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§ 1. Introduction and results.

Let E be a (real or complex) Banach space with the dual space E*.
The norms in E and E* are denoted by || | Let D be an open set in

E and let F be a closed set in E such that FCD.
In this paper we consider the Cauchy problem

(CP) x' = flt, x), x(ty) = uy€D, %,€[0, o).

Here f is a continuous mapping from [0, o0)x D into E. By a solution to
(CP) or to (CP; t, u,), we mean a continuously differentiable function =
from [t, oo)into D such that w(f)=wu, ond «'(t)=f¢, u(t)) for all e[z, oo).

As for the existence of a solution of this kind of problem, various
results have been established, for example, see F. E. Browder [3], S. Kato
[6,7], N. Kenmochi and T. Takahashi [8], D. L. Lovelady and R. Martin
[10], R. Martin [11,12] and N. Pavel [14].

We say the set F is flow-invariant for f if u€F implies that u(f)eF
on [t, o) for the solution to (CP; &, u,)

J. Bony and H. Brezis gave sufficient conditions for the set F
to be flow-invariant for f in case E is a finite dimensional Euclidean space
and f is a locally Lipschitz continuous function of D into E. The sufficient
conditions proposed by them were generalized into a class of functions
satisfying some dissipative type condition by R. M. Redheffer [15], and
moreover some results were extended by R. Martin to the case of
general Banach space. Recently, N. Kenmochi and T. Takahashi gave
some simplications and improvements of results of [12]

The purpose of this paper is to give a criterion for the set F' to be
flow-invariant for f under more general dissipative type conditions on f.

If we consider [8, 12] from the view-point of the notion of flow-invari-
ant sets, the condition of the present paper is weaker than those of [8, 12].
In §5 we shall give some remarks and examples which connect our results
with those of others. QOur approach is essentially based on the methods
in [5, 6, 7, 8].
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Let us consider first the following scalar differential equation
(L1 w(B)=g(6w(d), wlt)=w.

Here ¢(z z) is a real-valued function defiLed on (0, 0)x [0, c0) which is
measurable in # for each fixed 7, and continuous nondecreasing in z for
each fixed £ We say w is a solution of (1.1) on an interval [#, ¢,+a] if
w is an absolutely continuous function defined on [%, £+ a] satisfying (1. 1)
almost everywhere on [, £,+a]. We assume furthermore that g satisfies
the following conditions :

(1) ¢(4,0)=0 for a.e.te(0, ), and for each bounded subset B of
(0, 0)x [0, o) there exists a function ap defied on (0, o) such that

lg(2, 7)| Sas(2) for all (¢, 7)eB

and ap is Lebesgue integrable on (¢, ¢,) for each #>#>0.

(ii) For each Te€[0, o), w=0 is the only solution of (1.1) on [0, T']
satisfying the condition w(0)=(D"w)(0)=0, where D* denotes the right-
sided derivative of w.

From the above conditions (i) and (ii) we see that for each g, ¢,€[0, o)
with £,<¢,, w=0 is the only solution of (1.1) on [#, #] satisfying w(#)=
(D* w)(#)=0.

We define the functional [ , ]: Ex E—~R by

[, y] = lim (ll+ hy | — 2]

Now, let f be a mapping from [0, ©)x D into E and consider the
following conditions :

(K, f is continuous from [0, c0)x D into E.

(K [z—v 1@ D=1t v)] < ot llz—v)

for all x, ¥y in D and for a.e.z€(0, o).
Then we have the following main result.

THEOREM. Suppose that f satisfies the conditions (K,) and (K;). Then
the set F is flow-invariant for f if and only if
(1. 2) lim inf p (z+hf(t, z), F)/h =0

h—+0
for all (¢, x)€[0, o) x F, where d(z, F) denotes the distance from z€E to F.
The author would like to express his hearty thanks to Professor T.
Shirota for the kind criticism. The author thanks also Mr. N. Kenmochi
and Mr. T. Takahashi for usefull suggestions.
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§2. Some lemmas.

In this section we give some lemmas without proof. For proofs of
Lemmas 2.1-2. 3 see [6]. In Lemmas 2. 1-2.5 we assume that g satisfies
the conditions (i) and (ii) stated in § 1.

