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Blow-up solutions to a finite difference analogue of

u,=Au+u'"® in N-dimensional balls*

Yun-Gang CHEN'
(Received August 28, 1991)

§1. Introduction.

In this paper we consider asymptotic behaviours of difference solu-
tions for a semilinear parabolic equation

(E) w=du+u'"? (t x)=0, T)XQ
with the boundary condition
(BC) (1-0)u+02=0 for (¢,2)E(0, T)x 30

and initial value
(IV) 1(0, x)=uo(x), xEQ.

Here, u= CHQ), Q=B(R)={x: |x|<R}(0<R< +) is a ball in R" and n
is the outward normal of 9Q, while ¢€[0, 1] and >0 are fixed constants.
For convenience we refer to (BC) as (DBC) if 6=0 which gives the Diri-
chlet boundary condition, or refer to it as (NBC) if =1 which leads to
the Neumann boundary condition.

It is well-known that a classical solution # of (E) may blow up in
finite time, which means that its maximal existence time 7 =sup {s; u(¢,
x) is bounded in [0, s]XQ} is finite and thus its maximum norm tends to
infinity as {— 7. In this case, T is called the blow-up time of the solu-
tion and a blow-up point is a point in Q such that (¢, x) is unbounded in
any neighbourhood of it for ¢t [0, T). There are many works on the
blow-up problem for semilinear parabolic equations (for instance, see

[Ful], [Fu2], [FuC], {C2], [FrM], [GK] and [W]).

On the other hand, numerical solutions and analogues for the equation
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(E) are also studied for the purpose of computing the blow-up solutions
with computers, such as the finite difference methods and the finite element
methods ([N],[NU]). Recently, the asymptotic behaviours of blow-up
solutions of difference analogues are discussed ([C1],[BK]), for the one-
dimensional problem of (E). The author studied in the asymptotic
behaviours of the blow-up difference solutions near the blow-up point for a
difference analogue of (E) with a variable time increment which was
essentially presented in and improved in [C1]. Later, a rescaling al-
gorithm for the blow-up difference solutions was studied in [BK].

In , the author proved that even if a difference solution blows up,
its values will remain bounded up to the moment of blow-up except at the
maximum point and its adjacent points; moreover, the number of blow-up
(net) points depends in a way on the value of the parameter ¢ provided
that the initial value is not a constant and only has one maximum point.

Here, we are going to extend the results in to the multi-
dimensional case N =>2, showing that the blow-up points of a difference
solution will concentrate to its maximum points. We also present a
difference scheme for (E) in the ball B(R)eR" (N=2). We note that
from the results of numerical experiments with this scheme we obtained
important information for the investigation of the blow-up set of a classi-
cal solution (see [C2]).

For simplicity, we assume throughout this article that the initial value
is radially symmetric, namely

uo(x)=¢(|x|) for x€Q,

where ¢(7) is a nonnegative function satisfying the compatibility condi-
tions needed. This implies that a unique classical solution «(¢, x) of (E)
exists (at least locally), and is nonnegative and radially symmetric accord-
ing to the uniqueness. Thus the solution can be written as u(t, ) with »

=|x|. Using the polar (spherical) coordinates we can rewrite the equation
(E) into

B)  w=unt S b, (4, )E0, T)X0O,R)

with the boundary condition

(BCO)  u-(t,0)0=0 for t<(0, T),
(BC) (1—o)u(t, R)+ou,(t, R)=0 for t&(0, T)

and initial value

(IV) u(0, )=¢(r), r<[0, R].
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Here, (BCO) is obtained by noting the radial symmetry of the solution.
Our main results are stated in [Theorem 3.2, including that if the ini-
tial value is radially decreasing and the difference solution for (E) blows

up, namely, lim|#"|-=+c and Z_‘.Orn< +o00o, then the solution blows up in

a sharp shape. Furthermore, if 0<a@<1 then the solution also blows up at
the points adjacent to the maximum point which is the central point of Q;
while if @>1 then there is only a single point for the solution to blow up.
In particular, if @=1, then the solution just blows up at the maximum
point and the points around (adjacent to) it, but remains bounded at all of
the rest points.

By the way, we note that our difference scheme has a good approxi-
mate accuracy in that the difference analogue for the Laplacian operator
in a radially symmetric domain has an error estimate of order O(4*) uni-
formly up to the origin » =0.

Our difference scheme for (E’) is introduced in § 2 and the main theo-
rem on the asymptotic behaviours of the difference solution is proved in
§ 3, with the analysis of error estimates for the difference approximation
in §4. Finally, we show several illustrations of numerical experiments
for blow-up solutions with a personal computer by our difference scheme.

§ 2. The difference scheme and corresponding lemmas.

We state our finite difference scheme for the equation (E’).

Denoting by «} the value of the differene solution at the #-th time step
t» and the spatial net point 7;, our difference scheme which is referred to
as (S), is given by the following five equations, (S0)—(S2), (SB) and [SI):

ug‘f'l_ u(?)l u{H—l_ u(’)’l-}—l
oy Uy T (e,
Tn
uit —uf ult —2uit +ull .
(S1) A= NS (), 1</ <M
n
(S2) ui” —uf _ uit —2ul '+ uily +N_1 . uit —uit
Tn hz Vi 2h

+(u)', No<j<m—1, n=0,1,2,;
(SB) (6+(1—0)h)ut—oumn-1=0, n=1,2,-;
(SI) u2:¢(7/j)’ ]:0) T m.

