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On isomorphism of minimal direct summands
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Abstract

Let G be a quasi-complete p-group and let A be a subgroup of G
such that there exists a direct summand L of G containing A which is
minimal among the direct summands of G that contain A. Such a direct
summand L is said to be a minimal direct summand of G containing A.
We prove that all minimal direct summands of G containing A are
isomorphic.

Intfoduction

All groups considered here are p-primary abelian groups for a fixed
prime number p. It is well-known that a separable group is isomorphic to
a pure and dense subgroup of some torsion-complete group. Therefore it
is important to study torsion-complete groups and their subgroups in order
to clarify the structure of separable groups.

A subgroup A of a group G is said to be purifiable if there exists a
pure subgroup H of G containing A which is minimal among the pure
subgroups of G that contain A. Such a subgroup H is said to be a pure
hull of A in G. In a direct sum of cyclic groups, every subsocle is
purifiable and all pure hulls of a subsocle are isomorphic. However, in a
torsion-complete group, every subsocle is also purifiable, but all pure hulls
of the same subsocle are not necessarily isomorphic. (See [7, 66, Exercise
8].) We can raise the following problem :

For which purifiable subgroup A are all pure hulls of A isomorphic?

From [2], [4], [8], and [11], purifiable subgroups A and their pure
hulls H have the following properties :
(1) There exists a non-negative integer m such that Va(G, A)=0 for
all n=m. (i.e. A is eventually vertical in G.)
(2) H=M®N, where M and N are subgroups of H, M[pl=A[p],
p" N +0, and p™N =0.
(3) A is almost-dense in H.
The subgroup N in (2) is said to be a residual subgroup of H deter-
mined by A. In [4] it is shown that all residual subgroups determined by
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a purifiable subgroup are isomorphic.

We extend the concept of purifiable subgroups to the concept of
quasi-purifiable subgroups. A subgroup A of a group G is said to be
quasi-purifiable in G if there exists a pure subgroup K of G such that A
is an almost-dense subgroup of K. Namely, A and K satisfy condition
(3) above. Such a pure subgroup K is called a quasi pure hull of A in G.
It is obvious that purifiable subgroups are quasipurifiable. But the con-
verse is not true. For example, the subgroup L constructed in the proof
of [8, Proposition 1] is quasi-purifiable but not purifiable. (See Example
2.4) We prove that a quasi-purifiable subgroup A of a group G is
purifiable in G if and only if A is eventually vertical in G. Moreover, we
show that if A is quasi-purifiable in G, then there exists a maximal quasi
pure hull of A in G.

A subgroup A of a group G is said to be summandable if there exists
a direct summand L of G containing A which is minimal among the direct
summands of G that contain A. Such a direct summand L is a minimal
direct summand of G containing A.

It is obvious that summandable subgroups are quasi-purifiable. More-
over, we show that, in a torsion-complete group, A is summandable if
and only if A is quasi-purifiable, and L is a maximal quasi pure hull of A
if and only if L is a minimal direct summand of A. In general, every
subgroup is not necessarily summandable in a given group. (See Example
3.8.)

We establish another characterization of torsion-complete groups;
namely, a reduced group G is torsion-complete if and only if all
quasi-purifiable subgroups of G are summandable subgroups. Moreover,
we determine when quasi-purifiable subgroups of a quasi-complete but not
torsion-complete group are summandable.

Finally, we use these concepts and results to prove our main result:
Namely, in a quasi-complete group, all minimal direct summands contain-
ing a summandable subgroup are isomorphic.

The terminologies and notations not expressly introduced here follow
the usage of [7]. All topological references are to the p-adic topology.
Throughout this note, let A be a subgroup of a group G.

1. Purifiable subgroups

We recall some definitions and results that are frequently used in this
note, and we make an abstract of the process of studying purifiable sub-
groups.
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DEFINITION 1.1. A is said to be a purifiable subgroup of G if,
among the pure subgroups of G containing A, there exists a minimal one.
Such a minimal pure subgroup is called a pure hull of A in G.

B. Charles was first to consider this notion in [6]. P. Hill and C.
Megibben [8] and T. Okuyama determined the structure of pure hulls
that is concerned with condition (2) mentioned in the introduction.

On the other hand, in [2], K. Benabdallah and J. Irwin introduced the
concept of almost-dense subgroups. This is concerned with the condition
(3) mentioned in the introduction.

