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Absolute continuity of measures on compact

transformation groups

Hiroshi YAMAGUCHI
(Received January 9, 1992)

§ 1. Introduction

Let (G, X) be a (topological) transformation group, in which G is a
compact abelian group and X is a locally compact Hausdorff space. Sup-
pose that the action of G on X is given by (g, x) = g-x, where g€ G and
x€X. Let 7: X — X/G be the canonical map.

Let Co(x) be the Banach space of continuous functions on X which
vanish at infinity. Let M(X) be the Banach space of bounded regular
Borel measures on X with the total variation norm. Let M*(X) be the
set of nonnegative measures in M(X). For peM(X) and f€L'(lul), we

often write u(f)= .[( F(x)du(x). Let X’ be another locally compact Haus-

dorff space, and let S: X — X’ be a continuous map. For p€M(X), let
S()eM(X’) be the continuous image of # under S. A Borel measure ¢
on X is called quasi-invariant if |6](F)=0 implies |o|(g-F)=0 for all g&
G. The o-algebra of Baire sets is the o-algebra generated by compact
Gs—sets.

Let G be the dual group of G. M(G) and L'(G) denote the measure
algebra and the group algebra respectively. By the Radon-Nikodym
theorem we can identify L'(G) with the set of all absolutely continuous
measures in M(G). For A& M(G), A donotes the Fourier-Stieltjes trans-

form of A i.e, A(y)= [ (—x, y)dA(x). mec stands for the Haar measure
G

of G. For a subset E of G, M:(G) denotes the space of measures in
M(G) whose Fourier-Stieltjes transforms vanish off E. A subset £ of G
is called a Riesz set if Me(G)CLYG).

For A M(G) and pEM(X), we define AxpeM(X) by

1) duln)= [ [Ag-x)dio) dulx)

for f€Cy(X). We note that (1.1) holds for all bounded Baire functions f
on X. Let J(u) be the collection of all f€L'(G) with f*¢=0.
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DEFINITION 1.1. For p€M(X), define the spectrum sp(x) of x by
N 77X0).

fejy)

We note that y< sp(y) if and only if y * u(=(yme)* p)#0 (cf. [16,
Remark 1.1(IL. 1)]). We say that p€M(X) translates G-continuously if
lgi{IOl”#—(Sg*pI{:O, where J, is the point mass at g=G. Let M.(X) be an

L-subspace of M(X) defined by

u< < p*y for some pEL(G)NM(G)
Moe(X)={EM(X): .

and vEMH(X)

By [16, Proposition 5.1], we note that p#EM.(X) if and only if u
translates G-continuously.

Absolute continuity of a bounded Borel measure on a locally compact
group is characterized by continuity of translation (cf. [5, (19.27) and
(20.4) Theorem]). On a compact transformation group, we give condi-
tions for absolute continuity of a bounded Borel measure with respect to a
quasi-invariant Radon measure. We state our results.

THEOREM 1.1. Let (G, X) be a transformation group, in which G is
a compact abelian group and X is a locally compact Hausdorff space. Let
0 be a positive Radon wmeasure on X that is quasi-invariant. Let
pEMHN(X). If tEMu(X) and m(p)< <x(0), then u <<oa.

By [Theorem 1.1] and [17, Theorem 2. 3], we have the following corol-
lary.

COROLLARY 1.1.  Let (G, X) and o be as in Theorem 1.1. Let E
be a Riesz set in G. Let p€ M(X), and suppose that sp(u)C E and
a(lu)< <n(o). Then u<<o.

REMARK 1.1. In [Theorem 1.1, the converse also holds (cf. [18,
Remark 1.1 (iii)].

REMARK 1. 2. In Corollary 1.1, we need the assumption that
n(lp|)< <7z(0). In fact, let G and H be infinite compact abelian groups,
and put X=G®H. We define the action of G on X by g+(x, y)=(g+x, )
for g€G and (x, y)€X. For 0#+yEH, define c€M*(X) by 6=mcX .
Then ¢ is quasi-invariant. We define a measure £EM(X) by u=mcX .
Then sp(x)={0}, and {0} is a Riesz set in G.

However u L o since y=+0.

REMARK 1.3. In (Corollary 1.1, we need the assumption that ¢ is
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quasi-invariant. In fact, let (G, X) be as in Remark 1.2. Define a mea-
sure 0EM*(X) by o0=0oXmu. Then o is not quasi-invariant. Define a
measure £EM(X) by pg=meXmu. Then sp(r)={0} and 7(ly|) << 7(0).
However ¢.Lo.

