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Comparison of Martin boundaries for Schriodinger operators

Mitsuru NAKAI
(Received September 20, 1988)

We consider the Martin compactification R¥ for an admissible
Schrodinger operator —A+ P on a Riemann surface R with singular but
nonnegative potentials P on R and study how RF varies according to a
small perturbation of the potential P. One reason of the importance of the
study of this kind lies in the following instance. For a detailed study of RZ
it often occurs the need to construct a potential P such that R¥ possesses a
property given in advance (cf. e. g. [10], [9], among many others). In
this construction it is easier to seek an appropriate P among potentials which
are allowed to be discontinuous than to do among only those that are
restricted to be smooth. However our primary concern is about R# with
smooth P. Thus one natural procedure may be as follows. First find a P
among discontinuous potentials such that R¥ has a desired property. Then
approximate P by smooth potentials, e.g. by pe*P(el0) with pc* the Frie-
drichs mollifier in a suitable sense (cf. no. 15 below), and then we expect
R¥.r to beidentical with R} from the view point of the Martin theory if the
approximation is made close enough. This is the motivation of our present
study. In this paper we will give a theorem asserting R¥=R{ under a
certain closeness condition on potentials P and @ on R. Any theorem of this
kind (cf. e.g. [16], [9], etc.) would not be considered as natural if it did not
imply the following two facts:

a. R¥=R¥ if P=Q on R outside a compact subset ;
b. Ri=RX.r if € is small enough in a suitable sense.

Our theorem certainly contains these two facts and especially the validity of
the latter of the above must be useful in actual constructions as mentioned
above.

After preliminary discussions in nos. 1-4, the main comparison theorem
is stated in no. 5 and proven in nos. 6-11. The fact a above is deduced in no.
12, and the fact b above is stated in no. 13 and proven in nos. 14-15.

Although we state and prove our results for Schridinger operators
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—A+ P on Riemann surfaces R, an obvious modification gives the corre-
sponding results for Schridinger operators on subregions R of Euclidean
space RYd=2).

1. As our basic space we fix an arbitrary open (i.e. noncompact)
Riemann surface R. By a disk V on R we mean that V is compact in R and
there exists an associated local parameter z that maps V conformally onto
the closed disk |z|<1 on the plane. We denote by V(») (0<»<1) for
agiven disk V the concentric disk corresponding to |z|< » so that V(1)=V.
Of course z7'(0) is referred to as the center of V(») and » the radius of
V(7). Any point of R can be a center of a disk on R. Consider a 2-form
P on R so that P has an expression P(z)dxdy on any disk V with z=x+iy
its associated local parameter and with a function P(z) of zon V. We say
that P is nonnegative (positive, resp.), P=0 (P>0, resp.) in notation, if
P(2)=0 (P(z)>0, resp.) on V for every disk V on R. Measurability of P
is similarly defined using local Lebesgue measure dm(z)=dxdy. As usual we
denote by Lic(R) (1=<p=0) the class of all measurable real 2-forms P on R
such that the integral of |P(z)|® over V with respect to the measure dm(z)
=dxdy is finite for 1=p<oo or the essential supremum of |P(z)| on V with
respect to dm is finite for p=c0 for every disk V on R. Note that Li(R)
is a class of 2-forms, not of functions. We denote by Ki(R) the class of
measurable real 2-forms P on R such that

(1.D 1im< sup ﬂ(r)log-lzi—é,llP(é’)ldm(é’)):O

re0\NzeV(r)

for every disk V on R. By an application of the Hélder inequality and the
integrability of |log|¢]|? (1=g< ) over any finite disk of the plane we easily
see that

(1.2) LA(R)< Koo R)< LIl R) (1< p=<00)

where < means the strict inclusion. The letter K suggests Kato who first

explicitly considered the class ([6], also [15], [13] [1], [14]). For a class &

of functions or 2-forms we denote by ¥ * the subclass {f€.%: f=0}.

