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81. Introduction.

The classical F. and M. Riesz theorem was extended, by Helson-
Lowdenslager and deLeeuw-Glicksberg, to compact abelian groups with
ordered duals. As an extension of the result of deLeeuw and Glicksberg,
Forelli extended the F. and M. Riesz theorem to a (topological) transfor-
mation group in which the reals R acts on a locally compact Hausdorff
space.

On the other hand, the author () obtained several results, corre-
sponding to Forelli’s theorems, on a (topological) transformation group in
which a compact abelian group acts on a locally compact Hausdorff space

under certain conditions. In fact, the author obtained the following in
[14].

THEOREM 1.1 (cf. [14, Theorem 1.1]). Let (G, X) be a transforma-
tion group in which G is a compact abelian and X is a locally compact
Hausdorff space. Suppose (G, X) satisfies conditions (C.I) and (C. II)
(see [14]). Let P be a semigroup in G such that PU(—P)=G. Let ¢ be
a positive Radon wmeasure on X that is quasi-invariant. Let peEM(X),
and let p=pa+ups be the Lebesgue decomposition of p with respect to o.
Suppose sp(u)"P. Then both sp(us) and sp(us) arve contained in P. If
in  addition, PN(—P)={0} and n(|x])<n(0), then sp(us)TP\{0}, where
m: X~ X/G is the canonical map.

THEOREM 1.2 (cf. [14, Theorem 1. 2]). Let (G X) be as in Theo-
vem 1. 1. Let E be a subset of G satifying the following :

(*) For any nonzero measure A= Me(G), |Al and mec are mutually
absolutely continuous.

Let 1 be a measure in M(X) with sp(u)CE. Then p is quasi-invariant.

THEOREM 1.3 (cf. [14, Theorem 1. 3]). Let (G X) be as in Theo-
vem 1.1. Let E be a Riesz set in G. Let 1 be a measure in M(X) with
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sp(r)CE. Then
lim| 2 — g* | =0,
g-0
wheve 04 demotes the point mass at g.

THEOREM 1.4 (cf. [14, Theorem 1.4]). Let (G, X) be as in Theo-
rem 1. 1. Let o be a positive Radon measure on X that is quasi-invariant,
and let E be a Riesz set in G. Let y be a measure in M(X) with sp(p)C
E. Then both sp(ue) and sp(us) arve contained in sp(u), where u= .
+ s s the Lebesgue decomposition of p with respect to o.

If (G, X) is a transformation group in which a compact abelian group
G acts freely on a locally compact Hausdorff space X or a transformation
group in which G is a compact abelian group and X is a locally compact
metric space, then (G, X) satisfies conditions (C.I) and (C.II) (cf. [14,
Theorem 6.4 and Remark 6.1]). In this paper, we shall prove that Theo-
rems 1. 1-1. 4 hold for a general (topological) transformation group (G, X)
in which G is a compact abelian group and X is a locally compact Haus-
dorff space. In section 2, we state our results (Theorems Z.1-2.4). In

section 3, we give proofs of Theorems 2.1 and 2.2, and we prove Theo-
rems 2.3 and 2. 4 in section 4.

§2. Notations and results.

Let (G, X) be a (topological) transformation group in which G is a
compact abelian group and X is a locally compact Hausdorff space. Sup-
pose that the action of G on X is given by (g, x)—»¢g-x, where ¢ G and
xeX.

Let Co(X) and C.(X) be the Banach space of continuous functions on
X which vanish at infinity and the space of continuous functions on X
with compact supports respectively. We note that, if Co(X) is separable,
then X is metrizable (cf. [3, Theorem V.5.1, p.426]). Let M(X) be the
Banach space of complex-valued bounded regular Borel measures on X
with the total variation norm. Let M*(X) be the set of nonnegative mea-

sures in M(X). For peM(X) and f&L'(pl), we often write u(f)=

/;{ F(x)du(x). Let X’ be another locally compact Hausdorff space, and let

S:X—-X be a continuous map. For p=M(X), let S(v)eM(X’) be the
continuous image of g under S. A (Borel) measure ¢ on X is called
quasi-invariant if |6/(F)=0 implies |o|(g: F)=0 for all g=G.