In section 2 we prove [Theorem 1. 1. In section 3, using [Corollary 1.1,
we give an F. and M. Riesz thorem on a compact group K (Theorem 3.1),
which was obtained by R.G.M. Brummelhuis when K is a metrizable

compact group ([2]).
§2 Proof of Theorem 1. 1.

For xEX, we define a continuous map Bx: G — G:xCX by Bx(g)=
g'x. For x=n(x), define m;=M*(X) by m;=Bx(ms). We state two
conditions (D.I) and (D.II).

(D.I) Let (G, X) be a transformation group, in which G is a metr-
izable compact abelian group and X is a locally compact Hausdorff space.
For p€M*(X), put 7=nx(x). Then there exists a family {1:}scx/¢c of mea-
sures in M*(X) with the following properties :

(2.1 x — A:(f) is 7-measurable for each bounded Baire function 7 on
X,
2.2)  |adl=1,

(2.3)  supp(A:)Cr(x),
(2. 4) ,u(f):_/);/G/U(f) dp(x) for each bounded Baire function f on X.

(D.1I) Let (G, X) be as in (D.I). Let vEM*(X/G). Suppose
{As}iexic and {A%}iex/c are families of measures in M(X) with the follow-
ing properties :

(2.5) x = AL(f) is v-integrable for each bounded Baire function f on
X (=1, 2),
(2.6)  supp (AD)Cx(x) (1=1,2),

2.7 / A dv(x)= [ A2(f)dv(x) for each bounded Baire func-
XI/G X/G
tion f on X.

Then L=2% v—a.a. x€X/G.

Let ueM(X) and 7€M*(X/G). By an z-disintegration of px, we
mean a family {A:}:ex/c of measures in M(X) satisfying (2.1) x — A:(f)
is 7-integrable for each bounded Baire function f on X and (2.3)—(2.4)
in (D.I). If, in addition, 7=7(||) and |A:]|=1 for all x €X/G, then we



28 Hiroshi Yamaguchi

call {As}iex/c a canonical disintegration of #. Thus condition (D.I) says
that each pEM*(X) has a canonical disintegration {A:}:ex/c with A:€
M*(X).

REMARK 2.1. Let (G, X) be a transformation group, in which G is
a metrizable compact abelian group and X is a locally compact metric
space. Then (G, X) satisfies conditions (D.I) and (D.II) (cf.[16,
Remark 6. 1]).

LEMMA 2.1. Suppose that (G, X) satisfies conditions (D.I) and (D.
II). Let c€M*(X) be a quasi-invariant measure, and let p=M*(X). If
1E Mue(X) and n(y) << 71(0), then u<<o.

PROOF. Put 7=7x(z). Since 1€ M.(X), it follows from [17, Lemma
4.1] that

(1) un << me*pu.

Let {A:}scx/c be a canonical disintegration of g with A;€M*(X). It fol-
lows from [16, Lemma 1. 3] that mc¢*A;=m,. Hence, by [16, Lemma 2. 3],
{ms}sex/c is an p-disintegration of mc*x. By (1) and [18, Lemma 2.1],
we have A; << m; p-a.a. x€X/G, which together with [16, Lemma 2.5
(I)] yields # << 6. This completes the proof.

LEMMA 2.2. Let (G, X) be a transformation group, in which G is a
compact abelian group and X is a locally compact metric space. Let
cEM*(X) be a quasi-invariant wmeasure, and let p=M*(X). If pc
Moo(X) and 7(p) << 7(0), then 1 << o.

PROOF. Put 7=nx(x). Since x is bounded regular, we may assume
that X is o-compact. Set H={g=G:g-x=x for all x€X}. By][18,
Lemma 2. 6], H is a compact subgroup of G such that G/H is metrizable.
Moreover, (G/H, X) becomes a transformation group by the action
(9g+H)-x=g-x for g+ HEG/H and x€X. Let n¢m: X — X/G/H be the
canonical map.

Claim 1. mem(p) << meu(0).

In fact, let A be a compact subset of X/G/H such that 7eu(o) (A)=0.
Then o(7en'(A))=0. We note that

(1) a1~ (a(neim ™ (A))) = m6a~'(A).