LEMMA 2.1. Let t, t,€[0, o) be such that t,<t, and let {w,} be a se-
quence of functions from [, t;] to [0, o) converging uniformly on [t,t;] to
a function w,. Let M>0 be such that

|w, (&) —w,(s)| < M|t—s|  for all s,te[t, t,] and n=1.

Suppose furthermore that for each n=1 and 0,20 with ¢, 0
w,(£) < g (&, wa(8) + 0,

for te(t, t,) such that w,(t) exists. Then
wiO)<g(t,wilt))  for a.etet, ).

LEmMA 2.2. Let t, t,€[0, 00) be such that t,<t, and let ® be a uni-
Jormly bounded family of functions from [t,t,] into [0, o0) with the pro-
perty that, for each s, t€[t,t)] and we®, |w(t)—w(s)|SM|t—s| for some
constant M>O0.

Let wy=sup {w; we®} and let 6=0 be a constant. Suppose furthermore
that for each we®

w (=g (t, w(t)> +0

for te(ty, t,) such that w'(t) exists. Then

w
<g <t, 'wo(t)) +0  for a.ete(t,t,).

LEMMA 2.3. Let w be an absolutely continuous function from [t t,)
(0= <t,<o0) to [0, o) such that w(t)=(D*"w)(t,)=0 and
w(B)<g(t,wlt)  for aete(t,t).

Then w=0 on [t, ).
Let £,>0. We define a functian g, by
t, t=>t, v=0
st = (BT 12720
| o (otherwise).

For each #,>0 we consider the following scalar differential equation

(2. 1) w'(t)= g, (8 w(t),  wlt)=1w,.
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Concerning this equation we give the following two lemmas which are

used in the proof of the Theoreml

LEMMA 2. 4. Let £,>0 and suppose that the maximal solution m, (-, w;)
of (2.1) through (t, w,) exists over an interval [t, t,+a). Then there exists
a 6>0 such that (2.1) has a mazximal solution m, (-, o) for each o, wy=a<
wy+ 6 on [t, ty+al with m, (, 6)=a. Moreover, m, (-, o)—>m, (-, wy) as o—
wy+ 0, uniformly on [t, t,+ al.

For a proof see [4, Theorem 2.4, p. 47].

LemMMA 2.5. Suppose that the hypothesis of are satisfied,
and let w be an absolutely continuous function on [t, t,+al. Suppose fur-
thermore that

w'() < g, (1, w(t))  for a.etelty ttal.

Then w(t)Sw, implies that w(t) < m, (¢, w,) on [t, t+al.
For a proof of the above lemma see [9, Theorem 1. 10. 4, p. 43].
The following lemma on the functional [ , ]: Ex E—~R is well-known.

LEMMA 2.6. Let z, y and z be in E. Then the functional | , ] has
the following properties :

(1) = vl = iyl

(2) [z, y+2] =[x, v]+|l=].

(3) [xyl=[x y—2]+]=l.

(4) Let u be a function from a real interval I into E such that u'(¢)

and %Hu(t)ll exist for a.e.t€l. Then
—j—t ““(t>H = [u(t), u’(t)] for a.e.tel.

§ 3. Local existence.

Assume that conditions (K,), (K,) and (1. 2) are satisfied. Then we have
the following important

ProPOSITION 3.1. Let (t, u,)€ [0, 00)x F and let M, r, and T be posi-
tive numbers such that S(uy, 2ro)CD and
|Ae, 2||= M for all (2, )€ [t 2o+ 2T x Suo, 210).

Then (CP; t, u,) has a unique solution u on [t, t,+T,] such that u(t)e FN
S(ue, 7o) for all t€[ty, t,+ Ty, where To=Min {r/2M), T /2} and S(uy, ro)=
{v; llv—u| = nr}.
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In order to prove this proposition, under the same assumptions and
notations as in the proposition for each ¢>0 sufficiently small we consider
the set H, of all pairs (2, a) such that £<a=<#+ T, and z==2(¢) is a func-
tion from [#, a] into S(u, 27,) satisfying the following conditions :

(1) =2(&)=1wu and z(a)€ F;

(ii) [[=(6)—=(s)]| = 2M|z—s]| for all s, z€([t, a] ;

(i) |[2'O)—f, z@)) e for a.e.t€[t, a];

(iv) every subinterval of [#, a], with length being =¢, contains at least
one point ¢ such that 2(¢)e F.

