M, U(z)))<\infty$ for any
$M<\infty$ . Let $D$ be a regular compact set in $\Omega’$ . Let $\check{D}U(z)$ be a function
such that $\check{D}U(z)=U(z)$ in $D$ and $\tilde{D}U(z)=W(z)$ in $\Omega’-D$, where $W(z)$ has
M. D. I. (minimal Dirichlet integral) over $\Omega’-D$. If for any regular compact
set $D,\tilde{D}U(z)\leqq U(z)$, $U(z)$ is called a fullsuperharmonic function in $\Omega’$ . Let
$U(z)$ be a full superharmonic function in $\Omega$ . If $V(z)=\alpha U(z)$ for any full



156 Z. Kuramochi

superharmonic function $V(z)$ such that both $U(z)-V(z)$ and $V(z)$ are full
superharmonic in $\Omega’$ , $U(z)$ is called $N$-minimal in 12’.

Let $G\in \mathcal{E}_{0}$ and let $F_{\theta_{1}}(i=1,2, \cdots)$ be a regular compact set such that
$F_{i}\cap F_{j}=0$ for $i\neq j$ and $F= \sum_{i}F_{i}$ cluster only at $\beta(G)$ . Let $G’=G-F$. Let

$L(z,p):p\in G’$ be an $N$-Green’s function [7] of $G’$ such that $L(z,p)=0$ on
$\partial G$, $L(z,p)$ has a logarithmic singularity at $p$ and $L(z,p)$ has M. D. I. over
$G-V_{M}(p)$ : $V_{M}(p)=[z\in G’ : L(z,p)>M]$ . Then clearly $\frac{\partial}{\partial n}L(z,p)=0$ on $\partial F_{i}$

and

$L(z,p)= \frac{1}{2}(\tilde{G}(z,p)+\tilde{G}(z,\hat{p}))$ in $G’$ ,

where $\tilde{G}(z,p)$ is a Green’s function of the doubled surface $\tilde{C_{J}}’$ of $G’$ with
respect to $\sum\partial F_{i}$ and $\acute{\grave{p}}$ is the symmetric point of $p$ .

Let $\Delta(G’, L)$ be the boundary points of $G’$ relative to $N$-Martin’s t0-
pology [8] $L$. If there exists a sequence $\{p_{i}\}$ in $G’$ tending to $\mathfrak{p}\in\beta(G)$ such

$L$

that $p_{i^{-}}p$, $i.e$ . $I,(z,p_{i})-L(z,p)$, we say $p$ lies over $\mathfrak{p}$ , we denote by
$\nabla(\mathfrak{p}, G’, L)$ be the set of all points lying over $\mathfrak{p}$ . Let $p\in\nabla(\mathfrak{p}, G’, L)$ . Then
we see easily the following

LEMMA 1. Let $p\in\nabla(\mathfrak{p}, G’L)$ . Then $\frac{\partial}{\partial n}L(z,p)=0$ on $\partial F$ and $L(z,p)$

can be continued harmonically into $\hat{G}’$ across $\partial F$ so that $L(z,p)=L(\acute{\dot{z}},p)$,
where $\hat{z}$ is the symmetric point of $z$.

We shall prove

LEMMA 2. Let $H(z)$ be a positive harmonic function in $G’\subset G\in \mathcal{E}_{0}$ such

that $H(z)=0$ on $\partial G$, $H(z)$ is continuous on $\partial F$ and $\frac{\partial}{\partial n}H(z)=0$ on $\partial F$. Then

$H(z)$ is full superharmonic in $G’$ .
PROOF. $H(z)$ can be continued into $\hat{G}’$ across $\partial F$ and $Ff(z)$ is harmonic

in $\tilde{G}’$ by putting $H(\hat{z})=H(z)$ . Suppose $G$ is an end of a Riemann surface
$R$ and let $\{R_{n}\}$ be its exhaustion and let $R_{n}$

’ be the symmetric image of $R_{n}’$

relative to $\partial F$, where $R_{n}’=R_{n}-F$. Put $\tilde{R}_{n}=R_{n}’+\hat{R}_{n}’+\sum’\partial F_{i}$ , where the sum-
mation is over $F_{i}$ contained in $R_{n}$ . Let $\omega_{n}(z)$ be a harmonic function in
$\tilde{G}’.\cap\tilde{R}_{n}$ such that $\omega_{n}(z)=0$ on $\partial\overline{G}=\partial G+\partial\hat{G}=1$ on $\partial R_{n}+\partial\hat{R_{n}^{\cdot}}$ . Since $G\in \mathcal{E}_{0}$ ,
$\hat{\overline{C}}’\in \mathcal{E}_{0}$ and lim $\omega_{n}(z)=0$ . Let $\Omega=\{z\in G’ : H(z)>M\}$ . Put $\tilde{\Omega}=\Omega+\hat{\Omega}+\partial F$,

where $\hat{\Omega}$ is then symmetric image of $\Omega$ . Let $H_{n}’(z)$, $H_{n}(z)$ and $H_{n}’(z)$ be
harmonic functions in $\tilde{G}’\cap\tilde{R}_{n}-\tilde{\Omega}$ such that $H_{n}’(z)=H_{n}(z)=H_{n}’(z)=0$ on $\partial\overline{G}$,
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$H_{n}’(z)=H_{n}(z)=H_{n}’(z)=M$ on $\partial\tilde{\Omega}\cap R_{n}$ and $H_{n}’(z)= \frac{\partial}{\partial n}H_{n}(z)=0$ , $H_{n}’(z)=M$

on $\partial\tilde{R}_{n}-\tilde{\Omega}$ . Then $H_{n}’(z)\leqq H_{n}(z)\leqq H_{n}’(z)$, $H_{n}’(z)\leqq H(z)\leqq H_{n}’’(z)$ and $0\leqq H_{n}’(z)$

$-H_{n}’(z)\leqq M\omega_{n}(z)$ . Let $narrow\infty$ . Then $\lim_{n}H_{n}(z)=H(z)$ in $\tilde{G}-\tilde{\Omega}$ . Hence

$D$ ( $\min$ ($M$, $H(z))) \leqq\varliminf_{n=\infty}D(H_{n}(z))=\frac{1}{2}M\int_{\partial\tilde{G}}\frac{\partial}{\partial n}H(z)ds<\infty$

Let $D$ be a regularly compact set in $G’$ , then there exists a const. $M$ such
that $H(z)<M$ on $D$. Let $H_{n}’(z)$ , $H_{n}(z)$ and $H_{n}’(z)$ be harmonic function in
$\tilde{G}’\cap\tilde{R}_{n}-\tilde{D}:\tilde{D}=D+\hat{D}$ such that $H_{n}’(z)=H_{n}(z)=H_{n}’(z)=H(z)$ on $\partial\overline{G}+\partial\tilde{D}$,

$H_{n}’(z)= \frac{\partial}{\partial n}H_{n}(z)=0$ , $H_{n}’’(z)=M$ on $\partial\tilde{R}_{n}-\tilde{D}$ . Then $\hat{D}H(z)=\lim_{n=\infty}H_{n}(z)=$

$\lim_{n=\infty}H_{n}’(z)=\lim_{n=\infty}H_{n}’(z)\leqq H(z)$ . Hence $H(z)$ is full superharmonic in $G’$ .

LEMMA 3. Let $L(z)$ be a positive harmonic function in $\tilde{G}’$ such that
$L(z)=0$ on $\partial\overline{G}$ and $L(z)=L(\hat{z})$ . Then by Lemma $L(z)$ is full superharmonic
in $G’$ . Let $L’(z)$ be a positive harmonic and full superharmonic function
in $G’$ such that $L(z)\geqq L’(z)$, $L(z)-L’(z)$ is full superharmonic in $G’$ . $Thm$

$\frac{\partial}{\partial n}L’(z)=0$ on $\partial F$ and $L’(z)$ can be continued harmonically into $\hat{C_{J}}’$ across
$\partial F$ by putting $L’(\partial)=L’(z)$ .

PROOF. Since $L(z)$ is harmonic on $\partial F$, $\frac{\partial}{\partial n}L(z)=0$ on $\partial F$. Let $v(F_{i})$

be a neighbourhood of $F_{i}$ with compact relative boundary $\partial v(F_{i})$ . Then we
see at once $L(z)$ has M. D. I. over $v(F_{i})$ among all harmonic functions in
$v(F_{i})$ with the same value as $L(z)$ on $\partial v(F_{i})$ . Hence $G\overline{-v(F}_{i},$ )$L(z)=L(z)$ , where
$L(z)$ is regarded as a function only in $G’$ . Also by the full superharm0-
nicity $G’\overline{-v(F}_{i}$ )$L’(z)\leqq L’(z)$ , $G\overline{-v(F}_{i})(L(z)-L’(z))\leqq L(z)-L’(z)$ in $v(F_{i})$ . Hence
$G’\overline{-v(F}_{i})-L’(z)=L’(z)$ . This implies $\frac{\partial}{\partial n}L’(z)=0$ on $\partial F$ and $L’(z)$ can be con-

tinued into $\hat{G}’$ by putting $L’(\hat{z})=L’(z)$ .
THEOREM 8. Let $G\in \mathcal{E}_{0}$ and let $F_{i}(i=1,2, \cdots)$ be a compact regular

set such that $F= \sum_{i}F_{i}$ is thin at a boundary component $\mathfrak{p}\in\beta(G)$ . $Thm$ $N-$

Green’s fuBction: $p\in\nabla(\mathfrak{p}, G’, L)$ is $N- mir\zeta_{\sim}imal$ if and only if
$L(z, p)=a(\overline{K}(z, q)+\overline{K}(z,\hat{q}))$ ,

where $q$ and $\hat{q}\in\nabla(\tilde{C"}(\mathfrak{p}),\tilde{G}’,\overline{M})\cap\Delta(\tilde{G}^{l},\overline{M})1’\hat{q}$ is symmetric to $q$, $q\in A^{1}$ and $\hat{q}\in A^{2}$

of Corollary 2 of Theorem 7 and $a$ is given by $2 \pi,’\int_{\tilde{\partial G}}\frac{\partial}{\partial n}\overline{K}(z, q)ds$ . Hence
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by the same corollary

$\Delta(\mathfrak{S}’(\mathfrak{p}), G’, L)\cap\Delta(G’, L)\equiv\nabla(\mathfrak{p}, G, M)\cap\Delta(G, M)11f$

PROOF. Let $G(z,p^{*})$ and $G’(z,p^{*}):p^{*}\in G’$ be Green’s functions of $G$

and $G’$ respectively. Then by $G \in \mathcal{E}_{0},\inf_{z\in \mathfrak{B}_{1}(p)}G(z,p^{*})>\delta_{0}>0$ . Since $F$ is thin

at $\mathfrak{p}$ ,

$\min_{z\in\partial \mathfrak{B}_{n^{(p)}}}\frac{G’(z,p^{*})}{G(z,p^{*})}\geqq\delta_{1}>0$ for any $n$ .

