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Transitive Lie algebras admitting differential systems

By Tohru MorIMOTO
(Received December 9, 1986)

Introduction.

In this paper we define the transitive filtered Lie algebras of depth ¢ and
prove the structure theorems on these Lie algebras.

According to Guillemin-Sternberg [2], a Lie algebra L is called a transi-
tive Lie algebra if it possesses a filtration {L’},cz satisfying: 0) L=L"!
i) LPDLP* i) [L*?, LY|CL?*? iii) dim L?/LP*'<co, iv) sz L?=0,

v) LPr={xeL?|[x, L*]CL?*** for all a<0} for p=0. As well-known,
to a transitive Lie pseudo-group corresponds a transitive Lie algebra as its
formal algebra and algebraic theories of transitive Lie algebras have been
adequately developed by many authors, in particular by Guillemin-Sternberg
and Singer-Sternberg [11].

On the other hand if a transitive Lie pseudo-group acting on a manifold
M admits Q. e., leaves invariant) a sequence {D”},<o of differential systems
(i. e., subbundles of the tangent bundle 7M of M) such that 0) TM=D*
for an integer x#=1, i) D*D D* i) [2? 29)C 9?7 where 9°*
denotes the sheaf of the local sections of D?, then the transitive Lie algebra
L corresponding to this pseudo-group admits in a natural way another
filtration {L?} more refined than the usual one (See §1). This new filtra-
tion starts with L™ instead of L™:

L=L*>---DL'D['D...

and satisfies the same conditions i), ii)::, v) as mentioned above. A
Lie algebra endowed with such a filtration will be called a transitive filtered
Lie algebra of depth x. If x=1 the filtration reduces to a usual one. The
contact Lie algebra C(x) (See §5) is a typical example of transitive Lie
algebras possessing transitive filtrations of depth 2. This filtration has
already played an important role in the classification of the infinite primitive
Lie algebras ([6]). Moreover there appear many examples of transitive
filtered Lie algebras of depth greater than 1 in geometry of differential
systems (cf. Tanaka [12], [14]D and in higher order contact geometry (cf.
Yamaguchi [15], [16].
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This leads us to the general study of transitive filtered Lie algebras of
depth z. Our results will show that the structure theorems on transitive
filtered Lie algebras established in the case =1 (such as in Guillemin-
Sternberg [2], Singer-Sternberg [11], Rim [10], Hayashi [3] can be gener-
alized quite naturally to the case of arbitrary p#=1.

Recall that in the case =1 the algebraic theory of Guillemin-Sternberg
and others is buit on three pillars: First the notion of prolongation concern-
ing the associated graded Lie algebras, second the Spencer cohomology
group attached to the graded Lie algebra, especially its finiteness . e., finite
dimensionality), and third the notion of truncated structures of filtered Lie
algebras.

Now in the case ¢=1, the theory can be developed in the parallel way.
Let L=(L,{L"}) be a transitive filtered Lie algebra of depth x. Then the
associated graded Lie algebra gr sz@ grp L belongs to those Lie algebras

that are called graded Lie algebras of the x-th kind and studied by Tanaka
in geometry of differential systems. Thus the notion of prolongation to
these Lie algebras is already familiar (See [12], [13]). Moreover the Spen-
cer cohomology group is generalized as the cohomology group H(gr -L,
gr L) associated with the adjoint representation on gr L of the nilpotent Lie
algebra gr-L= p(-f(}ogrp L, which is, by means of the gradation of gr L, end-

owed with a natural bigradation: H(gr-L,gr L)= Q—)ZHf’, where H? is the

pre

cohomology group at Hom (A? gr_L, gr L), (the subspace of Hom (A? gr-L,
gr L) consisting of all elements of degree ») (See §2). This cohomology
group was first introduced by Tanaka with the following bigradation :
H=®H*? where H**=H?,»-1. Note that if £=1 then gr_L is abelian
and H®? is just the Spencer cohomology group at (s, p).

Our starting-point is the finiteness of this generalized Spencer co-
homology group:

TureorReM 1.  Let L be a transitive filteved Lie algebra of depth p, then
H(gr_L,gr L)=0 for sufficiently large r. In other words, there exists an
integer k such that H>*(gr_L,gr L)=0 for all p if s=Fk.

The proof is based on the fact that the universal enveloping algebra of
a finite dimensional Lie algebra is noetherian and will be given in section 2.

Now our main results may be stated as follows: For a transitive filtered
Lie algebra L, let k be the smallest non-negative integer such that

HXgr_L,gr L)=HXgr_L,gr L)=HZ(gr_L, gr L)=0
for »>ko+1, s=>Max{ko, 1}+1 and call the integer ko the structural order of
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L. Then we have

THueOREM II. A tramsitive filtered Lie algebra L of depth p can be
completely determined, up to isomorphism, by its truncated Lie algebra
Trune. L of order k if k is greater than ov equal to the structuval order of L.

The truncated Lie algebra Trun. L is, roughly speaking, obtained from
L by forgetting the structures of L of order higher than .. Thus
I and II reduce the equivalence problem of (in general) infinite dimensional
objects to that of finite dimensional ones.

To make precise the statement of II, we must define the trun-
cated (transitive filtered) Lie algebras. The precise definition will be given
in section 3 (Definition 3.2). This notion is closely related to the structure
functions occurring in prolongation schemes of geometric structures. Our
formulation of the truncated Lie algebras is better adapted to our prolonga-
tion scheme developed in and rather than that of Singer-Sternberg
, therefore even in the case ¢=1 itis somewhat different from the formu-
lation of Guillemin-Sternberg [2]. (See Remarks 3.1, 3.2)

In section 3 we shall then investigate how a truncated Lie algebra of
order % can be constructed from that of order £#—1 (Proposition 3.1 and
[Proposition 3.2) and obtain a criterion for two truncated Lie algebras of
order k to be isomorphic (Theorem 3. 1D.

In secction 4, as immediate cosequences of [Proposition 3. 1l and Proposi-
tion 3.2, we obtain our main results (Existence [Theorem 4.1, Embedding
Theorem 4. 2, [Theorem 4.3) which give the precise meaning to the above
II and clarify the structure of a transitive filtered Lie algebra of
depth #. In particular it gives us the information how to construct transitive
filtered Lie algebras starting from a graded Lie algebra. As a byproduct we
also obtain some sufficient conditions for a transitive filtered Lie algebra to
be graded (Proposition 4.1) generalizing the result of Kobayashi-Nagano
[4] |

Once the notion of truncated Lie algebra is well settled, the proofs of
Theorems 4.1, 4.2, 4.3 (or rather those of [Proposition 3. 1 and [Proposition|
3.2) are somewhat routine. The most cumbersome part would be to verify
some cohomological identities (cocycle conditions), which however
becomes much simplified and transparent, thanks to the elegant technique of
Rim [10], by employing the calculus of skew-graded Lie algebras or super
Lie algebras.

Since the contact Lie algebra C(m, % ; v) of order v with m unknown
funcitons and # independent variables is a fundamental example of transitive
filtered Lie algebras of depth v+1, in the last section 5 we shall calculate the
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cohomology group H(gr-C(m, n;v), gr C(m, n;v)). The results of the
computation, combined with the above theorems, give cohomological inter-
pretation of geometric properties of the higher order contact Lie algebras.

A geometric counterpart of the present algebraic study will be found in
the forthcoming paper [9], in which we shall develop a prolongation scheme
for those geometric structures that have defferential systems as underlying
structures.

§ 1. Transitive filtered Lie algebras of depth .

We begin by defining the transitive filtered Lie algebras of depth # which
are the central object of the present study.

Let Z denote the set of integers. Let L be a Lie algebra over a field F
of characteristic 0. Let ¢ be a non-negative integer. A transitive filtration
of L of depth u is a sequence {L?},cz of subspaces of L satisfying the
following conditions :

(F0) L=L7*

(F1) L*PDLPY

(F2) [L?, L]cCLr?*,
(F3) dim L?/L?P*'<oo,
(F4 () LP=0,

PEZ

(F5) LfH'={XeL?|[X, L*]CL****! for all a<0}, for any p=0.

A transitive filteved Lie algebra (abbreviated to TFLA) of depth pis a
pair L=(L,{L*}) consisting of a Lie algebra L and its transitive filtration
{L*} of depth 1.

Morphisms of transitive filtered Lie algebras are defined in the natural
manner ; a homomorphism of a TFLA L=(L,{L?}) into another
L'=(L',{L?}) is a Lie homomorphism f:L— L’ which preserves the filtra-
tions, namely f(L?)CL’® for all p. In particular we call the homomorphism
f an embedding if f induces an isomorphism of L/L® onto L’/L”. Note that
an embedding is necessarily injective by (F4) and (F5).

If L=(L,{L*}) is a TFLA, then L can be endowed with a natural
uniform topology and becomes a topological Lie algebra by assigning {L*}
as a fundamental system of neighbourhoods of the origin. L is called
complete if L is complete with respect to the uniform topology. If we set
L=proj lim L/L* L?=proj lim L?/L* then L=(L,{L*}) is a complete
TFLA called the completion of L and there is a canonical embedding ¢: L-
L.

The definitions being settled, several remarks are in order.
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ReMark 1.1. If Lis a TFLA of depth g, then it is also of depth v for
any integer v=p. We might say that L is properly of depth p if p is the
smallest integer satisfying (F0). But this distinciton will not matter in what
follows.

ReEMARK 1.2. In our terminology, it is the TFLA’s of depth 1 that have
been customarily called transitive (filtered) Lie algebras and studied by

many authors. (cf. [2], [4], [11D

ReEMARK 1.3. The condition (F5) implies that a transitive filtration
{L*},cz is uniquely determined by its lower parts {L?}s<0. More generally,
given a family {L?},<o of subspaces of L which satisfies the conditions (F0)
~(F3) only for p<0. Then, defining L? for >0 inductively by (F5), we
obtain a filtration {L?},cz, which, as easily seen, satisfies all the conditions
of a transitive filtration except (F4) ; in general the ideal szLp does not

vanish.