Also, define an order “<” in H, by the following manner: (2, a,)<(z, a)
if and only if a;<a, and z(f)==,(¢) for all £€[#, a]. Then H, becomes
a partially ordered set and we have

LemMA 3.1. H, is non-empty and inductive with respect to the order
“<”‘

Proor. For simplicity we may assume that £,=0. Let (£, v,)€ [0, 27}]
x(F'NS(uy, 1)). Now, take a number § so that

0<d6< Min {r, ¢y, M}
and

(3.1) 18, )= f18, v)|| < /2

whenever #*<t<#'+6 and ||[x—v,|| <5, and by using (1.2), take a number
h, with 0<h,< Min {0/(6+2M), 6} having the property : for each A€ (0, 4]
there is v, € F such that

(3.2) [r = h =12, v0)| < 372

Then it follows from (3. 2) that

(3.3) [[oa—oll/h < 812+ | A2, w0
S0/2+MZ6/2h

for all A€(0, 2;]. Therefore, defining

(3. 4) Q)= Q(t; vy, t% h)= v, +(t—1°) (v, — )1

for te [, £*+h] with A€(0, h,], we have by (3. 3)

|~ < |les—we|| < 212<r

and hence Q(£)€ S(ug, 27,) for all 2e[#, #+h]. In particular Q(&)=v,€ F
and Q(*+h)=v,€F. Besides it follows from (3. 2) and (3. 3) that
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|Q@&)—Q(s)|| = le—sl||os—ws|/7
<0/2+M)|t—s| < 2M|t—s|

and
20— Q0)|| = |[cos—voin—l5, Q)|
<||(ws o=, wa)|+ A2 v (5, Q)|

<02+¢/2=5¢

for all ¢, s€[£ £°+h]. Thus (Q, h)e H, if we take *=0 and v,=u,, so that
H. x¢.

Next we show that H, is inductive. Let L={(z, a,); A€ 4} be any
totally ordered subset of H,, and put

a=sup {a,; 2ed}.

If a=a, for some A€ 4, then (2, a,) is clearly an upper bound for L. In
case a,;<a for all 1€ 4, define a function z:[0, a)—=>S(u, 27,) by putting

2(t) = 2,(¢) if t<a,.

Then it is easy to see that z satisfies the properties (ii), (iii) and (iv) on
[0, a). Since ||z(a)—=z(a,)| < 2M|a,—a,| for A, 7€ 4, the limit z(d)=£iTrr_1 2(£)

exists and z(z2)€F. If we denote again by 2z the function extended on
[0, 2] by the limit, the pair (z, @) is clearly an upper bound for L. Thus
H, is inductive. Q.E.D.

LEMMa 3.2. H, has a maximal element (z., a,) such that a,=t,+ T,
Proor. Since H, is inductive by 1, it has at least one

maximal element (2, @) Moreover a,=%,-+ 7T,. In fact, suppose for contra-
diction that a,<t,+ T,. Then z.(a,)€ FNS(u, 7,) by (i) and (ii), and hence
we can extend 2, to the interval [z, a.+/] by means of Q(#)=Q(¢; =2.(a.),
a, h) on [a, a,+h], where h is a sufficiently small positive number and
Q(?) is the function as constructed in the previous lemma. This contra-
dicts the fact that (2, a,) is maximal. Q.E.D.

Proor of ProposiTION 3.1. Let {¢,} be a sequence of positive num-
bers such that ¢, | 0 as z—>o0 and let (z,, £,+ 7,) be a maximal element in
H, for each n.

We show that the sequence {z,} converges uniformly on [Z, &+ To].
For simplicity we assume again that £,=0. Let w,,(f) = |2.(£)—=2.(2)] for
tel0, Ty) and m>n=1, and remark first that w/,,(£) exists for a.e.z€ [0, Tq]
since
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(3.5) | ()= ()| S AMt—s|  for all 5,2€[0, T).
Thus we have by Lemma 2.6 and the condition (K,)
(3. 6) Wiy (£) = [2(t)—2a(8), z;m—z;(t)]

< (5] zn(t)—2 +Hzm )—£(t, znl0)|

- <t, 2.(0)|
<g (t, wmn(t)> + 2¢,

for a.e.te(0, T,] and m>n=1.
Let w, (£) = sup {W,.(¢)} for £€[0, T;]. Then w,(0)=0 for all z=1. It thus
m>n

follows from (3.5), (3.6) and Lemma 2.2 that

(3.7) |0, (8)—w,(s)| < AM|t—s|  for all 5,2€[0, Ty]
and
(3. 8) wj(t)< g8, w,(8)+2¢,  for a.e.ze(0, Ti].

