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Construction of a parametrix for a weakly
hyperbolic differential operator

Fausto SEGALA
(Received April 7, 1987, Revised June 23, 1987)

1. Introduction

In this paper we construct a microlocal parametrix for the Cauchy
problem :

(Di—AQ, x, DO))Yu(t, x)=0, (t, x)E[0, T]X R
1. u (0, x)=go(x) , XERY
ou/ot(0, x) =g (x) , XERY

for small T7>0, where A(t, x, D,) is a second order differential operator
whose principal symbol A,(¢ x, &) satisfies the following conditions :

1.2) Ax(t, x, &) =0 for t>0

.3 220, % )+0 where 4,(0,x, §)=0, £+0

Conditions (1.2), (1.3) imply that in a conic neighborhood of a point (x,,
&) for which A4,(0, x4, &) =0 and for small >0, we can factor A, as

1.4 AU x &H=0U+Bx &)CH % &)

with B homogeneous of degree 0, B>0 and C is homogeneous of degree 2
with C>0. We recall that a parametrix for (1.1), under conditions (1.2),
(1.3) is already known in some particular cases.

When B=0, i. e. A,(¢ x, &) =1tC(t, x, &) (TRICOMI operator), a par-
ametrix for (1.1) was given by IMAI [2], who treated also the case when B
does not depend on x (cfr. IMAI [3]). Furthermore, if B does not depend
on &, a parametrix for (1,1) has been constructed in SEGALA [6] (see
also YOSHIKAWA [8]). We point out that ESKIN and MELROSE
treated the “diffractive ” case, where A, is factored as in (1.4) and B
satisfies V.B +0 where B =0.

Here we will treat the general case when conditions (1.2), (1.3) are
satisfied. Precisely, for every point (x,, &)& T*R"\{0} where A,(0, x,, &)
=0, we will find a conic neighborhood T" of (x,, &) and for small 7 >0
construct a continuous operator
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E: (RN X &-(RY)-C=([0, T], 2'(RY))
such that

PE (g0, g)EC=([0, T]XR™
as 1 EGs @wimo—aC(R

‘%EZT(go, gl>|t=0 —glc‘”(RN>

We use the notation gr={ve &’'(R")|WF (v)CT}.
2. Eikonal equation
We consider the eikonal equation associated with the operator D2—A :
op 2_
(21) <—§—<t’ x: ‘f)) “A2<t; x; qu’(t, x) ‘g))'
Let (xo, &))ET* RM\{0} for which B(x,, &)=0. We have the following
non-trivial result proved by IMAI[3].

PROPOSITION 2. 1.

There exist a conic neighborhood [0, T]XT, TCT* R"\{0}, of (0, x,,
&) and two real functions 6(t x, &), p(t, x, ) C>(R¥*' X R"\{0}) homo-
geneous of degree 1 and 2/3 respectively, such that

2.2) p(tx, &)=0on t+B(x &) =0
2.3 20, %, &)>0

2.4) g—f@ % £)=0 on t+B(x &)=0
(2.5) det (6x(0, xo, &))+0.

Movreover, putting @.=60+2/3 p3?, we have

@.6) (2% &) =4t % Veput 5 §)

for (4, %, )E[0, TIXTN{(t x, E)|pt x &) =20}=X.
From (2.4) and (2.6) it follows that on a conic neighborhood of (x,, &),
we have :

2.7) B &)=B(x V.0, &)
where §(x, &) =0(—B(x, &), x, &).
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3. Transport equations

N
For simplicity, we assume in the sequel that A(¢, x, &) =A,(¢, x, &) = ,,Z

,g=1
apq(t, x)&p&,. This is not a restriction, because we shall see that adding
terms of degree 1 and 0 to A will not influence the construction. Our aim is
to find two amplitudes %, in such a way that

(Di—A)(e*hk)=0

on some conic neighborhood [0, 7] XIVC[0, T]XT of (0, x4, &).
From (2.6) it follows that on X (We omit+and use the notation g,=
dg/dt, gq=0g/dx,) ;

(3.1 (Di—A)(e*k)=e*{20Dk—2 2 apeppDyk
— ik + i 3} pa@pok + Dtk — 3] apDpDok}.

oo

Our idea is to seek k as an asymptotic expansion %‘, k_, with k_,

homogeneous (in &) of degree-v. Therefore, collecting terms according to
their homogeneity, the relevant contribution to the right hand side of (3.1)
1s given by

e?29Dik—2 2 tpeppDok —i (Pre— 2 Gpa— @pg) k)