DEFINITION 1.2. A is said to be almost-dense in G if G/K is divis-
ible for every pure subgroup K of G containing A.

PROPOSITION 1.3.  ([2], Theorem 2) A is almost-dense in G if and
only if, for every mon-negative integer n, A+p""'GDOp"G[p].

In , K. Benabdallah and T. Okuyama introduced new invariants,
the so-called n-th overhangs of a subgroup in a given group and obtained
a necessary condition for a subgroup to be purifiable in a given group.
This is concerned with condition (1) mentioned in the introduction. More-
over, they determined when almost-dense subgroups are purifiable in a
given group.

DEFINITION 1.4. For every non-negative integer #, the n-th over-
hang of A in G is the vector space

VG, A)=((A+p"'G)Np"GpD /(AN p"GLpD) + p™* Gl p)).

It is convenient to use the following notation for the numerator and
denominator of V,x(G, A):

At=(A+p""'G)NP"GIp]=((ANP"G)+ "' G)[p]
and
Az=(ANp"GlpD+ " Glp]=Alple.

DEFINITION 1.5. A is said to be a vertical subgroup of G if
Va(G, A)=0 for all »=0. If there exists a non-negative integer m such
that Vu(G, A)=0 for all #=m, then A is said to be eventually vertical.

PROPOSITION 1.6.  ([4], Theorem 1.8) If A is a purifiable subgroup
of G, then A is eventually vertical in G.

PROPOSITION 1.7. ([4], Theorem 1.11) Let A be almost-dense in G.
Then A is purifiable if and only if A is eventually vertical.
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PROPOSITION 1.8. ([4], Theorem 1.7) For every pure subgroup K of
G containing A, we have Vi(G, A)=V.(K, A) for all n=0.

Next, in [3], K. Benabdallah, B. Charles, and A. Mader introduced
the concept of maximal vertical subgroups. Let S be a subsocle of G. A
subgroup M is said to be a maximal vertical subgroup of G supported by
S if M is maximal among vertical subgroups of G supported by S. The
existence of maximal vertical subgroups supported by any subsocle of G
are guaranteed by Zorn’s Lemma. If A is vertical in G, then there exists
a maximal vertical subgroup B of G supported by A[p] containing A.

PROPOSITION 1.9. ([3], Theorem 4.5 and Theovem 5.5) The follow-
ing properties ave equivalent for a group G.

(1) Al maximal vertical subgroups of G ave pure in G.

(2) All eventually vertical subgroups of G are purifiable in G.

(3) The reduced part of G is a quasi-complete group.

2. Quasi-purifiable subgroups

We have studied eventually vertical subgroups in [3], [4], [10], and
[11]. We are interested in subgroups which are not eventually vertical.
Such subgroups have not been studied yet. First, we define the concept of
quasi-purifiable subgroups.

DEFINITION 2.1. A is said to be a quasi-purifiable subgroup of G if
there exists a pure subgroup H of G such that A is almost-dense in H.
Such a subgroup H is called a quasi pure hull of A.

From the definition, we immediately obtain the following :

PROPOSITION 2.2. If A is purifiable in G, then A is quasi-purifiable
im G. O

We establish the following useful lemma for almost-dense subgroups.
Before we do this, we give a definition concerning certain subsocles.

DEFINITION 2.3. For every non-negative integer #,
P'G[p]=S,® AE=S,® P, ® AS=S.9 P, A»® p" ' G[p],

where S., P., and A, are subgroups of p"Glp], A% and Az, respectively.
Put P= % P., P is said to be an overhang subsocle of A in G.

LEMMA 2.4, Let P be an overhang subsocle of A in G. If A is
almost-dense in G, then therve exists a quasi pure hull K of A supported by
(A+P)[pl=AlpleP.
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PROOF. Since A is almost-dense in G, we have p"G[p]C(A

+p"1G)[p]=A% for every n=0. By [Definition 2.3, for every n=>0, we
have

P"Glp]|=At=P, 8 A;=P,® A, ® p""'G[p],

where P, and A, are subgroups of A% and Ax, respectively. Then
(A+P)[p]=A[p]® P is dense in G[p]. By [7, Theorem 66. 3], there exists
a pure hull K of A+P. Since K[p]=A[p]® P, A is almost-dense in K by
[Proposition 1.3 Hence K is a quasi pure hull of A. O

The next example shows that the converse of Proposition 2.7 is not
true. This was constructed in the proof of [8, Proposition 1].