Since 0=Zw,(8)Sw,(0)+4Mt<=4AMT; for t€[0, T,] and n=1, the sequence
{w,} is equicontinuous and uniformly bounded, and hence it has a subse-
quence converging uniformly on [0, 7;] to a function w=w(¢), and obviously

w(0)=0. From (3.8) and 1 we have
w'(t)<g(tw(t) for all a.ete(o, T)].

We show next that (D*w)(0)=0. For each ¢>0 we can fined a >0 such
that '

|72, 270, m)]|<e  for all (2, 2) € [0, 8] x S(us, ).
Let 6,=Min {6, 6/2M}. Since ||z,(&)—uo||<2Mt<6 by (ii),

12 2a(8)—£(2, 2.(8))|| < 2¢

whenever m>n=1 and t€[0, 6,]. From Lemma 2.6 we have

Wi (£) = [2(8)— 2a(2), 20(8)— 24(8)]
= [l @=1(6 2nie)[[+ 20— 20

+ (5 2al0) ~ At 20|
<2(e+e,)
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for a.e.t€[0, 6,], and hence, by integrating the above inequality, 0= w,,,(¢)
<2(e+e¢,)t, whence (D"w)(0)=0. Consequently, from Lemma 2.3 we de-
duce now that w=0, and this implies that the sequencs {z,} is uniformly
convsrgent on [0, 7;]. The limit 2=2(¢) of of this sequence satisfies

2(8) = uy+ S:f<s, z(s)) ds for te[0, Ty] .

Thus z=z(¢) is a solution to (CP; 0, %) and =2(z)€ FNS(u, r,) on [0, To).
Since the uniqueness of a solution to (CP; 0, u,) is well-known (cf. [6,
Theorem 1], the proof of Proposition 3.1 is complete.

§4. Proof of Theorem.

Before proving we prepare the following two lemmas.
LEMMA 4.1. Let b be any positive number and let u,€ F. Then there

exists a >0 for which (CP; s, u)) has a solution u on [s, s+0] for each
s€[0, b] such that u(t)e F for all te (s, s+4]

ProoF. We first see from the continuity of fon [0, o0)x D that there
exist positive constants 7, and M such that

|f& 2)||s M for all (2 2)e [0, 46] x S(us, 273).

Let 6= Min {3b/4, r,/2M}. Then, by Proposition (3.1), (CP; s, u,) has a
unique solution # on [s, s+06] for each s€[0, #] such that

u(t)e F for all te[s, s+9]. Q.E.D.

LemMA 4.2. Let t,>0 and uy€ F.  Suppose that T is a positive number
such that (CP; t, u,) has a solution u such that u(t)€ F for all t€[t, t,+ T).
Then there exists a positive number r having the property: for each vy€
FnS(uy, 7), (CP; t,, v,) has a solution v such that v(¢t)€ F for all te [, t,+ T).

Proor. By the condition (ii) in §1, w=0 is a maximal solution on
[2, 2+ T] of (2.1) with w(¢)=(D*w)(£,)=0. It thus follows from
2.4 that there exists a positive number § such that (2. 1) has a maximal
solution m, (-, o) for each ¢, 0=0<d on [&, t,+ T] with m, (&, 6)=0. More-
over, m, (-, ) converges to 0 uniformly on [#, %+ 7] as 6—+0. Since the
set {(¢, u(2)); t€ (¢, t,+ T} is compact in [£, 4+ 1] x D, there exist positive
constants @ and M such that

(4.1) A&, 2)||<M  for all te[ty, to+T] and zeS(u(#) ).

