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Introduction.

In this paper, we present various results concerning the geometry of
the complex quadric @, of dimension #=3 which are needed in the study
of the infinitesimal rigidity of this space. We consider @. both as a com-
plex hypersurface of the complex projective space CP**' and as a symmet-
ric space.

Following , we introduce the real structure K, of the quadric @,
corresponding to a unit normal vector v of this hypersurface of CP**' at
XE Qn, which is an involution of the tangent space 7Tx of @. at x. This
involution K, determines a decomposition

Tx= ;,x@ T;,x

into two #z-dimensional components. We say that the real structures of
@» are oriented if, for all unit normals v to @, at x€E ., the subspaces
T}, » admit orientations which are compatible with the action of the group
G=S0(n+2) of isometries of Q.. We show that the real structures of Q.
are orientable if and only if » is even. If =4, to such an orientation of
these real structures corresponds a x-operator, which is an involution of a
sub-bundle of the bundle of symmetric 2-forms on @s; it is analogous to
the usual involution of exterior 2-forms on oriented Riemannian manifolds
of dimension 4. In §3, we use these real structures and this x-operator to

decompose the bundle S?Ty of complex-valued symmetric 2-forms on Q.
into irreducible G-invariant sub-bundles.

A symmetric 2-form on a compact symmetric space (X, g) satisfies the
zero-energy condition if all its integrals along the closed geodesics of X
vanish. The space (X, g) is infinitesimally rigid if the only symmetric
2-forms on X satisfying the zero-energy condition are the Lie derivatives
of the metric g.

In order to study the infinitesimal rigidity of ., with »>4, we first
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consider the family % of totally geodesic surfaces of @, contained in
totally geodesic submanifolds of @, which are already known to be
infinitesimally rigid. If n>4, according to Dieng [2], ¥ consists of the
totally geodesic submanifolds of @., isometric either to a complex projec-
tive line of maximal curvature, to a flat torus of dimension 2 or to a real
projective plane. These complex projective lines and these real projective
planes are contained in totally geodesic complex projective planes. The
infinitesimal rigidity of flat tori and complex projective planes was proved
by Michel ([13],[14]) and Tsukamoto (see also and [6]). To
exploit the fact that these submanifolds of @, are infinitesimally rigid, we
introduce the bundle N of curvature-like tensors of type (0,4) which van-
ish when restricted to the surfaces of the family .. The infinitesimal
orbit of the curvature G of Q., defined in for any symmetric space, is
a sub-bundle of N. We require a description of N and, in particular, an
explicit complement of G in N. This is possible if one is able to find a
suitable bound for the rank of the bundle N. One of the goals of this
paper is to present our computations announced and used in [6] leading to
such a bound, when #=>5 (Proposition 5.2). This is a crucial step in our
proof of the infinitesimal rigidity of @., with »>=5, given there; it permits
us to avoid the use of the representation theory of the group G and har-
monic analysis on its homogeneous space @n.

When n=4, this bound fails to hold and a complement of G in N has
additional components in this case. The methods used in break down
and a new approach is necessary.

We propose a new method, inspired in part by Michel’s work [13],
combining certain aspects of the techniques of [6] with those of [5], which
we shall use in a future publication to analyze the infinitesimal rigidity
problem for @. and which we now briefly describe; we also point out the
relevant results which are proved here. The bundle N is still of para-
mount importance. Rather than a complete analysis of &N, in this case we
only need a characterization of the bundle Tr N of symmetric 2-forms
which are traces of elements of N. Here, we determine the bundle Tr N
for @, in terms of the decomposition of S? T(’f into irreducible factors, and

show that its elements are traceless symmetric 2-forms (Proposition 5. I)).
This computation is substantially simpler than the one giving us the rank
of N when »n=5.

On an irreducible symmetric space X, the resolution of the sheaf of
Killing vector field introduced in is related to the complex of on
the Einstein manifold X, in which the linearization of the Ricci operator
appears. We recall that this operator involves the Lichnerowicz La-
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placian A acting on symmetric 2-forms, These facts, taken together with
the descriptions of Tr N and of the action of the operator A on the space

C=(S?TY) of complex-valued symmetric 2-forms on @, play an essential
role in this approach to the infinitesimal rigidity question for Q. We also
require the representation theory of the group G of isometries of our
space, and the decomposition of C*(S?Ty) into irreducible G-modules,
just as we did in for the complex projective spaces. The decomposi-
tion of the bundle S?T) into irreducible G-invariant sub-bundles and the
branching law of then permit us to determine the multiplicities of the
isotypic components of C*(S*TJ) (Proposition 4.2). According to [11], A
is equal to a constant multiple of the Casimir operator of the G-module
C*(S*TJ); in §4 we use this fact to derive properties of these isotypic
components and of A.

1. Hermitian manifolds.

Let X be a complex manifold of complex dimension # endowed with a
Hermitian metric g. We denote by J its complex structure, and by 7 and
T* its tangent and cotangent bundles. By ®*E, S‘E, NE, we shall
mean the kA-th tensor product, the /-th symmetric product and the j-th
exterior product of a vector bundle E over X, respectively. If E is a
vector bundle over X, we denote by E¢ its complexification, by & the
sheaf of sections of E over X and by C(E) the space of global sections
of E over X. Let C*(X) be the space of complex-valued functions on X.
If @, BETS, we identify the symmetric product ¢-f with the element
a® B+ BRa of QT

Let G be the sub-bundle of A*T*QA2T* consisting of those tensors
satisfying the first Bianchi identity considered in [4, §3]. We denote by G°
and S;T* the sub-bundles of G and S?7T* equal to the kernels of the trace
mappings

Tr:G— S*T*, Tr:S*T*— R,
defined by

(Tru)(é, v)=jéu(tj, & t,n), Tr h=gh(tj, t5),

for uE€ Gy, heS?T¥, where x&X and {4, ..., t2n} is an orthonormal basis
of Tx.

The complex structure J induces involutions

J:NT*— N2T* J.S*T*— S*T*
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defined by

BI(& n)=BUE Jn), W (& n)=nJE ),
for BEN*T*, heS?T* and & yp=T. Then G is stable under the involu-
tion

J=IQJ : N*T*QN*T* > N2T*QA T*,
We obtain the orthogonal decompositions

N T*=TR'@(N*T*)", SPT*=(S*T*)*®(S°T*)", G=G"®G"

into direct sums of the eigenbundles Tg', (A2T*)", (S T*)*, (S?T*), Gt
and G~ corresponding to the eigenvalues +1 and —1, respectively, of the
involutions J. In fact, Tg' is the bundle of real forms of type (1,1) and
(S*T™*)* is the bundle of Hermitian symmetric 2-forms. We denote by 7.
and 7 the orthogonal projections of S*T* onto (S*T*)* and (S*T*),
respectively. It is easily verified that

Tr(G*)C(S*T*)*, Tr(G)c(S?*T*) .
If % is an element of S?T*, we consider the element % of ®?T*

defined by
(&, 7)=h(JE, n),

for all & peT. If h=(S?T*)", then % is an element of T¢': on the other
hand, if % belongs to (S?27*)", so does #. We thus obtain a canonical
isomorphism

1. (S*T*)*"— Ty,

sending 2E(S?*T*)* into the form % of type (1, 1), and an endomorphism
1.2) J:(S2T*) — (S°T*),

sending #E€(S?T*)” into the symmetric 2-form J(h)=#h, which satisfies
J?=—id. The image of g under the isomorphism (1.1) is equal to the
Kihler form w of X.