2. We denote by A the laplacian on R so that A has the local expression
40°/020Z = 3" [ox*+ 3*/dy* on any disk V on R with z=x+ 1y its local param-
eter. A Schridinger operator on R is the expression —A+ P(z) where P=
P(z)dxdy is referred to as its potential which is here a 2-form on R. No
confusion is expected for. the above term potential with the potential theo-
retic “potential” (cf. [4]). We mean in this paper by a solution u of a
stationary Schrodinger equation
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@2.D (—A+P(2)u(z)=0

on R a continuous function « on R satisfying (2.1) above in the sense of
distribution, i.e. uPE LL(R) and

—_/Ru(Z)A¢(Z)dm(Z)'*‘AH(Z)qD(z)P(z)dm(z):O

for every test function ¢ in C3(R). Using the same letter P as the potential,
we denote by P(Q) the class of solutions of (2.1) on an open subset Q of R.
Then P also defines a skeaf of solutions of (2.1) on R. The significance of
the class Kio(R) reveals itself in the following

Fact. Let P be a nonnegative measuvable 2-form on R. The pair
(R, P) with P being considered as a sheaf on R is a Brelot harmonic space if
and only if PE Ko(R).

First we remark the following. Let V be any disk on R. We embed V
into the plane C in the natural sense and difine a function Fy(z) to be P(2)
on V and 0 on C\V. Then the logarithmic potential

’/;,IOgIZTlﬂF v(§)dm(§)

is continuous on C for every V if and only if (1.1) holds for every V or
equivalently PE Ki.(R). Now the sufficiency of the condition of the above
fact is found in (see also [1]). The necessity of the condition is not
difficult to prove though nontrivial but we omit it here since we only use the
sufficiency part of the above fact in this paper. Therefore we henceforth
only consider Schridinger operators of the following kind :

2.2) —A+P(z), P=P(z)dxdyE Ko(R)".

3. In view of the above fact we can now freely use the local potential
theory of Brelot (cf. e.g. [4], [7] etc.) for our (R, P) with (2.2). A su-
bregion Q is said to be nice if it is relatively compact and every point of 0Q
is regular with respect to the usual classical harmonic Dirichlet problem.
Then nice regions are regular with respect to any (R, P) (cf. [2]). We
denote by P§ the solution of the P-Dirichlet problem on nice Q with bound-
ary values f€C(0Q), i.e. Pf€C(Q)NP(Q) with P}dQ=f. On any nice
region Q of R there exists the P-Geen function (i.e. the Green function of Q
for the harmonic structure (R, P)) G3(:, w) with its pole weQ (cf. [2]).
Here G¥(:, w) is so normalized as to satisfy
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(=A+P(+))GX, w)=0x» (the Dirac measure at w).

The property of G%(z, w) is reduced to that of Gz, w), the classical har-
monic Green function, by

B.D  GHa w)+ [ Gl HPOGCHE, wdm()= Gz, w)

so that e.g. we see that G%(z, w)=0(—log|lz—w|) as z, w=> w.EQ. Here
and hereafter we follow the usual loose convention to denote the generic
point of R and its local parameter by the same letter. Another important
consequence of (3.1) is the symmetry of G%: G%(z, w)=G%w, z) for z and
w in Q with z#=w (cf. [2]).

Since {G3(-, w)}a+r is increasing, either it converges to the P-Green
function Ge(+, w)=GH(+, w) on R almost uniformly of R\{w} or it diverges

to +oo almost uniformly on R. In the former case we say that P is hyper-
bolic (of. e.g. [12]). In view of

3.2 [GH-, HPQ)dm(H)=1- P}

we see that P is hyperbolic if P#0, or more precisely if the measure of the
set {zER : P(z)#0} is not zero. We may express this as

m({z : P(2)+0})>0.

If 0 is hyperbolic (in this case R is said to be hyperbolic in the Riemann
surface theory), then by (3.1), any PEKi(R)* is hyperbolic. If 0 is not
hyperbolic (in this case R is said to be parabolic in the above field), then, by
the above remark, any PE Ki.(R)* is hyperbolic when and only when P+
0 (i.e. m({z: P(2)#0})>0). In any case, therefore, any potential in
Kic(R)* greater than or equal to a hyperbolic potential in K(R)* is also
hyperbolic.
Suppose that @ is also a potential in Ki.(R)*. We have

Yz, w) =Gz, )+ [ G3z, O(P(O)- QENGE, w)dm(?)