EXAMPLE 2.5. Let B 263 B» where B,=0 for infinitely many » and

is a homogeneous direct sum of cyclic groups of order p”. Let #(i) be a
sequence of positive integers such that #(i+1)—#n(7)=2 and Bn;)*0 for all
i. Let t())=n(2i+1)—#n(27)—1 and let

L= Z}< bn(z,')'i'pt(i)bn(zz'H) > and H:@z< bn(i) >,

where < bu;)> is a non-zero cyclic summand of Bn). Since

27)—1 — 27)— 3 -
pn( i) bn(2i)—(pn( i)—1 bn(Zi)+pn(21+l) 2 bn(2i+1))
_pn(2z+l)—2 bn(2i+1)EL+[)n(21)H,

we have L+p""'HDOp"H[p] for every n=0. Hence L is almost-dense in
H by [Proposition 1. 3, and so L is quasi-purifiable in H. However, since
L is not eventually vertical in H by [Proposition 1.8 and [4], L is not
purifiable in H. O

Next, we determine when quasi-purifiable subgroups are purifiable in
a given group.

PROPOSITION 2.6. Let A be a quasi-purifiable subgroup of G. Then
A is purifiable in G if and only if A is eventually vertical in G.

PROOF. The necessity is immediate by [Proposition 1.6, Let H be a
quasi pure hull of A in G, then A is almost-dense in H. If A is eventu-
ally vertical in G, then A is eventually vertical in H by [Proposition 1. 8,
Hence, by [Proposition 1.7, A is purifiable in H, and so A is purifiable in
G. O

If A is quasi-purifiable in G, there exists a quasi pure hull H of A in
G. But such a subgroup H is not necessarily a pure hull. Thus there
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exists a proper quasi pure hull K of A in H. In general, we obtain the
following result.

PROPOSITION 2.7. Let A be quasi-purifiable and not purifiable in G,
and let H be a quasi pure hull of A in G. Then there exists a quasi pure
hull K of A in G such that K is a proper subgroup of H.

PROOF. Since A is not purifiable in G, there exists a proper pure
subgroup K of H containing A. Then A is almost-dense in K, K is a
quasi pure hull of Ain G. O

Proceeding by [Proposition 2.7, we obtain an infinite properly decreas-
ing chain

H>K>Ky> v+ SKp>ee-

where the subgroups K, are all quasi pure hulls of A in G.
On the other hand, for maximal quasi pure hulls of A, we establish
IProposition 2.8 We use the expression “ maximal quasi pure hull of A”

to refer to a quasi pure hull of A which is maximal among the quasi pure
hulls of A in G.

PROPOSITION 2.8. If A is quasi-purifiable in G, therve exists a maxi-
mal quasi pure hull of A in G.

PROOF. Let P={L<G|L is a quasi-pure-hull of A in G}. By
hypothesis, P+¢. Let {L.}ica be a chain of elements in P. We show that
L:A%JA L;eP. It is immediate that L is pure in G. Let xEp"L[p], then x

€p"Li[p] for some ASA. Since A is almost-dense in L., we have xS A
+p"LiCA+p"'L. Hence A is almost-dense in L, and L is a quasi

-pure-hull of A in G. By Zorn’s Lemma, P contains a maximal element.
O

3. Minimal direct summands

First, we introduce the concept of summandable subgroups and give a
definition of minimal direct summands.

DEFINITION 3.1. A is said to be a summandable subgroup of G if,
among the direct summands of G containing A, there exists a minimal
one. Such a direct summand is called a minimal direct summand of G
containing A.

From the proof of [2, Lemma 1.5], we immediately obtain the follow-
ing lemma.
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LEMMA 3.2. Let A be summandable in G and let H be a minimal
divect summand of G containing A. Then A is almost-dense in H.
Hence if A is summandable in G, then A is quasi-purifiable in G. O

In the case that G is reduced, we obtain the following useful charac-
terization.

LEMMA 3.3. Let A be summandable in a reduced group G and let
H be a divect summand of G containing A. Then H is a minimal divect
summand of G containing A if and only if A is almost-dense in H.