Remark 1.4. If (L,{L?}) is a TFLA of depth p=1, then L always
aAdmits a transitive Aﬁltration of depth 1. In fact, put L?=L for <0 and
L’=L° and define L? for p>0 by

Lro={xeL*|[x, L']CL?,
then it is easy to verify that
1. LPD[PD L for p=0.
Hence pQZEp =0, so that {L?} is a transitive filtration of depth 1. It follows

also from (1.1) that the topology defined by {L*} coincides with the one
defined by {L?}. Hence L, viewed as a topological Lie algebra, is an
(abstract) transitive Lie algebra in the sense of Guillemin-Sternberg ,
provided that L is complete.

Now we mention briefly the geometric background of transitive filtered
Lie algebras of depth s. (cf. [12], for more details). Let M be a
differentiable manifold and denote TM the tangent bundle of M. A vector
subbundle of TM is called a differential system on M. Now suppose that we
are given a sequence of differential systems {D?},<o satisfying :

0) D*=TM
i) DPDD? ., for p<g<0
i) [2?° 9)Co for p, ¢<0,

where 2* denotes the sheaf of sections of D?.
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Let < be a Lie algebra subsheaf of 7 M (the Lie algebra sheaf of the
sections of TM) and suppose that .# leaves invariant {D?}, namely,

|7, 9*]Co? for all p<0.

Then for each stalk Z(xEM) we can introduce the natural filtration
{£% ez by defiining

={[X].€Zx| XxE D2} for p<0
ZA={[X]xE Zx| Xx=0)
Z%:by (F5) for p>0

where for a vector field X we have denoted by [X]x the germ of X at x and
by Xx the value (. e., the tangent vector) of X at x. Then one can verify
without difficulty

[#% FilCcohte for p, ¢<0.

From this and Remark 1.3 follows that the filtration {£%},cz satisfies the
conditions of transitive filtration except (F4). If we pass to the projective
limit by setting L(x)=proj lim &./<% L?(x)=proj lim <%/<% we obtain
a Lie algebra L(x) and its filtration {L?(x)},ez. It is now straightforward :

PROPOSITION 1.1. Let {D*} and < be as above, then the pair
L(x)=(L(x), {L?(x)}) is a complete transitive filtered Lie algebra of depth p.

L(x) is called the formal algebra of & at x. It should be remarked that
if & is transitive at x (i.e., the evaluation map Zx3[X]x~ XxE€ T:M is
surjective) then the formal algebra L(x) inherits all the algebraic informa-
tion of Zx, in the sense that the kernel of the natural projection &~ L(x)
consists of null vector fields X (. e., in local coordinates the Tayler expan-
sions at x of the coefficients of X vanish identically). This follows easily

from (1.1).
§ 2. Transitive graded Lie algebras and their cohomology groups.

In this section we consider the graded Lie algebra associated with a
transitive filtered Lie algebra and study its cohomology group.

2.1. Let L=(L,{L?}) be a TFLA of depth x. Let gr L=p(—EBZgrp L be

its associated graded Lie algebra, where grp, L=L?/L?*! and the bracket
operation of gr L is defined in the obvious manner. Then gr L is a transitive
graded Lie algebra of depth # is the following sense :

DEeFINITION 2.1. A graded Lie algebra g= @Z gp is called a transitive
pE
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graded Lie algebra (TGLA) of depth g if it satisfies the following condi-
tions :

(G1) g,=0 for p<—p,
(GZ) dim gp <00
(G3) For =0, x:€g;, if [x:8-]=0 then x;=0,

where we set: g-= @D gp.
<0

ReMagrk 2.1. TGLA’s of depth ¢ are alternatively called graded Lie

algebras of the y-th kind and studied by Tanaka 121, [13], [14D, espe-
cially with the additional condition that g- is generated by g-i.

Let us now recall the notion of prolongation concerning a TGLA of depth
i, due to Guillemin-Sternberg and Singer-Sternberg for £=1 and
Tanaka (loc cit) for arbitrary p=>1.

For this purpose we begin with the following :

DEFINITION 2.2. Let % be an integer or co. A truncated graded Lie
algebra of order k£ is a graded vector space g(k)=€s9kgp equipped with a
b

bracket operation (skew-symmetric bilinear map)
[, ]:8sX8a—8p+q

defined partially for p, q, p+q<k, satisfying the partial Jacobi identity :
&llx», 2], 2-]1=0

for x,Sap, V4E4aq, 2rEgr, Whenever p, q, 7, p+q,qtr, r+p, ptag+r=<k,
where & denotes the cyclic sum in xp, Vg, 2r.

If moreover the conditions (G1) (G2) (G3) of Definition 2.1 are
satisfied, g(%) is called a truncated transitive graded Lie algebra (truncated
TGLA) of order £ of depth p.

Note that a truncated TGLA of order oo is just a TGLA. If g(k)= pEBe ap

is a truncated TGLA of order %, then for each integer /<k, p@ g» becomes a

truncated TGLA of order / with respect to the induced bracket operation,
which we will denote by Trun; g(#). Morphisms of truncated TFLA’s can be
defined in the natural manner. In particular, a homomorphism ¢ :§(%)-
q(®) will be called an embedding if ¢ induces an isomorphism of §-= p@obp

onto g-= g—_?ogp. Note that an embedding is necessarily injective by (G3).

Now let us define the prolongation of a truncated TGLA g(k)= p@e gp of
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order k>—1. Put g_-= i@ogp, we define Der:+1g(k) to be the vector space
consisting of all e€Hom(g, g(£)) such that

a(8p) C8p+at1 (p<0)
2.1 {a([x, yD=la(x), v]+Ix, a(»)], x, vEg-,

and we set

p o(k)=g(k) @ Dersia(k).

It is then easy to see that there exists a unique bracket operation on p g(&)
which makes pg(%k) into a truncated TGLA of order £+1 such that
Trunk(p 9(k))=g(k) and [a, x]=a(x) for aEDerrs1g(k), xEg-.

By iterating this construction, we obtain a truncated TGLA of order
k+i, p'a(k)(=p(p''a(k))), and a TGLA p=g(%)(=ind lim p‘g(k)), which are
characterized by the following universal properties :

PrOPOSITION 2.1.  For a truncated TGLA o(k) of order k=—1, there
exists, uniquely up to isomorphism, a truncated TGLA p'oa(k) of order k+i
(0<i<o0), which satisfies the following conditions :

i) Trune(p’s(k))=g(k)

i) If W(k+i) is a truncated TGLA of ovder k+i and if there is an
embedding ¢r: Trune Y(k+1)—>g9(k), then there exists a unique embedding
Grri Bk +7)—>p'a(k) such that ¢usiltrunescesrin= .

The proof is straightforward from the above construction.

The truncated TGLA p‘g(k) is called the prolongation of g(k). p g(k)
will be often denoted by Prol g(k). We say also that a TGLA g is the
prolongation of Trune g if g=Prol Trun. g. Note that, by the above proposi-
tion g can be always identified with a graded subalgebra of Prol Trun. g.

2.2. Now we proceed to the study of the cohomology group of a TGLA
g=@Dgp. We set :
EZ
m=g-= Dagp,

which is a nilpotent subalgebra of g, and consider the cohomology group
associated with the adjoint representation of m on g, namely the cohomology
group H(m, g)=@H?(m, g) of the cochain complex (C(m, g)=BC?(m, g), ),
where

C*?(m, g)=Hom(A’m, g)

and the coboundary operator d: Hom(A?m, g)» Hom(A?*'m, g) is defined by
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n+1 . -
(2.2) (aa))(Xl, Xz,“‘, Xp+1)= E(—I)Z_I[Xi, CU(XI,"‘, Xi,"', Xp+1)]
+ 2 (DM X X5, X, X, X, Xonr)

1<i<j<p+1

for w€Hom(Am, g), X, Xz, -, Xp+1Em.

Since both m and g are graded, we can define a bigradation @H£(m, g)
of H(m,g) as follows: Denote by Hom(A?m, g)- the set of all homogeneous
p-cochains w of degree » (i.e., @(ga: A" AGap)CBar+-rap+r fOr any ai, -, ap
<0), and set

C,(m, g)=Hom(Am, g)r=€? Hom(A’m, g)-

Note that d preserves the degree. Hence C-(m,g) is a subcomplex and the
direct sum decomposition

C(m, 9)=®Cr(m, g)
yields that of the cohomology group:
H(m, g)=®H,(m, g)=@H!(m, g).

This cohomology group H(m,g) was introduced by Tanaka with
another gradation :

H>?(m, g)=HE p—1(m, g).

It should be remarked that if u(the depth of g)=1 then m is abelian and
H*?(m, g) is known as the Spencer cohomology group. Thus the following
theorem is a generalization of the result known in the case ©#=1 to the case

of arbitrary « (cf. [2], [11].

THEOREM 2.1. Let g be a TGLA of depth p. Then theve exists an
integer vo such that H,(m, g)=0, for all r=r.

The proof of the theorem is based on the fact that the universal envelop-
ing algebra U(l) of a finite dimensional Lie algebra [ is noetheian (See for
example Dixmier pp. 76). We shall give the proof by dividing it into
several steps.

1) First of all we introduce for X&m the operators

#(X), 6(X): C(m,g)-C(m,g)
by defining, for wE€C?(m,g), Xi,":*, XpEm,

2.3 (X)) X, -, Xp-)=w(X, X3, Xp-1)
(2.4) (O(X)w)( Xy, -+, Xp)=[X, o(X, -+, Xp)]

b
_Ew(XI’ Y [X7 Xi]y Y XP)
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Then we have the following standard formulae :

(2.5) (X)=1i(X)-9+9-i(X).
(2.6)  9-0(x)=6(X)-o0.
2.1 (X, YD=0(X)-6(Y)—6(Y)-6(X), for X, YEm.