Let G be the dual group of G. M(G) and LYG) denote the measure
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algebra and the group algebra respectively. For p&€M(G), Z denotes the
Fourier-Stieltjes transform of ¢. Let mc¢ be the Haar measure of G. Let
M.(G) be the set of measures in M(G) which are absolutely continuous
with respect to m¢. Then by the Radon-Nikodym theorem we can iden-
tify Mo(G) with L'(G). For a subset E of G, Mz(G) denotes the space
of measures in M(G) whose Fourier-Stieltjes transforms vanish off E. A
subset E of G is called a Riesz set if M:(G)CLYG). For a closed sub-
group H of G, H* denotes the annihilator of H.
For A€ M(G) and p=M(X), we define Axp=M(X) by

2.D A*ﬂ(f):[(fcf(g-x)d/i(g)du(x)Zﬁf;{f(g'x)du(x)d/i(g)

for f€Co(X). We note that (2.1) holds for all bounded Baire functions
f on X.

REMARK 2.1. Professor Saeki pointed out that (2.1) holds for all
bounded Borel functions f on X.
Let J(x) be the collection of all f€L'G) with f*u=0.

DEFINITION 2.1.  For nEM(X), we define the spectrum sp(x) of u
by N f7X0).

fej(#)
We note that yEsp(u) if and only if y*u#0 (cf. [14, Remark 1.1 (IL

D).

DEFINITION 2.2. We say that #€M(X) translates G-continuously if
lgirrolllu—Sg*uiIZO, where dy is the point mass at ¢=G.

Let Ma.c(X) be an L-subspace of M(X) defined by

u<L p*y for some pEL‘(G)ﬂM*(G)}
and veM*(X) '

Put Moc(X)*={veM(X):vLpy for all p€Mse(X)}. Then Mac(X)* is
also an L-subspace of M(X), and M(X)=M.:(X)®M..(X)*. By [14,
Proposition 5.1], we note that uEM.:(X) if and only if ¢ translates G-
continuously. Now we state our theorems.

Mao X)={ nEM(X):

THEOREM 2.1. Let (G, X) be a transformation group in which G is

a compact abelian group and X is a locally compact Hausdorff space.
Then Theorem 1.1 holds for (G, X).

THEOREM 2.2. Let (G, X) be as in Theovem 2.1. Then Theovem 1.2
holds for (G, X).
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THEOREM 2.3. Let (G, X) be as in Theorem 2.1. Then Theovem 1.3
holds for (G, X).

THEOREM 2.4. Let (G, X) be as in Theorem 2.1. Then Theorem 1.4
holds for (G, X).

Before closing this section, we give several lemmas. Let (G, X) be a
transformation group in which G is a compact abelian group and X is a
locally compact Hausdorff space. Suppose there exists an equivalence
relation “ ~ ” on X such that X/~ is a locally compact Hausdorff space
with respect to the quotient topology and x~y implies g-x~g-y for
every gG. Let r: X- X/~ be the canonical map. Define an action of
G on X/~ by g-r(x)=r(g-x) for gG and xX. We assume that (G,
X/~) becomes a transformation group by this action. Let 7:X-X/G
and 7:X/~-(X/~)/G be the canonical maps respectively. Then the fol-
lowing lemmas hold.

LEMMA 2.1.  For AeM(G) and p=M(X), we have
r(A* ) =Ax(p).

In  particular, if cEM*(X) is quasi-invariant, then t(0) is also quasi-
invariant.

PROOF. For f€C(X/~), we have

peN= [ [ Hg-Ddrl(@)arg)
= [ [ g+ e dux)diata)

— [ [ #(x(g- x)du(x)dA()
= (A p)(f).

Hence we have r(A*p)=Axr(yx). The latter half follows from the fact that
8.41(0)=1(8,*0)<L1(0) for all g&G. This completes the proof.

LEMMA 2.2. Let p be a measure in M(X). Then

sp(z(w)) Csp(p).

PROOF. By [Lemma 2.1, we have J(x)CJ(zr(x)). Hence sp(r(u))=

F-1 1)) — :
fem(#))f (O)Cfe(]](#)f (0)=sp(x), and the proof is complete.

