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Abstract.

The Fourier transform of linear operator on a general homogeneous
Banach space B in L'(G) for locally compact abelian group G is defined
and characterized. It is proved that the Fourier transform of a linear
operator is an operator valued continuous function on G, th dual group of
G, and vanishing at infinity. Convolution of function and operator is stud-
ied. Some linear operator on B is characterized as an integration of its
Fourier transform over G.

1. Introduction and preliminaries

Throughout the paper letAG be a locally compact as well as a o-com-
pact abelian group, and let G be its dual group. A homogeneous Banach
space B is a dense subspace of L'(G) such that

(i) B is a Banach space under another norm | |z which is stronger
than LYG)—norm | |..

(ii) The norm | | is translation invariant and |Rxf—f|s—0 as x—0
in G where R.f(y)=f(y—x) for all x and y in G.

Some special homogeneous Banach spaces are investigated in Larsen
[6], Lai [7—10]. For example, the spaces

AP (G)={feLXG): feL*(G), 1<p<x)

with norm | fllascey =+ 71,
and  Aio(G)=L'NLYG) with norm ||f]|=]7 i +|f]»

are homogeneous Banach spaces.

A homogeneous Banach space B may not admit multiplication by
character yEG, and even if it does, it may not be isometry under the
norm | |z (see Reiter [15]). If for any y=G, the operator

M,.feB-y-f€EB
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is closed on B, we call B an invariant homogeneous Banach space. In
order to define the Fourier transform of linear operators T in & (B), the
space of all linear operators on B, we will assume throughout that B is
invariant.

Let < +(B) be the space of bounded linear operators on B.
T e #»(B) is said to be almost invariant if

where the norm is the uniform norm of #»(B).

In and [2], DeLeeuw investigated the harmonic analysis for almost
invariant operators on B in the case of G=T, the circle group and
Tewari and Madan [16] in the case of compact group G. Recently, Yu
considered the homogeneous Banach space BCLYG) for G=R. All
of these works have partially shown that some basic properties on har-
monic analysis hold for operator T€&E &,(B). Essentially, DeLeeuw
defines the Fourier transform of 7€ ¥,(B) for G=T by

T(n)f=717;/:2e“ian-xTRxf dx, for f€B
and proved some results as follows :

() Jim B i) o= i B

Moreover if T is an almost invariant operator on B, then
}E(1—ﬂ'—)f( ) T uniformly in &+(B)
2 N1 n uniformly o(B).
(b) Jim | T(n)fls=0 for any fEB.

If T€%,(B) is almost invariant, then

| }lifgm|| T(n)|=0 in #(B).

(c) For any bounded regular measure ﬂEM(T) and T<€.%5(B), the
convolution

(1 T)f = [RTR of dulx) for fEB

is well defined, and #* T € #,(B) such that

(T Y(n)f=i@(n)T(n)f for all fEB.



Some properties of Fourier transform for operators om homogeneous Banach spaces 261

In this paper we will treat these results for operators on BCLYG)
with locally compact abelian group G. It is a new approach different
from the Fourier analysis for functions in LY(G).

We denote by #(B) the space of all linear operators on B, and let
&s(B) be the space of (B) with the strong operator topology o(«(B),
B) induced from B. Define a subspace of # »(B) by

ZYB)=(T€ 2(B): [ TRfladx < +0, fEB)

namely the space of strongly right tramslated itegrable operators on B.
Evidently,

2¥{B)C #»(B)Czs(B)C#(B)
and FUB)*+<2+(B) except G is compact.

For example if T € %+(B) is translation invariant, that is, TRx=R\T,
then T& .2 3(B) except G is compact. In fact,

SN TRAsdx= [ I TR TAAsdx= [ T7ls dx=|T1sA(G)<oo iff A(G)<oo,
G G G

that is, only G is compact.

We will explore some basic properties for harmonic analysis on
#«B). It is different in comparison with L(G). In Section 2, we will
prove that the Fourier transform of 7€ 4 B) is an operator-valued con-
tinuous function on G which vanishes at infinity. This result extends the
DeLeeuw’s result shown by (b). In Section 3, we introduce a positive ker-
nel in L'(G) and show that for any T € %% B), there exists a net of opera-
tors in L'(G)*#«{B) which converges to 7" in #%B):so that #XB) is an
essential L'(G)-module under convolution. This is a generalization of the
result (a). The Fourier transform for convolution of function and opera-
tor becomes the pointwise product of functions. This extends the result
(c) to #§(B) for locally compact abelian group G. Every operator 7€
Z«B) can be represented by the integration of its Fourier transform if it
is strongly integrable over G. Finally we show that the bounded regular

measure algebra M(G) is embedded as a subspace of the multiplier space
for X B).