Note that C(m, g) has a left U(m)-module structure by the representation 4.
2) Passage to the dual. Let g*ZpC-EBZ a3 be the dual of g=p§—)z a», which

is a right U(m)-module by the coadjoint reperesentation of m. Identifying
Am®g* with the dual of C(m, g)=Hom(Am, g), we obtain the chain comlex
(Am®g*, 0*) and the associated homology group denoted by H*(m,g),
where the boundary operater (the dual of 9)

0* : APm®ga* - AP 'm@Qg*
can be written explicitly as: for X;€Em, a<Sg*,
(2.29)  HXAAXQa)=Z(—1)T XN AKNA A XpQaX;
+§j(—1)l’+f[X,-, XINXIN - AXiNAXGA N Xp®a.
Put (Am®g*),=2(A'ga,) A+-- A(AP%0,)Rg¥, where the sum is taken over all
t =0, p:=0, a;<0 and ¢&~Z such that q—iZ‘,;piai=r. Since 0* preserve

the degree, we have the direct sum decomposition of the complex Am®ag*
into subcomplexes :

Am@g*=B(Am&g*).
which yields the decomposition of the homology group :
H*(m, g)=@HH(m, g).

Since (Am®g*), can be identified with the dual of C-(m,g), H¥(m,g) is
isomorphic to the dual space of H,(m,g).
Observe also that the duals of 7(X) and (X):

*(X), 0(X)* : Am®g* > AmQg*
are given by : for X;€Em, a<g¥,

(2.3 (XN XAAXpQRa)=XAXiNA A XpRa.
(24*> 0*(X)(X1/\"‘AXp@&'):Xl/\"'/\Xp®a’X

p
—ingl/\---/\[X, XA AX,Ra.

Clearly we have
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(2.5%)  0X(X)=d* *(X)+i(X)*.o*
(2.6*) 0% X)-0*=0*-0%(X)
2.7%)  6*(X, Y]D=—0*X)-0*(Y)+6*(Y): 0% X), for X, Y €m.

Note that Am®g* has a right U(m)-module structure by the (anti-)represen-
tation &%

3) Lemma 2.1. AmQ®g* is finitely generated as a right U (m) -module.

Proor. First we observe that g* is finitely generated as a right
U(m)-module. In fact, the map

g~ Hom(m, gp-u®*-Pgp-1)
is injective for p=0 by (G3), therefore the dual map
(83-1D- - Dof-1)®m— g}

is surjective. Noting that this map is just the multiplication of m by the
right, we see

a*=(De¥) Ulm).

From this follows the first assertion.
In order to see Am®g* is finitely generated, we put

(Am)’=3(AP'ga ) A+ A(APq,),

t
where the sum runs over all £=>0, »,>0, a:<0 such that —leiaizj. By

the formula (2.4*) for 6*(X), it follows that (Am)yY®g* is a U(m)-
submodule and that the action of 6*(X) on the quotient module
((Amy®g*)/((Am)’*'®g*) is exactly the multiplication by X by the right.
Hence this quotient module is finitely generated, therefore so is Am&®g*
because (Am)°=Am and (Am)’=0 for large J.

4) Now we can finish the proof of the theorem: Let Z* be the cycles of
Am®g*. Since 0*(X)-0*=0*-0%(X), Z* is a right U(m)-submodule of
Am®g*. As U(m) is noetherian and Am®g* is finitely generated by
Lemma 2.1, Z* is also finitely generated. Hence there exists an integer 7o
such that Z* is generated as a right U(m)-module by @ Z* where Z*

t<r
denotes the cycles of degree . Observe now that if € is a cycle then 6*(X)é&
is a boundary because of the Stokes’ fromula (2.5*). It then follows that
H¥(m, g)=0 for »>7. Hence H,(m, g)=0 for » >, which proves the the-
orem.
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COROLLARY 2.1. Let g be a TGLA, then there exists an integer k=0
such that g is the prolongation of Trune-ig.

In fact, according to the definition of the cohomology group H(m,g), we
see that for £=0

Hé(m, g)=Derk(Trunk-1 Q)/gk-

Hence Trun:g is the prolongation of Trung-ig if and only if
Hi(m, g)=0. Therefore the corollary follows from [Theorem 2. 1.

§ 3. Truncated transitive filtered Lie algebras.

In this section we define the truncated transitive filtered Lie algebras and
study the structures of these algebras.

3.1. Let A be a vector space. For @, B€Hom(A%A, A) define a°BE
Hom(A%A, A) by

(@°B)(x, y,2)=6 a(B(x, y), 2),
where © denotes the cyclic sum in x, y, 2€ A. Define then a quadratic map
J : Hom(A%A, A)-»Hom(A3A, A).

by J(y)=7ycy for yEHom(A%A, A). Note that to define a Lie algebra struc-
ture on A is to pick out a yEHom(A%A, A) satisfying J(y)=0.

Now suppose that A is endowed with a descending filtration {#1%},cz,
that is, a sequence of subspaces of A such that A*DA?*'. Then it induces
on Hom(A "A, A) a natural filtration {Hom(A "A, A)*},cz, where
Hom(A"A, A)* consists of all a=Hom(A”A, A) satisfying a(AP*A-- A AP7)
C AP +Pr*2 for any (py, -, pr)EZ".

Let us define on Hom(A”A, A)° another filtration {/*Hom(A”A, A)%}.cz
which will play an important role in the sequel. We set, for &, p1,*, prEZ,

B.D  lk; e, br)
=Min{k, k—pu——ps 1< <--<i<y, 1<[<7)}

We then define 7*Hom(A”A, A)° to be the subspace of Hom(A"A4, A)° con-
sisting of all @€Hom(A"A, A)° such that

a(Apl/\ vee /\Apr)CAp‘+"'+Pr+T(k;171---1),)

for any (py, -, pr)EZ". It is easy to check that if a—BEI*Hom(A%A, A)°
for @, B€Hom(A%A, A)" then J(a)—J(B)EI*Hom(A%A, A). Therefore if
we put



Transitive Lie algebras admitting differential systems 57

[Hom(A"A, A))*=Hom(A"A, A)°/I*"'"Hom(A"(A4, A)",
we have the induced map
J :[Hom(A%A, A)']*->[Hom(A%A, A)°)*

defined by J[el)*=[J(a)]* for a= Hom(A%A, A)°, where [B]* denotes the
equivalence class of S€Hom(A’A, A)° modulo I*"'Hom(A"A, A)°.

DErFINITION 3.1. A truncated filtered Lie algebra of order £ (0</k<o0)
is a vecter space A endowed with a descending filtration {A*},cz and a
“truncated bracket” [y]*&[Hom(A2A, A)"]* satisfying the following condi-
tions :

D A*1=0
2) J([7])=0 (truncated Jacobi identity).

Note that if A(k)=(A, {A*}, [r]*) is a truncated filtered Lie algebra then
gr A has the induced structure of a truncated graded Lie algebra, which will
be denoted by gr A(k).

DEFINITION 3.2. A truncated filtered Lie algebra A(%) is called a trun-
cated transitive filtered Lie algebra (truncated TFLA) if gr A(k) is transi-
tive.

Note that a truncated TFLA of order oo is just a TFLA.

Let A(B)=(A, {A?},[r]*) be a truncated TFLA of order £ (0<k<c0).
For an integer / (0</<k) we set A(/)=A/A"" and define on it a filtration
{A(D)*} by A(1)P»=AP/APNA'". If we identify A(/) with a subspace W of
A complementary to A*! and define yw<EHom(A2A(7), A(1))° by

yw(x, v)=W —component of y(x, y) for x, ye W,

where 7 is a representative of [7]%, then [yw]‘€[Hom(A2A(/), A(7))°)* does
not depend on the choice of W and 7, and satisfies J([7w])=0. Thus
(A1), {A(D)?}, [7w]") becomes a truncated TFLA of order /, which will be
denoted by Trun; A(k).

Morphisms of truncated TFLA’s can be defined in the natural manner.
Let A(R)=(A, {A?},[r]*), B(k)=(B, {B?"},[6]*) be truncated TFLA’s of
order k. A filtration preserving linear map ¢ : A- B is called a homomor-
phism of A(k) to B(k) if

¢(7[xp, yp])53(¢(xp)’ <,/)(yq)) mod B?tattktlipg)

for xp€A?, yo= A Note that this condition does not depend on the choice
of representatives 7, 8. Two homomorphisms ¢, ¢’ of A(k) to B(k) are
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said to be congruent (denoted as ¢=¢”) if
d(xp)=¢'(xp) (mod B?H**+1:i9) for any x,E A?.

If ¢:A(k)- B(k) is a homomorphism then it induces for each 0</<% a
homomorphis: Trun; A(k)- Trun; B(k) denoted by Trun;¢ and also a
homomorphism gr A(k)— gr B(k) denoted by gr ¢. A homomorphism ¢ :
A(k)—- B(k) is called an embedding if gr ¢ is an embedding.

3.2. For a truncated TFLA A(k), the cohomology group
H2((Prol gr A(k))-, Prol gr A(k)) associated to the TGLA Prol gr A(k) will
be simply denoted by H¥(gr A(k)). Our main goal of this section is to prove
the following propositions :

ProrosITION 3.1  Let A(k) be a truncated TFLA of order k(0<k<0)
satisfying :

{Hlf-i-l(gr A(k)):O’
Hi(gr A(k))=0 Gf £>1).

Then there exists a truncated TFLA A(k+1) of order k+1 such that
TrunzA(k+1)=A(k) and that gr A(k+1) is the prolongation of gr A(k).