PROOF. By [Lemma 3.2, the necessity is immediate. Conversely,
suppose that the condition holds. If there exists a direct summand K of
G with ACKCH, then we have G=K® L for some subgroup L of G,
and so we have H=K®(HNL). Since A is almost-dense in H, H/K=
HNL is divisible. However, since G is reduced, HNL=0. Thus H=K
and so H is a minimal direct summand of G containing A. O

We use the concept of summandable subgroups to give a new charac-
terization of a torsion-complete group. Before we do this, we give an
interesting property of torsion-complete groups.

PROPOSITION 3.4. Let G be torsion-complete. Then the following
properties hold -

(1) A is summandable in G if and only if A is quasi-purifiable in G.

(2) Let A be quasi-purifiable in G and let L be a quasi pure hull of
A, then L is a minimal dirvect summand of G containing A.
Moreover, L 1s a maximal quasi pure hull of A if and only if L
is a minimal divect summand of G containing A.

(3) Let M be a minimal divect summand of G containing A and P
be an overhang subsocle of A in M. Then there exists a quasi
pure hull H of A supported by (A+P)[p] such that H=M.

PROOF. The necessity of (1) is immediate by Lemma 3. 2. Converse-
ly, suppose that A is quasi-purifiable in G. Let H be a quasi pure hull of
A in G. Since A is almost-dense in H and H is pure and dense in H, A
is almost-dense in H by [5, Lemma 1.6]. Since H is a direct summand of
G by [9, Teorem 3], A is summandable in G by Lemma 3.3. Hence (1)
and the first part of (2) is proved.

Let L be a maximal quasi pure hull of A, then L is a direct sum-
mand. By [5, Lemma 1.6] and Lemma 3.3, we have L=L. Hence L is
a minimal direct summand of G containing A. Conversely, suppose that
L is a minimal direct summand of G containing A. If there exists a quasi
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pure hull K of A containing L, K is a minimal direct summand of G
containing A by [5, Lemma 1.6] and Lemma 3.3. Hence we have L=K=
K and so L is a maximal quasi pure hull of A. Hence (2) is proved.

By Cemma 2.4, it is immediate that there exists a quasi pure hull H
of A in M such that H[p]=(A+P)[p]. Since M is closed in G, we have
HCM=M. By (2), we have H=M. O

THEOREM 3.5. A reduced group G is torsion-complete if and only if
all quasi-purifiable subgroups of G are summandable subgroups.

PROOF. The necessity is immediate by [Proposition 3.4 Conversely,
suppose that the conditions hold. Let H be a pure subgroup of G. Since
H is quasi-purifiable in G, there exists a minimal direct summand L of G
containing A by hypothesis. By [Lemma 3.3 H is almost-dense in L, and
so L/H is divisible. Then we have LCH. Since G is reduced, we have
HcL=LCH. Therefore G is torsion-complete by [9, Theorem 3]. O

Next, we give a necessary condition for a subgroup A of a quasi-com-
plete but not torsion-complete group G to be summandable in G.

LEMMA 3.6. Let G be a quasi-complete but not torsion-complete
group and let A be summandable in G. Then A satisfies either of the
following properties :

(1) Al[p] is discrete.

(2) There exists a least non-negative integer m such that ANpP"G is

almost-dense in p"G for every n=m. Let H and K be minimal

divect summands of G containing A, them m is the least integer
such that p"H=p"K=»p"G.

PROOF. Let H be a minimal direct summand of G containing A.
Then we have G=H ®M for some subgroup M of G. If H is bounded,
then A[p] is discrete. Hence we may assume that H is unbounded. By
[7, Corollary 74.6], M is bounded and p"G=p"H for some integer m=0.
We have p™ *G[p]l=p" *H[p]|CA+p" * ' HCA+p""*"'H for every inte-
ger £>0 by Lemma 3.2. Hence we have p"™*G[p]C(ANPp"G)+p""*"'G
for every £=0 and ANp"G is almost-dense in p"G. Let G=K®L for
some subgroup L of G, and let ¢ be the least integer such that p’K=7p'G.
If ¢t >m, then there exists an element x<Ep™L[p] such that ke(x)=¢—1 and
x=a+ptg where a€ ACK and g€G. Then he(a)=t—1. Since G=K®
L, we have x+(—a)=p''G. This is a contradiction. Therefore ¢<m.
If t<wm, then ANp'G is almost-dense in p°G. Similarily, this is a contra-
diction. Hence we have m=¢. O
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These conditions turn out to be also sufficient if A is quasi-purifiable
in G. We establish the following result.

