Hokkaido Mathematical Journal Vol. 12 (1983) p. 74-82

On the number of irreducible characters

in a finite group

By Tomoyuki Wapa
(Received July 8, 1981; Revised August 11, 1982)

1. Introduction

Let F be an algebraically closed field of characteristic p, and G be a
finite group with a Sylow p-subgroup P. Let B be a block ideal of the group
algebra FG which can be regarded as an indecomposable direct summand
of FG as an F(G X G)-module. We denote by k(G) and /(G) the number
of irreducible ordinary and modular characters in G, respectively (also by
k(B) and [(B) the number of those in the block associated with B).

In the author introduced the invariant n(B) that is the number of
indecomposable direct summands of Bp.p. In the present paper, we show
that the inequality “/(B)<n(B)” holds, and this inequality is closely related
to the well-known result that k(G)<|G: H|k(H) for any subgroup H of
G (see [5], [7], [14]). In section 2, we shall obtain a modular version of
the above well-known result that {(G)<|G: H|l(H) for any subgroup H
of G. When H=P, our result {(B)<n(B) provides a more explicit con-
sequence that I(G)<|P\G/P)| (the number of (P, P)-double cosets in G) which
is proved in section 3. Furthermore, in section 3, we will investigate the
case that the above equality holds. In this case, for example, every pro-
jective indecomposable FG-module in B has dimension |P|, and every irreduci-
ble FG-module in B has dimension a power of p.

Acknowledgement. The author is greatly indebted to Dr. T. Okuyama
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2. Let M be a right FG-module, and H be a subgroup of G. We denote
by radgz (M) and socy (M) the radical and the socle of M as an FH-module.
Let rz(M) and sz(M) denote the number of irreducible F H-constituents
of Mjradz(M) and socy(M), respectively.

LemMa 1. Let F be an algebraically closed field of arbitrary char-
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acteristic, and let {L,, Ly, ---, Ly} and {My, M,, ---, My} be the sets of all
non-isomorphic irreducible FG and FH-modules, respectively. Then the
Sfollowing hold ;

1) 7¢(V)=2dimp Homze(V, L) and se¢(V)=2dimz Homze(L,, V) for
J J
any FG-module V,
2) Z re(M,%)= %: su(L;) and Z sa(Mf)=2ru(L;) .

7
ProoF. 1) is clear, and 2) is easy observation from 1) and Frobenius

reciprocity theorem : Hompg (M€, L;)~Hom zg(M;, L;r) and Homgg(L;, M%)
~Hompg( LjH’ M;).

LEmMA 2. Under the same notation as above, it holds that r4 (MS L
|G: H| and s¢ (Mi®)<|G: H| for all i.

Proor. Let M.f/rad (M;5)= (—Ba,JL,, and soc (M%) = @b,,L Then, from

Frobenius reciprocity theorem, a,ﬂ&O means that M, <socH(L-), and also
b;;#0 means that M;<L,/radz(L;). In particular, a;;#0 or b;;#0 implies
that dim M;<dim L, Now, since

|G+ H| dim M; =dim M,%=dim (M;%/rad (M, %)= a,dimL,,
J

and |G: H|dim M; =dim Mf>dim <socG (Mﬁ)) ; biydim L;,
we have that
|G : H| 2 }la;;dim Ly/dim M; = 3 a;; = re(M,5),
and |G:H|= jZ_]b,-,- dim L,/dim M; > ébﬁ = sg(M,9) .
THEOREM 1. It holds that I(G)<|G: H|I(H) for any subgroup H of

G. Furthermore, suppose that equality holds, then H<G, G/H 1is abelian
P group and G=Cq(h) H for any p'-element h of H.

Proor. First statement fcllows from Lemmas 1, 2, since
HG)= Xira(L) = Y s¢(ME) < |G: H|I(H), or
J i
Z(G)§§SH(LJ)= Lre(Mf) <|G: H|I(H).

It is easy to find that equality helds if and only if M¢ is completely reducible

for all 7, and M;® has exactly t=|G: H| distinct irreducible constituents

Ly, -+, Ly, where L;jz=M;. Let M, be the trivial FH-module, then each

L,; must be one dimensiona. Hence, N Ker (L;;)=H=G" and we have
J

H<G, G/H is abelian. Since O,(G/H) is contained in the kernel of every
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irreducible F(G/H)-module, this forces that G/H is a p'-group. By Clifford’s
theorem, G acts trivially on each M,;. Then, G fixes each p-regular classes
of H. This implies that G=Cg(h) H for any p'-element A of H.

Note that Theorem 1 includes the well-known result 2(G)<|G : H|k(H).

LEmMA 3. Let K< H be subgroups of G, U and V be an FH and
FK-module, respectively, and F be any field. Then

1) ra(U)=rx(U), salU)=sg(U),

2) re(V)=Sra(VA), sg(V)<sa(VH).