LEMMA 2.3. Let u and @ be measures in M*(X) such that m(p1)<
m(w). Then #(r(w)<L7(r(w)).
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PROOF. Let F be a closed set in (X/~)/G with #(r(w))(F)=0.
Then w((7°7)"(F))=0. We note that

@ a a((7e)™(F))=(7or)(F),

In fact, it is sufficient to show that 77 (x((#ozr) Y(F)))C(Zer) (F)
because the reverse inclusion relation is trivial. For any «x&
1 W x((7or) W(F))), n(x)Ex((7°7)"(F)). Then there exist y&(7or) '(F)
and ¢=G such that g-x=y. Hence

(For)(x)=7(r(x))=7(g- r(x))
=7(r(g-x))=a(z(y))
eF.

Hence xE(#or)"Y(F), and (1) holds. By (1), #((Fer)""(F)) is a closed
set in X/G and

() (7((Zo ) (F))= oz (z((Z°7)7(F))))
=w((7or)"(F))
=0.

Hence, by the hypothesis and (1), we have

0=n(p)(7((For) ™ (F))) =z (x((7or)"(F)))
=u((ZFor) ' (F))=7(r(1))(F).

By regularity, we get #(r(x))< #(r(w)), and the proof is complete.
§3. Proofs of Theorems 2.1 and 2. 2.

In this section we prove Theorems and 2. 2. The following lemma
is useful in proving our theorems.

LEMMA 3.1. Let (G, X) be a transformation group in which G is a
compact abelian group and X is a o-compact, locally compact Hausdorff
space. Let 11 be a mnonzero measure in M(X), and let 1 and o, be
mutually singular measures in M*(X). Then there exists an equivalence

(13 »

relation “ ~ 7 on X with the following properties :

(i) X/~ is a (o-compact) metrizable locally compact Hausdorff
space with respect to the quotient topology ;
(i) (G, X/ ~) becomes a transformation group by the action
3.1) g r(x)=1(g-x) for g=G and x=€X ;
(i)  (m)#0;
(v) () L (o),
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where t: X/~ is the canonical map.

PrROOF. Since X is o-compact, there exists an increasing sequence of

compact sets X, such that XnC)O(n+1 (n=1,2,3,:) and X=£J1X,,, where

X, denotes the interior of Xj. Then, by Urysohn’s lemma, there exists a
function %,.€ C(X») such that %2,=1 on X,, %,=0 on Xp+° and 0< A, <
1 on X. Since 1#+0, there exists /& C:(X) such that |A-<1 and

ey w(fo)#0.

Since 12l 0z, there exists a sequence {fx} of functions in Cc.(X) such that

@ supla— (Al =ll+lol

[{3 ”»

We define an equivalence relation “ ~” on X by declaring x~y if and
only if

3) falgx)=rfulg ), helg-x)=he(g-y) for all #=0, £=1 and g=G.

Then we have
(4) x~y&g-x~g-y for all geG.

Let 7: X— X/~ be the canonical map. For x€X, £ denotes the equiva-
lence class which contains x. We shall show that this equivalence rela-
tion satisfies (i )—(v). For a subset S of C, we note that

6)) 7 (t((fao9)(S)))=(f2°9)"(S) and
7 (z(heog)™(8))) = (hi>g)7(S)

for n=0, £>1 and g€ G, where frog(x)=ra(g-x) and hrog(x)=h:(g-x).

In fact, it suffices to show that 7 (z((f2°9)7}(S)))=(fr°9)"*(S). And
we may show that 7 (z((f2°9)"%(S)))C(fxog)"(S) because the reverse
inclusion relation is trivial. Let x€r ' (¢((f2°9)"'(S))). Then r(x)E
7((£»°9)7X(S)). Hence r(x)=r1(xx) for some xxE(fzcg)'(S). Since x~
2%, we have frog(x)=/freg(xx)ES, and so xE(fzcg)"'(S). Thus (5)
holds.