ProrosITION 3.2. Let A(k+1), B(k+1) be truncated TFLA’s of
order k+1 (E=0) and assume that

Hi(gr B(k+1))=H?.(gr B(k+1))=0.

If there is an embedding ¢r: Trun.A(k+1)-> Trun.B(k+1) then there exists
an embedding ¢r+1: A(k+1)-> B(k+1) such that Trunydrii= ¢s.

Before entering into the proof of the above propositions, we shall first
recall, following Rim [10], several formulae in skewgraded Lie algebras,
and then we shall prepare a lemma for the proof of Proposition 3. 1.

Let V be a vector space. For f™Hom(A™'V, V) and f™e
Hom(A™'V, V), define f™f™cHom(A™""'V, V) by the following rule :

f(n)of(m)(xl,'”, xm+n+1)

=216ign(0) f ("™ (X Xom+1), Xom+2)'** Xa(m+n+1))

where ¢ runs through all permutations of (1,2,-::, m+#n+1) such that
0(1)<--<o(m+1) and o(m+2)<:-<o(m+n+1). Then we put

[f(”), f(”')]=f(")°f(m)—(—1)"mf(m)°f(”).

By this bracket Hom(AV, V)=@ Hom(A"V, V) becomes a skew-graded
Lie algebras; we have
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3.2 " fml==(=0lm, ]
3.3 (=D™ILF™, £, 21+ (=D)L, 12, )
+(_1)Pn[[f(1>), f(m)]’ f(n)]z().

If V is endowed with a Lie algebra structure by y&Hom(A?V, V), the
coboundary operator d: Hom(A""'V, V)->Hom(A""?V, V) can be written
as,

3.9 of M=(—=1)"y, f™], for f"Hom(A"V, V).
As to the contraction i(x) by x€V, we have

G [JOUS )= £
B LG, 7= D@, A1, i)™

In what follows we will often use the following notation: For graded
vector spaces V=@V, W=®W,, Hom(A™V, W), will denote the set of
all e;.€Hom(A™V, W) such that, for any pi,:*, pn<EZ,

a’z( Vp; JASRARAN me)C WP1+---+Pm+l-

For e€Hom(A™V, W), we will denote by a: the Hom(A™V, W),-component
of @ and write formally as a=%“zm.

Now let A(k)=(A, {A?},[r]*) be a truncated TFLA of order .. Let us
study its structure a little more closely. We write a= @Z ap=Prol gr A(k).
e

By choosing a direct sum decomposition A= p@k A, such that Af=i§p9$ kAp,
we identify a, with A,, thus A:p@e ap. Let y be a representative of [7]*
and consider it as an element of Hom(A%a, a)’. Write

4 =1§07’z, with y,£Hom(A%, a)..
We may assume that 7, coincides with the bracket of a. The components of
y which are effectively determined by [y]* are the following :
(3.6)  ydxp, ¥a), for xpEap, y4Eaq, I<t(k;p, q).

The truncated Jacobi identity may be written as

3.7 (rer)dxs, va, 27)=0  for xp€ap, ¥4€aq, 2-Sar, I<t(k; D, q, 7).
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More explicitly it may be expressed as

i) lr’r‘f()"’)’)zzo

(I<k)
(3.8) i) Xi(x:)(yey)i=0 (I<k—9)
' i) exi(x)i(w;)(yer)i=0 (I<k—i—j)
iv)

(7o) xs, vi, 2m)=0 (I<k—i—j—m)

for any x.€a;, v;€q;, 2n<am, 1, j, m=0, where we put m (—Dap and denote
by ¢ ¥ the canonical restriction map: Hom(Aaq, a)*Hom(Am a) and denote
by i(x) the contraction by xEa

LemMMA 4.1. Let the notation be as above and denote by 0 the coboun
dary operator of Hom(Am, a), then we have

i) dk(yoy)rn=0

If moreover (X(y°y)rs1=0, then for x;€a; (0<i<k+1),

11 ) ac:i(xi)(7’°7’)k+1—i:0

Proor. Weset; J,=

(7°7).. Denoting by 9. the coboundary operator
of Hom(Aq, a), and using the notation of skew-graded Lie algebras, we
have :

Ji= 2 7so7:
s+t=1
s, t=20

™M

=lr0, 745 2 [7, 7]

0

"]

+

s

~
1

@
~
v

__ 1
==dayit5 2 [75 7).
S,t>0
Then we have:
atm]k+1 lma fk+1

=7t$0 Zk [7s, 7]

¢,,+

1

—4 %

2 éms+t§k+l[yo, [ysy yt]]
S$,t>0
1

5 zms+§k ADro, 7], vsl+{lro, 75, 7]}

(by skew Jacobi identity (3.3) and (3.2)).
=i 2 e, 7s), 7]

S,t>0
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= % Usrd=—ga_ 3 [l 7l

S+t=k+1 r+s+t=k+1
,t>0 r,8,t>0
=¢¥ L2 1[]s, v:] (by skew Jacobi identity).
s+i=k+
$,t>0

But on account of the hypothesis ¢5/,=0 (I <k) and ¢¥i(x:)]:=0 (I<k—1—1),
we see that

X Ts, 7:]=0 if s+t=k+1, s, t>0.

In fact, for a, b, ¢, d<0, [Js, 7:1(xa, Vs, 2c, wa) is a sum of the following kind
of terms:

re(Js(xa, ¥o, 2¢c), wa) and Js(re(xa, ¥s), 2, Wa).

Since s<k, from ¢*J,=0 (I<k) it follows that Js(xa, ¥s, 2c)=0 and that
Js(re(xa,vs), 2e, wa)=0 if t+a+b<0. If t+a+b=0, it follows from
(¥i(x) ] =0 (I<k—1—1) that Js(y:«(xq, ¥s), 2c, wa)=0 because
k—1—(a+b+t)=s—2—(a+b)=s. Hence ¢X[Js, 7:]=0, which proves
84$]k+1=0.

Next we have

aé:\l:i(xi)]k-#l—i
:5:aai(xi)]k+l—i
=¥(0(x;)—i(x:)0.)Jr+1-: (by Stokes’ formula (2.5))

:l:ﬁe(xi)]k+l—i__%’cﬁi(xi) > ,[7’0, [7’3, 7t]]

S+t=k+1-1
§,t>0

ZL:Q(xz')]kH—i_lnfl'(xi) 2 []s, 7’t]-

S+t=k+1-17
s,t>0

By a similar arguement as above, we see that the last terms vanish because
of the Hypothesis Ji(xp, ¥q, 2/)=0 (/<7z(k;p, q, 7)) and ¢XJx+1=0, which
proves ii).

3.3. Proof of Proposition 3.1. Let A(k)=(A, {A?},[r]*) be a trun-
cated TFLA of order k satisfying the assumption of the proposition.
Keeping the same notation as before we denote by a= @Z ap the prolongation

=

of gr A(k), and identify A with (—2 ap. We take a representative 7=§0}’z of
b

[7]* as an element of Hom(A%q, a)° so that 7 coincides with the bracket of

a. To prove the proposition, we will define on @ O a truncated TFLA
p<k+

A(k+1) of order £+1 satisfying the assertion of the proposition. In order
that, it suffices to show that there exists 7 =§0 7. £Hom(A%q, a)® satisfying
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the following conditions :

i) %e=7y0=the bracket of a.
(3.9 i) 7dxp, ¥o)=7xp, ¥a) for I<z(k; p, q)
i) (7°7)dxp, va, 2r)=0 for I<z(k+1;p,q,7)

From i) and ii), we may express 7 as

(3.10) y=y+&+ 2 5+ X &y, with £EEHom(A m, a)es1,
A

n:< Hom(a,', Hom(m, O)k+1), &ie HOl’n(Cli/\Clj, Clk+1).

Now we are going to determine &, 7;, &; so as to satisfy (3.9)iii).
Since it is obviously satisfied for /<z(k+1;p, q, »), we have only to exam-
ine the case /=1(k+1;p, q, r), that is, the following conditions must be
satisfied :

1 ) tﬁ( 77° ?)k+1=0

(3.11) i) Xi(x) (7o 7)rs1-:=0 (0<i<k+1)
‘ i) ani(x)i(V)(7° 7)as1-i-;=0 (4,720, i+j<k+1)
iv) (7o P )ur1-i—s-m(xs, ¥5, 2m)=0 (i, 7, m=0, i+j+m<k+1)

Note that since %, is the bracket of a the above conditions i), iii), or iv)
are satisfied if i1=k+1, i+7j=k+1, or :+j+m=Fk+1 respectively.

To check the above condition i), we note that, taking account of (3.
10), we have:

(3.12) 6::(5’\" 7)k+1:—35+6$(7’°7)k+1.

But by Lemma 3.1 ¢¥(y°7)x+1 is a cocycle (incase £=0 ¢f(yoy)i(=—0dc*7)
is a fortiori a coboundary). Hence our hypothesis H32::1(a)=0 (if £=>1)
allows us to find £ so as to satisfy (3.11) 1 ).