Hence 7(0) (n(7e/n™"(A)))=0(ncn ' (A))=0, which yields 7(x) (x(xclu
(A)))=0 since n(x) << n(c). Thus, by (1), we have 7c/u(x) (A)=r(y)
(m(mein™'(A)))=0. Since mem(y) and 7neu(o) are bounded regular, the
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claim follows.
Claim 2. u&Maueu(X).

This follows from [18, Lemma 2. 8].

Since G/H is a metrizable compact abelian group and X is a o-com-
pact, locally compact metric space, (G/H, X) satisfies conditions (D.I)
and (D.II). Moreover ¢ is quasi-invariant under the action of G/H.
Hence, by Lemma 2. 1, we have #<<o. This completes the proof.

Now we prove [Theorem 1.1. Since ¢ is bounded reqular, we may
assume that X is o-compact and c€M*(X). Suppose that x is not abso-
lutely continuous with respect to 0. Let p=u,+pus be the Lebesgue de-
composition of x with respect to 6. Then us #0. By [17, Lemma 3.1],
there exists an equivalence relation * ~” on X such that

(2.8) X/~ is a o-compact, locally compact metric space with respect
to the quotient topology,

(2.9) (G, X/~) becomes a transformation group by the action
g t(x)=1(g-x) for g€G and xE X,

(2.10)  7(us)#0, and

(2.11)  (us) L (o),

where r: X— X/~ is the canonical map. Since r(u.)< <z(0), it follows
from (2.11) that 7(x)=r(re)+r(us) is the Lebesgue decomposition of ()
with respect to 7(0). By [17, Lemma 2.1], r(¢) is quasi-invariant. Let
7: X/~ — X/~/G be the canonical map. Then 7(r(x))<< 7(z(0)), by
(17, Lemma 2.3]. We claim

(2.12)  t(WEMae(X/~).
Since Sg*r()=1(8g*p) (cf. [17, Lemma 2.1]), we have
lim|z(x) = Go* ()| =Lim| 7(12) = 7(S 1)
<lim— g» | =0.
This shows that (2.12) holds. Since X/~ is metrizable, it follows from

that 7(#)<<z(o). Hence r(us)=0, which contradicts (2. 10).
Thus we have £< <o, and the proof of [Theorem 1. 1 is complete.

$3 An F. and M. Riesz theorem on compact groups.

In this section we will give an F. and M. Riesz theorem on compact
groups, which R.G.M. Brummelhuis obtained on metrizable compact
groups. Let K be a compact group and 3 its dual object. mx stands for
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the Haar measure of K. We denote by Z(K) the center of K. Let G be
a closed subgroup of Z(K), and let nc: K — K/G be the canonical map.
A(S, G) means the annihilator of G in 3 (cf. [6, (28.7) Definition]). For o
€3, U denotes a continuous irreducible unitary representation of K in
o with the representation space Hs. Since U'® is a continuous irreducible
unitary representation, it follows from Schur’s lemma (cf. [6, (27. 10) Corol-
lary]) that there exists a map 7: 3 — G such that

(3.1) D= (x, y(o)I

for x€G and €3, where [ is the identity operator on Hs. Let ¢ be a
measure in M(K). We denote by spc(x) the spectrum of ¢ on the tranfor-

mation group (G, K). ¢ means the Fourier transform of g, i.e., for 0€3
and &, 7€ Ho,

(3.2) <@g = [T pdul),

where U= DsU"Ds and Dy is a conjugation on Hs (cf.[6, (27,28)]). In
accordance with [2], let spec (z)={c€2: a(0)+0}.

For o, t€3, oXr is defined (cf.[6, (27, 35) Definition]). oX7 is a
finite subset of 3.

For r€3, T.(K) is the linear span of all functions x — <U" &, n,
where £ 7€ H.. Let T(K) denote the space of trigonometric polynomials
on K, i.e., T(K) is the set of finite linear combinations of functions x —
CUE, 7>, where 6€3, and & 7€ Hs. Set TH(K)={f€(K): f=0)}.

Let {&9 ..., €2} be a fixed orthonormal basis in Hs. For 1<i, j<
ds, let u!” be the function on K defined by u{"(x)=<UP&?, &>, The
functions #!” are called the coordinate functions for U‘”E¢ and the basis

{617, ..., &2},

LEMMA 3.1. Let A be a subset of 3, and let p be a measure in
M(K) with spec(u)CA. Then spc(p)T{y(0): c€A}.