Here, several notations have been introduced and will be used hereafter,
as below.

It has been assumed that Z=R/m is the spatial mesh size of the divi-
sion where m is the number of subintervals in the uniform division of the
interval [0, R], and »,=jk is the j-th net point on [0, R](=0, 1,--:, m),
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with No=[(N+1)/2] being the integral part of (N+1)/2. And #, is
assumed to be the #-th discrete time step and ,=tn+1— ¢t is the time incre-
ment.

The approximate relation between the difference solution and the cor-
responding classical solution is given by

uj: approximate value of u(t, ), 7=0,1, -, m;
ultl g
’—T—i: approximation of u:(t., 7;), 0<;<m, n=0;
n
?/t"l 1—u” 1 .
”Th’”—: approximation of u,(t,, 7;), 1<j<m—1, n>0;

Ujt1 2}?2.7 +u1—1 . approximation Of UTr(tn, Tj), ngg m—l

And for ;=0 (i.e.,, 7=0), the approximation of u—r’ is taken as that of

urr because lirgu—;zurr (with ui=uf by the radial symmetry).

Note that the difference scheme (S) is implicit with respect to 7.

Here, it is easy to get the difference equations (S0), (S2), (SB) and in
the scheme (S), by a backward Euler discretization with respect to the
variable /. However, the equation (S1) seems to be unreasonable. The
reason for introducing is that if is replaced by (S2) (for j=1, ---,
m—1), then the maximum principle holding for a solution of (E) will not
hold for the solution of (S) and we can give a counter-example indicating
that the scheme is no more stable for N>3. The trouble appears from
the fact that the discretization (the difference analogue) of the Laplacian
operator turns out to be unstable since the coefficient matrix has no posi-
tive definiteness. The details of this problem will be discussed in § 4.
In the scheme (S), ¢, is given by

n-1
t=0, and tn:tn_1+rn_1:§0zk for n>1
and the variable time increment 7, is determined by

(2.1) n=r +» min(1, |«"|3%) for a fixed pE[1, o]

where 7=A4*>0 and A>0 is a fixed constant, and the analogue of the
L?-norm » here is defined by
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It is easy to show that the coeficient matrix of {«}*'} in (S) is regular
and the solution can be solved uniquely. And actually, we can prove a
discrete version of the strong maximum principle and the comparison theo-
rem for the solutions of the difference equation (S).

LEMMA 2.1. Let {u?} and {v7} be two solutions of (S).
(D) If u’=v% (j=0,1, ---, m) then

ui=zvi for j=0,1,--, m—1; n=1,2, .

(i7) The equality part of the inequality in (i) holds for a pair of j and n
(0<j<m, n>0) if and only if ui=0v; for j=0, 1, -, m.

The proof of will be given in § 4.

In practical computation, the parameter p in the definition of 7 is to
be chosen suitably from 1, 2 or o, according to the problem concerned.
We note that all norms || * |, (p=1) here are equivalent for a fixed #
because they are all norms in a finite-dimensional linear space; actually
we have an evaluation of

Clalo<lu"lo<t™"*|u", (1<p<0),

where C is a constant only depending on K.

On the other hand, we should also note the fact that for a fixed p&
[1, o)

sup{llvll«/llvlls ; v€Cl0, Rl}=h"""*—00 as h—0

holds, where in the definition of |v| the discrete function v, is derived from
the continuous function v(7) by v;=v(7;).

For convenience we refer to the difference scheme (S) as (SD) if ¢=0,
or we call it (SN) if 6=0. Under these assumptions, we have the follow-
ing lemma which is concerned with the local convergence of the difference
solutions to the corresponding solutions of (E).

LEMMA 2.2. Let u=ult ») be the classical solution of (E) in the
domain Q=[0, T)x(0, R], and let u? be the solution of (S). Assume that
0<S<T and A=th™? are fixed. If t. lies in the interval [O, S] and h is
sufficiently small, then the following estimates
(2.2) ggxlu?—u(tk, )< Coh?, k=0,1, -, n;

k__ .k
(2.33) max[~ hu’_l — gz;(tk, 7;i)

0<j<m

SC1h, kZO, 1, E /2

koo
(2.3b) max u,+1h Ui _ gZ(tk, 7;)

<Cih, k=0,1,, n;
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hold true, wheve Co and Ci are constants depending only on u and S.

We shall give the proof of in § 4.

For the case N=1, we can get the convergence of the numerical
blow-up time to the blow-up time of the corresponding classical solution if
the variable time increment is determined by (2.1), as in and [C1].
We just state this fact in the following [Proposition 2.3 which was proved
in for ¢=1 and p=2 under the Dirichlet boundary condition and in
for >0 and p=1 under the Neumann boundary condition, for N=1.
This is why we take the variable time increment as (2. 1).

PROPOSITION 2.3.  Suppose the solution of (E) blows up at the blow-
up time T. Assume(2. 1) with a fixed A>0. Then

limT()="T,
where T(r)zgorn is the blow-up time of the difference solution which

depends on the pavameter .

The proof of [Proposition 2.3 and the detailed discussion on this prob-
lem will be omitted here.