We first show that (i) holds. Let r(x1) and z(x2) be different ele-
ments in X/~. Then there exist f» (or 4z) and g=G such that freg(x1)
+ fnog(x2). Let Wi and Wi be disjoint open sets in C such that fzeg(x1)E
Wi and fog(x2)E Ws. Define a function frog on X/~ by

(6) Faog(z(x))=frog(x)
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for x€X. This definition is well defined. In fact, if r(x)=1(y), then
fno9(x)=fnog(v), and so fuog(r(x))=rfaog(z(v)). It is obvious that f.og is
a continuous function on X/~ (see Fig.]).

x 9, ¢

T [/fn%

X/~
Fig. I

Hence (Fro9) X(W1) and (fnog)'(Wh) are disjoint open sets in X/~ such
that 7(x1)E(freg) ™ (Wi) and t(x2)E(frog) '(W2), which shows that X/~ is
a Hausdorff space. For r(x)&X/~, there exists X, such that xEX,.

Then, by (5), we can verify that T(hn_1<[%, 2])) is a compact neighbor-

hood of 7(x). Hence X/~ is a locally compact Hausdorff space. Next
we show that X/~ is metrizable. For f&€ Cy(X), we note that g— fog is

a continuous mapping from G into Co(X). Hence A:,Qo{f"og 9 GHU

kszl{hkog:gEG} is a o-compact set in Co(X), and so it is separable.

Hence there exists a countable dense subset {F,} of A. Define a function
Fp on X/~ by Fu(z(x))=Fu(x) for x€X. Then F,is a continuous
function on X/~. Since F,€CX), we have Fo,€C.(X/~)C Co( X/ ~).

Let .« be a subalgebra of Co(X/~) generated by F, and F. (n=1,2,
3,'). Then . separates points and is closed under complex conjugate.
Moreover, for any r(x)EX/~, there exists L& % such that L(z(x))=0.
In fact, there exists k€N such that x€Xi. Then %h.(x)=1. Hence there
exists Fn such that F,(x)#0. Then F.E.w and Fa.(r(x))=F.(x)=0.
Hence, by the Stone-Weierstrass theorem, .« is dense in Co(X/~). By
construction of . Co(X/~) is separable. Hence X/~ is metrizable, and
(i) holds.

Next we show that (ii) holds. By (4), (3.1) is well defined. We
note that

(D g V)=g- (V)

for g=G and a subset V of X/~. For ¢€G and x€X, let U be an
open set in X/~ containing g-7(x). Then there exists a compact neigh-
borhood Vi of 7(x) with g+ VoC U such that r}(V:) is a compact set in

X. In fact, let » be a natural number such that x€X,. Then, by (5),
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r(h[‘([%, 2})) is a compact neighborhood of r(x). It follows from (7)

that (—g)-U is an open neighborhoog of z(x). Let~l7(r(x))~be a com-
pact neighborhood of 7(x) such that U(r(x))C(—g)-U. Set Vi=U(z(x))

N Z'(hn_l<|:’%_, 2})) Then Vi is the desired one.

Let yEr7Y(Vy). Since g-vEg-r (V)=1""g- Vi)Tr (), there exist
an open neighborhood W, of y and an open neighborhood U,(g) of g such
that U,(g): WoCz '(U). Since r™'(Vx) is compact, there exist vi, ys, -,

ynE 1 Y(Vy) such that r‘l(Vx)Cng Wy.. Put U(g)z.f;n\1 U,(g). Then U(g)

is an open neighborhood of g, and U(g)- (V) is contained in 7 (0.
Hence we have, by (7),

r ™ (U(g) V)=U(g)- (Vo) 7 D),

which yields U(g)- VoCU. This shows that (g, £)~g+% is a continuous
mapping from GX X/~ onto X/~. It is easy to verify that

) £—g+% is a homeomorphism on X/~ for each ¢€G
and 0-x=x;
9 (g %)=(q1+g) % for g1, »EG and FEX/~.