In view of (1.1) and (3.2) we have the following resolvent equation as the
limiting case of the above displayed formula if P and @ are hyperbolic :

(3.3 Golz, w)=Grlz, w)+ [ Galz, PO~ QUENGAE, w)dm()
=Grlz, )+ [ Golz, O(P(E)~ QUENGolL, w)dm?).
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Here the last identity of the above follows from the symmetry of Gr and Ge.

4. Take a hyperbolic potential P in Ki(R)*. We fix throughout the
paper a reference point ¢ in R. The P-Martin kernel Kp(z, w) on R is
defined as follows. First for (z, w)ERXR we set

GP(Z, ZU)/GP(CZ, ?/U) (CZ#M})
4.1 Kp(z, w)=10 (a=w, z#+w)
1 (a=w=2).

For each fixed zER the function Kx(z, +) is continuous on R and there
exists a unique (up to a homeomorphism, of course) compactification R¥ of
R such that every K»(z, ) (zER) is continuously extended to R} (cf. [3],
[5]). We call R¥ the Martin compactification of R for the Schrodinger
operator —A+ P or simply P-Martin compactification. The set 0pR =RH\R
is the P-Martin boundary of R. Then finally Kp(z, w*) is defined on R X R¥
by

Ks(z, w*)=we}eiru2w*Kp(z, w).

Clearly Kr(+, w*)e P(R\{w*}) and K:(-, )€ C(RxX R¥\4) where here 4 is
the diagonal set of RXR. Fix a disk V. with a its center. Then the
topology of R# defined above is metrizable by the following metric

%\ __ *

We call uEP(R)* minimal if for any vEP(R)* with v=u on R there
exists a constant ¢ such that v=cu on R. We denote by R the set of
points w*€dsR such that Kp(:, w*) is minimal. We call 6sR the PF-
Martin minimal boundary of R. Since every necessary tool is available (cf.
[2]) to derive the Martin theory [8], we can establish the following result
along the line given by Martin (cf, e.g. [5], [4]):

MARTIN THEORY. The minimal boundary S8R is a Gs subset of the
whole boundary 0pR and there exists a bijective correspondence u— p
between P(R)* and the family {u} of nonnegative Borel measures 1 on 6pR
such that

4.2) U= /8 PRKP(', w*)du(w*) (canonical representation).

Consider two hyperbolic potentials P and @ in Kic(R)*. If the identity
map ¢ of R onto itself can be extended to a homeomorphism ¢#% of R# onto
¥ then we say that R¥ and R} are naturally homeomorphic, and if more-
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over (#(0pR)=00R, then we say that R} and R} are canonically
homeomorphic, and in this case we may say that R¥=R§ not only from the
topological but also potential theoretic view point.

5. Let {Vi};en be a locally finite covering of R by disks V; on R. For
definiteness we always assume that a< V,C V,C V4, which is entirely ines-
sential. For a potential PE Ki.(R)" we consider a family {P},ey of poten-
tials P;€ Kioo(R)* such that

supp P,C V; (JEN),
b
jEN

In this case we say that {P;} is a decomposition of P associated with {V;).
Now consider two hyperbolic potentials P and @ in Ki..(R)*. We say that
P rules @, or equivalently, @ is ruled by P, if there exists a locally finite
covering {V;} of R by disks and decompositions {P;} and {Q;} of P and Q
respectively associated with {V;} such that

GV B, Gelz DI~ QOldm(§)<oo.

JEN zZeV;
zeV;

The purpose of this paper is to prove the following comparison criterion for
Martin compactifications for two Schrédinger operators:

THE MAIN THEOREM. Suppose P and Q are hyperbolic potentials in
the class KoR)*. If P rules Q, then R} and R} ave canomically
homeomorphic.

The proof will be given below in nos. 6-11.