Since @u=60:+1/2 p~?p3+ p*?p,., the coefficient Py of %k has a singularity of
the type p~2. To overcome this obstacle we seek formally £ of the form

Pl % &)™ S k(L %, 8.

with k_,(¢, x, &) homogeneous (in &) of degree-v. Consider the change of
variable t—p (¢, x, &) with its inverse p—t(p, x, &) and put

E—u(ﬁ; x) ‘E) :k—u<t(p) x) 5): x) ‘5)
The transport equation for % becomes :
. ok
—1e”p M2(Jp pi+ 0p:— 2 Gpebppa— VP 2 GpaPoPq) apo

ok,
OXq

—2 3 (@pebp+p Gpapp)
1
+(—_2—0tptp—l+ Bre — VP Pt — 22 Gpabpa— P 23 Gpq

1 ~
+7 2 ApqBppap ) R0} =0.

By the results of sect. 2 it follows that the coefficient of 5%]3—0— can be written
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as 2/p a(Jp, x &)+ <6bu'(x, &)VeB(x &), Vi B &)>q(x, &), where
a(t, x, &) is C* and elliptic for s>0 and for (x, &) in a conic neighborhood
of (xo, &)(<, > denotes the scalar product in RY). Moreover a(Vp (¢, x,
&), x, &) is homogeneous of degree 4/3. Finally ¢(x, &) is homogeneous of
degree 8/3 and elliptic in a conic neighborhood of (x,, &).

The coefficient of ak is a C* function of (V/p, x, &) and the coefficient
q
of £, can be written as a sum of the type c(Jp, x, &) +p~'e(x, &), where c is
a C= function and e(x, &) =<60xV.B(x, &), ViB(x, &) >p(x, &), with p
elliptic of order 8/3. We rewrite the equation for % as:

ako ako

3.2) Q2Jp a+b) + <L,

>+(c+p‘1e)k0—0

We seek £o(p, x, &) as a sumg‘, 25 (p, x, &) with £ (p(t x, &)x, &) homo-

geneous of degree 0.
Precisely we have the following equations (we add the initial condition for

o)

ako ako 70 __
33, {Zfa p+<L >+ k=0
kOIp =1
(3.3); zfaak°+<L ak0>+ ki
:_bag; e B, 1,

By the change of variable p=s? and by writing E(s, x, E=E(s x &), we
obtain the following equations with new a, b, ¢, L, ¢

ako L 8k° i"o
(3.4 { os R as ak°
EO]S 0":l
o L ak c £
b ak’ e x .
[23 os —sTk ] 5 J=1.

The solution of (3.4), is a C* function E3(s, x, &) and £ Wp(tx &), x, &)
is homogeneous of degree 0.
To solve (3.4),, we write kj=h;k} and then we have

oh; L ok
os +<a’ ox

L

>_ 0

(3.5) ?8'
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Now consider the system

{56(8)=L(s, x(s), &)
x(0)=x,

and let x(s, x, &) be its solution. If x,(s, x, &) is the inverse map, we solve
(3.5) by taking

(3.6)6 (s x, «f}:/l;m(fé/ég)(z,x(z, xo(s, %, ), ), &) dz.

The problem to sum 2‘, ki will be examined later on. Now consider the

transport equation for Z_,, v=>1. By (3.1) we have the equation

GB.7)  @Jp a+b) ak‘“ +<L, ak-" >+ (c+pl)k,
5
=1—6p‘2<pt—2 @) i
1 ok_, ~ ok_,
—P 1<2p%———87+_1‘+pttk—u+l—2 > a0 ap“
~ k_,,
-2 aijpijk—uH_z 2 AP C H)
o%k_, ok_, ok._,
+ aszPzt— ap+1”f_2 Qa;;PiP; 8p2+1
_ 0%hk-ys1 0%y 3 k_m 0
2 2 aijpz apax] ap 2 au 2 dz.;pu ax —f

Formally, we write ﬁ_uzg‘, B with B, (p((t x &), x, &) homogeneous of
degree 0. Then

0 ~ ~
(3.8)} Zfaak +<L, ViR ,>+c¢ B2, =f2,.