Let 777 be the bundle of complex differential forms of type (», ¢) on
X. The eigenbundles corresponding to the eigenvalues +7 and —7 of the
endomorphism J of (S*T*)¢ are the bundles S27"° and S?T*! of symmet-
ric forms of type (2,0) and (0, 2), respectively. Thus we have

(TI} I)C: Tl'l, (SZ T*)E:SZ Tl,O(_BSz TO’I.
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Let V be the Levi-Civita connection of the Riemannian manifold X.
Let

div: S25* > 7%

be the first-order differential operator defined by
2n

for h€C=(S*T*), E& Tk, where xEX and {4,..., 2} is an orthonormal
basis of 7. Then we see that

(1.3)  (divh)&)=(d*h)(JE),

for all A€ C*((S*T*)*), £EET, where d* is the formal adjoint of the exte-
rior derivative d. Moreover, the following lemma is easily verified.

LEMMA 1.1.  Suppose that g is a Kdahler metvic and let fe C™(X).
If his the section m Hess f of (S?T*)¢, then we have

(1.4  h=iddf.
2. The complex quadric.

Let » be an integer >2. We endow C"*? with its usual Hermitian
scalar product
n+1

{z, wy= ZE)zjwj,
J:

for 2=(2, 21, ..., 2n+1), w=(wo, wr, ..., was1)E C™*2, with the real scalar
product

2.D {z, w>r=Relz, w>,

and with the complex bilinear form
n+1

h(z, w)= %Zj“]]’.

We consider the complex projective space CP™*' of dimension 7n+1
endowed with the Fubini-Study metric § of constant holomorphic curva-
ture 4. If

T C"+2—{0}——’ C n+1

is the natural projection, and if S**** is the unit sphere of C"*? endowed
with the Riemannian metric induced by the real scalar product (2.1), then
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i SZn+3_) CP'I+1

is a Riemannian submersion. In fact, the tangent space T:(S***?) of the
sphere S?**3 at z&S5***? is identified with the space

{(z, w)|us C*? <z, u>r=0}.
We also consider its subspace
HA(S7")={(z, w)lu€ C"** <z, u>=0};

if u€ C"*? satisfies <z, u>=0, we shall sometimes write % for the element
(z, u) of H(S?*?). If Twayn(CP™') is the tangent space of CP™*' at
n(z), then

s . H(S**%) = Tr(CP™)

is an isometry. Moreover, if u& C"*? satisfies <z, #>=0 and A is an ele-
ment of C, with |A|=1, then (Az, Au) belongs to H.(S****) and

iz, u)=mx(Az, Au).

We henceforth suppose that X is the complex quadric &», which is the
complex hypersurface of complex projective space CP"*' defined by the
homogeneous equation

G+ &+ + Gn=0,

where &, &, ..., &s1 are the standard complex coordinates of C**% Let g
be the Kdhler metric on X induced by the metric § of CP**'. In fact, we
have

Qn={n(2)|z€ C"**—{0}, h(z, 2)=0},
={n(2)|z€ S?"*3—{0}, h(z, 2)=0}.

If z&S%*3 satisfies #(z, z2)=0, we consider the subspace
HAS*™)={(z, w)lucs C"? <z, u>=0, h(z, u)=0}
of H(S*"**); then
mx s H{S?*?) = Tra
is an isometry (see [1],[10]).

Let {eo, e, ..., ens1} be the standard basis of C"*2. Let b be the point
(eo+ie)/y2 of S¥**: then h(b, b))=0 and a=nr(b) is a point of Q.. We
consider the vectors
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T=(eote)/V2, V'=(—etie)//2
of Hy(S?"*®); clearly, we have 7« V'=Jr«¥. Then
{er, ..., ens, te ..., tens1)

is an orthonormal basis of Hy(S?"*®) and {7, U’} is an orthonormal basis
for the orthogonal complement of Hi(S***3) in H,(S***3).

The group SU(n+2) acts on C"*? and CP"' by holomorphic
isometries ; its subgroup SO(n+2) leaves the submanifold X of CP™"!
invariant, and acts transitively on X by holomorphic isometries. The
isotropy group of the point a is equal to the subgroup H=S0(2)X SO(n)
of SO(n+2) consisting of the matrices

(3 5)
0 B/
where AES0(2) and BESO(n). For =R, we denote by R(8) the ele-

ment

(cos f —sin 0)
sinf cosd

of SO(2) and by R’(4) the element

(5 D

of H, where I is the identity element of SO(%). Since
R (0)b=e"b, R'(0)x(b, ieo+e1)=(e b, e®(ies+e1)),
we see that

2.2) R'(0)xrx U =nx(e b, e®(ieo+e1)/V2)

=71x(b, e?®(jeo+e1)/V2)
=c0820 7w« UV +sin20Jrx U

and
(2.3) R'(@)sxmxe;=n+(e™?b, e;)=rnx(b, e”e;),

for 2<;<n+1.
Let {ei, ..., ex} be the standard basis of C” and let

v:T.— C"

be the isomorphism of real vector spaces determined by
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Ynxe;=ej1, Ymxie;=1iej-1,

for 2<;<n+1. If we identify T, with C" by means of this isomorphism
¢, since Jrxe;=rmxie;, for 2<;j<m+1, the complex structure of 7, is the
one determined by the multiplication by 7 on C”, and the Kihler metric ¢
at a is the one obtained from the standard Hermitian scalar product of
C". Moreover, by (2.3) we see that the action of the element

e o=("0 )

of H, with BES0O(n), =R, on T,=C" is given by
(2.5)  ¢«E=e"Bg,

for £ C", where SO(n) is considered as a subgroup of SU(%). In partic-
ular, if ¢ is the element R’(8) of H, we have

(2.6) R'(0)x¢=cos - {+sin 6 J¢,

for ¢ T,. Moreover, if ¢ is a unit vector of 7.,(CP""') normal to X,
from (2.2) it follows that

2.7 R'(0)xpu=cos 20+ u+sin20-Ju.

If j=R'(n/2), the element s=j% of SO(n+2) determines an involution ¢ of
SO(n+2) which sends ¢=SO(n+2) into s¢s™. Then H is equal to the
identity component of the set of fixed points of ¢, and (G, H) is a Rieman-
nian symmetric pair. The corresponding Cartan decomposition of the Lie
algebra g of SO(n+2) is

g=bHDm,

where ) is the Lie algebra of H and m is the space of all matrices

0 0
(2.8) (0 0 “77)
En 0

of g, where &, 7 are vectors of R" considered as column vectors. We
identify m with the tangent space of Y=SO(n+2)/H at the coset of the
identity element of SO(n+2), and the vector (& 7)ER"®@R" with the
matrix (2.8) of m.

Since SO(n+2) acts transitively on X, we have a diffeomorphism ¥ :
Y — X, sending ¢-H into ¢(a), for $=SO(n+2). The restriction of Adj
to m is a complex structure on m, and so gives rise to an SO(n+2)-
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invariant complex structure on Y. If B is the Killing form of g, let g be
the unique SO(%+2)-invariant metric on Y whose restriction to m is equal
to —B. Endowed with this complex structure and the metric go, the mani-
fold Y is a Hermitian symmetric space. It is easily verified that the
isomorphism ¥ s :m— T, sends (£, 7)Em, with & 7€ R", into (E+in)/V/2
e C". Hence we see that ¥x°Adj=/J¥« and that go=4n¥*g. Thus ¥ is
a holomorphic isometry from the Hermitian symmetric space Y, endowed
with the metric 1/4%n-g, to X ; henceforth, we shall identify these two
Kihler manifolds by means of this isometry (see [10]). From Proposition
9.7, Chapter XI of [10], it follows that X is an Einstein manifold and that
its Ricci tensor Ric is given by

(2.9 Ric=2ng.