2. Fourier transform for linear operators on B.

If Te#YB), then TR.f€LYG,B) for any f€B. One can easily
show that the mappings:

x— TR_+f, fEBi
and F:x—(—x,y)TR_xf, y€G and fEB
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are continuous, and that

JIFGsdx= [ I TR aflsdx < +oo.

This shows that the integration
fc(—x,?’)TR-xf dx for all f€B

is well defined. Thus it incurs the following definition.

DEFINITION. For T€£YB), define
T(y)f=/c(—-x,7)TR_xf dx for y€G and fEB, (2.1)

and call T the Fourier transform of T.

By difinition, 7 is a mapping from G to Zs(B). It is remarkable that
if T=1, the identity operator on B, then I(7)f(0)= (7). But I&¢<B)
except G is compact since otherwise (2.1) can not make sense for Boch-
ner integral (see Diestel and Uhl in detail, cf. also Lai [11—14] and
Dunford and Schwartz [4]).

If G is compact, then & ¥B)= & +(B) and the identity operator /€
<Y B) has Fourier transform

EDAG=L[(~x.0)Rf &), yEG
=/G(—x,7)R-xf(y)dx
Z/G(—x,r)f(x+y)dx
zﬁ(y,r)(—x—y,y)f(x+y)dx

= fc(y,r)(—z, 7)f(2)dz
=y, (7).

As y=0, [1()F10)=F().

The following proposition follows immediately by calculation.

PROPOSITION 2.1. For €LY G)NL>(G), the multiplication operator
To on LYG), defined by Tof =¢+f (resp. Tof =0¢-f) for fELY(G), has
Fourier transform .

[To(NA ) =(.7)8(r)f(7)
(resp. [T F13)=, ") e(¥)f (7).
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The following theorem is essential in this section. It was partly
shown in [17, Theorem 3.3] in the case G=R. But the proof is not
available for a general LCA group. Whence we need a rigorous proof for
LCA group G+ R which we state and prove as in the following theorem.

THEOREM 2.2. Let TEFYB). Then T(:): G- Z«B) is a bounded
continuous function such that

I TN Ale<| TR e for any yEG
where ||gl|1,3=/é||g(x)|tg dx for g€ LYG,B). Moreover TECo (G, %s(B)).
PrROOF. For any 7,7: in G, f€B and TE<YB) we have

| T(r)f— T (r2)fls=| [;[( —x,71) TR-xf —(—x,72) TR-+f1dx||s
< [l(=xn=1)=1 | TR-<flsdx
< [ 2| TR—f |5 dx.
< 400,

It follows from the dominated convergence theorem that
lim| 7(r)f - T(rz)fllsﬁﬁflliplnl(-xm—72)—1! | TR fllsdx =0,

and

IF)AAs=1 [[(—5,7) TR-of dils

< [I TR flsdx

=|TR.flhz for all yEG.
Hence T :G— #s(B) is a bounded continuous function. It remains to
show that 7T vanishes at infinity with value in &#s(B). We have only to

show that for any >0 and fE B, there exists a compact subset K in G
such that

I1T()fla<e whenever yEG\K.

Since G andG are o-compact and the B-valued function F= TR.,fe L' G,
B), thus for any €>0 there exists a simple function
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Fulx)= 2 sixe(x)
such that "
JIFnx) = F(@lads <&/ ®

where s;€B, E;CG is measurable with Haar measure |E;|<oo and x&
denotes the characteristic function of E. Next for any yEG

|7 ls=1 [ (=2,7) TR-+f dxla
S| [(—x ) F )~ Fa(della+ ] [ (—x,7) Falx)del
< [IFG) - Fulads +155: [ (~xzedsls @)

Since 16, LNG),7:.E Co(G) for each i. Thus there is a compact set K:C
G such that

| 7ed 7)1 <e/2(nlsils) for yEG\K..

Let K= L_JIKI- (note that G is o-compact). Then K is compact and

Slsilsl Zal7)|<e/2 (3)

Substituting (1) and (3) into (2), we obtain that
| T(n)fls<e for yEG\K.

This proves that T(+)E Co(G, Zs(B)). ]

After this theorem, an open problem arises naturally that

Question : Does the set %é(B Yof all Fourier transform for <% B) be
dense of first category in Co(G, Zs(B))?