Proor. 1). Let U:U/radH(U):Xl@---(—BXTHW;, where X is an ir-
reducible FH-module. Set Jx to be the inverse image of radg(U) by the
natural “homomorphism from U to U. Since radg(U)~radx(X)@P - D
radg (X, @), UlJx has at least 75(U) irreducible constituents. On the other
hand, since U/Jx is completely reducible FK-module, U/radg(U) contains
at least as many irreducible constituents as U/Jx does. Then, we have that
ra(U)<rgx(U). Second statement is clear from socg(socy(U))=socg(U).

2). Let VE=VHradg(V)¥~(V/radg(V))¥ and Jy be the inverse image
of rady(V® by the natural homomorphism from VZ to VZ Then V#/Jy
has at least 7x(V) irreducible constituents. On the other hand, since V#/Jy
is completely reducible, V#/rady(V¥H) contains at least as many irreducible
constituents as VH/Jgz. This shows that rgx(V)<ruz(VH). Second statement
is clear from socg((socg (V))®) <socy(VH).

It follows from Lemma 3 that the following holds, but it may be well-
known, since it holds by another easy observation.

CorOLLARY 1. Let Irr (G) and IBr(G) be the set of all irreducible
ordinary and Brauer characters of G. Then

>y X r(VWZ|G:-H| ) (1), and

telrr (H) r6Irr (@) Lelrr (H)
2 o= X s()=|G:H| 20 ¢(1).
¢eIBr (H) ¢€IBr (@) ¢¢IBr (H)

ProOF. Let F be an algebraically closed field of any characteristic, then
it sufices to show the second statement. From Lemma 3, it holds that

ral FH) < re(FH®) = r¢(FG) < rg(FG) = |G : H|rg(FH) .

And, ryx(FH), r¢(FG) coincides with the desired term in the second in-
equality.

3. Firstly, we will show the following theorem, which may be an
unknown result in finite group theory.

TurEoREM 2. Let B be a block of G, then it holds that I(B)<n(B),
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in particular [(G)<|P\G/P|.

We can take some way to prove this theorem, and at first we consider
rexe(B) and sgye(B) as a block ideal B is an F(G X G)-module. Next, in
the proof of [Theorem 3, we will show a more brief method which is owed
to Dr. Okuyama.

LemMA 4. Let F be a field of characteristic p, and B be a block
ideal of FG. Then n(B)=rp,p(B)=spyp(B).

Proor. Let [PzP] denote the F(PX P)-module whose basis consists
of all elements of a (P, P)-double coset PxP of G. Then, every indecom-
posable direct summand of Bp,p is isomorphic to some [PzP] (see [8], p.
105). Since [PxP] is a transitive permutation module over F (P x P), we have
that sp,p([PxP])=1 and hence sp,p(B)=n(B). Furthermore, since [PxP]
is cyclic over F(P X P), it is a homomorphic image of F(PXP). As F(PxP)
has the unique maximal submodule radp,p (F(P X P)), a homomorphic image

does so. Therefore, 7pxp([PxP])=1, and hence 7p,p(B)=n(B).

Proor oF THEOREM 2. Let F be an algebraically closed field of char-
acteristic p, and J(B) be the Jacobson radical of the ring B, then J(B)=
rad, ¢ (B)=radgxg (B). Therefore, {(B)=rgxg(B/J(B)<rgxe(B). Then, Lem-
mas 3, 4 imply that rg,¢(B)<7p,p(B)=n(B).

By another consideration of socle, it holds that /(B)=sg,¢(B). Because,
let /(J(FG))=I be the left annihilator of J(FG) which is a two-sided ideal,

and let e be a primitive idempotent of FG, then le~el as a left FG-module

(where el is the dual of el), since FG is a symmetric algebra. Therefore,

we have that lel :e?@el as an F(G'XG)-module. Then B contains exactly
>

[(B) non-isocmorphic irreducible F(G X G)-submodules Ie I, ---, Ieys I. Thus,
we establishes that sg.q(B)=I[(B). Hence, Lemmas 3, 4 imply that [(B)=
sexc(B) =spxp(B)=n(B).

In the following, we shall investigate the structure of a block B when
equality {(B)=n(B) holds. For example, if G=S, p=2 and B is the princi-
pal 2-block, then [(B)=n(B)=2, and furthermore, ¢, (1)=1, ¢,(1)=2 for
¢;€1Br (B) and @, (1)=0,(1)=8, where @, is the character afforded by the
projective indecomposable FG-module corresponding to ¢, Now, we have
the following theorem.