We want to discuss the behaviour of the blow-up solutions of
difference scheme (S) which are radially decreasing, and here we make
the following assumption (A).

ASSUMPTION (A).
(1) #(») is nonnegative and radically monotone decreasing in [0, R], i.e.,

¢(7’1)2¢(7’2) for Oﬁﬁﬁ?’zSR;
(2) ¢(#) is not a constant.

Thus, the solution of (E) is also radially decreasing and it is easy to
obtain.

LEMMA 2.4. Let {u?} be a solution of (S).
()  The assumption (A) implies 0< ulr<ul for j=0, -, m—1; n=1;
@) If ¢(r)=0 and P(v) is not constant in [0, R] then the solution of

(SN) blows up, namely L{m l2¢"|w=+c0 but gorn< +co, while the occur-
rence of blow-up ot the solution for (SD) depends on its initial value.

The proof of Cemma 2.4. will be given in § 4, and as a consequence of
(i), we can immediately get

COROLLARY 2.5. Assume (A), then
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ul=|u"|=maxu},
J

ul=maxul, wui=max u}
j#0

1<j<m

for n=1, 2, .

§3. The asymptotic behaviours of the blow-up difference solution.

We discuss in this section the asymptotic behaviour of a discrete solu-
tion {«#?} computed by the scheme (S) for the case the solution blows up.
gives a blow-up condition for solutions of (SN), and for more
information one can see {N] and [C1].

Before stating the main results, we introduce some notation to be used
in the analysis of asymptotic behaviours of the difference solutions.

DEFINITION 3.1. Regarding a difference solution {«}}, two sequences
{an} and {b.} are defined as

(us)”

|8

U1
aAn=—7, bn= n=0, 1, ---.
Uo

Our main theorem is

THEOREM 3.2. Let {ul} be a blow-up solution of (SN) or (SD).
Then, under the assumption (A), the solution has the following properties
(1)—(dii) :

(7)) For all a>0, the blow-up takes place in a sharp shape, namely, the
ratio uf/uﬁzggﬁlufl/gg;i)ns!u}zl tends to zevo,

(3.1) Lifn(u?/uél):lrliznan=0
with
(3.2) Lifnbnzb >0,

where b=h"""?,
Moreover, if a=1 then

c An+1 1
(3.3) Ogl}fg an 1+71b <

1.

@) If a<l, then the solution blows up even at the points adjacent to

the maximum point, namely, the value ui' of the solution at the net point r
= also tends to infinite :

(3.4) limu = +oo.

n—co
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@) If a=1, then the solution is bounded at net points apart from the
maximum point. Actually, for a=1 the solution is bounded except at the
central (maximum) point and the points adjacent to (o, in other words,
on the spherical surface around) it, namely,there is a constant M= M (u,,
h)<oo such that

(3.5) uz"=m%1{({u}'}£M for all n=>0,

7#0,
However, if a>1 then the solution is bounded except at the wmaximum
point, namely, there is a constant M =M (uo, h)<co such that

(3.6) u{’=m3)x{uf}£M for all n=0.

REMARK 3.3. It is indicated by [Theorem 3.2 for the difference solu-
tion {«]} that if @>1 then the discrete blow-up set consists of a single net
point, while if @=1 then the blow-up set consists of a single net point and
the net points around it, in the circumstances.

PROOF OF THEOREM 3.2. First, we prove the statement (77).
Rewriting (S0)—(S2) in the scheme (S) yields

(S0) (1+2NA) ud ™t —2NAwu? ' =14 tuud)®)

(S1") — Nt + (1 2NA) uf ' — Nanufi =1+ taluD)®) ul, 1< <Ny ;
(S2') —(1 —N—2;—1—)Anu;-’_+f+(1+2/1n)u7+1~(1+ivz;—1),1nu;?:f

=1+ lud))ul, No<j<m; n=012,-;
where A=k ?=Amin{l, |«"|5°}. By (S0) and Lemma 2.4, we have

n+l _ 2NAnul ™! +(1+ Z'n(u(')l)a)u(',l
“o 1+2NA,
- (14 ru2d)®) ul
- 1+2NA,

If N>3 (namely, Noy=2), then (S1’) applies and is followed by

n NA(ed '+ ud ™)+ (14 o uD)) ul
(3.8)  ui= 1+ 2Nk

- NAud ' +(1 + t(ud)*) u?

o 1+2NA, ’

(3.7)

From these inequalities it is easy to get

NA(1+ 2 u®)*) o+ (1 + 2N A + co( D)) u?
(1+2NA,)?

for n=0 (if No=>2).

(3.9 uf™'>

= (1+2N)?
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If N=1 or 2 (namely, No=1), then merely (S0") and (S2") apply and
the latter implies

A=Y=y v+ 1+ D + A+ (D)) ut
(3.10) uit'= 2 :
. 1 1+2/1n
§-2ﬂ/1,,u"“+(1+ a(ud)®) ul

>

1+4+24x
which with (3.7) yields

3—N

5 222 A+ (ud)®) ud+(1+2NA) A+ talu D)) ul

(1+2NA)(1+24,)
n=>0 (if No=1).

