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Weakly complex manifolds with semi-free S'-action

whose fixed point set has complex codimension 2

Dedicated to Professor Haruo Suzuki on his sixtieth birthday

Hiroaki KOSHIKAWA
(Received April 19, 1991, Revised September 11, 1991)

1. Introduction

A weakly complex manifold means a smooth manifold whose tangent
bundle is stably equivalent to a complex vector bundle. Let M?*" be a
2n-dimensional closed weakly complex manifold and let ¢:S'XM?*" —
M® be a smooth semi-free S'-action which preserves the complex struc-
ture. We denote this manifold by the pair (M**, ). Let F(M*', ¢) =F,
UF:U--UFs, where Fi(i=1,2,-,s) is a fixed point set component. Each
F; has an S'-invariant weakly complex structure. Then we have the fol-
lowing theorem by the Kamata’s formula [2].

THEOREM 1. Let k be a positive integer and let (M*", ¢) be a weakly
complex semi-free S*-manifold. Let dimcFi=n—2k (i=1, -s). Then the
Chern number cf[M*1=0 mod (2k)**.

Next in this paper we study, up to mod 2 bordism, those manifolds
with semi-free S'-action with the property that all the components of the
fixed point set have the same complex codimension 2.

Let Z« be the bordism ring of closed weakly complex smooth mani-
folds. It is known that the bordism ring %x is generated by a set of
bordism classes {{CP(%)], [HnA(C)]; k=1, n=m>1}, where CP(k) is the
% dimensional complex projective space and Hn,(C) is the Milnor hyper-
surface in CP(m)X CP(n). For our purpose, we calculate a base of the
mod 2 weakly complex bordism ring #x®Z. Let (#ni,n2, -, ne) be a
k-tuple of non negative integers. We denote by CP(mi, #2, ", ne) the
complex projective space bundle CP(APAPD---DAx) associated to the bun-
dle APAP:-PA, over CP(my) X CP(nz) X -+ X CP(n), where A:(i=1,2, -,
k) is the pullback of the canonical line bundle over the :th factor.

Now we define an ideal . in Zx & Z. as follows.
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T =M€ Z+«Q Z.| cf{M**]=0 mod 2}.

Then we have the following
THEOREM 2. 7 is the ideal generated by the set

{{CP(V)], [CPQ)L, [Ha2(C)], [CP (11, 12, 13, ma)]},
where m~+ne+ ns+ ng+1.

The bordism ring %« is a polynomial ring with a generator in each
dimension 2k, £>0. We take x»=[CP(2’)] as a ring generator of #+QZ,
in dimension 2°*!. We consider suitable semi-free S'-actions on CP(1)X

CP(1), H;>(C) and CP(ni, ns, ns, ns), and then from above two theorems
we obtain the following

THEOREM 3.  Suppose that the bordism class of a weakly complex
manifold M?* is represented by a polynomial in Z%+QZ, which does not
involve any type of monomial factorized with (x2)*'(x22)%%+(x27)7(x1)°, €:>
2,0=0o0r L,in>ja-r >jr=1. Then there exists a weakly complex semi-free
S'-manifold (N*", ¢) wich satisfies F(N**, p)=F,UF;U---UF,, dimc Fi=n
—2 and [N*™]=[M?*"] in %+QZ. if and only if

L M*™)=0 mod 2.

REMARK. Let M*"=CP(2*'—3,0,0,0) (=2, n=2"*"). M has such a
semi-free S'-action as our thinking and ¢/{M**]=0 mod 2.
I am grateful to the referee for his various suggestions, especially for

suggesting the conditions of [Theorem 3.
2. An application of Kamata’s formula and some Chern numbers

Let (M*", ) be a weakly complex manifold with semi-free S'-action.
Let F(M?**, p)=F UF,U---UFs, where Fi(i=1,2, -, s) is a fixed point set
component. Let 7" be the complex #-dimensional vector bundle which is
stably equivalent to the tangent bundle of M?" and let v: be the normal
bundle of F; and let r; be the stable tangent bundle of F;.. Then the total
Chern classes are expressed in the factored form as follows.