Whence $\min_{z\in\partial \mathfrak{B}_{n}()}G’(z,p)\geqq\delta_{2}>0$ . Let $\{p_{i}\}\subset G’$ be a sequence on $\sum_{n}\partial \mathfrak{V}_{n}(\mathfrak{p})$ such
$M’$

that $p_{i^{-}}p$ in $G’$ and that $G’(z,p_{i})$ converges uniformly to a harmonic
function $G’(z, \{p_{i}\})$ . Then $G’(p^{*}, \{p_{i}\})\geqq\delta_{3}$ , $G’(z, \{p_{i}\})=0$ on $\partial G$ and $G’(z$,
$\{p_{i}\})$ is a positive harmonic function in $G’$ . Let $L(z,p):p\in\nabla(\mathfrak{S}’(\mathfrak{p}), G’, L)$

$\cap\Delta(G’, L)1^{\cdot}$ Then $L(z,p)$ is $N$-minimal and by Theorem 1 there exists an
$L$-tending path $\Gamma$ in $G’$ . $\Gamma$ intersects $\partial \mathfrak{V}_{n}(\mathfrak{p})$ for $n\geqq n(\Gamma)$ . Let $\{p_{i}\}$ be a
sequence on $\Gamma\cap\sum_{n}\partial \mathfrak{V}_{n}(\mathfrak{p})$ such that $p‘arrow \mathfrak{p}$ and $G’(z,p_{i})$ converges to a positive

harmonic function $G’(z, \{p_{i}\})$ . Then by $L(z,p_{i})\geqq G’(z,p_{i})$ .
$L(z,p)\geqq G’(z,$ $\{p_{i}\})>0$ . (12)

By Lemma 1 $L(z,p)$ can be continued harmonically into $\hat{G}’$ so that $L(\hat{.z},p)$

$\tilde{G}’$

$=L(z,p)$ . In the following we suppose $L(z,p)$ is defined in $\tilde{G}’$ . Let $G’ GI=I$,’

$\tilde{G}’I=I$

,
$E\tilde{G}’=E$ and $E=E\tilde{G}’$ . Then by (12) and by the symmetry of $L(z,p)$ we

$\hat{G}’$ $\hat{G}’$ $G’$ $G’$
$\hat{G}’$ $\hat{G}’$

have

$GI$,
$[L(z,p)]>0$ and $\hat{G}I$,

$[L(z,p)]>0$ .

Put $U(z)=E,I,[L(z,p)]GG^{\cdot}$ Then $0<U(z)\leqq L(z,p)$ . By $G’\cap\hat{G}’=0$ we have

$\hat{G}I$, $[U(z)]=0$ . (13)

Put $V(z)=L(z,p)-U(z)(\geqq 0)$ . Then by $GI$, $[U(z)]=I,$$E,I,[L(z,p)]GGG=IG’[L(z,p)]$

we have

$GI$, $[L(z,p)-U(z)]=IG’[V(z)]=01$ (14)

Let $V^{*}(z)=E,I,[V(z)]\hat{G}\hat{G}$ . Then
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$V^{*}(z)\leqq V(z)$ . (15)

We shall show $V(z)=V^{*}(z)$ . Now by (13)

$V^{*}(z)=EI\hat{G}’\hat{G}’[V(z)]=EI\hat{G}’\hat{G}’[L(z,p)-U(z)]$

$=EI\hat{G}’\hat{G}’[L(z,p)]-EI\hat{C}\star^{l}\hat{G}’[U(z)]=EI\hat{G}’\hat{G}’[L(z,p)]$ ,

Hence by the structure of $V^{*}(z)$, $V^{*}(z)$ is symmetric to $U(z)$, whence by (13)

$GI$, $[V^{*}(z)]=0$ . (16)

Since $U(z)=V^{*}(\hat{z})$, $\frac{\partial}{\partial n}(U(z)+V^{*}(z))=\frac{\partial}{\partial n}(U(z)+V(z))=\frac{\partial}{\partial n}L(z,p)=0$ on
$\partial F$, whence

$\frac{\partial}{\partial n}(L(z,p)-(U(z)+V^{*}(z)))=0$ on $\partial F$ .

By Lemma 2, $U(z)+V^{*}(z)$ and $L(z,p)-(U(z)+V^{*}(z))$ are full superharmonic
in $G’$ . By the $N$-minimality of $L(z,p)$ we have by (15)

$U(z)+V^{*}(z)=aL(z,p)$ : $0<a\leqq 1$

On the other hand, by (16) $GI$, $[U(z)]=a_{G}I$, $[L(z,p)]=a_{G}I,$ $[U(z)]$ , whence $a=1$ and

$V^{*}(z)=V(z)$ and

$L(z, p)=U(z)+V(z)=E,IGG’[L(z,p)]+V^{*}(z)$ (17)

$=EIG’G’[L(z,p)]+EI\hat{G}’\hat{G}’[L(z,p)]$ in $\tilde{C_{I}}’$

We shall show $U(z)=EI[L(z,p)]$ is a minimal function in $\tilde{C_{J}}’$. . Let $U’(z)$
$G’G’$

be a positive harmonic function in $\hat{G}’$ such that $0<U’(z)\leqq U(z)$ . Put $V’(z)$

$=U’$ (\S ). Then $\frac{\partial}{\partial n}(U’(z)+V’(z))=0$ on $\partial F$. Since the function $V(z)$ is sym-

metric to $U(z)$ by $V^{*}(z)=V(z)$, $\frac{\partial}{\partial n}((U(z)+V(z))=0$ on $\partial F$. Hence by Lemma
2 $U’(z)+V’(z)$, $(U(z)+V(z))-(U’(z)+V’(z))$ are full superharmonic in $G’$ .
By the $N$-minimality of $L(z,p)$ we have

$U’(z)+V’(z)=aL(z,p)=a(U(z)+V(z)):0<a\leqq 1$ (18)

By $U(z)-U’(z)\geqq 0$ we have $U(z)-U’(z)\geqq EG$
’
$I,[U(z)-U’(z)]G$ ’ because $EI$ are
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positive linear operators. Whence $U(z)-E,IGG’[U(z)]\geqq U’(z)-E,IGG’[U’(z)]$ . By

$U(z)=E,,IGG[L(z,p)]=E,IGG$
’
$E,I,[L(z,p)]=E,IGGGG’[U(z)]$ we have

$U’(z)=E,IGG’[U’(z)]$ . (19)

On the other hand, by $U’(z)\leqq U(z)$ and $E,$$I,[U(z)]=0\hat{G}\hat{G}$ (by (13)) we have

$\hat{G},\hat{G}EI$, $[U’(z)]=0$ and $G’ GEI$, $[V’(z)]=0$ . (20)

Hence by (19), (20), (18) and (16) we have

$U’(z)=E,IGG’[U’(z)+V’(z)]=a(E,I,[U(z)+V(z)])=aU(z)GG^{\cdot}$

Thus $U(z)$ ( $V(z)$ is symmetric to $U(z)$) and $V(z)$ are minimal in $\tilde{G}’$ and there
exists a uniquely determined point $q\in\Delta(\tilde{G}’,\overline{M})1$ such that $U(z)=a\overline{K}(z, q)$ :

$a>0$ . By $\tilde{G}’\in \mathcal{E}_{0}$ sup $\overline{\tilde{K}}(z, q)=\infty$ . Let $q$ be a $component\in\beta(\tilde{G}’)$ such that
$z\in\tilde{G}^{l}$

$q$ lies over $q$ . Then it is well known

$\varlimsup_{zarrow Q}K(z, q)=\infty$

Let $\tilde{\mathfrak{B}}_{n}$ be the doubled open set of $\mathfrak{V}_{n}(\mathfrak{p})\cap G’$ . Then $\{\tilde{\mathfrak{B}}_{n}\}$ determines $\tilde{\mathfrak{S}}(\mathfrak{p})$

$\subset\beta(\tilde{G})$. At the top of the proof it was shown the following: for $p\in\nabla(\mathfrak{S}’(\mathfrak{p})$ ,

$G’L)\cap\Delta(G’, L)1$

$L(z,p)= \lim_{i=\infty}L(z,p_{i})$ : $p_{i}\in\partial \mathfrak{V}_{n(i)}(\mathfrak{p})$ .