(3.8 2/p aa§/;”+<L, V. F > de ki,

ok}

—_b -

—pte kil
We make the change of variable p=s% and so, (3.8),, (3.9), assume the
form

ok’

i Groy L N £Aj — fi
(B.9) FE+ < Veki,>+ ak_,,_f‘_,,
for 7=0, 1, 2,.... We seek a soluion of (3.9)J on the form Bl =hi kS,

Then, we can take
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(3.10)3 R, (s % &)= f L P (2 12 x0(s, %, &), &), &) d.

g1

To give a meaning to the sum >}, >; ki, we introduce a class of symbols.
We say that a function p(s, x, £)eC=([1, o] X R¥ X RY) is a symbol of
class S* (M, QeR) if

|DiDeD%p (s, x, &)| < CsM 7| &|Q-2lalz1els

for s>1, xeR", |&|>1.
Then, we can write

(3.11)  EY(s, x, &) =1+s mi(s, x, &)

with mye S¥~13.  This follows from the fact that mg is C® for s>0 and m,
(Wp (L x &), x, &) is homogeneous of degree—1/3.
Now observe that for t>0,

(3.12) |<8:V:B(x, &), V.B(x, & >|q(x &)
<CB(x, &|&]P<C(t+B(x, &)|&R &< Cpl&].

From (3.11) and (3.12), by using an inductive argument as in [5], we
conclude that for j>1:

(3.13)% ke S
We observe that for s|&|713<1/2, S/*L-U+DBCS9=98  Then it is possible to
define £;=S"-17 in such a way that ﬁa—ﬁ Eie SN+1L-W+DB for eyery N € N.
Similarly, for v>1 we can write (see [5])

{(6m-5)[1{(6m-1)
v 48

with £.,&S4-13.  We introduce the notation 7 *(s, x, &) =f (¢(s?, x, &), x, &).

By p(t x, &) =p;(t, x, &), we mean that p* =3} p;. We denote by aZ, the

coefficient of the asymptotic expansion of the Airy functions A.(z) =2#ze*?™

Ai(e*?™(—2))(see Wasow [7D.

Summing up, we have the following result

G610 b,=(—Dnrdl (s +5)

PROPOSITION 3. 1.
There exist u*,&S% '3 such that k. defined by

(3.15) k(L x E)=p(t x &)X
500 % £ (at, +Vput, (ot % ). % £,

satisfy :
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(3.16) (D%—AD(ei%kQ:€i¢t(|§|4/3h¢+ni>

With hieS~—° and niefj\S""""“ for (x, &) microlocally near to (x,, &)

and s|&|"2< [0, T].
From (3.15) it follows that

(3.17) (e*k, /A, —1)* &St 1BPS=0,

Since @+(t, x, ) =0(x, &) +p(t, %, £)26(t, x, &) +2p(t, x, )**/3 with § homo-
geneous of degree 1 and & homogeneous of degree-1/3, we can write (from
(3.16)) :

(3.18)  (Di—A) (ko) =g byt ¥ m,

for some new hieS—=°.

Now set €(¢ x, &) =(t+B(x, &))A(—B(x &' and introduce a cut-off
function x (&) which equals 0 for £<1 and equals 1 for §>M >>1. Then,
by defining B, =ei(°~9*2#**/3) k, we obtain

(3.19) (D2—A)(e*(xk))=(D3—A) (xelei®- 02> p,)
=e?A(—B(, &), x, $>1/3<-—x”Bt-_2x’ £ LS

&
+ e\ 5| ghy+ € gy, With 1EE SO

Eq. (3.19) is a consequence of (3.18) and of the fact that if g(s)&S*¢, and
g(s) has compact support, then (gg)(s)ES™

Finally,we try to construct two amplitudes a. (¢, x, &) €S593,2/3,1/3 (in the sense
that |DiD¢D%a| < C (1+|&|)#/3-21413+813) such that

(3.200 (Di-A) (e (xks)+ eie.di) & S5%3,2/3,1/3

We seek @, as an asymptotic development i‘, at with ateS53,5.15. By
putting a.(§(¢, %, &), x, &) =a.(¢, x, &), we have

(D?—A) (e¥a.)