THEOREM 3. Let Fp be the trivial FP-module, and e be the block
idempotent corresponding to B. Then, the following are equivalent ;

1) UB)=n(B),
2) Fplee is completely reducible and multiplicity-free,
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3) dimp U=|P| for all projective indecomposable FG-module U in B.
Furthermore, if one of the above conditions holds, then
4) dimy L=a power of p for all irreducible FG-module L in B.

Proor. Firstly, in order to prove our theorem, we will review that
I(B)<n(B) by a different way from the proof of Let us set
M=F% Then, we have that

n(B) = dimy Hom z¢ (Me, Me) .

For, it holds that Hom ;¢ (Me, Me)~Homps (Me, M)~Homgp(Mep, Fp), by
n(B)

Frobenius reciprocity theorem. Since FGe~ @[Px;P] for some Pz;P in G,
i=1

we have from Mackey decomposition that
Mep ~ FP@((‘P [PxiPD = G?(prmp)P .

Thus, our assertion holds, since dimy Homgp ((Fpe;np)%, Fp)=1.

Let L,, -+, Lys denote all non-isomorphic irreducible FG-modules in B,
then socg (Me) and Me/radg (Me) contains every L;, respectively. Therefore,
dim zHom z¢ (Me/rad (Me), soc (Me)) =1 (B), and hence we have the following
composite homomorphism

Me 2%, Mejrad (Me)——soc (Me) 25 Me,
where nat. is the natural epimorphism, and inc. is the inclusion map. Thus
we have that n(B)=dimzHom ¢ (Me, Me) =dimHom zq(Me/rad (Me), soc (Me))
>1[(B).

1)2). Above argument implies that /(B)=n(B) if and only if Me/
rad (Me) ~soc (Me)~ L,®---@P Lz (multiplicity-free) and Me=soc (Me).

2)=>3). Suppose that Me~L,@®---@P L. Then, Nakayama’s relation
(see p. 603 in [3]) implies that Up~FP for all projective indecomposable
FG-module U in B. Hence, 3) holds.

3)=>2). Suppose that dimy U=|P| for all U in B. Then, from Naka-
yama’s relation, Me contains every L; as composition factor, exactly once.
Therefore, it follows from Frobenius reciprocity theorem that Me must be
completely reducible and isomorphic to L,@P---P Lig,.

The last statement is proved as follows. Suppose that Me~L,P---@
Ly», then Fronemius reciprocity theorem means that L;p is an indecomposa-
ble FP-module. Since L;Fz% we have from Mackey decomposition that
Lip|Fpp~ @ (Fpznp)F. Therefore, L;p~(Fpznp)” for some x in G. Hence,

it holds that dimzL;=|P: P*NP|. This completes the proof of [Theorem 3.
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ReEMARk 1. In the proof of [Theorem 3, it is showed that if I(B)=n(B),
then Lp=~(Fps,p)¥ for all irreducible FG-module L in B. This means that,
in our situation /(B)=n(B), every irreducible FG-module in B has a vertex
PN P? for some z in G.

CorROLLARY 2. Let B be a block of G with defect group D such that
D<P for some P=Syl,(G). Suppose that I(B)=n(B), then the following
hold.

1) Z(D)<£0, (G modKer B), in particular, if D is abelian, then
D Ker B<aG,

2) there exists a p-solvable subgroup N<G such that DESyl,(N), in

particular, if D=P, then G is p-solvable.

Proor. Our assumption [(B)=n(B) implies that for every irreducible
FG-module L in B, Lp=F,", where Q is a vertex of L in P. By Knbrr
we can choose a defect group D as Cp(Q)<Q=D, in particular Z(D)=Q
(see [11]). In our situation, we may take P=>D. Hence Z(D)<P, and this
follows that Z(D) §LDB Ker L=05(G mod Ker B) from Mackey decomposition.

Thus 1) holds.

2). Let us set H=0,(G mod Ker B) and G=G/H. Then, every
block B of G which is contained in B satisfies that {(B)=n(B). For, let
¢ be the cannonical algebra homomorphism from FG onto FG, and e be
the block idempotent of B, then there exists an FG-homomorphism from
Fr%ee onto Fxfz(e) (i.e, id®z). On the other hand, since {(B)=n(B), we
have that Fpfse is completely reducible and multiplicity-free. This means
that Fx%c(e) is so as an FG-module. Let & be the block idempotent of B,
then Fs%.¢ is also completely reducible and multiplicity-free, since it is a
direct summand of Fz%r(¢). Hence our assertion holds. Therefore, if we
take B with defect group D, then the same argument in 1) shows that Z(D)<
O, (G mod Ker B). Repeating this argument, we have 2).

On the converse that 4)&l) in theorem 3, we have the following.

CoROLLARY 3. Let B be a block of G with abelian defect group D
such that D<P for some PESyl,(G). Then the following are equivalent.