Now choose such a € and put 7=y+&. Then, noting that ¢X(7° 7)es1
=0, we have, for x:€a; (0<i<k);

(3.12)  Xi(x:) (7o 7 )rri—i=0nix:)+ ¢Xi(x) (7o 7 )r1-s.
In fact,
hi(x) (707 )as1-i—(7° 7 )as1-1)
=— c,’,'iz'(xi)a( 77k+1-i— 7’k+1-i)

= Cﬁa(xi)( Yhe1-i— 7k+1—z') + atrﬁi(xi)( Y h1—i— 7k+1—z')
:a%’(xi)-

Hence, by lemma 3.1 and our hypothesis H Z,1(a)=0, we can find 7:
(0<7<k) so as to satisfy (3.11)ii).
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Finally let us define ¢;; by induction on 2Z=:+;. For an integer %£=0),
put

YP=y+&+ 2 5+ 2 &y
0<i<k 7,7<0

i+j<h
and suppose y'* satisfies:
((h(yPoy™),=0 (I<k+1)
hi(x)(yPoy?)=0 (I<k+1—1)

(3.13)

A

tmi(x)i(ys)(y*ey™) =0
(I<k—i—j, or [=k+1—i—j and i+j<h)
(P oy™) (x4, ¥5, 2m)=0 (I<k—i—j—m)

for x:€a;, y;€0q;, 2n€anm, t,7, m=0.
Again similar arguements as in the proofs of (3.12") and of Lemma 3.1
will show that, for i+/7=4#, 7, 7 =0,

eni(x)i(e) (P oy M ) iy
=08 (x5, ¥5)+ X i(x)i(v) (PP r'?) e1-im;

and that dcxi(x:)i(v;)(yPey™)ps1-i—;=0.  Therefore, noting that H},:(a)
=0 since a is the prolongation of (—Bkap, we can determine &; (i+7=h,
p<

7, 7=0) so that we have
tmi(x:) i(x)(y* Doy ) =()

for /=k+1—i—j, i+7<h+1, which completes the induction.

Thus we have shown that we can find 7 satisfying i), ii) and iii) of
(3.11). It remains to check iv). But this is a direct consequence of i),
i), iii). In fact, we see, by repeated application of the truncated Jacobi
dientity (.e., 1), ii), iii)), that

7((77)(xs, ¥5, 2m), va)=0 (mod ) D )

=>k+2

for i+j+m=<k, 1,7, m=0, a<0, which, by virtue of (G3), implies iv).
Thus we have completed the proof of Proposition 3. 1.

3.4. Proof of [Proposition 3.2 Write Trun. A(k+1)=A(k),
Trun, B(k+1)=B(k). For a given embedding ¢.: A(k)- B(k), take any
filtration preserving injective linear map @r+1: A(k+1)- B(k+1) such that
Trune ¢r+1=¢n. Our task is to modify it so as to obtain an embedding
re1: A(k+1)-> B(k+1).

Write: Prol gr A(k+1)=a= p(;_BZ ap, Prol gr B(k+1)=b= p(E-BZ bp. By
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fixing a direct sum decomposition of A(k+1) compatible with the filtration,
we identify once and for all A(k+1) with , S@+10p. Furthermore, by choos-

ing a direct sum decomposition B(k+1)= S@HBP compatible with the filtra-
b

tion such that ¢r+1(ap)C By for p<k+1, we identify b, with B,. We also
identify A(k+1) with ¢.+1(A(k+1)) via ¢r+1. Thus by these
identifications (depending on ¢x+1), we have
A(k‘*’l): (“D Qp, B(k+1)= (‘B [’)p,
(3.14> { p<k+1 p<k+1
ap=Dbp (p<0), apCbp (0.<.p$k+1)

Let 7, & be representatives of the truncated brackets of A(k+1) and
B(k+1) respectively and write (depending on the above identifications) y=
l§07!’ 8=§08,, with y.€Hom(A%q, a);, §;SHom(A%, b)..

Then, since ¢» is a homomorphism and Trung ¢r+1=¢:, we have
(3.15)  7dxp, ¥o)=08xp, ¥o)  if I<z(k+1; D, q),

for xpSap, V¢Saq, D, q<k+1.

Let ¢»+1 be another filtration preserving linear map : A(k+1)- B(k+1)
such that Truns ¢xs1=¢% Then there is a linear map f: A(k+1)- B(k+1)
such that

F(ap) Theths1; 9+ (p<k),
¢’k+1(Xp>EXp +f(9Cp) (mod A(k+1)p+r(k+1;p)+1) for Xp S ap.

If we define KEHom(A*A(k+1), B(k+1)) by

K(x, v)=dun(r(x, ¥))— 8(drsi(x), Prrr(v)),

then K(xp, vo)€ B(k+1)**lir0+2%¢ for any x,€A(k+1)?, vy A(k+1)7.
Therefore ¢.+1 is an embedding if and only if

3.16) |

B.17)  Kiw+1,5 0(xp, ¥a)=0, for xpEap, y4€aq, p, q<k+1.

On the other hand it follows easily from (3.15) and (3.16) that we
have, for p, ¢ <0,

Kek+1:s, q)(xp, yQ) = 7k+1(xt>; yq) - 8k+1(xp, yq)
—{80(xp, F(x4))+ 6o(f(xp), va)— F(7o(x5, ¥a))},

or
Z:Kk+1 = 6::( Ye+1— 5k+1) - aértf’

where m= pe?()apz @Obp and 0 stands for the coboundary operator of
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Hom(Am, b).
Let us show that ¢}(yz+1—0k+1) is a cocycle. In fact, recalling that

(yo7)i=—0uyit+ 20 7so7e,
S+t=1

§,t>0

we have

E(yey)eri=—0cEyrr1+ ok ¥s° Ye.
S-+‘-stt=>ko+l

But ¢¥(y°y)w+1=0, for y defines a truncated Lie algebra of order £+1.
Hence we have

— %
al:7k+1—ém Vs°7t,
S+t=k+1
S,

and the same formula for 6. But it follows from (3.15) that

6:: 2 7’s°7t:L£ 2 0s°0s.
S+t=k+1 S
s,t>0

which implies that 0cX(7e+1— 6r+1)=0.

Hence, on account of our assumption that H?.:(gr B(k+1))=0, there
exists an f.EHom(m, b)r+1 such that 9f-=c¢¥(7e+1— Or+1).

Now put ¢xr1=id+f- and make the identifications (3.14) via @z
instead of @é.+1. Then we have, in addition to (3.15),

(3.18)  7a+1(xp, ¥a) = Or+1(xp, ¥a) for p, ¢<0.

We are again looking for ¢w+1: A(k+1)- B(k+1) that satisfies (3.17) and
that has, in this time, the following form:

(3.19) dre1=1d + f+, with f+EH0m(0SD@kHQp, Be+1).

It then follows from (3.15), (3.18) and (3.19) that (3.17) is already
satisfied for p, ¢<0, while for 0<:<k+1, ¢<0 we have

K k1, q)(xi, Va)
= Yrs1-d(Xs, Vo) = Sur1-i(xs, ¥a) — 7o(f+(x2), ¥a),
or
cii(xi)KkH—i:Lrﬁi(xi)(nﬂ—i_3k+1—i)—af+(x1').
Again let us show that ¢Xi(x:)(7s+1-:— 0r+1-:) is a cocycle : Recall that

0cXi(x)vrer—i=cXi(x) (7o) ns1—i
+ Lnfﬁ(xz') Ye+1-i— ‘:i(x")sﬁg Vs,

S,t>0-
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which, y replaced by 4, also holds. But clearly ¢Xi(x:)(yoy)ps1-:
= (¥1(x:)(6°8)r+1-:=0. Furthermore from (3.15) and (3.18) we see that

5:9(-751')( Ye+1-i— 5k+1—i):0
lrtl(xz) 2 _(7’s°7’t_6s°6t):0.

S+t=k+1-1i
S,t>0

It then follows that 9c¥i(x:)(7x+1-i— Or+1-:)=0. Hence, if Hi(gr B(k+1))

=(, one can find f+€Hom(OS ESDkHap, br+1) so that ¢¥i(x)Krs1-:=0 for x:.€
b

a; (0<7<k+1). Thus we have found ¢»+1 such that
(3.20)  Kihr1:50(xp, ¥9)=0  for p<0 or ¢<0.

It is not difficult to verify that (3.17) is a consequence of (3.20) and there-
fore ¢r+1 is an embedding of A(k+1) into B(k+1). q.e.d.

3.5.  The proof of Proposition 3.2 also yields the following criterion
for two truncated TFLA’s to be isomorphic.

THeoreM 3.1 Let A(k+1), B(k+1) be truncated TFLA’s of order
k+1 (k=0). Suppose that there exist isomorphisms ¢x: Trun . A(k+1)-
Trun, B(k+1) and hes1:gr A(E+1)- gr B(k+1) such that hes is an
extension of gr ¢x. Then, denoting g= @Z ap a TGLA isomorphic to

»E
Prol gr A(k+1), we may assume A(k+1) and B(k+1) are defined on
g(k+1)=p§,?+lgp vespectively by y=27: and 6=30: (7, 6, SHom(A’s, 9).)

satisfying the following conditions :

1) 7dxp, ¥9)=08Uxp, ya), for I<z(k; p, q), x6E8p, Ya<ga.
i)  yo=200=the bracket of g.

Under this condition, A(k+1) and B(k+1) are isomorphic if and only if
the cocycles :

{‘t-(7k+l_6k+l)eHom(A2g—) g)k+1)
X () (Yrs1-i— Ors1-:) EHom(a-, 9)res1 (x:€0;, 0<i<E)

are exact.

Finally, to illustrate the preceding discussion, let us examine truncated
TFLA’s of lower orders.

It is clear that a truncated TFLA of order 0 is determined, up to isomor-
phism, by a truncated TGLA of order 0, namely a finite dimensional graded
Lie algebra p@ogp such that the adjoint representation of go on g-= ggp 1s
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faithful.

To examine truncated TFLA’s of order 1 and 2, we make somewhat
general observation which follows immediately from the preceding discus-
sion, especially from the proof of [Proposition 3. 1|

Let g=p€€BZ g» be a TGLA and let 7=Z§)yzEHom(A2g, g) be such that 7

coincides with the bracket operation of g. Suppose that for an integer
k=1, [y]*! defines on g(k—1)= S@lgp a truncated TFLA of order #—1.
p<hm

Then [7]* defines on g(%) a truncated TFLA of order % if and only if the
following conditions are satisfied ; .
(1) okve=ah 2 vsor,

S+i=k
s,t>0

i) oeki(x)yu-i=ek0(x:) ya—i— ehi(x:) Vs®7t,

S-Zt=k i
for x.€q: (0<i<k—1),
i) 00(x:)i(v;) Ye-i-i= k(0(x:)i(v;) — i(x:) (¥5)) V=i
+t:l‘(Xi)Z'(Yj)gHzg_i_j?’f7:
S,t>0

(2.21>k )

for x:€q;, yv;€g; (7,720, i+j<k—1).