c(t)= ilrjl(l +7:)

c(v)=1+ ")+ a?)---(1+ af?)
c(r)=Q1+ L)1+ BE)---(1+ 84D,

where [;=dimcv; and m;=dimcr;. Then we have the following

PROPOSITION 1 (M. Kamata [2]). Let f(z, -, 2w) be a symmetric
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polynomial of degree n and let (M*", 9) be a weakly complex semi-free S'-
manifold. Then

o & fA+af?, 1+ a8?, -, 14 al?, B2, -+, BaD) |
<f(71) y ¥n ),G(M)>—l_21< (1+a(l))(1+a(l)) (1+a, z)) ’ G(Fl)>;

where o(M) and o(F;) are fundamental homology classes of M*" and F;
respectively.

Now we apply this formula to a weakly complex semi-free S'-mani-
fold whose every fixed point set component has same codimension.

PROOF OF THEOREM 1.

PROOF. ca(M)=v++yw(#n'=n). Applying Proposition 1 to f(z,
., zn) =(z21++2zx)", we have

Cln[M]:<f(71, T 7") G(M)>
_ & fAtad?1+af? e 1+ o B, -, Bi
B2 S (= O Ea ) Rt ) S

Qk+ o+ +asd+ B+ -+ B

=& A+ U+d)-0Fdd) olFL)
2‘, Q2k+ci(v)+ ) Z( 1Ycivs), o(Fo)>
=0 mod (2k)%*,
because dimcFi=n—2k(i=1, -, s). q. e. d.

Next we calculate some Chern numbers. Let M?* be a weakly com-
plex manifold and let the total Chern class c¢(M) be expressed in the

factored form _li[l(1+7i) as mentioned above. We denote si(ci(M), =+ ,cn

(M))= g}’ik, and then we define the Chern number

salM]=Csn(ci(M), -+, ca(M)), o(M)>.

We call this number s-number, and simply often denote by s[M].
This is a weakly complex bordism invariant and we have

PROPOSITION 2 (J. Milnor[6]). A weakly complex manifold M*" may
be taken to be the 2n-dimensional genevator in 7« if and only if

[M]—{ +1 if n+1+p’ for any prime p
stMI= +p if n+1=p’ for some prime p and j>0

Now we obtain the following lemma (cf. Stong [5, p. 434, Lemma 3. 4]).
LEMMA 1. For k=2
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n+k—2

1

s[CP(n1, na, -, nk)]=i{(—1)”'”‘<
where n=mn1++ ns.

PROOF. We put X=CP(ni, ns, -, #z), Y =CP(n1)X CP(ns)X -+ X
CP(nx), and A=41PA® - PA.. Let p: X —> Y be the projection and &
the canonical complex line bundle over X. We shall denote by a€ H%(X ;
Z) the characteristic class of & The total Chern class of A can be expres-

kR
sed in the factored form ];[1(1+ti). We set u;=p*(¢;) for i=1, -, k and let

)+m+(_1),,_,,k(n+k—2>}’

e

v; be the jth Chern class of A, so v, is the jth elementary symmetric func-
tion of #, -, ux. Then the total Chern class of X is given by

@ () =p(e(Y N B )**(0,)
=1 (1+u) " 1+ u—a)

with relation

(2.2) Jg(—l)k‘jp*(vj)ak‘j=0.

Now, we denote the ith dual Chern class of A by ¢: (1) and we put s;(1)=
k
_‘é‘.ltf. Then, from Conner’s theorem [1, p. 293, (4.1)], we obtain the s-num-

ber of X as follows.
(2.3)  Spera[X]=E(—1)* 1<kcn(/1)+2("+f l)sj(/i) Cn-i(A), o(Y ),

where o(Y) is the fundamental homology class of Y. From this formula,
we obtain the desired result. qg.e.d.