6. Throughout the proof we fix an exhaustion {R.},ex of R by nice
subregions R, such that ViCR), R.CR,«1 (VEN), and R=U,enR.,. For
each v€N we set

a(v)=max{aEN : Uis;s« V;CR.}.
Then {a(v)},en is a nondecreasing divergent sequence. We also set
B()=min{vEN : (Ujsaoy V;) N Run1= 2}

for each yu€N. Clearly B(¢)>pr+1 and R..1C R, for each v=48(p).

For simplicity we set D;=P;—Q, and D=2X);exD; which are all in
Kioc(R) but not necessarily nonnegative. Needless to say D=P—Q. We
also set
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v,=7{P)=infzev,Gr(a, 2)
{dj:dj(P, Q)zSUpzevf'[,j Gp(Z, §)|Dj(§)|dm(§)

for each jJEN. Since Xjend;/y;<co by (5.1), we have
(61) {ig2j>a(u)dj/7j:()

by virtue of the definition of a(v).
We consider one more quantity k(x) for each #EN as follows:

k(1)=Fk(1: X)=sup{Gx(z, §): 2E R4, {ER\Ryu11),

where X=P or Q. By the definition of 8(x) we have R..1CR, for v=
B(x) and in particular R.CRsw. Thus A(u)<oo and Gx(z, &)< k(y) for
any zER, and ¢({ER\R.(v=p(y)). Therefore V;CR\Ru:+1 for each j>
a(v)=a(B(y) (v=28(1)) and we have

[Gx(z, OIDARIGA (¢, w)dm( DS k()d; (2, w)ERux Ty)

Consider the measure du.(¢)=Gx(z, O)|D;(&)|dm(¢) and use the standard
notation Gru.= / Ge(+, £)duz(¢) for Ge-potentials. Then the above inequal-
ity can be rewritten as
Grr(w) < k(p)d; (2, w)ERLX V).
Since Ge(a, w)=y; for any we V;, we deduce from the above
Grrw) = k(1)(di/7:)Gr(a, w)

for any wE€ V; and in particular for any wEsuppu.. Since Ge(a, *) is
positive and P-superharmonic (i. e. superharmonic with respect to the Brelot
harmonic space (R, P)), the domination principle which is known to hold for
(R, P) (cf. [2]) yields the last displayed inequality for every wER. We
thus have

6.2 [ Galz, OIDADIGHE, w)dm(£)= k(u)dil) Gela, w)

for each (2, w)€R.XR and each j>a(v) (v=p(r)). By the definition of
a(v) we see that {ER\R, implies ¢ER\V;(1=7<a(v)) and then D;(¢)=0
(1=7=a(v)) and therefore

D=3 DAL), IDOI< 3 IDAO| (EER\R.).
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Hence by (6.2) we have

J.... Gxla, DID(D)|GoE, w)dm(©)

< 3 [ Gx(z, DIDADIGa(E, w)dm(?)
< k(p) >§(‘:U) dil7:)Ge(a, w)

J

for each v=8(x). In other words we have for each fixed uEN

©.3) [, Gxlz DIDOIKE, wdm(D=k(p) 3 difr,

for each (z, w)€R.,XR and each v=p8(r). Take any w*€dpR and any
sequence {w.} in R converging to w* Consider (6.3) for w=w, and
take the lower limit of both sides as # T . By the Fatou lemma and
Ke(+, wn)— Kp(+, w*) on R (n 1), we have

6.0 [, Gxlz QDKL w)dm(§) Sk T, difr,

for any 2€R, and any v=8(¢). From (6.3) and (6.4) it follows that
(6.4) is also valid for any (z, w*)ER.,X R* and any v=p5(p).
Now observe that for any v=/2(x)

aln:z): zuqu(z, OD(E)(Kp(E, wa)— Ke(§, w*))dm(§)
< (sup|Kr(&, wn)—Ke(€, w))- [ Galz, OID()dm(8).

By (1.1) we see that the term on the most right hand side of the above
converges to zero uniformly for z on R, and the same is true for a.(n: z2).
We denote by b.(%:z) and c.(z) the terms on the left hand side of (6.3)
for w=w, and (6.4), respectively. Then by (6.3) and (6.4) we have

|[[Gxz, ODOK(E, wadm(©)— [ Galz, ODOK(E, w)dm(E)

<an:z2)+bn:z)+c(z)
<aun:z)+ 2k(u)j>§y) dily;.