Note that the right hand side of i) is a cocycle and that of ii) (resp. iii)),
involving ¢¥7. (resp, ¢¥i(x:)ye-:), is a cocycle provided that i) (resp. ii))
is satisfied.

Now in the case £=1, (2.21). reduces.to:

i) 363: 71=0
(2.2, {ii) dc¥i(x0)y1=0(x0) X7
i) 9(x0)i(0) 1= (6 (x0)i(0) — #(x0) 8(30)) 71.

Thus, to define a truncated TFLA of order 1, we have to choose a cocycle
¥y so that 8(xo)¢¥y: is a coboundary for any x0&ge. Then determine
¢¥i(x0)71 by ii) (not necessarily uniquely). By this choice, if the right hand
side of iii) is a coboundary (for instant it is always the case if g(1) is the
prolongation of g(0)), we can determine 7(x0)7(v0)y by iii), to obtain a trun-
cated TFLA of order 1.

In the case £=2, the first condition i) reduces to:
(3.21)2 1 ) &:f)’z:(t:%ﬁ(t:?’l)

Note that, if u«(the depth of g)=1, (3.21):1i) is always satisfied and
(3.21)11), (3.21)21) coincide with (4.5) and (4.6) of [2]

RemaRrk 3.1. In the definition of the truncated Lie algebras, there are
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several reasonable choices for truncation. For instance set

G(k ; pl)“.! pr)
=Min{k+1, k+1—[—p1——p; 1<i,<7,1<[<7)}

for &, b, -, prEZ (cf. (3.1)), and define the truncated Lie algebras by
using o instead of r. Then we can as well develop the theory with this
o-truncation, to which the notation H*?(=H?»-1), rather than H?Z, is well
adapted.

REMARK 3.2. In the case when g#=1, the notion of truncated Lie alge-
bra (of order 1) was introduced by Guillemin-Sternberg and extended to
higher order by Hayashi [3]. A truncated Lie algebra in the sense of is,
in our terminology, a o-truncated TFLA of order 1 of depth 1 which is
extendable to order 2. A truncated Lie algebra of order % in the sense of
is a o-truncated TFLA of order % of depth 1.

§4. Main theorems.

We are now ready to obtain our main theorems:

THEOREM 4.1. Let A(k) be a truncated TFLA of order k=0, and
assume that

2gr A(E)=0 (r=k+1), and H(gr A(k))=0 (r >Max{k, 1}+1).

Then there exists, uniquely up to isomorphism, a complete TFLA L, such that
Trun. L=A(k) and that gr L=Prol gr A(k).

Proor. The existence follows from [Proposition 3.1 and uniqueness
follows from [Proposition 3. 2.

THEOREM 4.2. Let L be a complete TFLA. Let k be a non-negative
integer such that

HXgr L)=H*gr L)=0, for »=k+1.

For a TFLA K, if there is an embedding ¢»:Trun, K—-Trun, L, there
exists an embedding ¢: K— L such that Trun, ¢=¢.. Moreover two such
extensions differ by an inner automorphism of L which fixes Trun, L.

Proor. The existence follows from [Proposition 3.2. As regards the
rigidity, we first note that for an element X& L"'(/=0),

exp ad X= i()%(ad X)* is a well-defined automorphism of L and

Trun (exp ad X)=id. of Trun.L. If ¢u, ¢ 2 are embeddings:
Trunes: K- Trune+: L, covering ¢, then from the proof of Proposition 3. 2
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and from our hypothesis Hin(gr L)=0. We see that there exists Xen1E
L**' such that

Gre1=Trunesi(exp ad Xe+1)o drs1.

Therefore if ¢, ¢’ are embeddings: K- L, covering ¢, then there exists a
sequence {Xi}izr+1 (XELY) such that ¢'=a°¢, where a=ll{m(exp ad X))e
---o(exp ad Xr+1) is a well-defined automorphism of L and satisfies Trun.a=
id.

As an immediate consequence of [Theorem 4.2, we have:

TuEOREM 4.3. Let L; (i=1,2) be complete TFLA’s, and let k be an
integer =0 such that

Hgr L;)=HZ%(gr L;)=0, for 1=1,2, r=k+1.

Then L, and L. arve isomorphic if and only if Trung Li and Trun. L. are
isomorbhic.

COROLLARY 4.1. Let L be a complete TFLA satisfying :
Higr L)=HZ%.,(gr L)=0  for »=0.

For a TFLA K, if there is an embedding ¢-1: gr-(K)—gr-(L), there exists,
uniquely up to inner automorphism of L, an embedding ¢: K- L such that
Trun-.(gr §)=¢-1.

Proor. By [Proposition 2.1 and by the assumption Hs(gr L), the em-
bedding ¢-1 is uniquely extended to an embedding ¢ : Trunoe K- Truno L,
so that the assertion follows from [['heorem 4. 2.

ReMark 4.1. Examples of the TFLA’s satisfying the assumption of
Corollary 4.1 are the Lie algebra of all formal vector fields in # variables
(¢=1), the contact Lie algebras (#=2) and some special class of higher
order contact Lie algebras. (See Corollary 5. 3. iii))

As a special case of [Theorem 4. 3, we have

COROLLARY 4.2. Let L be TFLA satisfying H¥gr L)=H?*gr L)=0 for
r=>1, then L is graded, that is, L can be embedded into the completion of the
graded Lie algebra gr L.

We have also, from [Theorem 3. 1, the following

PropPOSITION 4.1. Let L be a TFLA. If grol contains an element E
such that [E, xp)=2p x» for xp<Egrp L, then L is graded.

Proor Write g=@®gp,=gr L. If we choose {Gs},ez such that LP=
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Go®DLP*! we can identify g» with G» and we can decompose the bracket y
of L as 7=ZZ.‘071 with 7,.£Hom(A%, g);. To prove the proposition, we shall
=3

show by induction on £>0 that we can choose {G»} so that we have:
4.1 ydxp, ¥9)=0,  for xpE0s, ¥4Egq, 0<I<0(k; D, q).

Assume this valid for a #. To show it for £+1, it suffices, by virtue of
Theorem 3.1], to see that ¢Xye+1, ¢Xi(x:)yes1-: (0<i<k, x;Sq:) are coboun-
daries.

First of all note that (E)e=1Iz for eHom(Ag, g);. Now from Jacobi
identity and from (4.1) we see:

0=c i(E)(7° 7)1
= (*{(E)(— 0,7r+1 + 2 7 7e)
8,t>0

= —em i(E) gyk+1
=—(hO(E)7rs1t 00k i(E) 701

Hence (B+1)cXver1=0cXi(E)ye+1.

We, therefore, replace {G»} by {G’»}, where
{G’:#w-ﬁnu(& vp) | V€ Gy}, for p<0,
Gp=Gyp, for p=0,

and we decompose 7y as y=27; according to the identification via {Gb5}.
Then, recalling the proof of [Proposition 3. 2, we have (4.1) (y replaced by
y) and ¢X7x+1=0. Moreover we have:

(4.2) (Xi(E) yke1=0.

In fact, for vp=uvp— k-l—l ——7u+1(E, vp)E Gh, we have

HE, vh)=B{rdE, vp>7i—1n<E, reni(E, v5)

[E, vp]' + 17k+1(E vp)+ 7e+1(E, vp)

k4
k+1[E 7k+1(E Up)] (mod Lk+2+p)
[E, vp)  (mod L**%*?)

where we set [E, vp] =|E, Up]_—l;jl*_—‘l_)’(E, [E, vp]). This implies (4.2).

Next let us show that ¢¥i(x:)7k+1-: (0<i<k) are coboundaries. We
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have:

0=c¥i(x:)i(E) 7 7 )s1-i
=—(Xi(x:)i(E)0,yk+1-:
= 3l:i(xi)i(E) Yi+1-i T c,,"iﬁ(xi)i(E) 72+1—i_(k+1f i)C: i(xi) Yh+l-i.

But we see that ¢*0(x;)i(E)yk+1-:=0, for this follows from (4.1) if i>0
and form (4.2) if /=0. Hence ¢}i(x:)7k+1-: are coboundaries. Therefore
by [Theorem 3.1 (or proof of Proposition 3.2), we can choose {G»} so that
(4.1) is satisfied for 0</<t(k+1;p, g), completing the induction. q.e.d.

REMARK 4.1. If we restrict ourselves to the transitive filtered Lie
algebras of depth 1 (i.e., #=1), the results obtained in this section reduce to
the well-known ones: If ¢=1, [I'Theorem 4. 1| essentially coincides with the
Existence and Uniqueness of Guillemin-Sternberg [2], and Theo-
rem 4.2 coincides with the Embedding of Hayashi [3] which
improves the Realization theorem of Guillemin-Sternberg [2].
4.1 is also known in the case =1 by Kobayashi-Nagano (See also C.
Buttin, C. R. Acad. Sc. Paris. 264 (1967), 496—498).

§ 5. Contact Lie algebras of higher order.

5.1 In higher order contact geometry there can be found many exam-
ples of filtered Lie algebras of depth greater than one. Among them the most
fundamental are the contact Lie algebras of higher order ; in this section we
shall calculate their cohomology groups.