LEMMA 2.
(2.4) cLCP(n1, na, ns, na)]1=2°d(d €7, d+0) where n=mn1+-+ns+3.

(25) m+n I[Hm "(c)] (m(ml_*)_y?n 1)1')' m— lnn—l-

(26) Cl[CP(ZJI) Xeee X CP(Z )] W(Z“+1)2jl"'(2jr+1)2jr,

wherve n=2""++-42" and j1=j;>->j,>0.

PROOF OF (2.4). Let XZCP(M, N2, N3, n4)=CP(/11€|-)/12@/13@/14), Y=
CP(n1) X CP(n2) X CP(n3) X CP(ns) and let A=A4PALBA:DA. Let p: X—>Y
be the projection and let a& H*(X ; Z) be the characterisitic class of the
canonical complex line bundle over X. Let v;€EH¥(Y ;Z) be the jth
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Chern class of A. Then by the formula
4 -
=P (V) ZA-a)p*(v)
Now Cl(X)Zj)*(&( Y)+vl)—4a. Put b:C1( Y)+Z)1. Then

A X1=<(p*(b)—4a)", o(X)>
=3 (=1 T 8)an, o))

n—3 i . , .
=) (—1)”‘1<?>4""<b’, pul@™ N 6(X))
=25d. q.e.d.

PROOF OF [2.5). Let & and &, be the canonical line budles over
CP(m) and CP(n) respectively. Let i: Hnn(C)— CP(m)X CP(%n) be the
inclusion map and v be the normal bundle. Then c(v)=:*(c(£xREN)),
where £,&XE&, is the outer tensor product of &» and &.. Since H *(CP(m) ;
Z) QH*(CP(n); Z)=H*(CP(m)x CP(n); Z), we may identify ci(&n&®&)
=a+p, where a=x»X1 and B=1Xxn xr=c1(&):the generator of
H*(CP(k); Z). On the other hand, *(z(CP(m)X CP(n)))= t(Hn(C))
@y, therefore ci(Hma(C))=i*(cil(CP(m) X CP(n))— c(En® &) =i*((m+1)a
+(n+1)—(a+RB)=i*(ma+nB). Let o1=0(CP(m)) and a.=0c(CP(n)),
then

C1'"+""1[Hm,n(C)]=<(i*(ma+ n,@)”“"'l, O'(sz,n(C))>
={(ma+nB)™ " U c1(n® &), o( CP(m) X CP(n))»
=L{(ma+nB)" " a+pB), 6(CP(m))X a(CP(n))>
—((" " oma)y ()"

H("T T onay ()N atB), a1 x 0
m

Zm”"ln”‘l{<m+n_1>n+<m+n_1>m}<af’”, o1>{B", 02>
m—1 m

_ 2(7)’&“‘%_1) ' m-1, n—1

BCEN IO

PROOF OF (2.6). Let M=CP(2"")x--X CP(2") then the total Chern

class c(M)=c(CP(2") XX CP(27)) = c(CP(2))-+c( CP(27) = (1+ &)™

(14 ar)?", where a@;=1X-X1X X 5 X1X--X1, [({)=2(1<i<7r).

Therefore ci(M)=Q2"+1)ai+---+(2"+1)ar. So we have the ¢/{M] by the

multinomial theorem. qg.e.d.

q. e. d.
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3. A ring structure for Z«&®Z, and proofs of Theorem 2 and 3.

LEMMA 3. The following manifolds represent the indecomposable bor-
dism classes in the polynomial ring %+QZ-.
(1) H2(C),
(2) CP(2%),7=0,
(3) CP(2°—4,0,0,0), =3,
4) CP(n—3,0,0,0), n=2 mod 4,
(5) CP(2°Pr! 28r=1 5 —2P7—3 (), where n=2°"4 - +2P+2" » >1, and
p1> 0 >pr22.
6) CP(2,2¢q—2,2¢q—2,0), g=1.
(7) CP(2*,2(qg—2%), 2(qg—27),0), g=aot+a2+--+as2° with a;=0 for
some j.