By $L(z,p_{i})=\mathfrak{B}_{n}\tilde{(p)\cap G_{1}}L(z,p)$ for $i\geqq i(n)$ we $have_{J}^{\mathfrak{n}}$

$\sup_{a\in C^{J}\mathfrak{B}_{n}},L(z,p)\leqq\max_{z\in\partial \mathfrak{B}_{r^{(p)\cap G}}}L$,
$(z,p)$

$<\infty$ for any $n$ , because $L(z,p)$ is symmetric relative to $\partial F$. Assume
$q\not\in\tilde{\mathfrak{S}}(\mathfrak{p})$ . Then there exists $\mathfrak{V}(q)$ such that $\mathfrak{V}(q)\subset C’\tilde{\mathfrak{B}}_{n}$ , where $\mathfrak{V}(q)$ is a neigh-
bourhood of $q$ relative to Ker\’ekj\’art6’s top. over $\tilde{G}’$ . Hence by $a\overline{K}(z, q)=$

$U(z)\leqq L(z,p)\varlimsup\overline{K}(z, q)<\infty$ . This is a contradiction. Hence $q\in\tilde{\mathfrak{S}}(\mathfrak{p})$ and
$zarrow Q$

$q \in\nabla(\mathfrak{S}(\mathfrak{p}),\tilde{G}’,\overline{M})\bigcap_{1}\Delta(\tilde{G}’,\overline{M})$ . By $V(z)=U(\hat{z})$ , $V(z)=a\overline{K}(z,\hat{q})$ and $\hat{q}\in\nabla(\tilde{\mathfrak{S}}(\mathfrak{p})$,

$\tilde{G}’,\overline{kI})\cap\Delta(\tilde{G},\overline{M})1$ and $q\in A^{1},\hat{q}\in A^{2}$. Since $\int_{\overline{\partial G}}\frac{\partial}{\partial n}L(z,p)ds=4\pi$, $a$ is given by

$2 \pi\int\int_{0\overline{G}}\neg\frac{\partial}{\partial n}\hat{K}(z, q)ds$. Thus, if $L(z,p):p\in\nabla(\mathfrak{S}’(\mathfrak{p}), G’, L)\cap\Delta(G’, L)1’ L(z,p)=$

$a(\overline{K}(z, q)+K(z,\hat{q}))$ .
Let $q$ and $\hat{q}\in\nabla(\tilde{\mathfrak{S}}(\mathfrak{p}),\tilde{G}’,\overline{M})\cap\Delta(\tilde{G}’,\overline{M})1$ and $\overline{\overline{K}}(\backslash \hat{z},\hat{q})=\overline{K}(z, q)$ . Put $L(z)$

$=\overline{K}(z, q)+\overline{K}(z,\hat{q})$ . We shall show $I,(z)$ is $N$-minimal. Let $q\in\nabla(\tilde{\mathfrak{S}}(\mathfrak{p})$,
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$\tilde{G}’,\overline{M})\bigcap_{1}\Delta(\tilde{G}’,\hat{\dot{M}})$ . Then by Theorem 1 there exists an $\overline{M}$-tending path $\Gamma$

to $q$. $\Gamma$ intersects $\partial \mathfrak{V}_{n}-$ : $n\geqq n(\Gamma)$, hence we can find a sequence $\{q_{i}\}$ on
$\overline{M}$

$\Gamma\cap\sum_{n}\partial \mathfrak{V}_{n}(\mathfrak{p})$ or $\Gamma\cap\sum_{n}\hat{\mathfrak{V}}_{n}$ such that $q_{i}$
–

$q$. Without loss of generality we
can suppose $\{q_{i}\}\subset\Gamma\cap\sum_{n}\mathfrak{V}_{n}(\mathfrak{p})$ . Let $\{q_{i},\}$ be a subsequence of $\{q_{i}\}$ such that
$\tilde{G}(z, q_{i’})$ and $G’(z, q_{i’})$ converge to positive harmonic functions $\tilde{G}(z, \{q_{i’}\})$ and
$G’(z, \{q_{\dot{\iota}’}\})$ respectively. Because $F$ is thin at $\mathfrak{p}$ and $\min_{z\in\partial \mathfrak{B}_{n}(p)}G’(z,p^{*})\geqq\delta>0$ for
$n\geqq n_{0}$ and $G(p^{*}, \{q_{i’}\})>0$ . Hence

$\overline{K}(z, q)=\frac{\tilde{G}(z,\{q_{i’}\})}{\tilde{G}(p^{*},\{q_{i},\})}\geqq\frac{G’(z,\{q_{i’}\})}{\tilde{G}(p^{*},\{q_{i}\})}$

,
and $GI$,

$[K(z, q)]>0r$

Since $\overline{K}(z, q)$ is minimal in $\tilde{G}’$ ,

$G’ GEI$,
$[\overline{K}(z, q)]=\overline{K}(z, q)$ . (21)

By $G’\cap\hat{G}’=0,0=I\hat{\Gamma 4}$
, $E,I,[\overline{K}(z, q)]GG=I,[\overline{K}(z, q)]\hat{G}=0$ . Since $\overline{K}(\hat{z},\hat{q})=\overline{K}(z, q)$, we

have

$\hat{G},\hat{G}EI$,
$[\overline{K}(z,\hat{q})]=\overline{K}(z,\hat{q})$ and $GI$,

$[\overline{K}(z,\hat{q})]=0$ . (22)

Hence

$L(z)=E,IGG’[L(z)]+E,I\hat{G}\hat{G}$,
$[L(z)]$ . (23)

Clearly $\frac{\partial}{\partial n}L(z)=0$ on $\partial F$ and by Lemma 2 $L(z)$ is full superharmonic in
$G’$ . Let $L’(z)$ be a positive harmonic function such that $L(z)-L’(z)$ and
$L’(z)$ are positive full superharmonic in $G’$ . It is sufficient to show $L’(z)=$

$cL(z):0\leqq c\leqq 1$ . By Lemma 3 $L’(z)$ can be continued harmonically into $\hat{G}’$

across $\partial F$ by putting $L’(\hat{z})=L’(z)$ . We denote the continued function in $\tilde{G}’$

also by $L’(z)$ . Now $L(z)\geqq L’(z)$ and

$L(z)-L’(z)\geqq E,IGG’[L(z)-L’(z)]=E,IGG’[L(z)]-E,IGG’[L’(z)]$ , whence

$L(z)-E,IGG’[L(z)]\geqq L’(z)-E,IGG’[L’(z)]\geqq 0$ .

Hence by (23) and (22)

$\overline{K}(z,\hat{q})=L(z)-E,I,$$[L(z)]GG\geqq L’(z)-E,IGG$
’

$[L’(z)]$ .

By the minimality of $\overline{K}(z,\hat{q})$
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$L’(z)-E,IGG$
’

$[L’(z)]=\alpha\overline{K}(z,\hat{q})$ : $0\leqq\alpha\leqq 1$ (24)

Also by (22) and (21)

$\tilde{K}(z, q)=E,IGG’[\overline{K}(z, q)]=E,IGG$
’

$[L(z)]\geqq E,IGG$
’

$[L’(z)]$ .

Since $\overline{K}(z, q)$ is minimal $E,I,[L’(z)]=\alpha’\overline{K}(z, q):GG0\leqq\alpha’\leqq 1$ . Hence by (24)

$L’(z)=\alpha’\overline{K}(z, q)+\alpha’\overline{K}(z,\hat{q})$ .

Since $L’(z)=L’(.\vee\hat{z})$ , $\alpha\overline{K}(z, q)+\alpha’\hat{\tilde{K}}(z, \hat{q})=\alpha’\overline{K}(z, q)+\alpha\overline{K}(z,\hat{q})$ . Now $\hat{q}\neq q$ im-
plies $\alpha=\alpha’$ . Hence $L’(z)=\alpha L(z)$ . This means $L(z)$ is $N$-minimal. Hence
there exists a uniquely determined point $p\in\Delta(G’, L)1$ such that $L(z)=aL(z,p)$

and $a$ is given by $2 \pi\int\int_{\overline{\partial G}}\frac{\partial}{\partial n}\overline{K}(z, q)ds$. Since sup $\overline{K}(z, q)=\infty$ and $\varlimsup_{zarrow q}K(z$,

$q)<\infty$ for $q\in\beta(G)$ and $P\neq q$ , $p\in\nabla(\mathfrak{S}’(\mathfrak{p}), G’, L)\cap\Delta(G’, L)1^{\cdot}$ Hence for any pair

$q$ and $\hat{q}:q\in A^{1}$ , there exists a uniquely determined point $p$ in $\nabla(\mathfrak{S}’(\mathfrak{p}),$ $G’$
,$\cdot$

$L) \bigcap_{1}\Delta(G’L)$ . Conversely for any point $p$ in $\nabla(\mathfrak{S}’(\mathfrak{p}), G’, L)\cap\Delta(G’, I_{d})1$ there

exists a pair $q$ and $\hat{q}:q\in A^{1}$ . Hence by Corollary 2 of Theorem 7

$\nabla$ ( $\mathfrak{S}’(\mathfrak{p})$ , $G’$ , $L$) $\bigcap_{1}\Delta(G’, L)\equiv\nabla(\mathfrak{p}, G, M)\bigcap_{1}\Delta(G, M)$ .

Striclty thiness of $F$ at $\mathfrak{p}\in\beta(G)$ . Let $G\in \mathcal{E}$ and let $\mathfrak{p}\in\beta(G)$ . Let $F_{\dot{f}}$

$(i=1,2, \cdots)$ be a compact set and let $F= \sum_{\dot{l}}F_{i}$ such that $G-F$ is connected,

$\{F_{i}\}$ clusters only at $\beta(G)$ . If there exists a determining sequence $\{\mathfrak{V}_{n}(\mathfrak{p})\}$

such that min $G’(z,p^{*})>\delta>0:n=1,2$ , $\cdots$ , we say $F$ is $st7\dot{\tau}ctly$ thin at $\mathfrak{p}$,

where $G’(z,p^{*})z\in\partial \mathfrak{B}_{n}(p)$ is a Grem’s function of $G’=G-F:p^{*}\in G’$ . Clearly if $G\in 6_{0}$
’

and $F$ is thin at $\mathfrak{p}$, $F$ is strictly thin at $\mathfrak{p}$ . Suppose $F_{i}$ is regular compact
set. Then the doubled surface $\tilde{C_{J}}’$ of $G’$ relative to $\partial F$ can be considered.
We see Lemma 1 is valid for $G\in \mathcal{E}$ not neccessarily $G\in \mathcal{E}_{0}$ . Also we see
Lemma 2 and Lemma 3 hold not only for $G\in \mathcal{E}_{0}$ but also for $G’$ such that
$\tilde{C_{J}}’$ (of $G’$) $\in \mathcal{E}_{0}$ . We proved Theorem 8 under the condition $G\in \mathcal{E}_{0}$ . But the
proof of

$\nabla$ ( $\mathfrak{S}’(\mathfrak{p})$, $G’$ , $L)\cap\Delta(G’, L)_{\vee}\simeq\nabla(\mathfrak{p}, G, M)1\cap\Delta(G, M)1$

depends following two facts :

$a)$ . $G\tilde{G}’I,[L(z,p)]>0$ .