Let 7: M- N be a fibred manifold and let /*(M, N) the bundle of v-jets
of cross-sections of 7: M—>N. As well known, /*(M, N) has the contact
structure of order v, that is, the flag of differential systems:

T/Y(M,N)=D~*"'DD*D--DD".

In local coordinates, it is defined as follows: Let (#!,:-, ") be a local
coordinate system of N and (u',-, ", w', -+, w™) that of M (we write 7*u’
just as u‘), then we have a local coordinate system (z',-::, u”, po-) of
JY(M, N), where 1<po<m, a=(a, -, a») with |¢|=2a;<v and p=w". Put

Wh=dph= R phadr’ (1Sp<m, 0=|dl<v—1)

where a+1;=(a, -, @:+1,*, @»). Then the differential system D? (a<—1)
is defined by

D*={w5=0, po=1,, m, |a|<v+a}.

Of course the definition does not depend on the choice of local coordinates,
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and one can verify easily :
[@a’ _@b]c _@a+b’

where Z¢ denotes the sheaf of sections of D

A (local) vector field X on J“(M, N) is called a contact vector field of
order v if it infinitesimally leaves invariant each D* (namely if Y is a
section of D? so is [X, Y]). We denote by #(J*(M, N)) the Lie algebra
sheaf of germs of contact vector fields of order v. Note that #(J°(M, N)) is
just the sheaf 7 M of all germs of vector fields on M.

It is well known that every contact vector field X of order v can be lifted
to a contact vector field of order v+/ (denoted by p.,.+/(X) or X¥); it is
defined as follows: Let (¢:) be a local one parameter transformation group
generated by X and let o be a section of #¥: J*(M, N)- N, which, regarded
as a submanifold of /*(M,N), is transformed by ¢: to another section ¢:c
(for ¢ small enough). Thus ¢: induces the map ¢.'“:J*J*(M, N), N)-
J'(J¥(M, N), N) by ¢°(jio)=7j t(p:0) where x.=(x¥°p:o0)(x). Then ¢
leaves invariant the submanifold /**(M, N) of J'(J¥(M, N), N) and more-
over the contact structure on it, thus yielding a contact vector field X on
J"*Y M, N). Inthis way we obtain an injective homomorphisn of Lie algebra
sheaves :

buowsi: (m* ) e (JU(M, N))-» € (J**(M, N)),

where 7/*' denotes the natural projection J**“(M, N)-J“(M, N). More-
over we have:

PROPOSITION 5.1.  puu+:e @S an isomorphism for all v, [=0 wunless
dim M —dim N=1 and v=0.

For a geometric formulation and proof refer to Yamaguchi [15] [16].
We will denote by #(J*(M, N))“ the sheaf pu.+ 7" e(J*(M, N)).
Let €M and take a local coordinate system (#',::, #”, w'--, w™) of
the fibred manifold (M, N, ) centered at ~. Let " a point of J*(M, N)
such that m(2*)=¢. Then we have easily:
a a (v) a (v)
LEmMMA 5.1.  The vectors {<u —W)“, (-5;;) u} (v+a+1<|al<y, o

=1, m, i=1,-- n) form a basis of (D*).» for —v—1<a<-—1. Further-
more

o
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)

(u”w”—#) =0 if le|=v+1 or |B=1,
W)

(wowr2e) =0 if lal+181>0.

From this lemma it follows immediately that #(/°(M, N))*” (and hence
#(J*(M, N)) is transitive. By [Proposition I.1|, the stalk #(/*(M, N)).»
can be endowed with a filtration {¥*#(J*(M, N)).+},cz compatible with the
contact structure {D?}. Hence it yields the formal algebra at <*, denoted
by C(m, n;v) (since this depends up to isomorphism only on dim M =#=n+m,
dim N=# and the order v), and it induces on C(m, n;v) a filtration
(®?C(m, n:v)}. Then the pair (C(m, n;v), {¥*C(m, n;v)}) is a transitive
filtered Lie algebra of depth v+1. Similarly from #(J* (M, N))!¥ we
obtain a transitive filtered Lie algebra

(Clm, n, v—0), {W*C(m, n; v—10)""}),

which is a subalgebra of C(m, n; v).
In order to obtain the cohomology group H(gr C(m, n;v)), we shall

calculate H(gr C(m, n;0)*) and H(gr C(1, n;1)*~") since
5.1 implies that

{C(m, n;v)=Clm, n;0)” for v=0, if m=>2
CQ, n;v)=CQ, n 1)¥"P for v=1.

This fact, however, will be obtained as a byproduct of our calculation
(Corollary 5.3. i)). In what follows, we write as

Clm, n;0)=A(m, n)=A, C(,n;1)=C(n)=C.

Note that A(m, n) is nothing but the Lie algebra of the formal vector fields
in (m+n)-variables and C(n) the contact Lie algebra of a (2z+1)-
dimensional contact manifold in the usual sense.

5.2. The cohomology group H(gr A(m, n)*).

First of all let us write down explicitly the graded structure of
gr A(m, n)®. Let V be an (m+n)-dimensional vector space and V=
UPW a direct sum decomposition with dim U=#, dim W=m. Take a

[ d .. _0 3...3} S R
basis {ﬁul’ 0 oW’ oW of U®W and the dual basis {u!, -, u',

wh - w™ of U*@WH*, then any element

Dau‘Qu®

aii + 205 u*Q@u*® e
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of S(VFQV=S(U*)QS(W*)Q(UBDPW) being regarded as a polynomial
vector field, S(V*)® V carries the natural Lie algebra structure. Now for
an integer v=0, put

oW, U0)= @ psf( UNRQS(W*QU

+(v+l)j-1=
, @D SHURS (W QW
i+(v+1)j—(v+1)=p
Then it is easy to verify :
[a(W, )Y, a(W, U)P1Ca(W, U)Ha.
Therefore p€e+_)z a(W, U)$ becomes a graded Lie algebra. From

and the definition of the filtration {¥*A(m, #)’}, we have immeédiately :

PRrOPOSITION 5.2. gr A(m, n)*®= EI—)Z a(W, Uy as graded Lie algebras.
PE

We shall therefore identify gr A(m, n)"” with @ o(W, U)Y .
To state our results we need still some notation. We put,

Fo(=F")=S""1"U*QW (v<a<-1),
U roy= @ mo

a=-v

If v=0, it is understood that F*’=F (the ground field).
Let us define an operator

G.1D) 6 : Hom(A’F, U)-»Hom(A*Y'F, W).
For that, we first define
6 : Hom(AY(U*Q W), U)-»Hom(A” " U*Q W), W)

1 —~
by (aw)(Aly”.) Aq+1):g(_l)i+1Ai(C()(A1,°", Ai,.”: ACI+1)) fOr Al,'“, 14(1-’-1E

U*®W=Hom(U, W). If v=1, recalling that F.,=U*®W, we extend
this to the operator 8: Hom(A?F, U)-Hom(A?*'F, W) in the obvious man-
ner. Note that ¢ preserves the degree », that is, if we put

-1
(5.2) Hom(APF, U),= (—Bp Hom(a@yA"“Fa, U)

Zpa=
—1-2apg=7r

-1
(5.3) Hom(APF, W),= 269— Hom( Q AP F,, W),
—u—l—%}_apa=r a=-v

then 8(Hom(A?F, U),C Hom(A**'F, W),. If v=0, we understand that &
=0 and that Hom(AF, U)=Hom(A°F, U)-,=U, Hom(AF, W)=Hom(A°F,
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W)——lz w.
Now we can state:

THEOREM 5.1.  Ome has the following long exact sequence :

8
«->Hom(A?F®, W),—» H¥gr AY)->Hom(A?F®, U),~
Hom(A?T'FY) W)y ---.

For the proof we use the following well-known facts:

ProposITION 5.3.  To an exact sequence of cohain complex 0—-» K' - K-
K"—-0, there corresponds a long exact sequence :

e HP(K')~ HP(K) » HY(K") > HP Y (K') -+

ProPOSITION 5.4. The Koszul complex (Hom(AV, SV*,3)) is exact
except at Hom(AV,S°V*), where V is a finite dimensonal vector space and
the boundary operator

¢ : Hom(A*V, SV*) (ZS'V*QAPVY)
—’HOm(A"“ V, Sz‘—l V*) (; Si—l V*®AP+1 V*)

is just defined by skew-symmetrization.

Now let us proceed to the proof of [Theorem 5.1. Using the above
notation, the cochain complex in question can be expressed as

C(=C(gr-A™, gr AWV)
=Hom(AURAWRQAF, SU*QSW*RQ(UDB W)).

Recalling the bracket rule in SV*®V, we have the following exact
sequence of cochain complexes :

0~KQW->C-KQU-0,

where K=Hom(AUQAWRAF, SU*®SW?*) with the coboundary opera-
tor 0 defined in the natural manner.

Now let us compute the cohomology group of K. For y=(y_.,"*, 7-1)
we put A’F=A""F_,Q---QA™'F'. Then we have:

dHom(APURQA WRQA'F, STU*Q® S W*)
CHom(A?"'"UQA WQRA'F, STTU*QS W)
DHom(A?PURQA M WRA'F, STU*QRS ' W*)
@ —@1 Hom(A" U@Aq W®A7+1GF, Si+u+1+aU*®Sj—l W*)

a=-yv

® @ Hom(A*" URA"W@A™ " F, S'U*QS W)

a=-v+

BAHom(APH URAT' WRA™F, STU*QS'W*).
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Accordingly we put, for s, >0,
K(s, t)= & 1Hom(AU@A"W@AF, SU*QS W*)

g+i<s—

@ @ Hom(APURQA WRAF, STU*QS'W*).

qg+tj=s
ptiz=t

Then we see that K(s, ¢) is a subcomplex of K and that the quotient complex
K(s, t)/K(s, t+1) is isomorphic to Ks,.(U, W)QR(AF)*, where

Ks.(U, W)=p£-B=tHom(ApU®AqW, SIU*QS W*)
q+j=s
is a direct summand of the Koszul complex Hom(U® W), S(UD W)*).
Hence by [Proposition 5.4, H(K(s, t)/K(s, t+1))=0 if (s, #)=(0, 0)and
H(K(0,0)/K(0,1))=(AF)* which, in view of [Proposition 5. 3, shows H(K)
=(AF)*. Therefore we have the isomorphisms H(K®W)2Hom(AF, W)

and H(KQU)2>Hom(AF, U) and obtain the long exact sequence

-->Hom(A?F, W)- H?(C)-»Hom(A’F, U)-»Hom(A*"'F, W)—---.