3. Convolution of functions and operators.

It is known that any homogeneous Banach space BCLY(G) is also a
Segal algebra with convolution as the ring multiplication (see Reiter [15]),
thus B is a dense ideal of L'(G). We will define the convolution of func-
tions on G and linear operators T in. ¥ ¥ B) as follows.

Denote M(G) the space of all bounded regular measures on G. Note
that BCL'CM(G) and LY(G) is equivalent to the absolutely continuous
part of M(G). So for any measure &€ M(G) there is a density function 7
e LY(G) such that du(x)=h(x)dx.

DEFINITION. The convolution of p€M(G) and T€Z«B) is defined
by
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(i T)f = [ TR.fdu(x) for FB. (3.1)
In particular, if 2 LY(G), then define
(b T)f= [ 1) TR, FEB. (3.2)
Since the mapping € G— TRxf is continuous, (3.1) implies that

[ T)Als= [N TR ol x)

S| TNl for all FEB
and leex TN < ell | T

where |z is the total variation of #EM(G) on G. It follows that the
convolution #* T defines an element of #%B). Indeed

ﬁ (1% T)Rfdoc = [; /G TR, R fdu(y)dx
= [[(| TResfde)diy)
and [; |(* T Refllsdx < / | TR.f|dz< + .

If G is compact and T =1 is the identity operator on B, then
(D)f = [ Refdur) =1,

From Lai [7, Theorem 1], we see that the Segal algebra A?(G) (p<

1) has an approximate identity which is also the bounded approximate

identity for L'(G) and whose Fourier transform has compact support in G.

Such approximate idntity is not uniform bounded in A?(G)-norm. Thus it

incurs us to assume a net {eq(+)}eea of functions e.SL'G) satisfying the
following conditions

(A1) For each xEG, e.x)=0 with |le.]i=1 for all a.
(A2) For any >0 and any symmetric compact nelghborhood V of

identity in G, there is an & A such that f G\Veao(x)a’x< E.
(A3) For each e€A, é.€LY(G6).
We call this net {e«(*)}.en a positive kernel of LNG).
For example if G=R, the functions defined by
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2 sin*(ax/2) .
ea(x):{ T ax? if x#0 (3.3)
0 if x=0

for a>0 (see Katznelson [5, p. 124]), form a positive kernel in L}(R).
In fact, the net {es).cr+defined by (3.3) is evidently satisfying the
condition (Al). For (A2) we choose V={x:|x|<8} for any >0, then

lim | ea(x)dx=0.

a—-+w/ |x|=24§

While (A3), because the Fourier transform of the function

L<1—lz7;l> for |y|=a

§0a(7):{27f
0 for |y|>a

is given by

Po(—x)= fkqva(r)e"”‘dV: [ :%( —l—ch)e"”‘dr

_ 2 sin®(ax/2)
S ax? =edlx)

and e.=L'(G), it follows that e.(y)= é.(y)ELYG).
Actually this positive kernel of L'(G) is also an approximate identity
for the group algebra LY(G).

PROPOSITION 3.1.  The positive kernel {e.} of L(G) plays an approxi-
mate identity for L'(G).

PrOOF. For f€L'G), the continuity of translation operator on

L'(G) implies that for any >0 there exists a symmetric compact neigh-
borhood V of identity 0 in G such that

IR, —fli<e/2 whenever yE V.
To this V, there is an =1 such that

[ ey <eldlsl,
It follows that
leasf == [IRS— Flicawdy+ [ IR~ Flican(s)dy

<527 e/l

=E&.
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Hence {e.} is an approximate identity for L'(G). ]

The following theorem is essential in this section. Part of this theo-
rem was shown by [17, Theorem 3.4 to 4.1] only in the case G=T, the
circle group. We prove here by a general formation for a LCA group.

THEOREM 3. 2.
(1) #YB) is an essential LN(G)-module under convolution, so that

LYG)*ZB)=<4B).
(2) For any h€LNG) and TEZYB),
(T Y=hT in CG, Z«B)).

(3) For any TEZKB), there exists a net of operators Ta in ¥NB) such
that

/@Ta()’)de—’ Tf in B for all fEB.

(4) If T()f€LNG,B) for any fEB, then f@T(7)f dy=TY.
(B) If T()f=0 for all yG and fEB, then T =0.

PrROOF. (1) Let {e.} be a positive kernel of L'(G). For any
T =<yB), define the operator 7. by

Te=esT for all a.