We now recall some of the results of (see also [7]). The second
fundamental form B of the complex hypersurface X of CP**' is a sym-
metric 2-form with values in the normal bundle of X in CP"**'. We
denote by S the bundle of unit vectors of this normal bundle. Let x&€X
and vESx. We consider the element %, of S?T¥ defined by

ho(&, n)=g(B(&, ), v),

for all & 7<= Tx. By means of the metric g, we identify the 2-form 4.
with a symmetric endomorphism K, of Tx. If g is another element of Sy,
we have

(2.100 p=cos26-v+sin28-Jv,
with € R. Then it is easily verified that
(2.11) Ku=cos20-K,+sin26-JK..
In particular, we have

Kn=JK..
Since our manifolds are Kihler, we see that
(2.12) JK.=—K.,J,

and, by (2.9), that K, is an involution (see [15]). We call K, the real
structure of the quadric associated to the unit normal v. From (2.12), it
follows that /%, belongs to (S*T*)” and that

(2.13)  hv=—hy.

We denote by T41.x, Tux the eigenspaces of K,, with eigenvalue
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equal to +1 and —1, respectively. We recall that / induces an isomor-
phism of T3, x onto T,x and that

(214) Tx= ;,x@ T;,x

is an orthogonal decomposition. If z is the unit normal given be (2.10),
then according to (2.11), we easily see that

(2.15) Tf.x={cos §-E+sin - JE|EE T ).

Since an element ¢ of SO(%+2) acts on CP"' and X by holomorphic
isometries, we have

B(¢*5, ¢*77)= ¢*B(E, 77),

for all £, € T. Thus, if ¢ is the tangent vector ¢xv belonging to S,
we see that

h#(¢*$y ¢*77):hU(5, 77))
for all &, & T%, and hence that

Ky¢*:¢*KU
on Tx. Therefore ¢ induces isomorphisms
Dx : 3,x“" T;,Mx), x: Tox— T 000

We say that the real structures of X are oriented if, for all x€X and
vE Sy, the subspace T7,x of Tk is oriented in such a way that, for all ¢&
SO(n+2), the isomorphism

$x: T x— T e

is orientation-preserving.
We shall require the following lemma in §5. Let ¢=0 and 0<m; <m;
<---<ma,=m be integers, with m=>1; we set mo=0.

LEMMA 2.1. Let x€X and u be an element of R"T¥. Suppose
that, for any element v of Sx and for amy orthonormal set {&, ..., &} of
elements of T3 x, we have

u(n, ..., 7n)=0,
where

=&, for mia+1<j<m;, 1<:<q,

.(2.16 : :
( ) n,=J&:, for Mivg1T1<7<mirq, 1<1<g.
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Then, for any element v of Sx and for amy orthonormal set {&, ..., Eq)
of elements of TV x, we have

u(Jm, ..., Jon)=0,
u(m+sin, ..., 2m+sf7m)=0,

for all SER, if n, ..., nm are the vectors of Tx defined by (2.16).

2.17

PROOF: Let v be an element of Sx and {&, ..., &} be an orthonor-
mal set of elements of 75 x. Let ¢ be the element (2.10) of Sy, with €
R ; then, by (2.15)

Ei=cos 0+ &;+sin - J&;

belongs to Ti.x for 1<j<gq. By considering the orthonormal set {&i,...,
&3} of elements of T/ x, from our hypothesis we deduce the equality

u(cos @+m+sin@-Jp, ..., cos 0+ gn+sin- Jyn)=0,

where 71, ..., 7» are the vectors of Tx defined by (2.16). If we take 8=
7/2 in the above equality, we obtain the first of the desired relations. We
write f(@)=tan 8. If O+7x/2 mod x, then (2.17) holds with s=f£(8).
Since f’(0)#0, the relation (2.17) is valid for all s€ER in a neighborhood
of 0. However, the left-hand side of (2.17) is a polynomial in s of degree
m ; therefore it vanishes identically.

Let f be a complex-valued function on C"*? whose restriction to the
unit sphere S**** is invariant under U(1). The restriction of f to S?**3
induces by passage to the quotient a function on CP"*!, whose restriction
to X we denote by f. For 7, s=0, we consider the U(1)-invariant func-
tion

o =G+ it) Gt i) -
—(&+i%)(&ot+i6))(&+i4) (L+i&)”

on C™? and the function frs it induces on X. Consider the open subset
V=r({(&, ..., &s1)EC™*%H+0})

of CP**'., We denote by z=(z, ..., 2z+1) the holomorphic coordinate on
V, where z; is the function which satisfies 7*z,=¢;/&% on C*X C"'. We
write

z;=2x;+1y;,

for 1<7<%n+1, where x; and y; are real-valued functions on V. Then we
have
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n+l
xnv={ze V|1+ 5 =0}
and the point a belongs to V. We set

a=ge)e =g,

e=/2(5), =2 (5,

for 2<j<n+1. Then the mapping mx: H,(S***)— T.(CP""') is deter-
mined by

T« V=&, mxV'=mn,

(2.18) :

wxe;=§&;, Tx1e;= 1,
for 2<j<un+1. Thus {&,..., Ens1, 72, ..., Tns1} is an orthonormal basis of
T. and the element v'=mn of S, satisfies Jy'=—E&. Since the complex

vector fields 0/0z;— z;/z10/0z: are tangent to X on a neighborhood of a for
2<j<n+1, we easily verify that the second fundamental form B of X is
given at the point a by

B(E,-, ék)zajk’/: —B(m, 77k),
B(fj, ﬂk)zajkﬁ/,

for 2<;<n+1. We thus obtain
K, &=6&,, Kuni=—n,

for 2<j<n+1. Therefore {&, ..., &1} is an orthonormal basis of T'V,4,
while {7, ..., 7241} is an orthonormal basis of 77,a.

By (2.7), we see that the element (2.4) of H, with € R, BESO(n),
satisfies ¢«v’ =V’ if and only if =0 mod 7. Let {&,..., €x} be the stan-
dard basis of R”. We identify T3}, with R" by means of the isomor-
phism R"— T4}.. sending &; into &4, for 1<j<xn. When =0 mod =,
by (2.5) and (2.18), the action of the element (2.4) of H on Ti,.=R"
is given by

Bu, if 4=0 mod 2,

¢*u:{—Bu, if 6=m mod 2,

for uSR", where B acts on R" according to the natural representation of
SO(n). Therefore, if # is even, for §=0 mod 7 the action of ¢x on T,
is always orientation-preserving.

According to (2.7), the action of H on S is transitive. Thus, if # is
even, we see that an orientation of the real vector space T'V,. determines
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an orientation of all the real structures of X. We also remark that, if »
is odd, the real structures of X are not orientable.

We take this opportunity to point out that the definitions of the
vectors &, 7, En+1, Mns1, With 1<7<n, of §6 of should read as follows:

&=V2 ( a?c,- ) ’”zﬁ( 3(; )

_ 0 _ 0
énH_Z( 0Xn+1 )a’ 77"“_2( 6’yn+1 >a°

Moreover, with these definitions, if £=(&+9;)/v2, p=(Ex+75.)/V 2 for
1<;<k<n, we have

E+Tn=va(a), n+JE=uvila).

