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Introduction

In this paper we discuss some perturbation problems related to the
relative compactness and boundedness of closable operators in complex
Banach spaces which are not necessarily reflexive.

Let X, Y and Z be Banach spaces, let A be an operator from X into
Z and let B be an operator from X into Y with D(A)CD(B), where
D(T) denotes the domain of an operator 7. We consider the following
three conditions (see T. Kato and S. G. Krein [4] :

(1) B is A-compact, i.e, for any sequence {#.} in D(A) with

i‘égq'”"“)f +1Aunl2) <% {Bu,} has a convergent subsequence {Bun,} in Y.

(II) B is subordinate to A with exponent a0, 1), i.e., there is a
constant C, such that for all #D(A)

| Bully < Call Auel|Zlaclli*.

(Il B is A-bounded with A-bound zero, i.e., for any & >0 there is a
constant Ce such that for all uD(A)

| Bully < el Autll 2+ Cellue] x.

It is clear that (II) implies (IlI). P. Hess has proved that
(1) implies (ID) in the case X=Y =Z, where X is reflexive and A is
closed. He has also observed that both reflexivity of X and closedness of
A are necessary. M. Schechter [6] has proved that (1) implies (IID in
the case X =Y =Z, where X is not mecessarily reflexive, A is closed, and
B is closable.

In § 1 we prove that exen when X, Y, Z are not reflexive and A is
not closed, (1) implies (II) under the condition that B is closable,
which is also shown not removable. Moreover, we prove that there exist
a Banach space X, a closed operator A and a non-closable operator B in
X satisfying (1) and (II). Furthermore, we prove that there exist a
Banach space X and closed operators A, B in X such that (II) does not
hold for any a €(0,1) but (I) holds. Let X=Y=Z=L?*R") and let
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AS=1-A)"? s&R, with D(A®)=H3(R"), the Sobolev space of order s.
Then A:=A° and B:=A" with 0<¢<s does not satisfy (I) but satisfies
(II) for a=t/s.

Therefore in general, (1) and (II) are irrelevant to each other.

In § 2 we investigate the conditions (II) and (III) in view of the spec-
tral properties of A and B in the case where X=Y =7 and A is a non-
negative operator in X. We show that the decay property of B(A+2A)™"
in the operator norm on X as A —° is closely related to the properties
(II) and (IlI). We remark that the information about the decay rate for
B(A+2)7! with respect to A also plays an important role in determining
the domains of the fractional powers (A+B)¢ «<R, of the perturbed
operator A+B (see H. Kozono & T. Ozawa [4]).

§ 1. Results on relatively compact perturbations
Our first result is:

THEOREM 1.1 Let X, Y and Z be Banach spaces. Let A be an
opevator from X into Z and let B be an A-compact operator from X into
Y. If B is closable, then B is A-bounded with A-bound zero.

The converse of [Theorem 1.1 does not hold :

THEOREM 1.2 Let X be the Banach space C(1), I=[0,1], of con-
tinuous functions on I with the uniform norm. Let A and B be the opera-
tors in X given rvespectively by

DA ={(ueX : u”:<76§c->2u€X, w(@=u(D=0), Au=—u", u€D(A),

DB)={ueX; wveX}, (Bu)(x)=u'0), uD(B), xEI. Then:
(1) B is A-compact.
(2) B it subordinate to A with exponent 1/2.
(3) B is not closable.

The following theorem shows that (1) does not imply (ID).

THEOREM 1.3 Let X be as in Theorem 1.2. Let A and B be the
operators given vespectively by
D(A)=X, (Au) x)=u(0), ucX, x<1,
DBY=X, (B(0= [ uldy, u€X, xEL Then:

(1) B is A-compact.
(2) For any a<(0,1), B is not subordinate to A with exponent a.
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PROOF OF THEOREM 1.1 We prove the theorem by contradiction.
Suppose that there exist &>0 and a sequence {#.} in D(A) satisfying
uni() and

(1.1) ||Bun|ly> £0||Aun||z+ n||un||x

For all #EN. We set vi=un/|Busly. It follows from (1.1) that
sup(|vallx +]Avxlz) <oo and therefore {Bv.} has a subsequence {Buvn,} such
neN

that for some wE€Y, Bv,~w in Y as j—o0. On the other hand we see
from (1.1) that v,,—0 in X as j—co. Since B is closable, we have w=0.
This contradicts the fact that |Bvaly=1 for all nEN.

PROOF OF THEOREM 1.2 (1) For any A&{n’z*; n€NU{0}}, we
have A€p(A), the resolvent set of A, and

(A=A w )
+ (A'%sin /1”2)_1<Sin(/1”2(x-1>)_/0‘x3in('11/2y>u<y>dy

+sin(a120) [ 1sin()l”2(y—1))u(y)dy), wEX %<l

Thus
(BAA—A)™w) (%)
:(—%(l —A)‘lu)(O) = (sin 11/2)’1£15in(11’2(y —D)uly)dy.

It therefore follows from the Ascoli-Arzelad theorem that B(A—A)™' is a

compact operator. This proves part (1).
(2) We prove that | Bul| <2"%|Aul"?|u|"?>, u&D(A). Let

1.2) u(x)qu’(0)+/;x(x—y)u”(y)dy, xe1l

1.3 w@=—[ Q-pu' @y

If |Aul/|u|=2, then by (1.2) we obtain for x (0, 1]

1.4 |u'(0)|Sx‘lllull+x‘1f0x(x—y)||Au||dy=x"||u||+2"x||Au||.