Then T.€%%B) will converge to 7 in £ YB). To claim this fact, we
proceed from

(e T)f— Tf = fc ea(x) T(Rf—f)dx for fEB,
then obtain that

I(ear T)7 = TAs=<NTI [ IR ~ Flsealx)dx.

Since [|Rxf—f|s—0 as x—0, thus for >0, there is a symmetric compact
neighborhood V of 0 in G such that |R«f —f|z<e&/2| T| whenever x€ V.
For this V there is an aw& [ such that

/ G\Vea(x)dx< e/2|T| whenever a> a.

It follows that for a> w,
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1T~ TA<ITIC + [ +)<e

Hence {7.} converges to T in < YB). Therefore ¥ ¥B) is an essential
L'-module and hence

LYG)*#«B)=<4B).

(2) For any €LY G) and T€ £ ¥B), h= T £YB). Thus (h=*
T)R.,f is continuous on G for any f<B, and so it is strongly measurable
(see Dunford and Schwartz [4]) and

S+ TYRAsdy <l 1 TR S s < + 0.

It follows that

b+ TV 7= [(~x,7)h* T)Rof d
:/G(_x,7>[/;(TRZR—xf)h(Z)dZ]dx
= [ [(—%.7) TR fdx1(2)dz
=];(—z,7)[ﬁ(—w,7)TR—wf dwllh(z)dz

— [(—2n)h(2)de T(r)f
=h(y)T(y)f for all fEB.

Hence (h*T )=k T in C(G,Zs(B)).

(3) Let {eas}een be a positive kernel of LY(G). From (1), for any T €
Z YB), one has a net of operators T.=e.*T in #{B) which converges to
T. Since

[T sar=[ 2dn)T()s dy
=fééa(7)[/;;(—x,7) TR-x f dx]dy
= [ {~xn e ndr TR,  x
[ e =) TR« f d

:'/-Gea(x) TRxfdx
:(ed * T)f’
it follows from (1) that (e.*T)f— Tf. Consequently
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fGTa(V)f dy— Tf in B for all fEB.

(4) Let T(+)f€LXG,B) for any fEB. Since the positive kernel {e.}
of L}(G) is an approximate identity for L'(G), thus for any 2 LY G),

“(ea*h‘ h )A“w:" éal’;— ]’Z”w
<|lea*h— hl|x

—)0,

s0 @.(y)—1 for almost all yEG. Now for TE¥XB) and fEB, we have

[Ied) T flsdr< [ 1T () sy <oo.
Applying the dominated convergence theorem, we obtain

lim [ 2dNT()f dy= [ T(n)f dy.
Consequently, by (3) we get

fCT(r)f dy=TY.

(5) The result follows immediately from (4). O
4. Remark on multiplier property for #iB).

A multiplier for a topological algebra A is a continuous linear opera-
tor T on A which commutes with the ring multiplication, that is, for a,b
EA,

T(a-b)=a- Tb.

In 1952, Wendel proved that the space of multipliers for L'(G) is
isometrically isomorphic to the measure algebra M(G). For the general
theory of multipliers one can refer to Larsen [6], while various characteri-
zation for multipliers one can consult Lai [8—12], Lai and Chang and
their cited references.

An equivalent definition of multiplier for L'(G) is that one calls a
function ¢ on G a multiplier (function) for LNG) if of €LY(G) whenever
feLMG). It turns to discuss the multipliers for #¥B). We call a func-
tion ¢ on G a multiplier for Y B) if pTE¥Y B) CCoG,#s(B)) when-
ever 7€ #YB). From [Theorem 3.2 (2), we can prove that for every p&
M(G), one has

gT=(uT)EZYB) for all TEZYB)
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where f(y)= fc (—x,7)du(x) for yEG is the Fourier-Stieltjes transform of
rEM(G). Hence each pu=M(G) defines a linear map.

and ¢(T)=4T for all T FYB).

This operator ¢. on £ B) is a multiplier (operator) for Z%B). Actu-
ally the set #(Z¥B)) of all multipliers for #%B) is larger than M(G).
Thus we conclude that

PROPOSITION 4.1.  The measure algebra M(G) is embedded as a sub-
space in the wmultiplier space M (L YB)) of ZYB). That is, M(G)C
M (ZLB)). If Gis a compact abelian group, then the identity operator I€
ZYB) and :

[ I Y () F)0)= A7) F(7)
for all y&G and fEB.

REMARK. To characterize the multiplier space #(#%XB)) as a func-
tion space is still open.
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