(3.11)  ui*'>

> Antd /24 ut
= (142N +24,)°

Either (3.9) or (3.11) leads to (3.4) because

Anttd=Abn(u)'~* =>constant >0 (for large =),

by the definition of A, and ba.
Next, we show the assertion (7). For the case No=1, from the equal-
ities of (3.7) and (3.10) we can get

3— N N+1

2 NAu P + (14t ud)®) ulb) 5
_J’_

- (1+22.)(1+2NAn)

At (U + t(ud)®) ut
1+24,

Solving u!*! from this inequality yields

3— N

2 2V A+ ma(ud)®) ud+ 1+ 2NA)A + () ) utl
(3.12) uitt< .
1 +7(N+ 1)Ax

Similarly, if No=2 then equalities of (3.7) and (3. 8) lead to

N/In(l + Tn(ug)a)ug+ (]. +2NAn)(1 + Tﬂ(uiz)a)uiz

n+l
(3.13) wit'< 123N

On the other hand, from the equality of (3.7) and inequality of (3. 10),
it follows when No=1 that

n+1
u{z+1> An(ZN/lnu +(1+ ta(ud)*) ul) . (14 ra(2)®) 2l

= (14+22.)(1+2NAn) 1+24, ’

and solving "' from this inequality leads to
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u/1,1(1 + o ud))ul +(1+2N) A+ o uD)®) u?

2
1+2(N+ DA+ NN +1)A;

(3.14)  ui*t'=

By the definition of @» and the equality of (3.7), it is easy to see

- 142N,
TN+ A+ (ud) Dl ful

Here, using (3.12) we get

(1 +2N/1n)(¥/1n(1 + t(ud) ) uf+ (1 +2NA) 1+ () ?) u})

(1+%<N+1)An+N(3—N>A2>(1+rn(uﬁ)“>u3+2NAn<1+2Nﬁn><1+fn(ui’)“mi’

%\[—An(l + () *) ul+ (1 +2NA) 1+ ta(ul)?) u?

= T 3-N »
(1+57A) (A + 2a(ud) ) e+ 2NAR(1+ T ed) ) 2]

An <

and thus for » sufficiently large,

%An(l + Z'bn) + (1 + 2N/ln)(1 + Tbndg)an

(1 +¥An)(1 + b))+ 2NA(L + 2hna®)

(3. 15) An1 <

since |«"|,>1 and tn=r|«"|3° Similarly, by using (3.14) we can obtain

Q_Z—N—An(l +15,) + (1 +2NA)(1+ 1hra®an

(3.16) An+1 2 (1_|_2/1n)(1—+—z'bn)-i-ZN/in(l‘f—Z'anZZ)Cln

for large #,

However, if Ny>2, then by a similar argument we can derive from
(3.7) and (3.8) the following

N (14 6,) +(1+2NA) (1 + thra®) an
(1+ NA)(1+ 160) + 2NA(1+ 15002 ax

NAL+ tb,) + (1 +2NA) A+ thpal) an
(14 2NA)(1+ 1bn) + 2NA(1 + 15,202 ar

Let C=C(N) be a constant defined by

{3_N, if No=1,

(3.17)  ann<

(3.18)  anw12

2
N, if No>2.

(3.19) C=CN)=
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Then (3.15) and (3.17) can be written in a same form, as

— Caal(1+ 7ba) + (1 +2NAx)(1 + 1bna) @
AtV =TT14% CANA + 1bn) + 2NA(1+ Thnal)an”

(3.20)

And we can calculate

Con(1+ t52)(1— @) + 2NA(1 4 76403 @n(1 — an) + thran(ai—1)
(1+ CAn)(A + tbn) + 2NA(1 + thuaas) an

< Tn(l - Cln)(c +2N)(1 + Z'bn)]’lﬂz_{‘ Tbnan(ag_‘ 1)
B (1 + CAn)(l + Z'bn) +2N/1n(1 + Tbnag)an

by 0<a,<1 for n=1.
Note the following

dn+1_dnS

0<ai<a,<1l if a=21
and
0<an<ali<l, 1—a<(K+1)(1—a3) if 0<a<],

where K=[1/a] (integral part of 1/a). The latter holds true because for a
(0, 1),

(3.21)  1—an<l—an+ai™(1—a¥ve)
=(1- a1+ Pak ™)
<(K+1)1—a?).

For sufficiently large #», if a=1 we obtain

o — g ta(1— an)(D(1+ b)) A2 — ul(ut)* ™) .
ml T A=  CA) A the) + 2 NA(1+ thrai)an

while if €(0,1) we get

ra(1— an)(D(K + 1)1+ b)) h 72— an(ub)®)
(1+ CA) (L + 1b2) +2NA(1 + thnas) an

(3.22)

(3 23) Ani1— An<

where D=D(N) is a constant defined as

AN+ o
D(N)=C(N>+2N={ 5 if M=l

3N, if No=2.

Hence, if » is sufficiently large, then the right-hand side of (3.22) takes
negative value because u§ tends to infinity, which means that if =1 then

0< an<an1<1 for »n sufficiently large.
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Thus we see that lima,.=a exists, and 0<a=Ilima,<1 if ¢=1. Here,

n-oco Nn—oo

it should be noted that if the boundedness of {7} is already known then
(3.1) has already been proved ; while if «! can take very large value then
it is monotone increasing for large #.