We denote by A(#%:z) the term on the most left hand side of the above.
Then for each fixed &N

lirgllﬂsup(supA(n 1 2)) <2k (1) .>§U)dj/7’j

ZERu

since lim(supa.(#:2))=0. By (6.1) we conclude that

n-—oo zeR”
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lim(sup A(# : 2))=0.
n—-o zeRu

By the arbitrariness of &N we finally conclude that

6.5 lim [ Gx(z, OD(OK(, wa)dm(?)
= [[Gx(z, DD K&, w¥dm(?)

almost uniformly for z in R, where we again recall that X=P or Q.

7. We introduce a function C(w*)=C(w*: P, Q) defined on R} by
1D CwH=1+ [ Gola, ODOKE, w)dm(?).

First for wER\{a} we see by (3.3) that
C(w)=Gola, w)/Ge(a, w)

and therefore C(w) is positive and continuous on R\{a}. In view of (6.4)
and (6.5) for X=@Q we can easily see that C(w*) is continuous at any
point of w*€dpR. Therefore C(w*) is continuous on R#\{a} and C(w*)
=0 there. In this connection we need to consider the following exceptional
set

E=Ep={w*€ R : C(w*)=C(w*: P, Q)=0).
Let w* be any point in dpR and {w»} and sequence in R converging to
w*. Then C(wn)- C(w*) (n1 ). By (3.3) we have
Cwn) Koz, wn)=Kr(z, wn)+ [ Galz, DKL, wa)dm(£).

This with (6.5) shows that if w*€dpR\E, then {w.} is also a Cauchy
sequence (i. e. a fundamental sequence) in R embedded in R¥ converging to
a point in R}, say o(w*), determined only by w* independent of the choice
of {w»}. By defining o(w)=w for every wE R we obtain

7.2 C(*)Kolz, o(w*)=Kn(z, w*)+ [ Golz, ODOKE, w*)dm(?)

for any z€R and any w*&R¥ except for the case z=w*=a, where we
understand that the left hand side of the above is zero if w*€E for which
o(w*) is of course undefined ; we have

0=Ke(z, w*)+ [ Galz, )DIOK(E, w*)dm(?)



254 M. Nakai

for any z€R and any w*€E. It is easy to see that the mapping
w*- o(w*)=0(w*: P, Q)

from R#\E to R¥ is the identity on R and continuous on R}\E, and more-
over if £= @, then the mapping is surjective.

8. Before proceeding further based on we need to consider an
auxiliary potential W on R defined by the following :

W= % (P+|P— Qi)

Clearly WeKio(R)*. Since W=P (and of course W=¢), we see that W
is also hyperbolic (see the remark after (3.2)). Let W;=P;+|P,—Q;| (j€
N). Then {W;} is a decomposition of W associated with {V;} fixed at the
beginning. Here observe that |P,— W;|=|P,—Q;| and therefore (5.1)
implies that W is also ruled by P. Hence o(+)=0(-: P, W), C(+)=
C(-: P, W), and E=Epw can also be defined. By we have

@.1D)  C(w*)Kw(z, o(w*))
=Kelz, w*)+ [ Gulz, P WENKAE, w*)dm(?)

for any zER and any w*€ R} except for z=w*=a, where as in [7.2),
we understand that the left hand side of the above is zero if w*E Epw which
will be seen right below to be empty.

We now maintain that C(w*)>0 (w*€dR) so that Erw=®. Recall
that C(w*)=0 (w*€0deR). Contrary to the assertion assume that C(w*)=
0 for some w* in dsR. For simplicity set u=Kp(+, w*) and

du(§)=(W(5)— P(£)Kp(E, w*)dm().

By (3.3) we see that Gw(z, £)<Ge(z, §) since W=P. Thus we have by
8.1

u(2)< Gpu(z) <0 (zER).

The last inequality follows from (6.4) established for P and W with X=P.
Since Gpy is a P-potential on R and « is nonnegative and P-harmonic on R,
we must have #=0 on R contradicting «(a)=1.