PrROOF. Let nEG\{y(0): 0€A}. For any 6€A and, & 7€ Hs we
have

(yome)(0)€, 77>:_[G<(7§c‘”5, 7(x, v0) dme(x)
= fc (x, Y(0))<E, p>(x, 70) dmc(x)
= [[(x, 70— 7(0))<E, > dmo(x)=0.
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Thus (7emc)"(0)=0 for any o€ A. Since Z=0 on =\A, we have
{(yome)* 113"(0)=(yomc) (o) u(6)=0 for all o¢€3. Therefore (yomes)*u=0,
which yields y0Zspc(x). This completes the proof.

The following lemma is easily obtained.

LEMMA 3.2. Let 0€3 and ACS. For f€3+K) and ¢=I(K)
with spec(g)CA, we have spec(fg)CoXA.

LEMMA 3.3. Let 0€S and ACS. For f€X+(K) and p=sM(K)
with spec(1) CA, we have spec(fu) CToXA.

PROOF. Let {h.JCZT*(K) be a bounded left approximate unit for
L'(K) obtained in [6, (28,53) Theorem]. Then we have

(1) he*pt converges to u in the weak* topology.

For any u{’c¥+(K) (1<i,j<ds), it follows from (1) that

(2) uy ha* 1t converges to Y’ 1 in the weak* topology.

Since ho*pEZ(K) and spec(ha* i) CA, we have, by Lemma 3. 2,
spec(ul ho* 1) Co X A,

which together with (2) yields that spec(u#!{?’x#)CoXA. Hence we have
spec(f)Co X A, and the proof is complete.

THEOREM 3.1.  Suppose ACZ satisfies the following two conditions.

(i) For each w<€G, {0€A: y(0)=w)} is finite.
(ii) The set {y(c): cEA} is a Riesz set in G.

Let p be a measure in M(K) such that spec(u)CA. Then p< <mx.

PrOOF. By Lemma 3.1, we have

(1) spe(p)T{y(0): o€A).
Moreover we obtain
(2) re(fu)eLM(K/G) for all fESK).

In fact, for any 0<3 and f€%+(K), it follows from that spec
(fu)ToxXA. Hence

(3) spec (7c(fu)) C(o X A)NA(S, G).

Let r be any element in A such that (6 X7)NAE, G)*+¢. For §€(oX )N
A(Z, G), we note that
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(4) 7(0)+ ()= 7(8)=0,

where 0 is the identity element in G. Hence, by (4) and the condition (i),
(re A: (6XT)NA(S, G)*+¢} is finite. Hence (6XA)NA(Z, G) is finite,
which together with (3) shows that me(f)EL'(K/G) for all fET(K).
Thus (2) holds.

There exists a sequence {p.} in T(K) such that I,Li{g||Pnﬂ—|#| |=0.

Then lniE‘E"ﬂc(pn#)—"ﬂG(lﬂl)":0, which combined with (2) yields

(5) me(|ul) < <mxic=nc(mx).

Since {y(0): 6€A} is a Riesz set, it follows from (1), (5) and
1.1 that x<<mgk. This complets the proof.

An immediate consequence of [Theorem 3.1 is the following corollary,
which was obtained by R.G.M. Brummelhuis when K is a metrizable
compact group. Brummelhuis proved it by using Shapiro’s methods ([13]).

COROLLARY 3.1. (cf. [2, Theorem 3. 2]).
Suppose that Z(K) contains the circle group T as a closed subgroup. Let
ACS satisfy the following two conditions :

(i) For each meZ, {c€A : n(o)=m} is finite.

(ii) The set {n(o) : cEA} is bounded from below,

where n: 3 — Z is the map such that U =e™ % I for 0€Z and ER.
Let p be a measure in M(K) such that spec(p)CA. Then p<<mx.

EXAMPLE 3.1. (cf. [3,3.4 Example (a)]).

Let T“’(KZO,%, 1,%, ...) be as in [6, (29.13)]. Then SU@2)"={T: ¢=
0,413, .}. Let K=T®SU® and G=T(=T®(1)). Then Z(K)>G
and K={twn: n€Z, m=0, % 1, %, ...}, where 1an(e® u)=e™T™.

Moreover Y tam)=n. Set F={—nx: nkEZ*, nx+1/nx>3(k=1,2,3,...)}.
Then Z*UF is a Riesz set in Z (cf. [10,5.7 Theorem]). For «>0 and
B<0, put A={ranSK: 120, m<an}U{r-n, nEK: REN, m<— fn}.
Then A satisfies conditions (i) and (ii) in [Theorem 3.1l.
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