We set x=2"%ul"?|Au|"">. Since %<(0,1], we obtain the desired in-
equality by replacing x by x in (1. 4).

If |Aul/|l#| <2, then by (1.3)

1
w@l< [ A=y lAuldy =27 Al <27 Aul
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This proves part (2).

(3) Let {#.} be the sequence in D(B) defined by wu.(x)=
nY%sin(n'?zx), xE1 Then, |u.|=%n""?*—0 as n—co. On the other hand
(Bun) (x)=x for all x€I and #EN, so that B is not closable.

PROOF OF THEOREM 1.3 Part (1) follows from the Ascoli-Arzela
theorem. We prove part (2) by contradiction. Suppose that there exist
«€(0,1] and C>0 such that |Bu|<Cl|Aul|*|«|*"% «€X. But this does
not hold for u(x) =x€ X.

§ 2. Results on relatively bounded perturbations with relative bound
Zero

For a Banach space X, B(X) denotes the space of all bounded linear
operators in X with norm |+|zx).

THEOREM 2.1 Let X be a Banach space. Let A be a closed operator
in X such that the resolvent set p(A) of A contains the negative real axis
(—0,0) and supA|(A+ 1) Ysxy<o. Let B be a closable operator in X

A>0

with D(B)DD(A). Let a<[0,1]. Then, B is subordinate to A with
exponent a if and only if sup A B(A+1) 7 pux)<oo.
A>0

THEOREM 2.2 Let X, A and B be as in Theovem 2.1. Suppose
that there is 10=0 such that /:I\B(A%—U—z"mmdl <co. Then, B is A-
bounded with A-bound zero.

COROLLARY. Let X, A and B be as in Theorem 2.1. Suppose that

there is Ae=0 such that ﬁ "2 UB A+ ) poydd <co. Then, B is A-
bounded with A-bound zero.

The converse of [Theorem 2.2 does not hold :

THEOREM 2.3 Let X be a Hilbert space and let H be a self-adjoint
operator. Let A and B be the operators in X given respectively by A=|H|,
B=|H|/log(+|HD. Then:

(1) B is A-bounded with A-bound zero.

(2) For any N =0, the map (N, ©)DA—|B(A+1)sxyER is not
integrable.

PROOF OF THEOREM 2.1 Since A is closed and B is closable with
D(B)DD(A), we have B(A+A)'€B(X) for all 1>0. We set M=
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supA[(A+ A1) Ypx). If B is subordinate to A with exponent a, then there
A>0

is a constant C such that |Bul|<C|Au|*|«|*"* for all uD(A). There-
fore for any v&€X we have

IBA+ )< CIAA+ 1) o4l A+ ) o)
<Clv]|+AlCA+ D UsolloD A Mol
<CAa+ MM 1 v|.

Hence,

sup AYBA+) ey <CA+ M) M=
>0

Conversely, suppose that M :ZSE%)AI‘“IIB(A-F ) Yexy<co. Let uD(A),
u+0. We obtain for any A >0

| Bu| <1 B CA+ 20" soo (N Aul + Al < M (Al + All el
Setting A =||Au|/||«|, we have the desired estimate.

PROOF OF THEOREM 2.2 It follows from the resolvent equation that
for any jEN the map (0,0)=>1—B(A+21)7€B(X) is continuous.
Since we have for any 20,

17 (BLA+A+h) ' —BA+A)™D+BA+1) Y sx
=|h||BCA+ 1) 2(A+ 2+ 7)Y s,

the map (0, 0)=21—B(A+21)'€B(X) is continuously differentiable and
d

HB(A_;.A)—IZ —B(A+1)7% Therefore

A
B(A+A)“—B(A+y)“=—f# B(A+v)2dy, 1>u>0,

and by our assumption we see that {B(A+1)™'; 1 =21} is convergent in
B(X). Hence there is an operator T€B(X) such that B(A+A)'—>T
in B(X) as 1—. Let uX. We have (A+1)'u—0, B(A+1) 'u—
Tu in X as A—©. Since B is closable, we conclude that Tu#=0 for all
u=X. This implies that B(A+21)7'—=0 in B(X) as A—co. The result
now follows from the inequality

| Bul <IB A+ 1) s (| Aul+2]uld, u=D(A), 1>0.

PROOF OF THEOREM 2.3 (1) Since (—o0,0)Cp(A), it suffices to
prove that B(A+21)7'—0 in B(X) as A—co. We estimate B(A+21)™" in
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B(X) for A>10 as
”B(/H‘/U-l”B(X):SuIO)ﬂ(log(l‘*',u))_l(/z+/U_1
u>
<sup sup ulog(14+p)) *(u+2a)!

JEN 2J-1A< <25

+ supx,u(log(Hy))_l(,u-i-/l)“l

o<u<

<sup2’A (log(1+271A)) 12 A+ )7}

JEN
+2(og(1+2a))2A)!
<sup2’((G—Dlog 2+log A) (2" 1+1)!

JEN

+Q2log M) '<3og 1)

This proves part (1).
(2) For any 1>0. we have

||B<A+A)‘2||B<x>=suguOogﬂﬂz))*(;u+A)‘2
>

22 (Tlog(1+2))712A) 2> (41 +21)log(Q+ )7
The R. H. S. of the last inequality is not integrable. This proves part (2).
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