The function C(-) is thus positive and continuous on d»R and therefore
the infimum of C(+) on 0#R is strictly positive. A fortiori there exists a
constant g&|[1, o) such that

¢ 'S Gwla, w)/Ge(a, w)<1 (we R\ V).
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The condition (5.1), the above inequality, and the identities | W,— P;|=
|P,—Q;] (£N) together imply that

e lev(a Zysup [ Gulz, DIWAE)— PO dm(£) <o,

i.e. P is also ruled by W. Observe that |W,—Q;|<2|P;— Q;|=2|W,;— Pj.
Hence the above last displayed inequality is also valid if we replace
|Wi(&)—Pi(&)| by [Wi(§)—Qi(&)|. Thus @ is also ruled by W. If we can
show that R¥ and R§ are canonically homeomorphic to R¥%, then R? is
canonically homeomorphic to RZ.

9. By the reduction made in no. 8 we can henceforth assume that P=
@ on R to prove that R is canonically homeomorphic to R¥ under the
assumption (5.1). We now develope our discussion based upon
where C(w*)=C(w*: P, Q) again. Recall that C(+) is continuous on
R#\{a} and further C(-)=1 which follows from (7.1) in view of our addi-
tional assumption D(&)=P(&)—Q(¢)=0.

Since Epo=® as we have just seen above, we can now conclude based
upon what we have seen in no. 7 that

w*~ o(w*)=o(w*: P, Q)

is a surjective and continuous mapping of R¥ to R¥. Here we maintain
that it is imjective. For the purpose we take w¥€dR (i=1, 2) such that
o(wi¥)=o0(w¥) and consider

u: =C(wH)Kp(-, w¥)— C(w¥)Kp(+, w¥)
which belongs to P(R). By we obtain

u(2)+ [ Golz, OD(O)u(§)dm()=0 (z€R).

Set du(8)=D(O)|u(8)ldm(¢). Again by we see that Gou is finite on
R. Therefore we have

9.1 |lu(2)| < Gou(2) (zER).

Since # in P-harmonic on R, |u| is P-subharmonic on R. For any nice
region Q, P =@, on Q because of P=@ and the identity

Q=Pl+ [[G3(-, PO~ QO PA)dm( D).

Hence we see that |«| is also Q-subharmonic on R because |u|< Pl< QP
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for every nice region Q of R (of. e.g. [4]). Therelation (9.1) says that the
nonnegative Q-subharmonic function |#| is dominated by the Q-potential
Gor on R. Therefore we must have |«|=0, i.e.

C(w¥)Kr(z, wl*)? C(wi¥)Ke(z, w¥)

for any zER. Setting z=a we see that C(w¥)=C(w¥) and a fortiori
Kp(z, w¥)=Kp(z, w¥) for any zER, i.e. w¥=w¥. Thus we have seen that
the mapping w*- o(w*: P, Q) gives a natural homeomorphism between R¥
and R§. The task left is to show that it is canonical.

10. We now maistain that a mapping S: P(R)"-> Q(R)* can be defined
by

0.1 Su=u+ [ Gol+, ODOu(Q)dm(8);

S is additive and homogeneous (i.e. S(A#)=ASu for positive numbers A)
and bijective so that P(R)* and Q(R)* are isomorphic as convex cones.

First we show that Su given by (10.1) is well defined and Sz Q(R)*
for any € P(R)*. In general the integral on the right hand side of (10.1)
may diverge and hence we have to show its integrability first. For the
purpose we take an arbitrary #€ P(R)*. Take any measure ¢ on d-R such
that «=Kpr on R. Such a g is unique if we restrict them to canonical
measures /, i.e. ¢ with x(dpR\0R)=0, as is seen by (4.2). Nevertheless
we take any ¢ on dpR with u=Kpy on R. Let 1 be the measure on 9oR
constructed from u by

(10.2)  du(w¥)=C(o Y (w}))du(o " (w¥)) (wFEoR).