Here we may choose © such that S(u(¢), @)D for all te[t, t,+7T]. Con-
sequently, we can choose a positive number 7 such that 0<7<Min {4, @} and
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(4. 2) |, (& o=l )| <o

for all (¢, vy) € [, 2o+ T x (FNS(tg, 7)).

By virtue of [Proposition 3. 1|, (CP; %, v,) has a unique local solution v with
v(t)€ F on some interval [#, %+ T(v,)) for each v,€ FNS(uy 7). Assume
that 7(v )T and [, £+ T(v,)) is a maximal interval of existence of v
with the property that v(¢)€ F on [#, &+ T(vy)). ‘
Since ||v(£)—u(t)|| is absolutely continuous on each closed interval [4, %+

T(v,)) we have

L Jo0—uto)]

[o(0—ute) £, o00)~A(, )]
<o(s |v<t o))

for a.e.te[t, ty+ T(v,)). Hence we have by Lemma 2.5

lo@)—u@)|| < me, (& [vo—w])  for all ze[t, -+ Twy).
It thus follows from (4.1) and (4. 2) that
|F(& v@)||S M for all 2]t t+ T(wy),

and this implies that lim v(¢) exists in . Applying Proposition 3.1 once

t-T(v,
again we have a contra((iiétion. Thus T<T(v,) and the proof is complete.

Proor of the THEOREM. The method of the following proof is essen-
tially based on that of [8]

Let (2, #,)€[0, @) x F. Then, by Proposition 3.1, (CP; ¢, u,) has a
unique local solution # on some interval [%,#] such that u(¢)e F for all
te[t, t,]. We note that £>0 and u(¢,)e F. Let b be any positive number
such that 6>¢,. Then, by 1, there exists a positive constant ¢
such that (CP; s, u(t,)) has a solution v with v(¢)€ F on [s, s+4d] for each
s€(0,5]. We note here that if s=0, then we can not apply Lemmas 2. 4,
2.5 and 4. 2 in the following discussion. Therefore, we omit the case s=0.

Now, let C be a connected component in F containing «(#) and let

G, = {xe C; (CP; s, x) has a solution v such that v(¢)€ F for
tels, s+5]} for each s€(0, 8].

Then G, is not empty since u(t)€G, for each s€(0,5] by Lemma 4. 1.
Moreover, G, is relatively open in C for each fixed s€(0, 4] by Lemma 4. 2.
We show that G, is also relatively closed in C. For this, let {x,} be any
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sequence in G, which converges to € C and let v, be a solution to (CP;
s, Z,) on [s,s+06]. Then

(O)—va0)|| = [v,,<t>——vm<t>, £t 00)=1(5 val2))]
o(6 fonto—oat0])

for a.e.t€[s,s+08]. Thus we have by Lemma 2.5

[en@=vnt@]| < m (s |l zn—aal)

for all z€[s,s+0] and for sufficiently large positive integers n and m.
Since lim |x,—z,||=0, the sequence {v,} converges uniformly on [s, s+ ]

n,Mm—0

to a function v by and clearly v is a solulion to (CP; s, x)
on [s,s+0] and hence z€G,. Consequently, G,=C for all s€(0,5]. In
particular, ()€ G, =C and hence (CP; ¢, u(#,)) has a solution v on [, ¢+ 0]
such that v(¢)e F for te[t, t,+0]. If t,+5<b, then (CP; t,+4, v(t,+9))
has a solution w on [+, t,+25] such that w(z)e F for t€[t+3, £+ 24],
because v(z,+0)€ G, ,=C. Obviously

d
Z 7

u() (tLh=t=t)
ve)=1{ v@) (L=t=4(+9)
w(z) (L+0=t= t,+20)

is a solution to (CP; %, u,) on [#, t,+20]. Repeating this argument we see
that (CP; ¢, u,) has a solution on [£, 6]. Since & was arbitrary number
such that 6>¢, it is proved that (CP; ¢, u,) has a solution «* on [Z, o)
such that «*(¢)e F for all t€[¢t, o). Thus the sufficiency is proved.
Conversely, suppose that the set F is flow-invariant for f and let « be
a solution to (CP; ¢, u,) on [¢, o) such that «(¢)€ F for all €[, o). Then

d(uto+ hf (2o, we), F)[h < || (elto+ h)— (o) [ —flte, 1)

and
(sl + By — () h— it ]| >0 a5 h—>+0.