It is easy to check that the connecting homomorphism coincides with ¢
defined previously in (5.1), which proves [Theorem 5. 1.
As an immediate consequence of the above theorem we have :

COROLLARY 5. 1.

1 Ho%(gr A(m, n))=UDW
H2(gr A(m, n))=0 if (p, »)=(0, —1)
(2) For v=1, if we write Hf=HF(gr A(m, n)¥), then we have :

i) If m=1, then for » =0

{0 r¥v—1

S*U r=y—1

i) If m=2, then Hr=0 for »=0,
i) If m=3, then H}=0 for r>v.

1~
r =

Proor. The assertion (1) follows immediately. If v=1, in the exact
sequence
3
~+>Hom(F¥, W),- H}»Hom(F*, U),-»Hom(A*F¥, W),
8
-> HZ->Hom(A*FY, U)r»Hom(AFY, W), — -

observe that Hom(F*, W),=0 for »=0 and Hom(A *F*, W),=0 for
r=vy. Indeed this follows immediately from (5.3). Thus the vanishing of
H} for =0 (or H? for »=v) is equivalent to the injectivity of
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8:Hom(F, U), » Hom(A 2F, W), for » =0 (resp. 6 : Hom(A ’F, U),~
Hom(A’F, W), for » >v). On the other hand it is easy to see that

8 : Hom(A?(U*Q@ W), U)-»Hom(A* " U*Q W), W)

is injective if dim W=>=p+1, from which the assertion (2) is straight-
forward.

5.3. The cohomology group H(gr C(#)*™") (v=1). To compute this
cohomology group, we first write down explicitly the graded structure of
gr C(n)"*? by means of the bijective correspondence between the contact
vector fields and the infinitesimal generating functions. As previously let
(M, N, n) be a fibred manifold and here assume dim M=#n+1, dim N=u.
Fix a contact form w on J*(M, N), then to each function f on /XM, N),
there corresponds bijectively a contact vector field X, by the following
condition :

{<Xf, w>=f
X; ldo=—df (mod ).

Let (', u”, w) be a local coordinate system of the fibred manifold
(M, N, n) and (e, u”, w, p1,-*+, bn) the associated local coordinates of
J' (M, N). Then by the above bijection C(%) is isomorphic to the formal
power series ring in the variables (u',::, u”, w, p1,"*-, p»), which therefore

inherits the bracket operation [ , ]; we have
g 0 of
U 61=(1- B )/ 5~ (1= By o5
of og dg of
+Z<8u b ou’ ap,->'

Let denote by U*, W* W and P the vector spaces spanned respectively by
{ul) o, u™}, {w}, {1} and {p1,", p}, and put

Cf{;y_l)-:@SiU*@SjW*@SkP
where the sum is taken over all ¢, 7, =0 such that
i+(v+1)j+vk—(v+1)=p

under the agreement that S°P=W(=F1).
Then it is easy to see that

(e, 4],

Hence 6—) ¢y’ is a graded Lie algebra.
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Now observe that for the contact structure D? (¢<0) and Z*&
-1
J'(M,N), D& ={(X}”'”)ou|f€p€i-) ¢ P} and that (X )..=0 for f&c-?

if p=0, then from the definition of the filtration ¥*C*~?, we have immedi-
ately :

PROPOSITION 5.5. gr C¥ V= C—BZ YV as graded Lie algebras.
pE
This observation in due to [7] in the case v=1 and to Yamaguchi and

Yatsui for the case v>1.
Henceforce we identify gr C*™V with @cy~. Thus

gr_C‘“‘”ZI@OgrpC(”'”
=WRU*BS*U*®---P(S*U*DP)

where groC* V=8""**"'U* for a<—2 and gr_,C* V=S"U*®P.
Now we put

E(=E@V)=8v+epg*x  (—py+1<qa<—1)
-1
{E(zE‘”“’)z_@lEa
where we agree to put E”=F (the base field). Then the complex
C=C(gr-C"»™V gr C*™) is expressed as
C=Hom(APQAWRAU*QAE, SU*QSW*RSP).

Using the following identities :

( _of

[pi, f]__ aui

i, A=ZL

(), Fl=h(u) 2L 59 O

au 317:
we see that, for p, q, 7, 7,7, £=>0 and a=(a_,+1,-, @_1),
JHom(A?PRAWRQA U*QAE, STU*RQS'W*RS*P)
CHom(A?"' PR+, ST U*®--+)
@Hom(-- QA W® ...... RSTIWH®-+-)

@Hom(-- ®Ar+1U*® ...... S*1p)
@Hom(-- @A™ U*R)-- ,SZ+IU*®Sj_1W*®---)

@(Z:é_,)l/HHom(“_@AaHaE’ Si+u+aU*®.,,®Sk—1P)
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-1

6—)+2Hom(A"“P®---®A"“"‘1““E,---)

a=-=y

PHom(A?"' PR QA" T U*QA* ' E )
BHom(A*'PRQAT' WRQA M U*Q:, -++),

where unaltered terms are written by dots. In view of the above formula,
we put, for s, t =0,

K(s,t)= ® Hom(APQA'WRAU*QAE, SU*QS'W*QSP)

gt+j<s—1

@ © Hom(A’PQAWRAU*QAE, S U*QS’W*QSP).

g+j=s
ptizt

Then we see that K(s, t) is a subcomplex of C and for g+j=s, p+i=t¢,

OHom(A?PRAWRQA U*QAE, STU*QS'W*QS*P)
CHom(A*"' P+, STIU*®-++)
@Hom(“'@Aq“ W@"', ...@SJ‘—I W*@)
@Hom(: @A™ U*®-+-, --QS*'P) @ K(s, t+1).

Noting that P (resp. W) is dual to U* (resp. W*) with respect to the
bracket, we see easily that the quotient complex K(s, t)/K(s, t+1) is
isomorphic to K¢,:Q(AE)*, where

Ké,t=p@tHom(APU®Aq WRAU*, STU*QS'W*QSU)
q+j=s

is a direct summand of the Koszul complex
Hom(A(U WP U*), S(UP WD U*)*), whose cohomology group vanishes
except at degree 0. Thus we have proved:

THEOREM 5.2.  H(gr C(n)*P)=Hom(AE¥™", W), or more precisely

-1
Hi(gr C(n)¥ V)= EC-B_p Hom( ®+1A‘°"(S”“+"U*), W)
—Sapgev—1=r a=-v
where U and W ave vector spaces of dimension n and 1 respectively.

As an immediate consequence of this theorem, we have

COROLLARY 5. 2.

i) H%(gr C(n))=F, HAC(n))=0 if (p, »)=(0, —2)
i) Higr C(n)*V)=0 for »=0

iii) Higr C(n)*V)=0 for r=v—2

iv) Higr C(1)*)=0 for »r=v—3.

5.4. Finally we summarize some information on the contact Lie alge-
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bras which follows immediately from the above computation.
COROLLARY 5. 3.

i) Clm,n;v)=Alm, n)¥  if m=2,
C,n;v)=C(n)*",
i) gr Clm, n;v) is the prolongation of gr-C(m, n;v).
i) Hi=HZ2.=0 for »=0 to the following Lie algebras: A(m, n),
Clm, n:;1) (m=3), C(1,n;v) (0<v<3), C(1,1;4).

In fact, since Hi(gr A(m, n)*”’)=0 for » =0 and m=2 (Cor. 5.1. ii))
and Hi(gr C(n)*)=0 for »=0 (Cor. 5.2. ii)), taking into account
Alm, ) (resp. C(n)*~Y) is an embedded subalgebra of C(m, n; v) (resp.
C(,n:v)), we have the above assertion i). Then ii) and iii) are
straightforward from Corollary 5.1 and 5. 2.

We remark that Corollary 5.3. ii) is known alternatively from the fact
that the contact structure on J*(M, N) is a standard differential system
q12).

The contact Lie algebras listed in Corollary. 5. 3. iii) have some univer-
sal property in the sense that [Corollary 4. I applies to these Lie algebras. (cf.

Theorem 1.6).

We also have:

COROLLARY 5.4. Let (L,{L*}) be a complete filteved Lie algebra. If
grL is isomorphic to gr C(m, n;v), then (L, {L?}) is isomorphic to
Clm, n; v).

Since Hi(gr C(m, n; v))=0, the derivation EE€Dero(gr-C(m, n;v)) is
contained in g»nC(m, n;v). Hence the corollary above follows from Propo-
sition 4. 1.

We remark that [Corollary 5.4, as a special case of m=y=1, gives
another (and more conceptual) proof of [Proposition 5. 1] in [6].

ReMARK 5.1. In general it is difficult to compute the cohomology group
H(g) for a given transitive graded Lie algebra g of depth x. If g is finite
dimensional and simple then the method of Kostant is applicable. If gis
of depth 1, the theorem of Serre [2], which states that H*?(g)=0 for s>0
if and only if go has a quasi-regular basis (i.e, involutive), is useful to
compute the cohomology group when g is infinite dimensional. It would be
interesting if this sort of criterion could be obtained also for ©n=2%

* Added in proof: Recently we have obtained such a criterion, generalizing the theorem of
Serre, which will be published elsewhere.
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