For the case of @>1, we can take a convergent subsequence of {b.},
with its limit, say B being necessarily positive. Setting #—c> and con-
sidering the limits of (3.15) and (3.16) along the corresponding subse-
quence, by 4,—0, we see that the limit of {a.} satisfies

_(1+1zBa%)a

(3.24) «a 1+ 3

This leads to =0 immediately and proves (3.1) and therefore (3.2)
Furthermore, since ¢>1 it follows that

Li{g(An/an) = Li{g(Abn(ué’)l““(u?)‘l) =0.

Thus, from (3.15) and (3.16) if No=1, or from (3.17) and (3.18) if Ny=>2,
we can obtain

]. . An+1 1
1+7b SL@; an g1+rb

which proves (3. 3).

It remains to prove (3.1) and (3.2) for the case of 0<a<1. We do
this by reduction to absurdity. First we show the convergence of the
sequence {a.}, and then show that the limit is nothing but zero.

If {a.} is not a convergent sequence, then we have

0<ax<a*<l1

where ax=lim @, and ¢*=lima,. Thus there is a constant yS(as, a*)

700 n—oc

and three subsequences A, B and A can be defined as

A={an; an<ry}.
Bi:{dn X dn>7},
A:{ani; ameA, ani+1€B}.

Let {n:} be an index subsequence such that a.. A, and {#.} be subse-
quence of {#;} such that {b..} is a convergent subsequence of {bn}C{bx}.
Substituting {#.} into (3.20) and setting k—0, we get

ET 1+ 8y*
<—————-—o
lnl—vIoonank+l—~ 1 Z_B 7/< y
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where SE[1, #V*] is the limit of {bx.}. This is a contradiction to @n.+:
€ B, which proves the convergence of {ax)}.

Setting #—o0 in (3.15) and (3.16) if No=1, or in (3.17) and (3.18) if
N,=2, along a subsequence {#:} such that {b..} converges to the limit 5>
0, we get (3.24) again. Thus, we see that either =1 or «=0 holds true.

If a=1 holds, we should have

liman(ul)? =+ 0.

n—oo

Then, however, by means of (3.23) we can obtain
an+1— an<0 for sufficintly large »

which implies a=lima,<1, because @.<1 for all »=1. This is a contra-

n-oo

diction which proves (3.1), and hence, (3.2) for «<(0, 1).
We note the following

n+l1

(3.25)  lir “;g =1 +41b>1 (for all @>0)

and
(3.26) if @=1, then 0< goan<oo and 1<’:1E[0(1+C~an)<00 for any C>0.
The relation (3.25) can be derived from the equation

1+2NAn(1— @) =(1+ tabal u"uz%ﬁl

by (S0). Taking the limit leads to
1=(1+ rb)-(lnig.}(u<’>’“/u(’}))_1

which is just (3.25). The statement (3.26) can be obtained from (3. 3),
noting that

s

(1+ Can) =exp(§010g(1 + Can)) <exp( égoan).

n=0

Now we are ready to prove (i77). First we consider the case when «
>1. If No=1, then by virtue of (3.12), we have

ui’“g—?’_z—N/ln(l-F thy)ul+(1+ 2N+ m(ud)*)ul  for large n,

and thus
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(3. 27) uf“ - u?gg—_zj‘v‘/ln(l + Z'bn)ll(’)2+ (ZN/ln + fn(Z{f)a‘Jf‘ZNAnfn(U{l)a)u{z

Similarly, if No=>2 then using (3.13) we get

(3.28)  ul™ = ul < NA(1+thn)ul+ Q2 NAn+ ta(ul)* +2NAntn(ul)®) e,
and combining (3.27) and (3.28) we can write for all N>1

(3.29)  wut'—ul< CA(1+ thn)ul +(2NAn + ta(uD)® +2 NAntn(ul)?) uf,

where C=C(N) is the constant in (3. 19).
Noting that

. /1n+1(1+2-bn+1)un+1 —1: Abn+l(u(’)l+1)l_a _ 1-a
lim A1+ 76, u? =1im Aba(ud)=* =(1+2b)"* <1,

hm Anﬂuiﬁl _1 /ibn+1(u0+1) a n+1 (u61+1)1—aan+1

n—o0 /1,,&{{1 _nl—I:E Abn(ug)l “u n _1"1-1:2 (u(’)l)l_aan
=14+b) % (1+1b)'<]1,
Tn+1(u1+1>1+a Z'bn+1d}zt‘fu6’+1

lni—I:g ta(uf)'* _Lifroi thnan *ul =(1+2b)™ (1 +10)<1,

we obtain

(3. 30) ?=ki( ALEPY. WEPL

i(CAn(1+Tbn)u0+(2N/1n+fn( ?)a+2NAnTn(U{l)a)u;l)+u(l)
< +o0o, n=0.

Thus we have proved the boundedness of {«}} when a>1.

For @=1, we show the boundedness of {3} as below. If Ny<2, then
by (S2’) it follows that

St + 3+ (1 )

n+1
Uz = 1122 :

and thus, solving #3*' from the inequality leads to

%Anzﬁ“—k(l—k (ud)®)us
5—N
1+74 An

(3.31)  upt'<

é#hui’“ + 1+ m(ud)*)ut, n=0.

By means of (3.12) and (3. 13), we see
Ul < NA( 1 + za(ud)®) uld +(14+2NA)A + 2D e
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as in showing (3. 29), since C(N)<N. Substituting this inequality into (3.
31) yields

(3.32)  wuit'+ é%&n([\[;{n(l + 0 (ud)) ul+ 1+ 2N 1+ (D)) ut)
+ (14 tlud)®) u?