Hence (G, X/~) becomes a transformation group, and (ii )_holds.
Next we prove that (iii) holds. Define a function fo on X/~ by

Folz(x))=/fox). Then, as seen in the proof of (i), Fo belongs to Co(X/
~) and

() Fo)= [ Fol®)de()(2)
= '[( Fol(x)) dpm(x)

= [{ folx)dp(x)
+0, (by (1))

which shows that 7()#0. Thus (iii) holds. _
_ Finally we prove that (iv) holds. Define functions f» on X/~ by
fa(t(x)=falx) (n=1,2,3,-:). Then f.€CyX/~), and we get

lzCu)l+ (o) = I 7(p22) — (02 _
2sup|(z(42) = 7(02))( /)|

=sup (2 — 02)(f)|
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=2l + | ‘ (by (2))
=lz(el+lz(a)l.

Hence we have [z(z2)—(02)|=[7(2)| +7(02)l, which shows that ()L
7(02) because 7(x2) and 7(02) are positive measures. This completes the
proof.

Now we prove [Theorem 2.1. Let x« be a measure in M(X), and let o
be a positive Radon measure on X that is quasi-invariant. Since g is
bounded and regular, there exist a o-compact open set X, in X with G- Xo
=X, and a quasi-invariant measure ¢’ M*(X) satisfying the following :

(3.2) 1 is concentrated on X,
(3.3) o’|x, and olx, are mutually absolutely continuous.

Let u=pu.+ s be the Lebesgue decomposition of ¢ with respect to o.
Then p=p.+pus is also the Lebesgue decomposition of ¢ with respect to
o’. Thus, considering X, and o’ instead of X and o if necessary, we may
assume that X is a o-compact locally compact Hausdorff space and ¢ is a
quasi-invariant measure in M*(X).

Let u be a measure in M(X) with sp(z)CP, and let p=pu.+ s be the
Lebesgue decomposition of ¢ with respect to 6. In order to prove the first
assertion, it suffices to prove that sp(us)C P because of [14, Remark 1.1
(I)]. We may assume that #s#0. Suppose there exists y0Esp(us) such
that 7€ P. Then y*us+0. Hence, by Lemma 3.1, there exists an equiv-

113 124

alence relation “ ~” on X with the following properties:

(3.4) X/~ is a (o-compact) metrizable, locally compact Hausdorff
space with respect to the quotient topology ;

(3.5) (G, X/~) becomes a transformation group by the action g-z(x)
=7(g-x) for ¢=G and x€ X, where r: X- X/~ is the canoni-
cal map;

(3.6) Z'()’o*lls)#o ;

B.1D (sl L (o).

By Lemma 2.1, (o) is a quasi-invariant measure in M*(X/~). Since
r(|pad)K 2(0), (3.7) yields that r(us) is the singular part of r(x) with
respect to (o). It follows from [emma 2.2 that sp(z(x))Csp(u)CP.
Hence, by (3.4) and Theorem 1.1, we have sp(r(us))CP. On the other
hand, by (3.6) and Lemma 2.1, we have 7Esp(r(us)), and so 7EP.
This contradicts the choice of 7. Hence sp(us)CP.

Next we prove the second half of the theorem. It is sufficient to
prove that 0¢sp(us). Suppose 0€sp(us). Then 1#ps=+0, where 1 is the
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constant function on G with value one. Hence, by Lemma 3.7| there
exists an equivalence relation “ = ” on X such that

(3.8) X/~ is a o-compact metrizable, locally compact Hausdorff
space with respect to the quotient topology,

(3.9) (G, X/=) becomes a transformation group by the action g-7'(x)
=1(g-x) for g€G and x€X, where ': X~ X/~ is the canoni-
cal map,

(3.10) 7’(1*ps)+0, and

(3.1  /(Jjus|) L '(0).

Since r'(|pd|)< (o), it follows from (3.11) that r'(x)=1"(ta)+7'(tts) is
the Lebesgue decomposition of 7’(x) with respect to 7'(¢). By Lemma 2.
1, 7(¢) is quasi-invariant. And, by [Lemma 2.2, we have sp('(w))CP.
Let #:X/~-(X/=)/G be the canonical map. Then, by the hypothesis
and [Lemma 2.3, we have

Al ()<L 2 (7 (|u)) <7 (" (a)).

Since X/= is metrizable, it follows from Theorem 1.1 that
sp(7'(s)) C P\{0},

which yields
1+7(ps)=0

because 0¢ sp(z’(xs)). Since /(1 * ps)=1* v'(1s), this contradicts (3.10).
Hence 0&sp(us), and the proof is complete.