$b)$ . Any positive harmonic function $U(z)$ with $U(z)=0$ on $\partial\tilde{G}$ and
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$\frac{\partial}{\partial n}U(z)=0$ on $\partial F$ is full superharmonic in $G’$ .

Now we see at once a) is satisfied under the condition that $F$ is strictly thin
at $\mathfrak{p}$ and b) is satisfied under the condition that $\tilde{G}’\in \mathcal{E}_{0}$ . Hence we have the
following

COROLLARY 1. Let $G\in \mathcal{E}$ and $F$ be strictly thin at $\mathfrak{p}\in\beta(G\grave{)}$ and $F_{i}$ be
regular compact. If $\tilde{G}’$ (doubled surface of $G’=G-F$) $\in \mathcal{E}_{0}$ , then

$\Delta$ ( $\mathfrak{S}’(\mathfrak{p})$, $G’$ , $L$) $\bigcap_{1}\Delta(G’, L)_{\wedge}=\nabla(\mathfrak{S}’(\mathfrak{p}),$ $G’$ , $M’)\cap\Delta(G’, M’)1$

$\overline{\wedge-}\nabla\sim(\mathfrak{p}, G, M)\bigcap_{1}\Delta(G,M)$ .

Let $G’\in \mathcal{E}$ and $G’=G-F$ be of planar character. Suppose $F$ is strictly thin
at $\mathfrak{p}\in\beta(G)$ . Map $G’$ conformally onto a domain $\Omega$ in $|\xi|<1$ by $\xi=g(z)$ .
Then similarly as Corollary 3 of Theorem 7 we can prove 1). $\cap\overline{g(\mathfrak{V}_{n}(\mathfrak{p})\cap G’}=$

$n$

one point, 2). $\mathfrak{S}’(\mathfrak{p})$, the set of boundary components of $\beta(G)$ lying over $\mathfrak{p}$

consists of only one component $\mathfrak{p}’$ and 3). $\nabla(\mathfrak{p}’, G’, M’)\bigcap_{1}\Delta(G’, M’)=one$

point. Suppose $F_{i}$ is compact set. Then $\tilde{G}’$ can be considered. If $\tilde{G}’\in \mathcal{E}_{0}$ ,
then by Corollary 1 $\nabla(P’, G’, L)\bigcap_{1}\Delta(G’, L)$ consists of only one point. Now
$L(z,p):p\in\nabla(\mathfrak{p}’,G’, L)\cap\Delta(G’, L)$ is represented by a canonical measure on
$\nabla(\mathfrak{p}’, G’, L)\cap\Delta 1(G, L)$ . Hence $\nabla(\mathfrak{p}’, G’, L)\cap\Delta 1(G’, L)=\nabla(\mathfrak{p}, G’, L)\cap\Delta(G’, L)$ .
Hence we have

COROLLARY 2. Let $F_{i}$ be a regular compact set and $F= \sum_{i}F_{i}$ be strictly
thin at $\mathfrak{p}\in\beta(G)$ and $G’$ be of planar character. If $\tilde{G}’\in \mathcal{E}_{0}$ ,

$\nabla(\mathfrak{p}’, G’, L)\cap\Delta(G’, L)=\nabla(\mathfrak{p}, G’, L)\cap\Delta(G’, L)=one1$ point.

4. Applications to conformal mappings. Let $G\in \mathcal{E}$ and $\partial G$ consists
of one component. Let $F_{i}$ be a compact set such that $F= \sum_{i}F_{i}$ is strictly
thin at $\mathfrak{p}\in\beta(G)$, $G’=G-F$ is of planar character and min $G’(z, \mathfrak{p}^{*})>\delta>0$

for $n=1,$ 2, \cdots , where $\{\mathfrak{V}_{n}(\mathfrak{p})\}$ is a determining $sequenceof\mathfrak{p}z\in\partial \mathfrak{B}_{n}(p)$ . Then $\mathfrak{S}’(\mathfrak{p})$

consists of only one component $\mathfrak{p}’$ . We shall prove
THEOREM 9. Let $G\in \mathcal{E}$ and let $F$ be strictly thin at $\mathfrak{p}\in\beta(G)$ such that

$F_{i}$ is a regular compact set, $\partial G$ consists of only one componmt, $G’=G-F$
is of planar character and $\tilde{G}’$ (doubled surface of $G’$) $\in \mathcal{E}_{0}$ . $Thm$ we can
map $G’$ conformally onto a domain 12 in $|w|<1$ by $\tau v=g(z)$ such that $F_{i}$

is $mal\Phi ed$ onto a radial slit, $\bigcap_{n}\overline{g(\mathfrak{V}_{n}(\mathfrak{p})\cap G’}$) $=w_{0}$ and $\partial G$- $|w|=1$ . Then
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such function $g(z)$ is uniquely determined except roation and f2 has the $Gross’s$

property.

PROOF. By Corollary 2 of Theorem 8 $\nabla(\mathfrak{p}’, G’, L)\cap\Delta(G’, L)=\nabla(\mathfrak{p}’G’, L)$

$\bigcap_{1}\Delta(G’, L)=one$ point $p$ . This means $L(z,p_{i})-L(z,p)$ for any sequence $\{p_{i}\}$

tending to $\mathfrak{p}’$ . Hence $\{G’\cap \mathfrak{V}_{m}(\mathfrak{p})\}$ and $\{v_{n}(p)\}$ are equivalent, where $v_{n}(p)$

$=\{z\in G’$ : $L$-dist $(p, z)< \frac{1}{n}\}$ . Let $v_{n}(\beta)$ be a neighbourhood of $\beta(G)$, $i.e$ .

$G’-v_{n}(\beta)$ is compact and $v_{n}(\beta)^{\searrow}0$ as $narrow\infty$ . Let $\omega(T, z, G’)$ be a harmonic
function in $G’-T$ such that $\omega(T, z, G’)=0$ on $\partial G=1$ on $T$ and $\omega(T, z, G’)$

has M.D.I over $G’-T$, where $T$ is a closed set with $T\cap\partial G=0$ . Put
$\omega(\Delta, z, G’)=\lim\omega(v_{n}(\beta)\cap G’, z, G’)$ and $\omega(p, z, G’)=\lim_{n}\omega(v_{n}(p), z, G)$ . Then

by $\tilde{G}’\in \mathcal{E}_{0}wehaven=\infty$

$0=\omega(\Delta, z, G’)=\omega(p, z, G’)$ .

Hence $p$ is not singular [9], $i.e$ .
$\sup_{z\in G}$,

$L(z,p)=\infty$ . Let $V_{M}(p)=\{z\in G’$ : $L(z$,

$p)>M\}$ . Then by $p\in\Delta(G’, L)1$’ for any $V_{M}(p)$ there exists a $v_{n}(p)$ such that
$V_{M}(p)\supset(v_{n}(p)\cap G’)[10]$ . Hence $L(z,p)arrow\infty$ as $zarrow \mathfrak{p}’$ . Next $\overline{v_{n}(p)}L(z,p)$

$= \mathfrak{B}_{n}(p)\cap G^{\prime L(z,p)=L(z,p)}imp1ies\sup_{\epsilon\epsilon C\mathfrak{B}_{n}(p)}L(z,p)\leqq\max_{z\epsilon\partial \mathfrak{B}_{n^{(p)}}}L(z,p)<\infty$ . Hence

1). $L(z,p)=\infty$ at $P’$ and sup $L(z,p)<\infty$ in $G’-\mathfrak{V}_{n}(P’)$ .
It is known $L(z,p)$ has the following properties [11].

2). $\frac{\partial}{\partial n}L(z,p)=0$ on $\partial F$ .

3). $\int_{\partial V_{M}(p)}\frac{\partial}{\partial n}L(z,p)ds=2\pi$ for almost $M:0<M<\infty$ .

4). $\int_{\partial G}\frac{\partial}{\partial n}L(z,p)ds=2\pi$ .

Hmce

5). Let $\gamma$ be a smooth Jordan cume in $G’$ . $Thm \int_{\gamma}\frac{\partial}{\partial n}L(z,p)ds=0$

or $2\pi$ according as $\gamma$ encloses $p$ or not.

Let $H(z,p)$ be the conjugate harmonic function of $L(z,p)$ . Then exp $(L(z,p)$

$+iH(z,p))=g(z)$ maps $G’$ onto 12 satisfing the conditions of Theorem. We
shall show such $g(z)$ is uniquely determined. Suppose an analytic function
$F(z)$ such that 1). $|F(z)|=1$ on $\partial G$, 2). $|F(z)|<1$ in $G’$ . 3). $F(z)$ maps $\partial F$

‘

onto a radial slit. 4). $z \in G’- \mathfrak{B}_{n}(p)\inf|F(z)|>0$ for any $n$ . Then $U(z)=-\log|F(z)|$
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is positive harmonic in $G’$ and $U(z)=0$ on $\partial G$ . 3) implies $\frac{\partial}{\partial n}U(z)=0$ on
$\partial F_{i}$ . Hence by $\tilde{c_{r}}’\in \mathcal{E}_{0}$ (by Corollary 2 of pheorem 7) $U(z)$ is full super-

harmonic in $G’$ . Then $U(Z)= \int_{\Delta,1}(G ^{L(z, q)d\mu(q)},,L)$

,
$\cdot$ By

$j$

$\cdot 1$ ) $\int d\mu(q)=1$ . As-

sume $\mu$ has a positive canonical measure on $\Delta(G’, L)1$ outside of $\mathfrak{V}_{n}(\mathfrak{p})$ . Since
$\mu=0$ on $\partial F_{i}$ and since $\{F_{i}\}$ clusters at $\beta(G)$ , we can find a closed set $A$ in

$L$

$\Delta(G’, L)-\mathfrak{V}_{n}(\mathfrak{p})1$ such that $A\subset\cap(v_{n}(\beta)\cap G’)$ and $\mu>0$ on $A$ . By $\omega(\Delta, z, G’)=0$

$A$ is a set of capacity zero, whence

$\infty=\sup_{z\in A}L(z,p)\leqq\sup_{z\in\partial \mathfrak{B}_{n}(p)\cap G},L(z,p)>\infty$ [12].