Hence the necessity follows. Q.E.D.

§5. Remarks and examples.

. In this section we give some remarks and examples which connect
our results with those of others.
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REMARK 1. In the previous paper [6] we used the functional

(5, vy = (1 yl~T, —])2.

But it can be easily seen that [z, y]<{x, y) for each z, y in E. Hence the

of the present paper gives an improvement of Theorem 2 in [6]
Let J be the duality mapping from E into 2% (i.e., for each x in E,

J(x)={x* € E* ; x*(x)=|[z[*=]=*|]*}.
For each x, vy in E, define

{x, y), = inf {Re <x*(y)> ; ¥ e J(x)} .

Then for each x%0 and y in E, [z, y]={x, v):/||lx| (see [11])} Thus the
condition (K,) is equivalent to the following :

(5 1) <x—y, f<t> .Z‘)—f(t, y)>z = “x_y” g(t’ ]Ix_y“)

for all x, y€ D and for a.e.t€(0, .)

We note also that Proposition 3.1 remains valid even if F is a relatively
closed subset of D. Hence, this fact and (5.1) imply that our
gives a generalization of Theorems 3 and 4 in R. M. Redheffer into

a general Banach space.

REMARK 2. Let B be a real-valued function defined on (0, o) satis-
fying the following conditions :
(B)) For each t, t,€(0, oo) with £, <%, B is Lebesgue integrable on (£, %,).
(B,) For each £>0, lim sup [e exp (jtﬁ(z') dr>]< + co.
s—+0 ¢

The condition (B;) was considered by C. V. Pao to prove the unique-
ness of solutions to (CP; 0, u,).

If g(t,7)=B(t)z, then the conclusion of our remains valid. In
fact, it is obvious that this function B(f)r satisfies the condition (i) in § 1.
To prove that B(¢)r satisfies also the condition (ii) in § 1, let w be a solu-
tion of the equation w'(£)=B(¢)w(¢) on [0, T'] satisfying w(0)=(D"*w)(0)=0.
Then for each ¢>0, we have

0 < w(t) = wie) exp (| p(r) dr)
=cexp (['(z) dr) (w(e)—w(0))/e

for te[e, T]. This implies that w=0 on [0, 7]. Thus B(¢)r satisfies (i)
and (ii) in §1. However, the function B(¢)r need not be nondecreasing
in 7 for fixed & The nondecreasing nature is used only in establishing
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Lemma 2. 3 (see [6]) which is valid for g(¢,7)=8(f)z. Thus our result ex-
tends those of [10, 11, 14] when g¢(¢ )=8(¢) .

REMARK 3. Recently, N. Kenmochi and T. Takahashi proved the
following theorem which gives an improvement of [12]

THEOREM A. Let F be a closed subset of E. Suppose that f satisfies
the following conditions :

(5. 2) f is continuous from [0, co)x F into E.

(5. 3) (z—v, fit, )—f1t, v)), < 0(B) | z—y]*

Jor all (¢, x), (¢, y)€[0, ©)x F, where w is a real-valued continuous function
defined on [0, o). Suppose furthermore that

(5. 4) lim inf d(z+hf(t, x), F)/h =0

h—+0
Sor all (t, )€ [0, co)x F. Then (CP; 0, u,) has a unique global solution u
defined on [0, ) for each u,€ F.
This result is intimately related to the notion of flow-invariant sets.
If we consider this theorem from the view-point of the notion of flow-
invariant sets we have the following

THEOREM B. Let D be an open set in E and let I be a closed set
in E such that FCD. Suppose that f satisfies (5.4) and the following
conditions :

(5. 5) f is continuous from [0, o)x D into E.

(5. 6) (z—y, flt, ©)—f1t, y), S 0(d) |z—y|’

SJor all (¢, x), (£, y)€[0, 0)x D. Then the set F is flow-invariant for f.
Since (5. 1) implies (5. 6), our Theorem contains Theorem B.
The following examples show that the condition (K,) is strictly more
general than (5. 6).