i A7 2/3 82571

—e At<_B<x) g)) X, g) a—gz

—e®{A(t, x, V2B (x, §))d:— <VA 1, VH(x &),

aadg Vel 1 8)> — <VAL % V(% &), Vid>+ ...}

Observe that A(—B(x, &), x, V.8(x, &) =0 and hence we can write (at least
formally), A(t, x, &) :ﬁ (t+Bx, &) AD(—B(x &), x, &/j!. This

implies that the transport equations for @. are of the following type:
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2~
G+ AL=B (5 §), % §PLe=F.+G,
o , OB, + _ —4/3 ,i(0—0+20213] [ R
where Fr=x"B.+2x +2F - xh, Ge=xl|&| e 3***ln, and L=[B.
o¢

(%, V:8(x, £))C (%, §)V.B(x, &)+ EV.Clx, §)V.B(x, 5)]8—?3+ .... Then ai

will be a solution of

o*ay

(3.21) _852__+ §@t=F.+G;

and a¥, for v>1, will be a solution of

o%ay

(3.2, a—§2+ Eat=Lay™!

We take as a%, te following solutions of (3.21),:
3220 265 O=2E] ["4 (e x Hdz
Y 4
~£§A_(2)Gi(z, x, &)dz]
~AL A DR Od— (A6 x §dz]

where y=A,(§)A’_(&)—A’,(E)A_(E) (which is a constant=0).
It is not difficult to see that

(3.23) @& x &)=b%(E %, &)+ L(E x, &)\
with 2€S-=° and cge@si'v-ﬂa
Moreover we take

2.(6 % s);é_y@[ f: AOLB G, 5 £)ds
_ﬁcA—(Z>L(Ci(z, x, &)| &2 dz
~ AL A LB % §)d— [(AD L, 5 )| Hde

and @i can be written on the form &L+ ci|&|7?® with bLeS—="18, cle
ﬁS""""‘*. Now, the choice of a% for v>1 is obvious. From (3.23) it fol-
0

lows that a3 & S9523,13 and by (3. 22), we obtain that the principal contribu-
tion to &} is given by
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+@/ A_(x"Bi+2x" ac 9By 1

9B,
o

Taking into account (3.17), we conclude that the principal part of % is
given by

+——7<,—@f§ A_(x"Bi+22225y ¢z,

oA,
ER —5)dz

9A,
o

A ("4 a2
+é:§—@—fcmA_(;¢"Ai+2x 94y i
From the identity

[T Ay 4pYyde= [T Y - ALY dE= A Y - ALY g
we obain that the principal contribution to &% is given by

“i; [A yAi+A_y' A, —xA.A |5+

_[A+X,A+‘|‘A+XA —xA. A+]§"—_[7C'}’] =1-x)A.

and therefore
(324) aOi<t’ X, g) - (1_x<C<t’ X, §>>Ai<c<t) X, 5))652_/%/,3/3,1/3
Since p—£&S%723 we conclude that

3.25)  ai(t, x, ) —A—x(t x DA %, £))E SRk

4. Construction of the microlocal parametrix

We define the operators

i16(t,%,8)— 0(0y6)+—P(txe)2’3]x<p(t X, €>>k+(t x &)
+ffe A p05 &) ) H e
Clearly E.(0) is a pseudodifferential operator and (microlocally) PE,=0.

From (3.17) and (3. 25) it follows that the principal contribution to E,(¢)
is given by

# — 100t x,6)-00,5,01_A (P (%, £))
EL() f ()= [[ etoemo-sara Eo bbbt iory) dy dg
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and the matrix

[ (O M) ]
DEY0) DEZ0)

is microlocally invertible. A detailed calculation in a similar case is given
for example in [6].
We can write, for p>0, A.(p)=¢*2#**3 F, (p), where u(p)=0 for

p=<l, u(p)=1, for p=>2 and F.(p)EC=[0, ], F.(p)~p~* 30‘:’ cxp~¥R,

So, we obtain

HOBIO / f eVt X 0N (L x y, EVF(y) dy dE

where

\Ifi(t) X, Y, é-):e(t) X, 5>—0<01 X, g)
+C/Dulp(t x, E)p(t x, E)*PF2/3Du(p0, %, £))p 0, x, &)

and /. is a pseudo-differential symbol of order 0. Then, we can describe the

wave front set of E1(¢)f, for fixed ¢ >0, by following MELROSE [4]. We
denote by y.(Z ¥, ), the null-bicharacteristics of 7+ (¢+B(x, &))V*C (¢, «,
&)'? passing through (v, ). Therefore we have that, for fixed ¢>0,

WFEL () f ={v:(t 5, )|, n) & WES}.
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