3. Symmetric 2-forms on the quadric.

Let x€X and v be an element of Sx. For A€ Tg: and h&(S*TH)E,
we define elements K.(B) of A*T¥ and K.(k) of S*T¥ by

K.(B)(E, U):B(Kué, K.p), KJ(h)& n)=hnK.E Ku7),

for all & n& Tx. Using (2.12), we see that K.(8) and K.(%) belong to T
and (S?T*)*, respectively. By (2.11), we also observe that K.(8) and
K.(k) do not depend on the choice of the unit normal v. We thus obtain
canonical involutions of Tx' and (S*T*)* over all of X, which give us
decompositions

Tg'=(Te")*®(Tr"),

(SzT*)+:(SZT*)++@(SZT*)+_
into the direct sums of the eigenbundles (7§, (T&')", (S*T*)** and
(S2T*)*~ corresponding to the eigenvalues +1 and —1, respectively, of
these involutions. By (2.12), we see that the mapping (1.1) induces by
restriction isomorphisms

(ST*y— (THY, (ST~ (T¥)-
The metric g is a section of (S?T*)** and generates a line bundle {g},
whose orthogonal complement in (S?7*)** is the sub-bundle

(SZT*)3+:(S§T*)H(SZT*)++

of (S®T*)** consisting of the forms with zero-trace.
We easily see that
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B.1)  (TeHi={BETr:B(& J7)=0 for all & € T7 4},
(3.2) (ST ={he(S2THER(E, 7)=0 for all & p=T5.4).

We thus obtain an isomorphism
ov: (Tght— N2THX,

sending an element of (7T§')} into its restriction to A2T7}, .

The sub-bundle E of (S?7T*)” of rank 2, whose fiber at x€X is the
subspace of (S?T*)x generated by %, and %;, where v is an element of
Sx, is well-defined. If we denote by (S*T*)™* the orthogonal complement
of E in (S*T*)”, we obtain the orthogonal decomposition

3.3 S*T*=E®(S*T*) - D{g}D(S*T*)s*D(S*T*)*.

By (2.13), we see that E is stable under the endomorphism (1.2) of
(S*T*)"; since J: T — T is an isometry, the orthogonal complement
(S?T*)* of E is also stable under this endomorphism. We denote by E’,
E”, (S?T"°)*, (S*T*")* the eigenbundles corresponding to the eigenvalues
+7 and —7 of the endomorphisms J of E¢ and (S?T*)¢™", respectively. In
fact, by (2.13) we infer that 4.+ ik, generates Ex and that h,— ik is a
generator of EY. Clearly, we have

E'=E, (ST*)=(S*T")~
We obtain the orthogonal decompositions
ST =E'®(S*T"°)*, S*T"'=E"®(S*T"")*,
(3.4  S’TI=E'@E'®(S*T )*P(S2T")*
Dlg}c®(S?T*)id (S’ T*)¢.

We consider the holomorphic coordinate z=(z, ..., zx41) of §2 on the
open subset V of CP"*', and the holomorphic coordinate w=(wx, ..., wa)
on a neighborhood of @ in X, where w; is the restriction of the function
Zi+1to XNV, for 1<7<n. If Vv is the unit normal 7x?'ES, of §2, it is
easily verified that

hort iy = 33 (dwy-dw))a),  9(a)= 2 (duy- di;)(a)
and that

(ST)={ 3 caldws dwn@)|en=cwe €, Feu=0},
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(ST*)ic o= {J;n: cin(dw;+diwe)(a)

1

(STEe={, 2 culdws die)(a)

n
cin=crEC, Zlej:O},
J:

Cir=—Cri< C}

,_.

We now suppose that X is the quadric Q. of complex dimension 4.
We choose an orientation of the real structures of X. We define an
involution

o (T = (TH"

as follows. Let x€X and v be an element of Sx. We have an involution
+ of A?T}% defined in terms of the orientation of the 4-dimensional space
T7,x and its metric. Then the involution

(3.5) w: (Tghi— (TeH)t
is the unique mapping which makes the diagram

(Tk"): —— (Ti"%

e

k
2 2
N Ty — N2THX

commutative. We now show that the mapping (3.5) is independent of the
choice of the unit normal v at x. Since the group SO(x#+2) acts on the
spaces T1,x by orientation-preserving isometries, it suffices to verify this
fact when x=a. In this case, if v, ¢ are elements of S, related by (2.10),
with € R, then, because of (2.6) and (3.1), the diagram

(Th)i —"— N*Ti%
l id [ R'(6)*
(Tlli 1)+ /\ZT

is easily seen to commute. Thus, since R (8)x: Ti.— Thais an
isometry, which preserves the orientations, the two mappings (3.5)
defined in terms of v and y are equal.

From this involution of (T§')*, by means of the isomorphism (1.1),
we obtain an involution of (S*7*)*~, which we also denote by x and
which is easily seen to be an isometry. If 2E(S*T*)i™ and {&, &, &, &)
is an oriented orthonormal basis of 77, then
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3.6) (xh)(&, J&)=h(&, JG).

If F*, F~ are the eigenbundles corresponding to the eigenvalues —+1
and —1, respectively, of this involution of (S*T*)*~, we obtain the orthog-
onal decompositions

B.7D  S*T*=ED(S*T*)*D{gB(S*T*)§ " OF " DF ",

(3.8)  S*Te=E@®E'®(S*T")*®(S*T*")*
Dlg}cD(S*T*)ic DFc PFc.

The orthogonal projections p+ and p- of (S?T*)*~ onto F* and F~ are

equal to —%—(id+*) and %(id—*), respectively. We remark that, if we

change the orientation of the real structures of X =@, the bundles F* and
F~ are simply interchanged.

If v is the element of S, considered in §2, and if we choose the orien-
tation of the real structures of X=@Q: for which the elements {&, &, &, &}
of T4 . defined in §2 form an oriented orthonormal basis of 73,4, then it
is easily verified that F¢ , is generated by the elements

(duh + idW2)'(dw1— idﬁz)—(duh“ idle)'(dW1 + Zd@z)

+(dws+ idws) - (diws— idiws) — (dws — idw.) - (diws + idivs),
(dw+ ldle) . (a’z'v'3+ idws)—(diw,+ ld@z) . (dM)3+ idm),
(dw,— idw:) + (dws— idws) — (dw, — idw2) - (dws— idws)

of (S*T*)¢,, while F¢ , is generated by the elements

(dw,+ idw,) +(dw, — idw2) — (dun — idw-) + (dw, + 1divs)

"(dZUg‘f‘ idW4)'(d@3_ idW4)+(d?/U3_ Z'dZU4);(dW3+ idL—U4),
(dun + idtvz) (dws— id@4)_(d?jv_1 + idw2) * (dws— z'a’w4),
(dw,— idws) +(dws+ idiws) — (diw, — idws) - (dws + idws)

of (S*T*)¢ .
4. SO(n+2)-modules and symmetric 2-forms.

Let T and H be the sets of equivalence classes of irreducible
SO(n+2)-modules and irreducible H-modules (over C), respectively. If
F is a homogeneous unitary Hermitian vector bundle over X=@,, with n
>3 we denote by Cy(F) the isotypic component of the SO(n+2)-module
C*(F) corresponding to yET'. Let V, be an irreducible SO(n+2)-module
which is a representative of y. Then the SO(%+2)-module Cy(F) is
isomorphic to % copies of V;; this integer k, the multiplicity of C5(F),
denoted by Mult Cy(F), is equal to dimHomgu(V;, Fo). If F is the trivial
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complex line bundle over X, we identify C*(F) with C*(X) and Cy(F)
with a submodule C;(X) of C*(X). We endow C*(F) with the Her-
mitian scalar product obtained from the scalar product of F and the
SO(n+2)-invariant volume form w”/n! of X. For 7, Y €T, with y+7/,
the submodules C5(F) and Cy(F) of C*(F) are orthogonal. If F), F,
are two homogeneous unitary Hermitian vector bundles over X, and if P:
F1—.F . is a homogeneous differential operator, then we have

P(C7(F1))C Co(Fa),

for all y=T (see [19, §5.3], [5, §2]).
The vector bundle ®*7T, is homogeneous and unitary and the Lich-
nerowicz Laplacian

A=Ay QT § > QT

defined in is a homogeneous differential operator of order 2; for an
intrinsic definition of A, see [8,§4]. We recall that the Laplacian A act-
ing on exterior differential forms is equal to the usual de Rham Laplacian
of (X, g). The Lichnerowicz Laplacian Ay, corresponding to the metric g
=4ng is related to Ay by

(41) Ag=4nAgo.