This is a contradiction. Hence $\mu>0$ on only at $\nabla(\mathfrak{p}’, G’L)\cap\Delta(G’, L)=p1^{\cdot}$

Thus $U(z)=L(z,p)$ and the uniqueness of $g(z)$ is proved.
We show $\Omega$ has the Gross’s property. Let $F_{i}^{W}$ be the image of $\partial F_{i}$ :

$F_{i}^{1r}=\{re^{i\theta} : r_{i}\leqq r\leqq r_{i}’, \theta=\theta_{i}\}$ . Let $R_{n}=1>|w|> \frac{1}{n}$ and $\Theta_{n}$ be the angular

projection of $\sum F_{i}^{W}1$, where the summation is over $F_{i}^{W}s$ contained in $R_{n}$ .
We show mes $\overline{\Theta}_{n}=0$ for any $n$ . Put $\delta_{n}^{M}=,\max_{z\in\partial \mathfrak{B}_{n^{(p)}}}|g(z)|$

,
$\delta_{n}^{N}=\min_{z\in\partial \mathfrak{B}_{n}(p)}|g(z)|$ . Then

$\delta_{n}^{M}\geqq\delta_{n}^{N}>0$ and $\lim_{n=\infty}\delta_{n}^{M}=0$ by $\bigcap_{n}\overline{g(\mathfrak{V}_{n}(\mathfrak{p})\cap G’}$) $=$ one point $\{w=0\}$ . For any

given $\frac{1}{n}$ , there exists a number $n_{0}$ such that $\delta_{n_{0}}^{M}<\frac{1}{n}$ . We consider only,
$G’-\mathfrak{V}_{n_{0}}(\mathfrak{p})$ . Then any $F_{i}$ contained in $G-\mathfrak{V}_{n_{0}}(\mathfrak{p})$ is mapped onto a radial
slit in $1>|w|\geqq\delta_{n_{0}}^{N}$ . Let $\theta_{n_{0}}’=\bigcup_{\theta}\{\theta:re^{i\theta}\subset\acute{\sum}F_{i}^{W}\}$ , where the summation. is
over $F_{i}$ contained in $G-\mathfrak{V}_{n_{0}}(\mathfrak{p})$ . Then $\Theta_{n}\subset\theta_{n_{0}}’$ . By $\tilde{G}’\in \mathcal{E}_{0}[13]$ and by
Evans’s theorem there exists a positive harmonic function $U(z)$ in $\tilde{G}’$ such
that $U(z)=0$ on $\partial\overline{G}$, ( $U(z)arrow\infty$ as $zarrow\beta(\tilde{G}’)$ and $\int_{\gamma_{M}}\frac{\partial}{\partial n}U(z)ds=2\pi:T_{M}=$

{$z\in\tilde{G}^{\prime }$:$^{U(z)=M\}}$ . Consider $U(z)$ in $G’$ . Then $\int_{\gamma M\cap G},\frac{\partial}{\partial n}U(z)ds\leqq 2\pi$ . Now

the area of $\Omega<\infty$ . By the length and area’s method we see that there
exists a sequence $\{M_{l}\}:l=1,2$ , $\cdots$ , such that 1). $M_{l}arrow\infty$ as $larrow\infty$ . 2). the
length of $g(\gamma_{M_{l}})=\epsilon_{l}$ , $\epsilon_{l}arrow 0$ as $l->\infty$ . Since max $U(z)<\infty$ , there exists a
number $l_{0}$ such that $\gamma_{M_{l}}$ does not touch $\partial \mathfrak{V}_{n_{0}}(\mathfrak{p})forl\geqq l_{0}z\in\partial \mathfrak{B}n_{0}(p)$ . Let $\gamma_{M_{l}}’(l\geqq l_{0})$ be
the part of $\gamma_{M_{l}}$ in $G’-\mathfrak{V}_{n_{0}}(\mathfrak{p})$ . Then $g(\gamma_{M_{l}})$ separates $\beta(G)-\overline{\mathfrak{V}_{n_{0}}(\mathfrak{p})}$ from
$\mathfrak{V}_{n_{0}}(\mathfrak{p})\cap G’$ and $g(\gamma_{M_{l}}’)$ is contained in $1>|w|\geqq\delta_{n_{0}}^{N}$ and $g(\gamma_{M_{l}}’)$ separates the limit-
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ing points of $\overline{\sum F_{i}^{W}\prime}$ from $|w|=1$ and $g(\mathfrak{V}_{n_{0}}(\mathfrak{p})\cap G’)$, where the summation
is over $F_{i}^{W}$ outside of $g(\mathfrak{V}_{n_{0}}(\mathfrak{p})\cap G’)$ . Because $|g(z)|\geqq\delta_{n_{0}}^{N}$ for $z\in G’-\mathfrak{V}_{n_{0}}(\mathfrak{p})$ .
Since the angular measure of $\sum g(F_{i})=0$ , $\epsilon_{l}’\geqq length$ of $g(\gamma_{M_{l}}’)\geqq mes\theta_{n_{0}}\cross\delta_{n_{0}}^{N}$ .
Let $larrow\infty$ . Then

mes $\overline{\Theta}_{n}\leqq mes\overline{\theta}_{n_{0}}=0$ .
Hence f2 has the Gross’s property.

REMARK. If $G\in \mathcal{E}_{0}$ and $F_{i}$ is a regular set, then $\tilde{G}’\in r_{0},$ . Since in the
case $G\in 6_{0}’ F$ is thin if and only if $F$ is strictly thin. Hence Theorem 9
is valid under the condition $G\in \mathcal{E}_{0}$ and $F$ is thin at $\mathfrak{p}$ instead of $\tilde{G}’\in \mathcal{E}_{0}$ and
$F$ is strictly thin at $\mathfrak{p}$ .

THEOREM 10. Let $E$ be a closed set in $|z|<1$ of capacity zero with
$E\ni z_{0}$ . Let $G=\{|z|<1\}-E$ and let $F= \sum_{i}F_{i}(F_{i}$ is a compact continuum in
$G)$ such that $F$ clusters only at $E$, $F\cap\{|z|=1\}=0$, $z_{0}$ is irregular for the
Dirichlet problem in $G’=G$ -F. $Thm$ there exists a uniquely determined
function $w=g(z)$ mapping $G’$ onto a domain 12 in $|w|<1$ with radial slits
such that $|z|=1$- $|w|=1$ , $z_{0}arrow\{w=0\}exc\phi t$ rotation and f2 has the Gross’s
property.

Map $G’$ conformally by $\xi=h(z)$ onto a domain $D’$ with circular slits in
$|\xi|<1$ such that $\{|z|=1\}arrow\{|\xi|=1\}$ . Let $v_{n}(z_{0})$ be a neighbourhood in $G’$ of

$z_{0}$ such that $\partial v_{n}(z)\cap F=0$ and $v_{n}(z_{0})arrow z_{0}$ as $narrow\infty$ . Then since $z_{0}$ is irregular,
$\bigcap_{n}\overline{h(v_{n}(z_{0}))}=one$ point $\xi_{0}$ . Since $z_{0}$ is irregular, we can fined a sequence of
curves $\{\gamma_{m}\}$ such that $\gamma_{m}$ encloses $z_{0}$ in $G’$ and $\gamma_{m}arrow z_{0}$ as $marrow\infty$ and a const.
$\delta>0$ such that $\min_{z\in\gamma_{m}}G’(z,p^{*})\geqq\delta>0$, where $G’(z,p^{*})$ is a Green’s function of
$G’$ . Let $\mathfrak{V}_{m}(z_{0})$ be a domain bounded by $\gamma_{m}$ containing $z_{0}$ in its interior.
Then $\{\mathfrak{V}_{m}(z)\}$ is a determining sequence of $z_{0}$ and

$\bigcap_{m}\mathfrak{V}_{m}(z_{0})\subset\bigcap_{n}v_{n}(z_{0})=z_{01}$

Let $\{G_{l}\}$ be an increasing sequence of domains such that $G_{l}\nearrow G$ , $\partial G_{l}$ con-
taines $\{|z|=1\}$ for any $l$, $\partial G_{l}$ consists of a finite number of analytic curves
and $\partial G_{l}\cap F=0$ . Since $\{F_{i}\}$ clusters at only $E$, $G_{l}$ containes a finite number
of $F_{i}$ in $G_{l}$ . $F_{i}$ is mapped onto a circular slit $J_{i}$ . Let $D_{l}=h(G_{l}-F)+ \sum J_{l}1$ ,
where the summation is over $J_{i}$ such that $h^{- 1}(J_{i})$ is contained in $G_{l}$ . Then
$D_{l}$ is a domain and $D_{l}- \sum J_{i}=h(G_{l}-F)1$ . Put $D_{\acute{l}}=D_{l}- \sum J_{i}1$ and $D= \bigcup_{l}D_{l}$ .
Then $D$ is a domain. Consider $h(\partial \mathfrak{V}_{m}(z_{0}))$ in $D$. Then $h(\partial \mathfrak{V}_{m}(z_{0}))-arrow\xi_{0}$ as
$marrow\infty$ and $\min_{\xi\in h(\partial B_{n}(z_{0}))}G’(\xi, h(p^{*}))\geqq\delta$ . Hence
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$\sum J_{i}$ is strictly thin at $\xi_{0}$ in regarding $D$ as a domain. (25)

Let $\omega_{l}’(\xi)$ be a harmonic function in $D_{l}’$ such that $\omega_{l}’(\xi)=0$ on $\{|\xi|=1\}$ , $=1$

on $h(\partial G_{l})$ and $\omega_{\acute{l}}(\xi)$ has M. $D.I$ . over $D_{l}’$ . Let $\omega_{l}(z)$ be a harmonic function
in $G_{l}$ such that $\omega_{l}(z)=0$ on $\{|z|=1\}$ and $\omega_{l}(z)=1$ on $\partial G_{l}$ . Then

$D(\omega_{\acute{l}}(\xi))\leqq D(\omega_{l}(z))$ : $\xi=\xi(z)$ .
Since $G\in \mathcal{E}_{0}$ , $\lim_{l=\infty}D(\omega_{l}(z))=0$ . Now $J_{i}$ is a regular set, the doubled surface
$\tilde{D}_{l}’$ of $D_{l}’$ can be considered. Consider $\omega_{\acute{l}}(\xi)$ in $D_{l}’$ . Then $\frac{\partial}{\partial n}\omega_{l}’(\xi)=0$ on
$J_{i}$ . Put $\omega_{l}(\hat{\xi})=\omega_{l}(\xi)$ in $\hat{D}_{l}’$ , where $D_{l}’$ is the symmetric image of $D_{l}’$ relative
to $\sum J_{i}$ . Then

$\bigcup_{l}\tilde{D}_{l}’\in \mathcal{E}_{0}$ , (26)

where $\tilde{D}_{l}’$ is the doubled surface of $D_{l}’$ .
Put $D’= \bigcup_{l}D’$ . Then $D’=D- \sum_{i}J_{i}=h(G’)$ . By (25), (26) and by The-

orem 9 $D’$ is mapped conformally by a uniquely determined function onto
a domain with radial slits. Hence $G’$ is mapped uniquely determined function
$g(z)$ onto a domain $\Omega$ with radial slits. Similarly as Theorem 9 it is proved
that f2 has the Gross’s property.