Next we prove [Theorem 2.2. As seen in the proof of [Iheorem 2. 1|
we may assume that X is a o-compact, locally compact Hausdorff space.
Suppose u is not quasi-invariant. Then there exists ¢0<= G such that |yl is
not absolutely continuous with respect to Sso*ll. Let u=w1+v: be the
Lebesgue decomposition of ¢ with respect to dg*|ul, where 1< 8g*|¢| and
v2L 8g*|gel. Then 12#0. By [Lemma 3.1, there exists an equivalence rela-
tion “ ~’ on X satisfying (i)—(v) in with m=vs, t=|ve|
and 02=0g*| 1.

By (iv) in Lemma 3.1, we have

(3.12)  r(|val) L (g0l 1)),

where 7: X—- X/~ is the canonical map. Since |u|<8g*|ul, it follows
from (3.12) that

(3.13) Z'(|V1|)J- Z'(|I/2|).
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By (3.12) and [Lemma 2.1, we have
(3.14)  |z(va)l L Sgo*| ().

Since X/~ is metrizable and sp(r(x))Csp(u)CE, it follows from Theo-
rem 1.2 that

(3.15)  |r()|<K 0go* (22l

On the other hand, since 7(x)=r(v:1)+(12), it follows from (3.13) that
l7(v2)|<|7()|. Hence, by (iii) in and (3.15), we have 0=+
|7(v2)| K 8go*|7(1)|, which contradicts (3.14). Thus g is quasi-invariant,
and the proof is complete.

§4. Proofs of Theorems 2.3 and 2. 4.
In this section we prove Theorems and 2.4 We prepare a lemma.

LEMMA 4.1. Let (G, X) be a transformation group in which G is a
compact abelian group and X is a locally compact Hausdorff space. Let p
be a measure in Maoc(X). Then |p|<me*|pl.

Proor. For a neighborhood V of 0 in G, let &y be a nonnegative
function in LYG) with ||~v]i=1 and supp(%v)C V. Then

D lim| v+| el =l =0.
In fact, for any >0, there exists a neighborhood V; of 0 in G such that

18o%| el — |zl < e for all g= V. Let V be a neighborhood of 0 with VC V4.
Then, for f€Cy(X) with |f|«<1, we have

|(Bvx| el =1 (A
:"/G-/);f(gx)d|/1|(x)hv(g)dm0(g)

— [ [ Al g)dmelo)
=| [ [ @611k g)dme(9)

$||f||w§]1ég|| 8o * |l = ell

<g,
which shows ||Zv*|g|—|ul|<e. Thus (1) holds. Since AvELYG), we get
2 hv*| g K mc*| .

Hence the lemma follows from (1) and(2).
Now we prove [Theorem 2.3 We may assume that X is o-compact.
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Let E be a Riesz set in G, and let ¢ be a measure in M(X) with sp(x)C
E. Suppose that p does not translate G-continuously. Let pu=+ o,
where 1€ Mao(X) and pEMac(X)*. Then #0 and |ua2| L me * |pel.
Hence, by Lemma 3.1, there exists an equivalence relation “ ~” on X
such that

4.1) X/~ is a o-compact metrizable, locally compact Hausdorff
space with respect to the quotient topology,

(4.2) (G, X/~) becomes a transformation group by the action g-z(x)
=1(g-x), where r: X— X/~ is the canonical map,

(4.3) r(12)#0, and

4.4) T(|/l2|)_LZ'(mG*|#2|).

By Lemma 2. 1, we have

(45) T(MaG(X))CMaG(X/~)-
Claim. ()& Mue(X/~).

By (4.5), it suffices to prove that (u2)& Mac(X/~). Suppose r(w)E
M.e(X/~). 1t follows from that

(4.6) |7( )| K me*| 7(2)|.

Since 7(mg * |e])=mc * t(||), (4.6) contradicts (4.3) and (4.4). Thus
the claim holds.