We shall need the following two facts proved in [11, §5] which hold on
any symmetric space of compact type.

PROPOSITION 4.1. (i) If F is a homogeneous sub-bundle of ®*T,
then

VFCI*Qs.
(ii) The Lichnerowicz Laplacian
Ago: C*(®*TE) — C(®'TY)
is equal to the Casimir operator of the SO(n+2)-module C*(Q*T[).

The vector bundles appearing in the decomposition (3.4), or in the
decomposition (3.8) when »n=4, are all homogeneous sub-bundles of
®?*TyF. Therefore, by Proposition 4.1, (i), all these bundles are invar-
iant under V. Hence, when #=4, we have

p+Veh=V_p.ih,
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for all hE(S%7*)*” and £€.7; from the explicit expression for p., it fol-
lows that

(42) *VshZVe*h,
for all h=(S%257*)*" and £€.7.

LEMMA 4.1. Assume that n=4 and that the real structures of X are
oriented. Let x€X and vESx. Let {8, &, &, &} be an orviented ortho-
normal basis of T3,x. Then, for h&C((S*T*)*) we have

(divh)(J&)=—(dh)(&, &, &).

PROOF: Since (S?T*)*~ is stable under V, by (3.2), (4.2) and
(3.6) we have

—(divxh)(J&) =(V*h)(&, &, J6)+(V*h)(&, &, JG)
+(Vxh)(&, &, J&)
= Veoh)(&, J6) + (Ve h) (&, J&)
+ (Ve h)(&, JG)
=(Vi)(&, & &)+ (VAN &, &, &)+ (VAN &, &, &)
:(dljl)( &2, G, §4)-
We now suppose that the integer » is even and we write n=2/. Let

gc and hHc denote the complexifications of the Lie algebras g and ¥, respec-
tively. The subgroup T of SO(n+2), which consists of the matrices

R(&) 0 0
0 0 - R(6)
with @, ..., 6, £R, is a maximal torus of SO(#+2). The complexification

tc of the Lie algebra t of T is a Cartan subalgebra of gc=38o(%+2, C) and
of h¢. For pueC, we set

L(#)Z(;L .

For 0<;</, let A; be the linear form on t¢ which sends
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L(1t0) 0 0
0 L(p) - 0
0 0 - L(u)
with o, ..., € C, into ;. We write a;=A;—Aj+1, for 0<;</—1, and a;
=Ai-1+A. We choose a Weyl chamber of (gc, te) for which the system
A" of positive roots is equal to

{A—0< << ITU{AL+A|0< < k<Y

Then {a, @, . .., ai} is a system of simple roots of gc. We choose a Weyl
chamber of (f¢, tc) such that {a, ..., @} is a system of simple roots of be.
This system of simple roots of g¢ induces a partial ordering on t"g: ele-
ments A, A'Et} satisfy A’>A if and only if X —A=Xtom;a;, where mo, . . .,
m, are integers =0, with mo+---+m,;>0.

The highest weight of an irreducible SO(%+2)-module (resp. H-
module) is a linear form A= X2i-0kA; on tc, where ho, ki, ..., h; are inte-
gers satisfying

h02h12’“_>_hz—12|hz| (resp. h12"'2h1—12|h1|).

The equivalence class of such an SO(#+2)-module (resp. H-module) is
determined by this weight. We identify T (resp. H) with the set of all
such linear forms on tc.

We suppose throughout the remainder of this section that #=4. The
fibers at a of the vector bundles appearing in the decomposition (3.8) of
S?Ty are irreducible H-modules (see [18]). We consider the unit normal
V'ES. of §2 and we choose the orientation of the real structures of X=Q.
for which the elements {&, &, &, &) of Ti.. defined in §2 form an ori-
ented orthonormal basis of T3,.,. Using the description of these H-
modules given in §3, we see that the highest weights of these irreducible
H-modules are given by the following table :

H-module Highest weight H-module Highest weight

E: 240 a —240
(SZ Tl’o)é' 2A0+2A4 (Sz TO’1>'¢11' —2A0t+2A
{g}c.a 0 (S2T*)ic.a 2A

F(ja At A Fe. Al— Az
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For y&€T', we denote by e, the eigenvalue of the Casimir operator of the
irreducible SO(6)-module V,. From (4.1) and [Proposition 4.1, (ii), we

infer that, if F' is a homogeneous complex sub-bundle of ®kT; and y€T,

then Cy(F) is an eigenspace of A=A, with eigenvalue 16e,. Let I be
the set of elements

Vr,s :(2 r+ S)Ao + sA;,

7’;,32(27’ + S+2)/10+(S+ 1)/11 +/12,
7’;:,3:(27’ +s+ 2)/10+(S+ 1)/11_/12,
rs=2r+s+2)A+(s+2)Ai+22,
1rs=Q2r+s+2)A+(s+2)Ai—24

of T, with »,s>0. Using Freudenthal’s formula, we obtain

(4.3) eri=1.

If y&TI' is not equal to 0 or 70,1, then we easily verify that
7> You,

and hence by Lemma 13. 4C of [9], we have

4.4 er>eyn,=1.

From the branching law for SO(6) and H described in Theorem 1.1 of
[18], using the table of highest weights of irreducible H-modules given
above, we obtain (see also [18, §4]):

PROPOSITION 4.2. If n=4, for yET, the non-zero multiplicities of
Cy(F), where F is a homogeneous vector bundle over X, equal to ome of

the wvector bundles appearing in the decomposition (3.8) of S?T(, are
giwen by Table 1.

From [Proposition 4.2, (4.4) and the previous discussion, we obtain:

PROPOSITION 4.3. Let y be an element of T. Then CZ(S?T))+0 if
and only if yET'. If yET' is not equal to 0 or yo., then CZ(S*TY) is

an eigenspace of A with eigenvalue >16. Moreover C,(S*Ty) is the
eigenspace of A with eigenvalue 16.

For 7, s>0, according to [16], the function f,s on X defined in §2 is
the highest weight vector of the irreducible SO(6)-module #r,s=Cs (X).
It follows that #,s is the eigenspace of the Laplacian with eigenvalue

16es,,. Moreover, Cy(X)=0, when yET is not of the form 7, for some
v, s=0.
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Table 1
F rerl Mult Cy(F)
E’ Yr.s 7’21,820 1
E”
(SETYO) | yrs r+s=2 2 if »=2, s=1
(S?T"H)* or r=1, s=>2
3 if r, s=2
1 otherwise
vrs ¥+s=1 2 if », s=>1
Yrs r+s=1 1 otherwise
,U;',s r=1,5s=0 1
ﬂ;‘/,s 721,320
{g}c Yrs 7,520 1
(S’°T*)i¢ | 7rs r=1 or s=2 2 if r=1, s=1
3 if r=1, s=2
1 otherwise
Yrs ¥, 520 2 if »=>0, s=>1
rrs v, $=0 1 otherwise
/J;',s r=1, s=0 1
urs r=1, s=0
Fg Yr,s 720, s=1 1
F¢ Yrs 7, 8=0
¥is v, 820

5. Totally geodesic surfaces and curvature-like forms.

Let x€X and let v be a fixed element of Sx. We write T¥= T}7, x,
Ts=T17 x. We henceforth suppose that the dimension # of X=@Q, is =4.