5. Let $R$ be a Riemann surface and let $\Omega$ be a subdomain in $R$ such
that $\partial\Omega$ consists of enumerably number of analytic curves clustering nowhere
in $R$ . Let $N(z,p)$ be an $N$-Green’s function [14] of $\Omega$ with $N(z,p)=0$ on
$\partial\Omega$ (in case of $L(z,p)$ , $L(z,p)=0$ on a compact relative boundary). Then
$N$-Martin’s topology can be defined with following metric

$\delta(p, q)=\sup_{z\epsilon\rho_{0}}|\frac{N(z,p)}{1+N(z,p)}-\frac{N(z,q)}{1+N(z,q)}|:p$ and $q\in\Omega+\Delta(\Omega, N)$ ,

where $\Omega_{0}$ is a compact disk in f2 and $\Delta(\Omega, N)$ is the boundary of f2 obtained
by the compactification of $\Omega$ .

Let $\Omega\subset G\in 6$
’ and $L$ and $N$ be $N$-Martin’s top. $s$ over $G$ and f2 induced

by $\{L(z,p)\}$ and $\{N(z, q)\}$ respectively. Then clearly

$L(z,p)-_{\tilde{C\Omega}}L(z,p)=N(z,p)$ for $p\in\Omega$ .
$L$ $N$

If a sequence $p_{i^{-}}p$ and $p_{i}arrow q$, we say $q$ lies over $p$. Then it is known
if $p\in\Delta(G, L)1$ and $C\Omega$ is thin at $p$, there exists a uniquely detemined point

$f(p)\in\Delta(\Omega, N)1[15]$ such that
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$L(z,p)-_{\tilde{C\Omega}}L(z,p)=N(z,$ $f(p))$ .

Condition K. Let $G\in \mathcal{E}_{0}$ . If $\beta(G)$ consists of only one component $\mathfrak{p}$ and
$\nabla(\mathfrak{p}, G, M)\cap\Delta(G, M)=\nabla(\mathfrak{p}, G, M)1\cap\Delta(G, M)=one$ point $p$ , we say $G$ satisfies
the condition $K$.

Problem. Suppose $G$ satisfifies the condition K. Then

$\lim_{zarrow\beta}G^{A}(z,p^{*})=0$ ?

for any analytic curve $\Lambda$ tending to $\mathfrak{p}$ , where $G^{\Lambda}(z,p^{*}):p^{*}\in G-\Lambda$ is a Green’s
function of $G-\Lambda$ .

Condition H. (M. Heins) [16]. Let $G\in 6_{0}$
’ such that $\beta(G)$ consists of

only one component. If there exists a sequence of disjoint annuli $A_{n}(n=$

$1,2$ , $\cdots)$ with analytic Jordan boundaries on $G$ satisfying the condition that
for each $n$ , $A_{n+1}$ separates $A_{n}$ from $\mathfrak{p}$ and $A_{1}$ separates $\partial G$ from $\mathfrak{p}$ and
$\sum_{n}1/M(A_{n})=\infty$ , then we say $G$ satisfies the condition $H$, where $M(A_{n})=$

$1/D(U_{n}(z))$ and $U_{n}(z)$ is a harmonic function in $A_{n}$ with $U_{n}(z)=1$ on $\gamma$ of
$A_{n}$ and $U_{n}(z)=0$ on $\gamma’$ of $A_{n}$ , $\gamma$ and $\gamma’$ are boundary components of $\partial A_{n}$ .

M. Heins proved [17], if $G$ satisfies the condition H. $\nabla(\mathfrak{p}, G, M)\cap\Delta(G$,
$M)$ consists of one point. Suppose $G$ satisfies the condition $H$ . Then
$D(_{G-v(p^{*})}G^{A}(z,p^{*}))\leqq 2\pi$ max $G^{A}(z,p^{*})$ , where $v(p^{*})$ is a neighbourhood of $p^{*}$ .

$x\in\partial v(v^{*})$

Hence there exists a number $n_{0}$ and a const. $M$ such that

$D_{\Sigma}n_{0}^{n}A,(G^{\Lambda}(z,p^{*}))\leqq M$ and $\sum_{n_{0}}1/M_{n}=\infty$

By the length and area’s method we see that there exists a sequence of
dividing cuts $\{\gamma_{i}\}:i=1,2$ , $\cdots$ such that $\gamma_{i}$ is contained in som $A_{f(i)}$ , $r_{i}arrow \mathfrak{p}$

and $\int_{\tau_{j}},d|G^{4}(z,p^{*})|=\epsilon_{i}arrow 0$ as $iarrow\infty$ . Since $\gamma_{i}$ intersects $\Lambda$ , $\max_{i}z\in\cdot G^{\Lambda}(z,p^{*})\leqq\epsilon_{i}$ .
By $G\in \mathcal{E}_{0}$ and by the maximum principle max $G^{A}(z,p^{*})= \sup_{z\vee-G_{i}},,G^{\Lambda}(z,p^{*})$ and
$G(z,p^{*})-arrow 0$ as $zarrow \mathfrak{p}$ , where $G_{i}$ is the $domaind^{pjivided}z\in\gamma$ by $\gamma_{i}$ and containing
a neighbourhood $\mathfrak{V}(\mathfrak{p})$ of $\mathfrak{p}$ . Hence the condition $H$ is stronger than the
condition $K$ for this problem.

REMARK. We shall show that the condition $K$ is necessary for the
problem. Let $U(z)$ be a positive harmonic function in $G$ with $U(z)=0$ on
$\partial G$ . Then by $G\in \mathcal{E}_{0}D$ (min($M$, $U(z))$) $=M \int_{\partial G}\frac{\partial}{\partial n}U(z)ds$ and $\tilde{D}U(z)=_{D}U(z)\leqq$

$U^{A}(z)$ for any compact regular set $D$ in $G$. Hence any positive harmonic
function with $U(z)=0$ on $\partial G$ is full superharmonic and $U(z)$ is N-m\‘inimal

if and only if $U(z)$ is minimal. Suppose there exist two points $p_{1}$ and $p_{2}$
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in $\nabla(P, G, M)\bigcap_{1}\Delta(G, M)$ . Then there exitst two points $q_{1}$ and $q_{2}$ in $\nabla(\mathfrak{p}$,
$G$, $L) \bigcap_{1}\Delta(G, L)$ . Let $v(q_{i})$ be a neighbourhood of $q_{i}$ relative to $L$-top. such
that $v(q_{1})\cap v(q_{2})=0$ and $\partial v(q_{1})$ consists of analytic curves clustering nowhere
in $G$. By $q_{2}\in\Delta(G, L)1$ there exists an $L$-tending path $\Lambda$ in $v(q_{2})$ to $q_{2}$ . By

$q_{1}\in\Delta(G, L)1’ L(z, q_{1})-_{\overline{Cvq(_{1})}}L(z, q_{1})>0$ . Let $N(z, r)$ be an $N$-Green’s function
of $v(q_{1})$ and suppose $N$-Martin’s top. $N$ is defined on $v(q_{1})+\Delta(v(q_{1}), N)$ .
Then by $q_{1}\in\Delta(G, L)1$’ there exists a point $f(q_{1})$ in $\Delta(v(q_{1}), N)1$ and $f(q_{1})$ lies
over $q_{1}$ such that

$0<L(z, q_{1})-_{\dot{\overline{C}}v(q_{1})}L(z, q)=N(z,f(q_{1}))$ .

Hence there exists a sequence $\{p_{i}\}$ in $v(q_{1})N$-tending to $q_{1}$ such that
$\lim_{i=\infty}N(p_{i}, z_{0})>0$ . On the other hand, by $v(p_{1})\subset G\in \mathcal{E}_{0}$ , $N(z, z_{0})=G’(z, z_{0})$,

where $G’(z, z_{0})$ is a Green’s function of $v(q_{1})$ . Then $\varlimsup_{zarrow q_{1}}G^{A}(z, z_{0})\geqq\varlimsup_{zarrow q_{1}}G’(z$,

$z_{0})>0$ . This implies $\mathfrak{p}$ is not regular for $G-\Lambda$ . Hence the condition $K$ is
necessary for the problem. The problem is plausible but difficult. As a
condition that $G$ is almost of planar character we shall prove the following.

THEOREM 11. Let $G\in \mathcal{E}_{0}$ satisfying the condition K. Let $F$ be a thin
set at $\mathfrak{p}$ such that $G-F=G’$ is of planar character. Let $\Lambda$ be a Jordan
cume in $G’$ tmding to $\mathfrak{p}$ . Then $\mathfrak{p}$ is regular for the domain $G-\Lambda$ .

PROOF. Since $F$ is thin at $\mathfrak{p}$, there exists a sequence $\{p_{i}\}$ tending to
$\mathfrak{p}$ such that $G(z,p_{i})$ and $G’(z,p_{i})$ converge to positive harmonic functions
$G(z, \{p_{i}\})$ and $G’(z, \{p_{i}\})$, where $G(z,p_{i})$ and $G’(z,p_{i})$ are Green’s functions
of $G$ and $G’$ respectively. Now since $\nabla(\mathfrak{p}, G, M)\bigcap_{1}\Delta(G, M)=one$ point, $G(z$,

$\{p_{i}\})=aK(z,p)$ : $a>0$ . By $A \lim_{i=\infty}G(z,p_{f}))\leqq\varliminf_{i=\infty}FG(z,p_{i})$ we have

$G$ ($z$, $\{p_{i}\})-_{F}G(z,$ $\{p_{i}\})\geqq G’(z$, $\{p_{i}\})>0$ .