=LV%_—N—)A%(1 + rn(ual)“)ug+5—“z%n(1 +2NA)(A A+ T u?)®) uf
+(1+ o ud))us, n=0.

Therefore, we have

5—N
4

(3.33) u?lg-]\’—“&ﬂ/ﬁ(w b i+ 3 (142N + thnad) ad

+(1+ thnas)u?
= A.u3+ B» for sufficiently large #,

where the sequences {A»} and {B,} are defined as

(3 34) An:1+ Z'bnd%,

21+ rbn)uS’-I-S—_Zl]i/In(l +2NA)(1 + thrad) ut.

Noting 2jas<oo and

(3.35) 1<Ar<1+ tbas,

we see
(3.36) 1< ﬁoAn<oo.

On the other hand, by virtue of

A (U4 b)) ud™ A2bh i (ul )2

R0 o) =M= 70, miza =(1+1b)'7%<1
and
fimAnei( L +2NAn 1)L+ zhnsn @i ) uf™
noveo An(1+2NAR)(1+ thaat) ul
=lim Abnﬁfg;&%g:—?l_a =(1+1b)'+(1+1b) <1,
we get

(3.37) §OBn< t oo,
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By the induction, we obtain

B

HA +ZB HAs for large #,

which immediately leads to
(3.38)  wi<(us+ 3 B)I1 Ax< +oo for all n20.

Thus we have proved (3.5) for the case of No<2.
If No=3, then by (S1’) we have

Nau? '+ ud ™)+ + o ud)®) u?

n+1
uz' = 1+ 2NA,

Solving #4*' from this inequality yields
(3.39) w'<NAuIM+ 1+ tlud))ui, n=0.

Hence, replacing (5—N)/4 by N in (3.31)—(3.34) and making the same
argument as in the case of My<2, we can get the same estimation (3. 38)
for the case of No>3, which completes the proof of [Theorem 3.2. =

REMARK 3.4 : [Theorem 3.2 gives very sharp estimates for the blow-up
points, in that if ¢>1, the solution only has a single blow-up point, while
when a=1 the blow-up set exactly consists of a single point and its adja-
cent net points.

Considering the fact that the boundary condition was not used explicit-
ly in the proof, we can immediately get a similar result for solutions with
the third boundary condition.

COROLLARY 3.5.  The conclusion of Theovem 3.2 remains valid when
the boundary condition is replaced by (BC) with 0<oc<1. =

§4. Proofs of lemmas and remarks.

The purpose of this section is to discuss the properties of the
difference solutions and the accuracy of the difference scheme introduced
in § 2.

PROOF OF LEMMA 2.1: To get the comparison principle, we consider
wi=uj— v}, which satisfies the following (4.1)—(4.5),

(4.1) (1+2NA)wE ' —2NAw? ' = wi+ t((ud) 4 — (0d)'*9),
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(4.2) (1+2NA) w2 — N (i + wil) = wi+ cu((u) e — (v)'),
1<) <Ny, =20
@3 —0=EEDawrt+ 2wy -+ N = w
+ (D) — (D)), No<j<m, n=0;
(4.4) A+1—-o)h)wn—own-1=0, n=0;
(4.5) wl=u2— >0, 7=0,1, -+, m.
First, we show
(4.6) wh>0, 0<7<m, n=0

by the induction. By the assumption, it holds for »=0. Suppose it also

holds for #="Fk and assume w?*"'=minw}*™. If i=0, then
J

(1+2NA) wit' —2NAswt ' < wb™,
and thus (4.1) leads to
4.7 wi' > wh+ n((ud) ™ —(v8) ) 20.
If 1<7<N,, then

A +2N)ws — NA(wi + wiih) <whH
and (4.2) implies
(4.8)  wi'zwit () — (0D 20.
While if Mo<:<m, then because of

- o ,
Wn="1F+0A—o)k ¥

we may only consider the case when i<m. It is easy to see that (4.3)
with

N—-1
21

N—1
21
implies (4.8) again. Thus we have proved (i) of Lemma 2.1
To verify the assertion (i7), we discuss the case of #=1, and the case
of n>1 can be proved by the induction.

Let w?=u?—0v?>0 for some 7. Then with the first part of the inequal-
ity (4.7) (when i=0) or (4.8) (when i>0) for £=0, we see

(4.9) wi>0.

—(1— Ve + (142 wi T —(1+ Vaew i < w?
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Noting wi=0 for j=0, 1, ---, m, we can get

{w}zF;w}_1>O if 7>1 and wj-,>0,
wi>Ffwl >0 if j<m and wj+1>0,

where
et — ) NA/(1+2N2n) if 1<j<N,
<1+%)An/<1+2m if No<j<m.

Thus, by virtue of (4.9) we obtain (i7) of Lemma 2.1. =

Before proving Lemma 2.2, we first discuss the accuracy of the ana-
logue part of the Laplacian operator in the difference scheme. Let v=
o(lx])=v(») be a sufficiently smooth function defined on Q=B(R), v;=
v(7;), and the discrete operator L be defined by

Loo=2N-"5",
Lv,=N- Uj_l_z}fzj+vj+l, 1</ <N,

. Uj—1_20j+ Vi+1 N—1 . Vj+1— Vj-1
ij_ hz + vV Zh ’

M<j<m—1,

with
(0+(1— G)h)vm_ Ovm—l:(),

where the symbols used here are similar to those introduced in § 2.