Note that even if we take x# to be canonical, it cannot be concluded at the
present stage that 4 iscanonical. This is the reason why we take any ¢ not
necessarily canonical. Now integrate both sides of with respect to
dp on deR. Apply the change of variables using (10.2) to the left hand
side and the Fubini theorem to the right hand side of the resulting identity of
the above integration we obtain

(10.3)  Kon=Kppt+ [ Gol-, )D()Kr ©)dm()

By recalling Kpu=uwu, the above identity shows that Su is well defined and
Su=Kuu< Q(R)".

It is obvious that S is additive and homogeneous. To see that S is
surjective we take an arbitrary u:€ Q(R)*. There exists a measure 1 on
0oR such that #1=Keu. Construct a measure # on 9-R from g by
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(10.4)  d(w*)=C(w*) " du(o(w*)) (w*EdR).

Since w is, conversely, obtained from g by (10.2) we can use (10.3) to
conclude that u#;=Su with #=KppsP(R)*. By a similar fashion as in the
proof of the injectivity of ¢ in no.9 we can also show that S is mjective.

11. Finally we show that o(8R)=0¢R so that c=o(:: P, Q) is canon-
ical. First take any wi&deR. Let w1 be the canonical measure on R
associated with Ko(+, o(wd)) in (4.2) : Ko(+, o(wd))=Kom. Let u# be the
measure on 0pR constructed from g by (10.2). Then, as in no. 10, we
have (10.3) : Ko =S(Kpp) or Ko+, o( We*))=S(Kpu). On the other hand,
with w*=wg takes the form C(w&)Ko(+, o(wd))=S(Ke(+, wf)) or
Ko(-, o(wd))=S(C(w¥)*Kp(+, w¥)). Therefore

S(Kpp)=S(C(wd) ' Kp(+, w)).
By the injectiveness of S we see that
Kpp=C(wd) ' Kp(+, w)

on R. Therefore Kpy is minimal in P(R)*. Then suppg must consist of a
single point in 8rR (see p. 254 of [5]). Then, by (10.4) or equivalently by
(10.2), supp also consists of a single point which belongs to d¢R since
is canonical. From Ko(+, o(wd))=Kowm it now follows that o(wd)E SeR.
We have thus seen that o(8pR)C doR.

The proof for 6(8pR)D0eR or 07 (8eR)C 8pR goes in a similar fashion
as above. Namely, take any wifEdeR. Let Kp(+, 07 (wi¥))Kpu be the
canonical representation with ¢ a measure on drR. Let 141 be the measure
on 0oR constructed from p by (10.2). Using (10.3) and with w*=
o (w¥) we see as above

Kon=S(Kpp)=S(Ke(+, 07 (wi))= C(o™(wi)) Kol -, wi).

Hence Ko is minimal in Q(R)* and thus supp consists of a single point
in doR as above and therefore suppu consists of a single point which
belongs to S8rR since u is canonical. Thus o (wi¥)E R so that o7 '(deR)
CopR.

We have shown that R¥ and R¢ are naturally homeomorphic in no. 9
and that o(6pR)=03eR right now. A fortiori R¥ and R} are canonically
homeomorphic.

The proof of the main theorem is herewith complete. O

12. Suppose P and @ are hyperbolic potentials in Kic(R)* and P=Q
outside a compact subset of R. Then the terms in the summation of (5.1)
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are zero except for a finite number of terms and therefore (5.1) is clearly
satisfied. Thus P rules @ and we have the following

TRIVIAL COROLLARY. If hyperbolic potentials P and Q in Kio(R)* are
identical on R except for a compact subset of R, then R¥ and R¥ arve
canonically homeomorphic.

One must be careful in applying the above result in the following point.
Namely, there can exist potentials P and @ in Ki(R)™ such that P is
hyperbolic and P rules @ and yet @ is not hyperbolic. There can even exist
two potentials P and @ in Kic(R)" identical on R except for a compast
subset of R such that P is hyperbolic and @ is not hyperbolic. The latter
occurs only when R is parabolic (see the remark after (3.2)) for Q=0 and
P such that {zER: P(z)#0} is of positive m-measure and compact in R.