Assume $\mathfrak{p}$ is not regular for $G-\Lambda$ . Then there exists a sequence $\{p_{f}\}$ such
that $\varlimsup_{f=\infty}G^{4}(z,p_{f})>0$ and similarly as above we have

$G$ ($z$, $\{p_{f}\})-_{A}G(z,$ $\{p_{f}\})>0$ .

By $G\in \mathcal{E}_{0}$ , $L(z,p_{i})=G(z,p_{i})$ and $G(z, \{p_{i}\})$ is not only minimal but also $N-$

minimal and $\nabla(\mathfrak{p}, G, L)\cap\Delta(G, L)=\nabla(\mathfrak{p}, G, L)\bigcap_{1}\Delta(G, L)=one$ point (we denote it
by the same symbole $p$). Then $L(z,p)=G(z, \{p_{i}\})=G(z, \{p_{f}\}),\tilde{F}L(z,p)=$

$fG(z, \{p_{i}\})$, $\chi L(z,p)=_{A}G(z, \{p_{i}\})$ . Since the sum of two thin sets is a thin set,
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$N(z,f(p))=L(z,p)-_{\tilde{F+}\Lambda}L(z,p)=G(z,$ $\{p_{i}\})-_{F+A}G(z$, $\{p_{i}\})>0$ ,

where $N(z,f(p))$ is an $N$-Green’s function of $G-\Lambda-F$ vanishing on $\partial G+$

$\Lambda+\partial F$ and $f(p)$ lies on $p$ .
Hence there exists a sequence $\{s_{i}\}$ in $G-\Lambda-F$ such that $s_{i}arrow p$ and

$\lim_{i=\infty}N(z, s_{i})=\lim_{i=\infty}G^{F+},{}^{t}(z, s_{i})>0$ . $z\in G-\cdot\Lambda-F_{\sim}$
, (27)

where $G^{F+\Lambda}(z, s_{i})$ is a Green’s function of $G-\Lambda-F$. This means $\mathfrak{p}$ is not
regular for the domain $G-\Lambda-F$. Map $G’$ conformally by $w=g(z)$ onto a
domain $\Omega$ in $|w|<1$ . Then $g(z)$ maps $\mathfrak{p}$ onto a point $w_{0}$ , because $F$ is thin
at $\mathfrak{p}$ . By the assumption $\Lambda_{W}$ , the image of $\Lambda$ is a continuum and $\Lambda_{W}$ tends
to $w_{0}$ in the image of $G$ . Because if $\Lambda$ crosses $F_{i}$ , $\Lambda_{W}$ may be divided into
many components, since two sides of $\partial F_{i}$ ( $\partial F_{i}$ may have one side) may be
generally mapped two components. Hence $w_{0}$ is a regular point for the
domain $g(G-\Lambda-F)$ . This contradicts (27). Hence we have the theorem.

6. Let $G\in \mathcal{E}_{0}’$ and $F_{i}$ be a compact continuum such that $F_{i}\cap F_{f}=0$ for
$i\neq j$, $F= \sum_{i}F_{i}$ clusters at only the ideal boundary of $G$, $\partial G\cap F=0$ and $G’=$

$G$– $F$ is connected. If there exists a determining sequence $\{\mathfrak{V}_{n}(\mathfrak{p})\}$ of $\mathfrak{p}$ such
that $\partial \mathfrak{V}_{n}(\mathfrak{p})$ is a dividing cut and

$\min_{z\in\partial \mathfrak{B}_{n}(p)}G’(z,p^{*})>\delta>0$ for any $n$ ,

we say $F$ is completely thin at $\mathfrak{p}$, where $G’(z,p^{*}):p^{*}\in G’$ is a Green’s function
of $G’$ .

LEMMA 4. Let $G\in \mathcal{E}_{0}$ , $\mathfrak{p}\in\beta(G)$ and let $F$ be a thin set at $\mathfrak{p}$ . Put $G’=$

$G$ -F. Let $\mathfrak{S}’(\mathfrak{p})$ be the set of $components\in\beta(G’)$ lying over $\mathfrak{p}$ . Let $\mathfrak{p}\in$

$\nabla(\mathfrak{S}’(\mathfrak{p}), G’, M’)\bigcap_{1}\Delta(G’, M’)$ and $v(p)$ be an $M’-$neighbourhood relative to $M’-$

top. over $G’$ . Then there exists a path $\Gamma$ to $\mathfrak{p}$ in $v(p)\cap G’$ such that

$\varliminf_{zp,z\in\Gamma’}G’(z,p^{*})>0$
: $p^{*}\in v(p)$ ,

where $G’(z,p^{*})$ is a Green’s function of $v(p)$ .
PROOF. Since $p \in\nabla(\mathfrak{S}’(\mathfrak{p}), G’, M’)\bigcap_{1}\Delta(G’ M’)$ , there exists a path $\Gamma’$ in

$v(p)M’-$tending to $p$ . $\Gamma’$ intersects $\partial \mathfrak{V}_{n}(\mathfrak{p})$ for $n\geqq n(\Gamma’)$ such that $G’(z,p^{*})$

$\geqq\delta>0$ on $\partial \mathfrak{V}_{n}(\mathfrak{p})$, where $G’(z,p^{*})$ is a Green’s function of $G’$ . Hence we
can find an $M’-$tending sequence $\{p_{i}\}$ to $p$ such that $\{G’(z,p_{i})\}$ converges to
a positive harmonic function $G’(z, \{p_{i}\})$ and

$K’(z,p)=, \frac{G’(z,\{p_{i}\})}{G(p^{*},1\{p\})}$
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Then $K’(z,p)>_{Cv(p)}K’(z,p)$ . Hence there exists a uniquely determined com-
ponent $v’(p)$ of $v(p)$ in which

$G’$ ($z$, $\{p_{i}\})-_{Cv’(p)}G’(z,$ $\{p_{i}\})>0$ . (28)

In the following we consider only $v’(p)$ and denote it by $v(p)$ . Suppose $G$

is an end of a Riemann surface $R$ . Let $\{R_{n}\}$ be its exhaustion such that
$\partial R_{n}\cap F=0$ . Then

$G’(z,p_{i})-_{Cv(p)\cap R_{n}\cap G’}G’(z,p_{i})=G_{n}’(z,p_{i})$ ,

where $G_{n}^{\acute{\prime}}(z,p_{i})$ is a Green’s function of $G’-R_{n}+v(p)$.
Since $G’(z,p_{i})\leqq M$ for $i\geqq i_{0}$ on $\partial v(p)\cap R_{n}+\partial R_{n}$ , we have by letting $iarrow\infty$

$\lim_{i=\infty}Cv()\cap R_{n}\cap G^{\prime G’(z,p_{i})}=Cv(p)\cap R_{n}\cap G’ G’(z,$ $\{p_{i}\})$ . Hence

$G’$ ($z$, $\{p_{i}\})-_{cv(p)\cap R_{n}\cap G’}G’(z,$ $\{p_{i}\})=\lim_{n=\infty}G_{n}’(z,p_{i})$ .

Let $narrow\infty$ . Then $Cv(,)\cap R_{n}\cap G^{\prime G’(z}$, $\{p_{i}\})\nearrow_{Cv(p)\cap G’}G’(z, \{p_{i}\})$ as $narrow\infty$ and
$G’$ ($z$, $\{p_{i}\})-_{Cv(})\cap G^{\prime G’(z,\{p_{i}\})=\lim_{n=\infty}\lim_{i=\infty}G_{n}’(z,p_{f})}$ .

Now clearly $D( \min(M,G_{n}’’(z,p_{i})))=2\pi M$. Hence by Fatou’s lemma

$D$ ($\min$ ($M$, $U(z)))\leqq 2\pi M:U(z)=G’(z,$ $\{p_{i}\})-_{Cv(p)\cap G’}G’(z$, $\{p_{i}\})$ .
(29)

Let $D$ be a compact regular set in $v(p)$ . Then $\tilde{D}U(z)$ and DU(z) in $v(p)$

can be considered, where $\overline{D}U(z)=U(z)=_{D}U(z)$ on $D+\partial v(p)+\partial F$ and $\check{D}U(z)$

has M. D. I. over $v(p)-D$ and DU(z) is the least positive superharmonic func-
lion in $v(p)\cdot-D$. Then since $v(p)\subset G\in \mathcal{E}_{0,\tilde{D}}U(z)=_{D}U(z)$ . Evidently $0<U(z)$

$v(p)G’I[G’(z, \{p_{i}\rangle)]$ and I preserves the minimality of $G’(z, \{p_{i}\})$, $U(z)$ is minimal
in $v(p)$, whence $U(z)$ is $N$-minimal in $v(p)$ . By (29) the function theoretic
mass of $U(z)\leqq 1[18]$ . Hence

$U(Z)= \int_{\Delta,1}(v(p ^{N(z, r)d\mu(r)}),N),$ ’
$\int d\mu(r)\leqq 1$

,$\cdot$

where $N(z, r)$ is an $N$-Green’s function of $v(p)+\Delta(v(p), N)$ vanishing on
$\partial v(p)+F$ and $\Delta(v(p), N)1$ is the set of $N$-minimal boundary points of $v(p)$ .
Now $U(z)$ is $N$-minimal, and $\mu$ is a point measure at $q\in\Delta(v(p), N)1’ i.e$ .
$U(z)=aN(z, q):a>0$ . By $v(p)\subset G\in 6_{0}^{3}$ , sup $N(z, q)=\infty$ and $N(z, q)\leqq G’(z$,
$\dagger p_{i}\})$, $q$ lies over $\mathfrak{p}$ , $because\sup_{z\in CB_{n}(p)}G(z, \{p_{i}\})<\infty$ for any $n$ . It is easily verified
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that Theorem 1 valied for the topology $N$ over $v(p)$ . Hence there exists
a path $\Gamma$ tending to $\mathfrak{p}$ in $v(p)$ on which $N(z, s)arrow N(z, q)$ as $sarrow P$ on $\Gamma$. Also
by $v(p)\subset G\in \mathcal{E}_{0}^{d}$ , $N(z, r)=G’(z, r)$ in $v(p)$ for $r\in v(p)$, where $G’(z, r)$ is a
Green’s function of $v(p)$ . Hence

$\lim_{zp,z\in\Gamma’}G’(z, z^{*})=N(z^{*}, q)>0$
for $z^{*}\in v(p)$ .