Without loss of generality we only discuss the case when the Dirichlet
boundary condition is assumed. For the discrete operator L, we heve the
following theorem concerning the error estimate between L and the La-
placian operator A.

THEOREM 4.1. Let h=R/m be fixed. If h is sufficiently small, then
(4. 10) max ILU, Av(7r;)|=0(h?).

PRrROOF : For j=0, we see
Loe=2Nh" Z(U(O)+hvr(0)+ Urr(O) Urrr(0)+ Urrrr(l/l) U(O))

(Urr(o) + 12 Urrrr( h))
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for some 72 <(0, 4), by using
Ur(O):Urrr(O)ZO.
For j=1, 2, -, No—1, we have

3 4
L Nh 2(2}(71) hvr(71)+ Urr(?’]) }é Urrr(7j>+£l—4vrrrr(fj)_zv(rj)
4
+v(7fj)+hvr(rJ)+ Urr(VJ)'I— vrrr(rj)—F%vrm(?j))
:N(Urr(rj) +ﬂ‘(vrﬂr( fj) + Urrrr( 773‘)))

—N(Urr(0)+ Urr(ra )+ %(UTTW( 73)+ Vrrrr( 77])))7

where 7,1<#<7;<7r;<r;u and r¥€(0,7r;). For j=No, -+, m—1, we
have
_2 )/ h -
Lo; (U(VJ) hUr(VJ)+ UTT(VJ) Urrr(rj)+§4‘vrrrr(Vj)"'ZU(Vj)
+v(n)+hvr(r])+ vrr(rj)—l- vm(n)+24vmr(rj))
AL 0y () + o)+ o )+ 0, (2)

J

—((v(rj)~hvr(ri)-f-——vrr(r,-)——%vm(m)))

:Urr(rj) (Urrrr< 7])+Urrrr( VJ))+ UT(VJ)

N—-1 h

+ ] '—1‘2_(Urrr(5j)+vrrr(77j)))

where ;1< 75, 7;<v;<7; E<7i.

Thus we get (4.10) by means of
Av(70)=Nv(0),

Av(r;)= Urr(?’J)+

vr(n)

= Urr(O) + hUrrr(O) + UTTTT( Vi )
N—1

— Noir(0) +%hzvrm( 7%) +ﬂ6‘—1- P 0re(7F)

_+_

o (UT(O) + 7jvrr(0) +—%_7/§Urrr(0) +%7’Jsvrrrr( ;_;k))

for j=1,2, -+, No—1, and
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_1.

J

Av(rj)zvrr(rj)—l—N v,(7;) for j=N, -+, m—1,

where 7¥, »¥€(0, 7;), since No=[(N+1)/2] is a fixed constatnt. =
Now, we are ready to prove Lemma 2. 2.

PROOF OF LEMMA 2.2 : For simplicity, we only show the case when «
=1 and the Dirichlet boundary condition (namely, 0=0) is concerned.

Let wi=u(ty, ;)—uf From the difference scheme (S) and the equation
(E) we have

k+1 B Wkt — k!

(4.11) —W‘)—Tk—w—zN —h‘i’°—+u(t 01— (ud)+ e+ O(h2),
E+1 k k+1 k+1 k+1

(4 12) wW; - — W;j; I — N 27/{;;2 +w;+l

+ulte, r)" T —(ud)+ 0(h?), 1< <Ny,

witt —wi _ wiH 2wt +wii n N—1 wii—wi
Tr h? ¥ 2h
+ulte, ;)" = (U +OW?), No<j<m—1, 0<k<n;

(4.14) wrk=0 (since 0=0), k=1, 2,-, n
(4,15)  wf=0, 7=0,, m
Rewriting (4.11)—(4. 13) leads to

(14+2NA) we ™ —2 NAaw ™ = w+ te(u(te, 0)'*—(28) 2+ O(1h?)),
(1+2NA)ws T — NA(wr + wiiD) = wi+ ta(u(te, 7)) —(u?) o+ O(H?)),
1</< My, 0<k<nm;

(4.13)

N

Ly (L 20) wh — (1+N2‘1),1kwf:f W

+ re(u(te, )" — (U + O(h?)), No<j<m, 0<k<n.

_(1__

Thus, putting W= m1r1|w | we can obtain

N Wi < Wk‘*‘kok‘l'Tthz, k:(), 1, n—1,
where R is a constant depending only on S€(0, 7) and the bound of u
which is given by U=max{|«(¢, »)|; (¢, »)E[0, S]X[0, R]}, and

Fr=max|u(ts, ;)" — ().
J

Here, since we have assumed a=1, it follows that
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Fu=max]|u(ta, 7;) —(u})’|
=max|(u(te, 75) — ul)(ulte, ;) +uf)|
zmélxlwf(Zu(tk, 75)— w5)|
< Wil Wet20), k=0, 1, n—1,
This implies
Weni < Wet oW Wa+2U) + wRE?, k=0, 1, -+, n—1,

By comparison of W, to the solution of

(4.16) %=y(y+2 U+ Ri2, >0,

(4.17)  »(0)=0,
we can see that if the parameter r=A%? is suficiently small, say,

- 2

0< TRSZI—i(é]m’

then

(4.18) We<y(tn) < Coh?, k=0, 1, n,

which is exactly (2.2). This is because the solution of (4.16) and (4.17)
is given by

y(t)= rR(exp(2ty U— tR)—1)
U—f-M‘(U—m)eXp(Ztm)

for t€[0, S], for which we can get the following estimation

4.19)  y(1)<-E (25 _1)=Co? for 1[0, S]
oU

where CoZ%(eZUS——l).