13. As mentioned in the introduction the following corollary of our
main theorem will be useful in the construction of a C* hyperbolic potential
P such that R¥ possesses a property assigned in advance ; we only have to
construct a P in Ki(R)* that may be fairly wildly discontinuous. We now
state the following

NONTRIVIAL COROLLARY.  There exists a nonnegative C* hyperbolic

potential Q for any given byperbolic potential P in Ko R)*such that R¥ and
R& are canonically homeomorbhic. Moreover Q can be chosen close enough
fo P in a sense that will become clear in the proof below.

The proof will be given in two steps below in nos. 14-15.

14. Let {@;}jen be an arbitrary partition of unity on R and {V},en be
an arbitrary locally finite covering of R by disks such that suppe,C V;
(JEN). We then fix these throughout the proof. Set Pi=¢,P (EN).
Then {Pj},en is a decomposition of P associated with {V;}. Let Q;» be the
potential (i.e. 2-form on R) defined by

{supp QinCV;
Qin(2)dxdy=(min(P(z), n))dxdy (z=x+iyE V;)

for each J€EN and nEN. Clearly QinEL c(R)*. Consider a sequence
{#a}nen of functions u. on R given by

un(2)= [ Gelz, )PAE)~ Qu(©))dm(?)

for each fixed JEN. In view of (1.1), un€C(R). By the Fatou lemma,
we see that u. !0 (n1c0) at each zER. By the Dini theorem {u.} con-
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verges to zero uniformly on V;. Hence we can find an #(j)€N for each j
such that

sup [, G(z, O)(PAE) = Qu )dm(§)=27 inf Gola, 2).

Clearly
(14.D Q=2 Qi
JEN

isin L%(R)* and hyperbolic along with P (see the remark after (3.2)) and
ruled by P. Hence R} and RZ are canonically homeomorphic by our main
theorem. Therefore to prove the above corollary we may assume that PE
L%(R). Here we view that @ in (14.1) can be made as close to P as we
wish by taking (#(1), #(2), ---, n(j), ---) “large” enough.

15. We retain the decomposition {P;} of P associated with {V;} as
above in no. 14 but this time P;(z) is m-essentially bounded on V; for each
j. Asusual we take o(z) tobe A-exp(—1/(1—|z2/*)) on V;:|z|<1 and 0 on

R\ V; where A is so chosen as to satisfy [, 0(z)dm(z)=1. For any positive

e less than dis(dV;, supp ¢;) we set pe(z)=€e%0(z/e) on V; and 0 on R\V;
and apply the so called Friedrichs mollifier pe * to P; in the sense that
supppe*P;C V; and pe* P;=(p*Pj(2))dxdy on V; where

perPA2)= [ oela—OP(&)dm(?).

Then pe*P; is a nonnegative C* 2-form on R and, for any p<[1, ),
lim [ loe* P(§)— PAO)Pdm(£)=0.
el JVj

Take an arbitrary p>1 and its conjugate ¢(i.e. 1/p+1/g=1). By the
Holder inequality

[, Gelz, DI per PADIdm(2)
<( [ Gola, ©y%am(®) " [ 1P(O) - per PAOPam(2))
Thus we can find an admissible ;>0 such that
([ 1P =perPAOIPam®))
< I{sup [ Gole, dm(®)) " inf Gela, 2).

zeV;J/Vj

1/p
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We then consider the C* potential

(15.D

which

Q= 2 Pe*P;
JEN

is seen to be hyperbolic along with P (see the remark after (3.2)).

Thus the above @ is the desired potential. Here we view that @ can be made
as close to P as we wish by taking (ej, &, ', &, -*-) “small” enough. 0

Combining notations in (14.1) and (15.1) it may be impressive to use
the notation p.xP for any potential PE Kio.(R)* to mean

(15.2)

where

{Oe*P: 2 Oe;* an(j)
JEN

€ is understood to be the infinite vector

e=(ey, 1/n(1), &2, 1/n(2), -~ &;, 1/n(}), ---).

By giving the componentwise ordering and understanding ¢! 0 (zero vector)

as the

convergence in this order we may summarize conclusions in nos. 14

and 15 as

RESTATEMENT.  For an arbitrarily given potential P in KooR)*, pe*P
is a nonnegative C* potential on R and if € is sufficiently close to 0, then
Rixr=RE (canonically homeomorphic).
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