Hence we have the lemma.
THEOREM 12. Let $G\in \mathcal{E}_{0}$ and $F$ be a $completel,y$ thin at $\mathfrak{p}\in\beta(G)$ . Sup-

pose $G’=G-F$ is represented as a covering surface over the $w$-sphere of at
most $m_{0}$ number of sheets by an analytic function $g(z)$. $Thm$ $\nabla(\mathfrak{p}, G, M)\cap$

$\Delta(G, M)1$ consists of at most $m_{0}$ number of points.

PROOF. Let $G$ be an end of a Riemann surface $R$. Let $\{R_{n}\}$ be an
exhaustion of $R$ . Since the spherical area of $g(G)\leqq 4\pi m_{0}$ , we can find a
number $n_{0}$ such that the spherical area of $g((R-R_{n_{0}})\cap G’)\leqq\pi$ for $n\geqq n_{0}$ .
Also it is easily seen min $G^{*}(z,p^{*})>\delta>0$ by the completely thiness of $F$,

$z\in\partial \mathfrak{B}_{n}(p)$

where $G^{*}(z,p^{*})$ is a Green’s function of a component of $(R-R_{n})\cap G’$ con-
taining a neighbourhood of $\mathfrak{p}$ . Hence without loss of generality we can
suppose

spherical area of $g(G)\leqq\pi$ and $\min_{z\in\partial 1\}}G’(z,p^{*})\geqq\delta>0n^{(p)}$ for any $n$ .
(30)

By Evans’s [19] theorem there exists a positive harmonic function $U(z)$ in
$G’$ such that

1). $U(z)=0$ on $\partial G+\partial F$, $D( \min(M, U(z)))=2\pi M$, $\int_{\partial\Omega_{L}}\frac{\partial}{\partial n}U(z)ds=2$ for
almost all $L$, where $\Omega_{L}=\{z\in G’ : U(z)>L\}$ .

2). $U(z)arrow\infty$ as $zarrow\beta(G)$ in any $G_{\delta}=\{z\in G’ : G’(z,p^{*})>\delta\}$ : $p^{*}\in G’$ .
$\Omega_{L}$ consists of at most enumerably number of domains. Let $\Omega_{L}’$ be one com-
ponmt of $\Omega_{L}$ . Then by $\Omega_{L}\subset G\in^{\rho_{0}}.$ ,

$\sup_{z\in\Omega_{L}}$,
$U(z)=\infty$ . Since spherical area of

$g(G)\leqq\pi$, by (1) we see by the length and area’s method there exists a se-
quence $L_{i}$ : $i=1,2$, $\cdots$ such that

$L_{i}\nearrow\infty$ and speherical length of $g(\partial\Omega_{L_{i}})=\epsilon_{i}arrow 0$ as $iarrow\infty$

Since $\partial \mathfrak{V}_{n}(\mathfrak{p})-\mathfrak{p}$ as $narrow\infty$ , min $U(z)arrow\infty$ as $narrow\infty$ by (2). Hence for any

given $\Omega_{L_{i}}$ , there exists a $num^{nber}z\in\partial \mathfrak{B}(p)n(L_{i})$ such that
$\Omega_{L_{i}}\supset\partial \mathfrak{V}_{n(L_{i})}(\mathfrak{p})$ .
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By Evans’s theorem there exists a harmonic function $V(z)$ in $G$ such that

1). $V(z)=0$ on $\partial G$, $D( \min(M, V(z)))$ $=2\pi M$ , $\int_{\partial D_{M}}\frac{\partial}{\partial n}V(z)ds=2\pi$ for
any $M$, where $D_{M}=\{z\in G : V(z)<M\}$ .

2). $V(z)arrow\infty$ as $zarrow\beta(G)$ .
Similarly as $U(z)$, there exists a sequence $M_{f}$ such that $M_{j}arrow\infty$ and

spherical length of $g(\partial D_{M_{f}}\cap G’)=\epsilon_{f}arrow 0$ as $jarrow\infty$

Since $\Omega_{L_{i}}=\lim_{f=\infty}(\Omega_{L_{i}}\cap D_{M_{f}})$, there exists a number $M_{f}$ such that $(\Omega_{L_{j}}\cap D_{M_{f}})$

$\supset\partial \mathfrak{V}_{n(L_{i})}(\mathfrak{p})$ . Now $\Omega_{L_{i}}\cap D_{M_{f}}$ is compact in $G’$ and since $\partial \mathfrak{V}_{n(L_{J})}(\mathfrak{p})$ is a con-
tinuum, there exists only one component $\Omega_{i,f}$ of $\Omega_{L_{i}}\cap D_{M_{f}}$ containing $\partial \mathfrak{V}_{n(L_{l})}(\mathfrak{p})$ .
By the theory of cluster sets

boundary of $g(\Omega_{if})\subset$ boundary of $g(\partial\Omega_{if})$ .
$g(\partial\Omega_{i+f})$ divides the $w$-sphere into a number of domains $G_{1}$ , $G_{2}$ , $\cdots$ . Since the
spherical length of $g( \partial\Omega_{i+f})=\epsilon_{i}+\epsilon_{f}<\frac{1}{4}$ , there exists only one domain with

spherical area $\geqq 4\pi-\frac{(\epsilon_{i}+\epsilon_{f})^{2}}{\pi}$ . We denote such domain by $G’$ . Then by

(31) $g(\Omega_{i+f})=G_{i+f}$ or $g(\Omega_{i+f})\cap G’=0$ . On the other hand, spehreical area
of $g(\Omega_{i+f})<\pi$ . Whence $g(\Omega_{i+f})\cap G’=0$ and $g(\Omega_{i+f})$ is contained in a semi-
sphere. Hence we have spherical diameter of $g(\partial \mathfrak{V}_{n(L_{i})}(\mathfrak{p}))\leqq$ spherical di-
ameter of $g(\Omega_{i+f})\leqq$ speherical length of $g(\partial\Omega_{i+j})=\epsilon_{i}+\epsilon_{j}$ . Hence we can
find a subsequence $\{\mathfrak{V}_{n’}(\mathfrak{p})\}$ of $\{\mathfrak{V}_{n}(\mathfrak{p})\}$ such that the spherical diameter of
$g(\partial \mathfrak{V}_{n’}(\mathfrak{p}))=\epsilon_{n’}$-0 as $n’arrow\infty$ . Also we can find a subsequence $\{\mathfrak{V}_{n’}(\mathfrak{p})\}$ of
$\{\mathfrak{V}_{n’}(\mathfrak{p})\}$ such that

$g(\partial \mathfrak{V}_{n’},(\mathfrak{p}))arrow$ one point $w_{0}$ as $n’-\infty t$ (31)

In the following we consider $\{\mathfrak{V},’(m\mathfrak{p})\}$ only.
Since the spherical area of $g(G’)<\pi$, there exists a closed set ,$\mathscr{F}_{\subset}$ of

positive capacity in the complementary set of $g(G’)$ . Assume there exist
$p_{1}$ , $\cdots,p_{m_{0}+1}$ points in $\nabla(\mathfrak{S}’(\mathfrak{p}), G’, M’)\cap\Delta(G’, M’)1^{\cdot}$ Then there exist $M’$-neigh-
bourhoods $v(p_{i})$ such that $v(p_{m})\cap v(p_{m’})=0$ for $m\neq m’$. Let $p$ be of $\{p_{m}\}$ .
$v(p)$ consists of components but there exists only one component $v^{*}(p)$ of
$v(p)$ such that

$c_{v(p)}^{K’(z,p)<K’(Z,p)}$ in $v^{*}(p)$ .
Put $v=q(v^{*}(p))$ . Then 7/ is a domain, $v\cap \mathscr{F}=0$ and $v$ is a hyperbolic.
We shall show $w_{0}\in v$ or is an irregular point for the domain $v$. By Lemma



174 Z. Kuramochi

4 there exists a path $\Gamma$ in $v^{*}(p)$ tending to $p$ along which $\lim_{zarrow p}G’(z,p^{*})>0$,

where $G’(z,p^{*}):p^{*}\in v^{*}(p)$ is a Green’s function of $v^{*}(p)$ . $\Gamma$ intersects
$\partial \mathfrak{V}_{n’}(\mathfrak{p})$ for $n’>n(\Gamma)$ . Hence we can find a sequence $\{q_{J}\}$ on $\Gamma\cap\sum_{n},,\partial \mathfrak{V}_{n},,(\mathfrak{p})$

such that $G’(q_{J},p^{*})\geqq\delta_{0}>0$ and $g(q_{f})arrow w_{0}$ as $jarrow\infty$ . Let $G(w, g(p^{*}))$ be a
Green’s function of $v$ . Then

$G$ ( $g(q_{J})$, $g(p^{*}))\geqq G’(q_{J},p^{*})\geqq\delta_{0}>0$ and
$g(q_{f})arrow w_{0}$ as $jarrow\infty$

Hence $w_{0}$ is an inner point of $v$ or an irregular point. By $v\subset g(v(p))$,
$g(v(p))$ covers a neighbourhood $v(w_{0})$ of $w_{0}$ except at most a thin set at $w_{0}$ .
Sum of a finite number of thin sets is also a thin set. Hence $g(G’)$ covers
a neighbourhood $v’(w_{0})$ at least $m_{0}+1$ times except a thin set. This is a
contradiction. Hence $\nabla(\mathfrak{S}’(\mathfrak{p}), G’, M’)\bigcap_{1}\Delta(G’, M’)$ consists of at most $m_{0}$

point. By Theorem 7 $\nabla(\mathfrak{p}, G, M)\bigcap_{1}\Delta(G, M)$ consists of at most $m_{0}$ points

and we have the Theorem.
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