1) dimpL=|P:D| and dimzU=|P| for all irreducible FG-module L
and projective indecomposable FG-module U in B.

2) dimy L=|P:D| for all L in B.

3) dimyU=|P| for all U in B.

Proor. 1)=2) is clear. 2)=>3). Our assumption implies that Lp is

indecomposable and isomorphic tc Fpf. Since D<1P, it follows from Mackey
decomposition that D Ker B<G (see Theorem (4 A) in [I5]). We may



80 T. Wada

assume that Ker B=1. Let G=G/D, then it is easy to see that every L
must be contained in a block of defect 0 of G. Therefore, every projective
cover U of L as an FG-module has dimension |P:D|. Hence, every U in
B has dimension |D|dimzU=|P|. 3)=1). From 1) we have
that D Ker B<G. This implies that n(B)=v(B) (see Theorem (3 A) in [15]).
Then it follows from that /(B)=wv(B), and this means that our
assertion 1) holds (see Proposition (2 C) in [15]).

CorROLLARY 4. Let G be a p-solvable group. Then the statements
1), 2), 3) and 4) are equivalent.

PrOOF. 4)c>3) immediately follows from Theorem (2 B) of Fong’s [6].

d|

ReEMARK 2. If DYP, then there exists an example that
does not hold. Let G=S;, p=2 and B be the block of defect 1, then

l(B)=n(B). but Z(D) is not normal in G.
Further results on completely reducibility of Fp%<¢ are investigated in

[10], and [12]. In [12], the group in which F5% is completely reducible
is called p-radical group.

ExaMmpPLE. 4)1) in need not hold in general. Let G=SL
(2,2, p=2 and B be the principal block, then ¢(1) is a power of 2 for
all $<IBr (B) (see p. 588 in [2]. However I(B)=2"—1<n(B)=2""1—3 for
n=>2 (it is verified from Proposition (2 B) in and character table of
SL(2, 27).

- In p-solvable group G, it is interesting to determine the structure of
G whose principal block B has the property that /{(B)=n(B). It is hoped
to obtain something about p-length of G, but we have only the following.

THEOREM 4. Let G be a p-solvable group, B, be the principal block
of G. Let 1=0,(G)=Z0,,(G)=--=G (¥) be the lower p-series of G.
Then the following are equivalent.

1) ¢(1) is a power of p for all $<IBr(B,).

2) Let G=G/Oy(G). Then, each p -factor HIK appeared in (*) is
abelian, and for each p -composition factor LIN of G which is afforded
by a refinement of (¥), L acts trivially on IBr(N).

3) Each p factor HIK appeared in (*) is abelian, and every ¢<IBr (K)
is extendible to H.

Proor. We may assume that O, (G)=1, and hence for any subnormal
subgroup L of G, O,(L)=1 and L has only the principal block.

1)>2). Let H/K be a p'-factor appeared in (*¥). Let §<IBr (H/K),
then # has p'-degree. On the other hand, the theorem of Clifford implies
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that IBr (H) satisfies 1). This follows that @ is linear, and H/K is abelian.
Let L/N be a p'-composition factor satisfying the condition in 2), then
since L is subnormal in G, IBr (L) satisfies 1). Then, again, the theorem
of Clifford means that L acts trivially on IBr (N).
2)2>3). It is known the following lemma by the same way of C-
characters (for details, refer to sections 51, 53 in and section 11 in [9]).

LEMMA 5. Let F be an algebraically closed field of any characteristic,
H<G and G/H be cyclic. Suppose ¢ is a G-invariant irreducible F-
character (Brauer character) of H, then ¢ is extendible to G.

Let H/K be a p/-factor appeared in (¥). Then 2) implies that every
composition factor L/N of H/K is cyclic, and every ¢ €IBr (N) is L-invariant.
Hence it follows from Lemma 5 that ¢ is extendible to L. Repeating this
process, we have that every irreducible Brauer character of K is extendible
to H.

3)2>1). Let H be the maximal subgroup appeared in (¥). Then H
satisfies the condition 3), and hence IBr (H) satisfies 1) by induction on |G|.

If |G:H| is a power of p, then U? is indecomposable for every inde-
composable FH-module U by Green’s theorem (p. 337 in [4]). Then it fol-
lows from Nakayama’s relation that ¢z=¢&IBr(H) or ¢g=¢+ -+ +¢r,
where ¢; are distinct G-conjugate irreducible Brauer characters of H and
r=|G : I¢(¢y)| which devides |G: H| (= a power of p). This implies that
# (1) is a power of p for every ¢<IBr (G).

If |G:H| is prime to p, then 3) implies that every ¢&IBr(H) is
extendible to G. Hence IBr (G) satisfies 1). This completes the proof of
Theorem 4.
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