PROOF. We denote such a manifold as described above by M. It is
known that s[CP(n)]=#n+1 for =1 and S[Hm,n(C)]:_(m:n_ n) for 1<m

<un [6]. By these facts, Lemma 1 and [4, Chapter, 1, 2.6. Lemma.], we
obtain s[{M]=1 mod 2 for (2), (4), (5), (6) and (7). For (1) and (3), s[M]=2
mod 4. Here we apply the Milnor theorem to the mod 2 weakly complex
bordism ring #« & Z., and we obtain the results. q.e.d.

It is known that %« Q Z. is a polynomial ring over Z. with one gen-
erator in each even dimension. Let xz be the class [CP(27)] for j = 0
and let xs be the class [H22(C)]. Denote y. be the class [CP(2°—4, 0,0, 0)]
for n=2"—1,7=3 and let z. be the class [CP(n1, ns, ns, ns)] for n=mn1+
N2+ n3+na+3+27, 2 —1 whose types are (5),(6) or (7) of Lemma 3 Then
we have the following proposition by Lemma 3.

LEMMA 4. %«®Z, is a polynomial ving over Z» with the system of
generators

{xs, 22/(7 =20), y(n=2"—1, j=3), za(n#2’, 27 —=1)}.

PROOF OF THEOREM 2.
ASSERTION 1.  We define ideal 71 in %+«QZ, is generated by the set

(n, %, ()G =1), y(n=27—1, j=3), zs(n+2°, 27 —1)}.
Then9=9.

PROOF. We have .9 D0.9; from Lemma 2. If an element [M] is cho-
sen from 7, then we express [M**]=2a...;tus " U5, Where au.»EZ> and
s is a generator of Z+®Z, as described in Lemma 4. As c{{M]=0 mod
2, the coefficients of xerxen--x27(jy>j2>+++>jr=1) are equal to 0 mod 2.
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Therefore [M]€.7, hence 9 C 7:. Thus 9=.7.. q.e.d.

ASSERTION 2. We can turn the gemerator (x2:)* of J1 into v =[CP
(2°71—3,0,0,0)] for j=2.

PROOF. The characteristic number Sqs2n[ CP(27) X CP(27)]= s2s[ CP(27)]
X s CP(2)]=(274+1)(274+1)=1 mod 2. On the other hand s 2y CP(27*!—
3,0,0,0)]=cF[CP(2"**—3,0,0,0)] mod 2. We set X=CP(2*'—3,0,0,0)].
By (2.1 cx(X)=w?+au mod 2, where u=p*(#). For j=2, & (X)=a*u?
mod 2=a*u®"" "3 because by @' = a®u. Then S X]={u?""3,
o(X)> mod 2=<p*(t7" ), N a(X)>=<tF" 3, pu(®Na(X)>=F" = o(Y )
mod 2=1, where Y=CP(2’"'—3). Hence we can turn the generator (xz:)?
into yam for j=2. Therefore we obtain the from these asser-
tions. q. e. d.

PROOF OF THEOREM 3,
Let @1: S'X CP(nm1, n2, n3, na) = CP(nm1, n2, n3, ns) be ¢1(&, [, us, us, us])=
(21, Uz, Cus, Eua] for any €S and [wy, us, us,us] € CP(m1, #a, ns, ns). Let

@21 S'X Hoo(C) = Ho(C) be @&, ([20: 211 22), [wo: wr : WZ:‘)):([ZO : 21 C22),

[wo: wi: Cwel]) for any ¢€S' and ([20:21: 2], [wo: wr: w2])E Ha2(C),
where ¢ is conjugate of ¢. Then ¢ and ¢, are semi-free S'-actions
whose fixed point sets are CP(4@A) U CP(AsPA) and CP(1) U CP(1) U
H.,1(C) respectively. The dimension of those fixed point sets are complex
codimension 2. Moreover (CP (1))® has also natural diagonal semi-free
S'-action whose flxed point set has complex codimension 2. So we obtain

the result from and 2. q.e.d.
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