We now recall certain results of concerning the totally geodesic
surfaces of X passing through x.

1) The closed totally geodesic surfaces of X containing x, which
have constant curvature equal to 4 and which are isometric to CP', are
the submanifolds Exp«F, where F is the subspace of 7x determined by an
orthonormal set {&, 7} of elements of 7% and spanned by the family

{&+n, JE—n}.
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2) The closed totally geodesic surfaces of X containing x, which are
isometric to a flat torus, are the submanifolds ExpxF', where F' is the sub-
space of Ty determined by an orthonormal set {&, 7} of elements of 7%
and spanned by one of the following families :

(a) {& In};
(b) {5—315, 7;+—£—]77}, where sER*:
(c) {&+Jn, n+JE}

3) The closed totally geodesic surfaces of X containing x, which
have constant curvature equal to 1 and which are isometric to the real
projective plane RP? are the submanifolds Exp.F, where F is the sub-
space of Tx determined by an orthonormal set {&, 7, ¢, A} of elements of
T+ and spanned by the family

{E+TE, n+JA}.

Let N be the sub-bundle of G consisting of the elements of G which
vanish when restricted to the closed totally geodesic surfaces isometric to
one of the following :

(i) CP' with its metric of constant curvature 4 ;
(ii) a flat torus;
(iii) RP? with its metric of constant curvature 1.

According to the description of these surfaces given above, an element
6 of Gx belongs to N if and only if :

BG.D (&+Tn, JE—n, E+Tn, JE—7)=0,
(5.2)  O(& I, & Jn)=0,

(5.3) 9(5~8/E, v+%f77, &E—sJE, 7/+is]77>=0,
(5.4) O(&+ Ty, n+JE E+Tn, n+JE)=0,
for all orthonormal sets {&, 7} of elements of 7% and all s€R*, and if

(6.5 O(E+TE, n+JA E+TE, n+JA)=0,

for all orthonormal sets {&, 7, £, A} of elements of 7¥. Clearly, N is sta-
ble by J and we therefore obtain the decomposition

(5.6 N=(NNGHDNNG).

Throughout the remainder of this paper, we consider an element § of
Nx and an arbitrary orthonormal set {&, 7, &, A} of elements of 7¥.
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For all tER, the vectors £+¢7 and »—t£ are orthogonal. From
(5.2), it follows that the function

f()=0(&+1ty, Jn—tE, E+tyg, Jn—tJE)
vanishes identically. The equality f'(0)=0 gives us the relation
G.D 088 & =00, Tn, & In).

The function u(s) of s€R* whose value at s is equal to the left-hand
side of (5.3), vanishes identically. The vanishing of the constant term

and of the coefficient of % in the expansion of u(s) gives us the equalities

5.8) 6(&, n, & )+ 0UE, Jn, JE, Jn)=2(0(&, n, JE, Jn)+6(E, In, JE, 1)),
(5.9 6(& 9, & In)=0(&, In, JE, In),

respectively. If A(E, ), B(&, n) are the left-hand sides of (5.1) and
(5.4) respectively, the equalities

A&, 1)+ A& —n)+B(E, 1)+ B(&, —7)=0,
A&, 7)—A(&, —n)+B(&, 7)—B(&, —1)=0,
A(E, 1)+ A(E —n)—B(& 7)—B(&, —7)=0

imply that

(5.10)  6(&, n, & n)+OUE, Jn, JE, In)+0(E, JE, &, JE)+6(n, In, n, Jn)=0,
(5.11)  6(&, n, Jn, )+ 6(&, JE, Jn, JE)=0,
(5.12)  6(&, n, J&, Jn)+6(€, JE, n, Jn)=0,

respectively.
LEMMA 5.1.  We have
(5.13) 6§ J¢, 0, J)=0UE, £, Jn, H)=0.
ProOF: By (5.2), we have the equalities
0(&+n,J¢, E+n, J)=0(8, JE+n, &, JE+T1)=0,
from which we deduce (5.13).
LEMMA 5.2. We have

(6.1 6(& 0, & 1)+ 608, JA, JE, JA)=0,
(6.15)  0(&, »,J¢, 1)+ 0(&, JA, J&, JA)=0,
(5.16)  6(&, Jn, £, JN)=06(¢, 0, J&, JA)=0.

PROOF: The left-hand side A(&, ) of (5.5) vanishes. We write
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A(E, )+ A&, —n)+A(=¢&, )+ A(—& —1)=0,
A(E )+ A —n)—A(=¢&, 1)—A(—¢&, —1)=0,
A(E, n)— A, —n)—A(=& 1)+ A(=¢& —79)=0;

from these relations, by (5.2), we obtain the equalities (5.14), (5.15)
and

G171 (& 9, JE, JAN+6(E, A, JE, 7)=0,
respectively. By [Lemma 5.1, we see that

6(£+2,J¢, £+ 1, J)=0,
6(&, J¢, 0, JA)+6(n, JE, &, JA)=0.

The first Bianchi identity tells us that
6(&, 0, J&, J)+6(n, J¢, & JO)—6(&, J¢, 1, JA)=0
and so, by (5.17), we have
6(&, JA, JE, n)=6(¢, n, J§, J)=0.
LEMMA 5.3. If 8€G~, then we have

(5.18)  6(& 0, & n)=0(%, A, ¢, A),
(5.19)  6(&, 9,6 8=—6(4, 2,4 0.

PrROOF: The relation (5.18) follows from (5.14). Since 7+ ¢ and
n— ¢ are orthogonal, (5.18) yields the equality

(& n+8 & nt8)=0n—¢ A 1—8A);
by (5.18), we now obtain (5.19).

LEMMA 5.4. If n=5, we have

(5.200  6(&,9,& 5)=0(¢,9,¢ =0,
(6.2 6(&,1,&17)=6(8,¢,¢, ).

If moreover 0 belongs to G*, then we have
(5.22)  6(&, &, &, &)=0,
for all &, &, &, &€ Tx.

PROOF By (5.14), if x is a unit vector of Tx orthogonal to &, 7, ¢
and A, we have the equalities

0(&, n+¢&, & n+)=—200A Ju, JA, Jr)=0(&, n—¢, & n=0),
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which imply that
6(&, 1, & £)=0.
Hence we obtain
6(£+A, 1, &+4, §)=0,
and so we have
6(&, 7,4, )+6(A, 9, & £)=0.
By the first Bianchi identity, we see that
0(¢, », ¢, A)=0.

Since the vectors 7p+¢ and 7—¢ are orthogonal, from (5.20) we infer
that

0(&, n+¢, & n—8)=0,

and thus obtain (5.21). From this relation, we deduce the equality
0(E, 7,6 0)=0(¢, A, ¢, A).

If 0 belongs to G*, by (5.14) we see that
0(&, 2,6 0)=—0(£,4,¢,2)

and hence that

6(&, 1, & 7)=0.
This last relation and (5.20) give us (5.22).

LEMMA 5.5. (i) If #n>5 or if G-, we have

(5.23)  6(¢, JE &, J&)=0,
(.20 0(&, n, J&, In)=06(&, JE, 1, Jn)=0(&, Iy, 9, JE) =0,
(6.25)  0(&,J&, & Jn)=0(n, In, & Jn)=—6(¢, JE, 5, JE).