ExampLE 1. Let a(¢) be the function defined by
22 (05¢<0)
Z{WZ 2 0),
where 0 is a constant such that #>>1. Consider the function G defined by

a(t)

‘ g_ s
Ty 0w rzoza)
Gt u) = S
% +b6() u (tgo, u<a(t)>,
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where b is a real-valued continuous function from [0, c0) into (—o0, 0]. It
is easily verified that the function G satisfies the following inequality :

(5. 7) |lu—v+h(G, v)—G(, v))

2 (1+h/3aleF (1+¥a(@)))|u—o|

for all A<0, >0 and u, v€(— o0, c0).

Let us take as E the Banach space ¢~ of bounded sequences of real
numbers. For eabh x=(z,) and £=0, define f(¢, x)=(G(¢, x,)). Then f is
continuous from [0, ©)x E into E. For each x=(z,), vy =(v,) in E, h<0,
we have by (5. 7)

Slip xn_yn+h<G(t> xn>_G(t’ yn))l_sgp Ixn_ynl

2 3aF (1+ ) 5P 1570l

This implies that
[z—v, A&, ©)—f1t v)| < |l x—yl/3 ¥aleF (1+5a()

for all z, y in E and £>0. Let p()=1/33a(t}f (1+%a(). Then [ f(z)dr
=52dt/3t(l 4+ t)=+oo. However, it is easy to see that §(¢) satisfies the
condition (f;) in Remark 2. Moreover, by a simple calculation, we have

cexp ([ plo)dr)
- {(e%)m (0<e<t < P)
= (@8 exp (2—0)30(1+4 0))  (0<e<P<E).
Thus, B(¢) satisfies also the condition (3,).
Consequently, for each (¢, u,)€[0, oo)x E, (CP}; %, u,) has a unique global
solution for the above defined f.

On the other hand, for each z=(zx,) and y=(y,) in E such that x;>
>0 and x,=v,=0 for n=2,

[z—, A0, =110, v)]

1-'_‘ .
- { R i AL i y?)} lz—v]l .
Hence we can not apply [8, 10, 11, 12, 13] to this example for the Cauchy
problem (CP; 0, u,).
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ExaMPLE 2. Next, let us take as E the Banach space £? (1<p< o)
of sequences of real numbers. Let a(¢) be as in Example 1 and let M=

(D21 1/n?)V?. For each x=(z,)€ E, define

e b0s  (20mza)

FeD=Y wm
2(1+Ya(?)

Here b(¢) is a real-valued continuous function defined on [0, oo) satisfying
b(&)>MW e for all £=0.

Define f(¢, x)=(f,(¢, x)) for (¢, x)€[0, 0)x E. Then f is continuous from
[0, 0)x E into E. Let

—b(t)z,  (¢20,z.<ald).

F={x; E>x=(x,) such that £,=20 for =1 and ||z éP}.

Then F is closed in E. We shall show that the mapping f does not
satisfy (5.3) but does satisfy all the conditions of our For this
note that

(5. 8) [z, y] = ZaZ sgn (z,)] 2| P e/ [l ol P~
for all =0 and y in E.
Using (5. 8) we can verify easily that
[z—v. fit, ©)—£t, )
< (6(&)+1/3YaleF (1+4a@))llz—v]

for all x,y in E and £>0. Let 8(2)=1/33a(tf (1+¥a(®)). Then [ p(#)dr
=+ oo. But S(¢) satisfies the conditions (8,) and (8,) in Remark 2 by the

same argument as in Example 1. Thus the above defined f satisfies (K;)
and (K,) in §1.
To show that f satisfies (5. 4) we note that

x+ hf(t, x)
= ((1—hb(2) 2, + h(§z, or Ya(®))n(1+Ya(2)))

for each x=(z,)e F and #=0. Thus it follows that

|+ 2fte, 2)|| < (1—ho@) 12| + AV 0 M
<p+(Vo M—0b(t) h.



72 S. Kato

By the assumption on & we have for each x€F and =0
z+hfit,2)eF  for 0<h<Min {1/6(2) V0 [0 b()—M)}.

Consequently, the set F is flow-invariant for f by our
On the other hand, for each x=(x,) and y=(y,) in F such that 0=
x>vy:.>0 and x,=vy,=0 for n=2,

[.ZC— Y, f(o’ x)—f(oy ?/)]
= (1t + ¥z +302) —(0) [z—v]],

so that we can not apply to this example.
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