To prove (2.3a), we make the following estimation

k__ &k
= huj_l_uf(tk, 7;)

|t — ultn, 7)) =kt 750)
+—i—(u(tk, 75)— u(tn, 75-1)) — ur(te, 75)

<t —wal +Hurlte, 7= urlts, 75)

1

=7

WEe+\wre(te, 75)|*|7i— 7il,
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where » €(»;_,, ;) and #E(r;, 7;). Then noting
lri— vl <lri—rial=h

and (4.18), we obtain (2. 3a), with the constant C, given by
Ci=Ci(u, S)=2Co+maxf|u(t, »); (t, »)E[0, SIX[0, R]}.

The estimation (2.3b) can be shown in the same way. Thus, we have
completed the proof of Lemma 2. 2. =

Next, we give an outline of the proof of Lemma 2. 4.

OUTLINE OF THE PROOF OF LEMMA 2.4: The assertion (7) can be
shown by a same argument as in the proof of Lemma 2,1, with {w}} be
defined by wi=u?—ul (0<j<m). While (iZ) can be proved by the
methods used in and [C1], which is omitted here. =

Finally, we give a counter-example which indicates the significance of
the equation for the difference scheme in the case when N=3. It is
introduced in order to ensure the accuracy, the stability (i.e., the local
boundedness), as well as the validity of the maximum principle for a
difference solution even in dealing with the linear problems. To show the
key point of the problem in a simpler way, we consider a corresponding
explicit difference scheme here.

EXAMPLE 4.2: Let {w?} be a solution of difference equation

. we !t —w" o ar, wi—wi
(S07) — =2N I

. wit'—w?  whi—2witwi , N—1 whi—wl
(527) Tn o ho + Vi 2h

1<;<m, n=0;
(SB”) wn=0, n=0;

1, j=0,

% 0—
A {o, i=1, -, m

The solution {w?} can be solved explicitly as

(4.20)  wi'=1-2NA)wi+2NAw?,

4.21)  w't=(1— —)Anwj (- zxin)w,+(1+N—2l)Aan+1,

1<7<m, n=0.
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The scheme is stable if N<3 and 4.<1/(2N). But for N>3, the
coefficient of w™: on the right-hand side of (4.21) turns out to be negative
if 1<j<N,=[(N+1)/2]. Consequently, assuming 0<A<1/(2N) we get

w&z(l—ZN/’to) w8+2N/10w?=1—2N/10 >0,
while

N

wi=(1— ‘1)aow3+<1—zao>w9+<1+ﬂz‘—1>aow3:

3—N
2 2

A0 <0,

which shows absurdity of the maximum principle. For the convergence,

one is referred to and [E2].

REMARK 4.3: Although for N=3 the solution in the example
satisfies the maximum principle, it does not satisfy the strong maximum
principle because

wi>0, wi=0 (1<j<m) for n=0

under present circumstances. This is why we have applied for =1,
- No—1, which appears even for N=3.

REMARK 4.4: There are several other works on the difference
approximate schemes for elliptic equations and parabolic equations In
radial domains which ought to be mentioned here. But to our knowledge,
the scheme (S), or merely the linear part of it, is the first one which has
an accuracy of O(K?) and is stable for all N=1, concerning a radial
domain and radial solutions. The difference approximations of elliptic
equations in radial domains were discussed in [D], [Fry], [SN], and
for N<3. On the other hand, the difference approximations for par-
abolic equations in radial domains were studied in [A] [E1] [E2] [FaM],
[Fra], [1], and [Sm], mostly for N<3. The only works dealing with
the case of N >3 are and which are concerning the linear para-
bolic problems, so far as we know. However, in it was assumed
that 2<N<4 or N is even to get the uniform stability and convergence;
while for the difference scheme in the stability was proved for maxi-
mum norm but the consistency was obtained with respect to LP-norm. It
was also pointed out in and that straightforward replacement of
derivatives by corresponding difference quotients could often lead to un-
bounded difference operators, even with respect to the L*norm.
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Illustrations of numerical computation of blow-up solutions.

Figure 1. Assume N=2, R=1 and a=1 with the Dirichlet boundary
condition (¢=0). The initial value is ¢(7)=1000c08<£%—>. Taking m=
50 and A=10, the graph shows the behaviour of the blow-up solution in
(¢, , u)-space.
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Figure 2. Assume N=5 R=1 and ¢=3 with the Neumann boundary
condition (6=1). The initial value is ¢(»)=1000+500cos(77). Taking
m=50 and A=5, the graph shows the behaviour of the blow-up solution
in (¢, », u)-space.
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Figure 3. The shape of the blow-up solution in Figure 1 at time t=7T
in (x1, x2, u)-space.
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