(ii)  Whenever 6€G*, we have

(5.26)  0(& 9, & Jn)=—0(z, & 3, JE),
(5.2 0(& 9, J6)=0(n, & 9, In):

if moveover n=5, the expressions in the equalities (5.25) all vanish.
(iii) Whenever G, we have

(5.28)  0(&, 79, & Jn)=06(y, & 5, JE),
(5.29)  0(&, 9,8 J8)=—0(2, & 7, ).
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PROOF: Whenever §=G~, or whenever §G* and n=>5, according

to the equality (5.22) of Lemma 5.4, the relations (5.8) and (5.10) tell
us that

(5.30)  G(&, n, JE, Jn)=0(&, In, n, JE),
6(&, JE, &, JEY=—0(n, Ju, n, In),

respectively. Thus we have

0(&,J&, &, J&)=—0(¢, JE, §, J5)=0(n, Jn, 1, Jn),

and so (5.23) holds. By (5.30), (5.12) and the first Bianchi identity, we
obtain (5.24). On the other hand, the relation (5.23) tells us that

f()=0(&+1ty, JE+tn, &+ tn, JE+tn)=0,

for all t€R. We write f(0)=0 and see that
0(¢, JE, &, Jn)+0(&, JE, 1, JE)=0;

this equality and (5.7) give us (5.25). If 8€G*, we have
6(&, J&, 0, JE)=0(¢&, JE, &, In),

‘and hence all the expressions of (5.25) vanish when #=>=5. The equalities
(5.26) and (5.28) are consequences of (5.9); on the other hand, (5.11)
implies (5.27) and (5.29).

PROPOSITION 5.1. If n=4, we have

(5.31) Tr(NNGHC(S*T**, Tr(NNG)CE,
(5.32) Tr-Tr N={0}.

PROOF: Since {J&, Jn, J¢, JA} is an orthonormal basis of Tx, by
(5.2) we have

(5.33)  (Tro)& E)=06(E JE EJE+0O(E 1, & 1)
+0(£,¢8, & D+0(8 A& A,

and so

(5.34)  (TrO)& &)+(Tr 0)(n, n)=06(&, JE, & JEY+6(n, Ju, n, Jn)
+260(&, 7, & n)+0(§ 8, &0

+0(E, A, & N+60(n, 8,9,
+8(n, A, 7, A).

Moreover, by (5.13) we have
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(5.35)  (Tr )& n)=0(¢&, JE, 0, JE)+O(E, In, 0, Jn)
+6(&,¢, 79, 8)+0(& A n,A).

We now prove the first relation of (5.31). If §€G*, according to (5.10),
the sum of the first three terms of the right-hand side of (5.34) vanishes.
Then by (5.14), we obtain the equality

(Tr 6)(&, &)+(Tr 6)(n, 7)=0.
Therefore we have
(Tr 6)(&, &)=—(Tr 0)(n, n)=(Tr 6)(¢, £)=—(Tr 6)(¢, &),

and so (Tr @)(&, £)=0. Since & can be an arbitrary unit vector of 7%, by
polarization we see that

(Tr 8)(m, 12) =0,

for all 7, 72€T¢. According to (3.2), Tr @ belongs to (S?T*)*~. We
next verify the second relation of (5.31). If §=G~, according to (5.25)
the sum of the first two terms of the right-hand side of (5.35) vanishes.
Thus by (5.19) we obtain

(5.36) (Tr )&, »)=0.
According to (5.33), (5.23) and (5.18), we have

(5.37)  (Tr )& &)=0(& 0, & n)+0(£,8, 6 O+O(E 4 E Q)
=0(n,&,9,86)+0(n, 4 7,0)+6(n ¢ 9,8
=(Tr 0)(n, 7).

By Lemma 2.1, from (5.36) and the equality
(Tr 6)(&, £)g(n, 7)—(Tr 6)(n, 7)g(&, £)=0,

we deduce that

(Tr 6)(E+SJE, n+5s/7)=0,
(Tr 0)(E+sJE, E+5J6)=(Tr 6)(n+s/n, n+s/n),

for all s€R. Since Tr @ belongs to (S*T*)", we obtain the equalities

(5.38)  (TrO)&, Jp)=0, (Tr@)&, J&)=(Tr6)(n, Jn).
We set

a=(Tr 6)(&, &), b=(Tr6)(&, J&).
By (5.36), (56.37) and (5.38), it is easily seen that Tr @ is equal to the
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element ah,+ bh;, of Ex. Finally, the equality (5.32) is a direct conse-
quence of (5.31) and the orthogonal decomposition (3.3).

LEMMA 5.6. If n=5 and 6€G*, we have

(5.39)  0(8, T8, & Tn)=0(¢, & I, J§)=0(¢, In, &, J§)=0.
PROOF: Since 8 belongs to G*, we see that

0(¢,J¢, & Jn)=06Ug, £, J&, n)=06(&, JE, 0, JE),
6(¢, & Jn, JO)= 6%, JE, n, ©)=06(&, 7, JE, JT).

By (5.24), we have
6(8, J¢, &+, JE+Tn)=0(8, £+, JE, JE+]7)=0,

and so, by (5.24) and the equalities (5.40), we see that the two first
expressions of (5.39) vanish. The vanishing of the last expression of
(5.39) now follows from the first Bianchi identity.

(5.40)

LEMMA 5.7. If n=5 and 0= G*, we have

(5.4 6(&, 9, &, J6)=26(¢8, &, ¢, Jn)=20(¢, &, 0, J0),
(5.42)  6(&, 7, £, J5)=0,
(5.43)  O0(n,&,0,J6)=0(n, ¢, 9,J0)—0(&, &, &, JT).

PrROOF: Let x be a unit vector of Tx orthogonal to &, 7, ¢ and A.
By (5.15), since € belongs to G*, we have

(5.44)  6(&, 9, J5, )=0UE, A, &, V=00¢, 1, & )=06UE, 1, £, 7).

On the other hand, if we consider the orthonormal set {&, (7 +¢)/vV2} of
vectors of T3, according to (5.27), we see that

A(n)=200& n+¢§ & J8)—0(n+¢, & 0+ & Jn+JE)=0.
We write A(p)—A(—7)=0 and then, by (5.27), we find that
(5.45)  0(&, 7,6 J6)=0(8,& ¢, Jn+6(n, & & JO)+0(E, & 1, J5).
According to (5.26), we know that

0(&+n, 8, E+n, J)=—06(8,&+9, 8 JE+Tn),
and so, by (5.26) and (5.44), we have

6(¢, & 0, JO)+0(8, 0, & J5)=20(8, &, ¢, Jn).
The first Bianchi identity tells us that

0(¢, & 1, J5)—0(¢, 0, §,J0)=6(n, & £, JT),
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and hence we have

(5.46)  26(¢&, & 9, J0)=20(¢, & ¢ Jn)+0(n, & ¢, JO).
By (5.45) and (5.46), we obtain
(5.47)  26(&, 7, & J6)=46(%, & &, In)+36(n, & ¢, J0).

By (5.27) and (5.44), the expressions 8(&, 7, &, JE) and 6(¢, &, ¢, Jp) are
symmetric in £ and 7. As 8(7, &, £, J¢) is skew-symmetric in € and 7, the
relation (5.47) is equivalent to the first equality of (5.41) and (5.42).
The second equality of (5.41) now follows from (5.46). Since

{(E+n)/V2,(E=n)V2}
is an orthonormal set of vectors of 7%, according to (5.41), we have
B(n)=0(&+29,&—n,&+9, JE+Tn)—46(E, -+, E—1, JO)=0.

We write B(»)+B(—7)=0, and then, by (5.26), we obtain the relation
(5.43).

LEMMA 5.8. If n=5 and 0= G-, we have
(5.48)  0(& 9,8 Jn)=0(¢, ¢, & JO).
ProorF: By (5.21), we have
0(&, 1, & mg(¢, O —0(&, &, & Dgln, 7)=0;
tells us that the function f, whose value at SER is
0(&+sJE, n+s/n, E+JE, n+5Jn)— 0(E+ SJE, E+5JE, E+JE, L+5J0),

vanishes identically. The equality 7(0)=0 and (5.28) give us (5.48).
Let % be an element of ®*7T% and V be a subspace of Tx. Then the
following assertions are equivalent :

(i) u(&, &)=u(, &), for any orthonormal set {&, &} of vectors of
vV,
(i) wu(&, &) is independent of the unit vector & of V.