Since X/~ is metrizable and sp(z(x))Csp(¢)CE, it follows from
Theorem 1.3 that r(x) translates G-continuously. Hence r(x) belongs to
M.c(X/~), which contradicts Claim. Hence x translates G-continuously.
This completes the proof of [[heorem 2. 3.

Finally we prove [Theorem 2. 4. As seen in the proof of [['heorem 2. I
we may assume that X is o-compact and cEM*(X). Let E be a Riesz
set in G. Let ¢ be a measure in M(X) with sp(z)CTE. Put Eo=sp(p).
Let p=pqa+ ps be the Lebesgue decomposition of ¢ with respect to 6. We
may assume that us+0. Suppose there exists y0Esp(us)\FEo. Then yo*us
+0. By Lemma 3.1, there exists an equivalence relation “ ~” on X sat-
isfying (i)—(v) in Lemma 3.1 with =170 * is, to=|ps| and o2=o.
Hence we have

4.7 t(yo*s)*0, and
4.8)  t(|us))L(o),

where 7: X—- X/~ is the canonical map. Since r(u.)<r(0), it follows
from (4.8) that 7(x)=1(ua)+ r(us) is the Lebesgue decomposition of z(x)
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with respect to r(¢). By Lemma 2.1, r(s) is quasi-invariant. Since X/
~ is metrizable and sp(z(x))Csp(u)=E,, it follows from Theorem 1.4
that

4.9 sp(z(us))C Eo.

On the other hand, by (4.7), we have yo*r(us)+0, which vyields y&E
sp(z(us)). Hence nEE,, by (4.9). But this contradicts the choice of 7.

Hence sp(us)C Eo=sp(y), and so sp(e)= sp(g—us)C sp(z). This com-
pletes the proof.

§5. Appendix.

Let T and Z be the circle group and the integer group respectively.
Let ®: L'(R)— L'(T) be a linear operator defined by

<I>(f)(ei")=k§Z27rf(x+2ﬂk) (x€l0, 27))

for FEL'R). Then | ®(Nli=5= [ 1@((eMldc< [ If(ldz=I7ls for

every fELYR). Moreover ®(/)"(n)=f(n) for all nEZ.

Let (T, X) be a transformation group, in which T acts on a locally
compact Hausdorff space X. Since the mapping ¢—e” is a continuous
homomorphism from R onto T, we have a transformation group (R, X)
by the action t-x=e+x for t€ER and xX. Let 1 be a measure in
M(X). For f€IXT) and gL' (R), convolutions f*uEM(X) and g*u<
M(X) are defined as follows:

FeaW)= [, [ e x)f(eYdmn(e")du(x) for hE Co(X);
gulk)= [ [ F(t-x)g(t)dtdu(x)
= [ [ r(e* x)g()dtdu(x) for k& Ci(0).

Put J(p: T)={f€LNT): =0} and J(xz: R)={gEL'(R): g * u=0}.
Then J(x: T) and J(x: R) become closed ideals in LY(T) and L' (R)
respectively. We define spr(x) and spg(z) as follows:

spr(p)= N F7X0);

fEN(p:T)
spe(t)= (g7 0).

9] (1: R)

For g€ LY(R) and k< Cy(X), we have
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grulk)= [ [[(e™x)g()dtdux)

= [ [ k(e 0)2(g)e™)dma(e")du(x)
=®(g)* (k).

Thus we have

BG.D gru=®(g)*p for g LY(R) and pEM(X).

If spr(w)CZ*, then (5.1) yields sp () CR*, where Zt={(n<EZ: n=0}

and R*={x€R:x>0}. Hence, by [5, Theorem 4] and the fact that
Ses*t=0s*u for s€R, we have

(5.2) lj_r.{)l"ﬂ—‘aeit*/l”:().

(Of course, by [5, Theorem 3], ¢ is quasi-invariant.)

Let {#:) be a sequence of positive integers with #s+1/n.>3 (k=1,2,3,
). Put E=Z*U{—n.: kEN}. Let y be a measure in M(X) with
spr(#)CE. Then we cannot get (5.2) from [5, Theorem 4]. On the
other hand, it is known that E is a Riesz set (cf. [11, Corollary 4]).
Hence we can get (5.2) from [Theorem 2. 3.
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