In fact, if {&, &} is an orthonormal set of vectors of V, condition (i)
tells us that

u(i+ &, G+ &)=u(e— &, L— &),

and hence that

u(&, &) +u(l, &)=0.
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Thus assertion (i) implies that
u(cos t-&+sint- &, cost-&+sint-&)=u(, &),

and so (ii) holds. We shall use this criterion in the course of the proof
of the following lemma.

LEMMA 5.9.  Suppose that =5 and that 0= G~. Then we have

(5.49)  0(&, & 9, J0)=—06(¢, 7, & JO),

(5.50)  6(¢, JE, 9, JO)=—06(&, Jn, &, JO),

(5.51)  0(&, 9, &, J5)=—26(¢, & 7, J?),

(5.52)  6(¢, &, ¢, Jn)=-36(¢, & 1, JO)—0(&, 1, & J&),
(5.53)  0(&, J¢, & Tn)=0(8, J&, 0, J6)+6(&, JE, &, In),
(5.54) (¢, & In, Jo)=—26(¢, J&, 0, J6)—6(¢, JE, &, n),

and the left-hand sides of all these equalities ave independent of the choice
of the unit vector & of Tx orthogonal to & and 7.

PROOF: According to Lemmas 2.7, and b.4, we have

fils)=0(J¢ —sE, E+SJE, JE—sE, n+s/n)=0,
f(s)=0(&+sJ¢, E+JE, E+sJE, n+sfp)=0,

for all s€ER. We write f{(0)=0 and f3(0)=0, and then obtain

(5.55)  0(J¢, JE, JE, M+ 0%, &, JE, Jn)— 6(¢, &, JE, n)
—0(J%, &, ¢, n)=0,
(6.56)  0(¢, &, ¢, Jn)+0(8,J6, &, m+0(8, & T, n)+0(JE, € & 7)=0,

respectively. Since §€ G, equation (5.55) gives us

(5.5D  0(8,& & mM+06(8,JE, ¢ n)—0(L, 6T, n)— 00, &, £, n)=0.

Taking the difference of equations (5.56) and (5.57), we obtain the rela-
tion (5.49). From the first Bianchi identity and (5.49), we deduce
(5.51). The equation (5.50) follows directly from the fact that 8 belongs
to G~. Since {&,(p+¢)//2} is a orthonormal set of elements of 7%, by
(5.29) we have

A(n)=20(&,7+¢ & JE+0(n+¢, & nt+ &, Jn+]5)=0;
we consider the equality A(7)—A(—7)=0 and by (5.29) find that
6(¢, & & Tn)=0(& n, £, J0)—0(8, &9, JO)—0(&, 1, & JE).

The relation (5.52) is a direct consequence of the preceding equality and
of (5.51). By the first equality of (5.25), we see that
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B(n)=26(&, J&, &, Jn+JO)—0(n+¢, Jn+JE, & Jn+JE)=0.

We write B(7)—B(—7)=0; by Lemma 5.1, (5.25) and (5.50), we obtain
(5.53). The equation (5.54) now follows from the first Bianchi identity,
from (5.53) and (5.50). Since =G, the equality (5.15) tells us that

6(¢, &, ¢, Jn)=—0(4, 7,4 JE);
by (5.52), (5.49) and (5.29), we have
0(A, 0, 4, JE)=—0(A, &, 4, Jn).
Therefore we obtain
(5.58)  0(8, & ¢, Jn)=0(4 & 4 Jn).
By (5.52) and (5.58), we see that
(5.59) (¢, & 0, JO)=0(A, & 1, JA).
Thus we have
6(¢, &, 1, J5)g(A, A)—0(4, &, 1, JAg(§, £)=0,
and so tells us that the function f, whose value at sER is
O(E+sJE, E+5JE, n+sTn, JE—s8)— 0(A+sJA, E+5JE, n+sfn, JA—sA),

vanishes identically. According to and (5.20), the equality
F(0)=0 gives us

6, JE, , JO)+6(E, & Jn, JO) =064, JE, n, J)+6(A, &, In, JA) ;
thus, by (5.54), we find that
(5.60)  4(¢&, JE, 0, JO)=0(A, JE, 0, JA).

According to the remark preceding the lemma, the last assertion of the
lemma follows from the equalities (5.58), (5.59) and (5.60).

LEMMA 5.10. If n=5, we have
(5.61)  6(&, n, &, JA)=0.

PROOF: According to (5.41) or to the last assertion of Lemma 5.9,
depending on whether € belongs to G* or to G-, and by (5.6), we obtain

O(C+A, & 0, JE+IN=0(5—A, & 0, JE=JA);

hence we have
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(5.62)  6(&, & 9, JA+ 04, & 75, JE)=0.
By (5.20) and Lemma 2.1, we see that
f(s)=6(&+sJE, n+s]n, £+5J¢, A+ sJA)=0,
for all sER. We write f(0)=0 and obtain the equality

0, 0, &, N+ 0(& Jn, & A+ 0(E 0, J¢, )+ 6(E, 1, ¢, JA)=0.
The first Bianchi identity tells us that

0(&, 0, JE, V=060, 1, & )= 0(JE, & 7, A)

and thus we have

60U, 0, &, V=0, & &, N+ 00, 1, & 2)
=08, & 0, V+0(&, 9, &, JA)=0.

By (5.62), we see that
&, 7,6, )=—00A 2,8, E)=0JA, 0, & &)=—0(J¢, 1, & A);

the desired result now follows from these relations and the preceding
equality.

Let {&,..., &) be an orthonormal basis of 7%. If #>5 by (5.2),
Lemmas 5.1, and 5.4 to 5.10, we see that an element 8 of NNG*
vanishes if and only if

‘9/(51‘, En, &1, ]En):(),
for :=1,..., »n—1, and
5'(5:", i &, ]5:')20,

for all 1<:/<j<w, and that an element §” of NN G~ vanishes if and only
if, for all 1<:<;j<#%, we have

07 (&:, JE:, &, JEN=0"(Es, &5, &1, JE)=0,
0"(&., &), &, JE)=07(&,, JE:, &;, JE)=0,

where 1</<# is an arbitrary integer different from 7 and 7, and if

0"(&1, &, &1, &2)=0"(&1, &, &, JE)=0.
From this result, we deduce the

PROPOSITION 5.2. If n=5, we have
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rank (N N G+)S—%~(n+2)(n—1),
rank(NNGH)<2n(n—1)+2.

According to [6, §5], the image of E under the morphism of vector
bundles

T:8°T*> G
defined by

T(h)(&, &, &, &) 2%{1’5(51, &3)g(&2, &)+ h(&, E4)g(&y, &)
—h(fl, 54)9(52, 53)—]1(52, 53)9(51, 54)},
for all hES?T*, &, &, &, &E T, is contained in NN G~. Since

Tr f(h):%’rr heg+(n—1)h,

for h€S?*T* and Tr E=0, we see that
ECTr(NNG).

Therefore when n=4, by [Proposition 5. 1, we obtain the equality
(5.63) Tr(NNG )=E.

On the other hand, when #>=5, [Proposition 5. 2 enables us to determine an
explicit complement to the infinitesimal orbit of the curvature in N, which

contains 7(E) (see [6], Proposition 5.2). Moreover, using this descrip-
tion of NV, it is easily seen that

Tr(NNG*)=0
and that (5.63) also holds when #>5.
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