THEOREM 3.7. Let G be a quasi-complete but not torsion-complete
group and let A be quasi-purifiable in G. Then A is summandable in G
if and only if A saisfies either of the following properties :

(1) Alp] is discrete.

(2) ANp™G is almost-dense in p™G for some integer m =0.

PROOF. It suffices to prove the sufficiency. If A[p] is discrete, then
there exists a bounded pure hull H of A in G. By [7, Theorem 27.5] H
is a minimal direct summand of G containing A. Hence we may assume
that A[p] is non-discrete. Since A is quasi-purifiable, there exists a max-
imal quasi pure hull K of A in G. If we have p"Glp]=p"K[p]® S for
some subsocle S(#0) of G, then there exists x£SN(A+p™"*G) for some
£>0. Then K-+<x)> is vertical in G. In fact, let ye(K+<x>+p"G)[p],
then we have y—ax<=(K+p"G)[p]=K][p]l+p"G[p] for some integer a, by
[3, Proposition 2. 3], since K is vertical in G.

By [Proposition 1.9, there exists a pure subgroup L of G such that
L[p]=K[p]®<x>. Since A is almost-dense in L, L is a quasi pure hull
of A in G. This contradicts the maximality of K. Thus S=0 and so
"G[p]l=p"K[p]CK. By [1,Corollary 3.4], we have p"GCK. Since K is
pure in G and G/K is bounded, K is a direct summand of G by [7, Theo-
rem 28.4]. Moreover, since A is almost-dense in K, K is a minimal
direct summand of G containing A by Lemma 3.3. O

We conclude this section with the following example of a subgroup
that is not summandable. This was constructed in the proof of [9, Theo-
rem 2].

EXAMPLE 3.8.  Let G"—'é(ﬁm, and let o(x;)=p"" where n(7) is a

strictly increasing sequence of positive integers for all 7 >1. Set

— 2i+1)—n(2i)+1 2i+2)—n(2¢
yi—x2i+pn( i+1)—-n(2:)+ x2i+1—pn( i+2)—n( l)x2i+2-

Let B=€—)1<yi> and B be the closure of B in G. Suppose that B is sum-

mandable in G. Then there exists a minimal direct summand L of G
containing A. By Lemma 3.2, B is almost-dense in L. Since B is pure
in G, B is maximal vertical in L by [3, Proposition 3.4] and
1.8. Since B is purifiable in L by [Proposition 1.7, B is pure in G. This
is a contradiction. Hence B is not summandable in G. O
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4. Isomorphism of minimal direct summands

The purifiable subgroups of a direct sum of cyclic groups have isomor-
phic pure hulls by [4, Corollary 3.3]. But, torsion-complete groups have
non-isomorphic pure hulls with the same socle by [7, 66 Exercise 8].

In this section, we first extend the concept of residual subgroups
introduced in [4], and we show that all residual subgroups of a quasi
-purifiable subgroup are isomorphic. Next, we use this result to prove
that all minimal direct summands of a quasi-complete group containing a
summandable subgroup are isomorphic.

Let A be a quasi-purifiable subgroup of G and let H be a quasi pure
hull of A in G. Let P be an overhang subsocle of A in H. Then there
exists a pure subgroup R of H such that R[p]=P and R is a direct sum
of cyclic groups. Such a subgroup R is called a residual subgroup deter-
mined by a subsocle P of a quasi pure hull H.

In [8], it is shown that if K is a pure hull of a purifiable subgroup C
of G, then K=M &N where M[p]=C[p], N is a bounded subgroup, and C
is almost-dense in K. Hence N is a residual subgroup determined by a
subsocle N[p] of a quasi pure hull K.

In [4], K. Benabdallah and T. Okuyama call such a subgroup N a
residual subgroup of G determined by the purifiable subgroup C. Hence,
if A is purifiable in G, their definition coincides with ours.

LEMMA 4.1. All residual subgroups of a quasi-purifiable subgroup A
are isomorphic.

PROOF. Let R and R’ be residual subgroups determined by two over-
hang subsocles P and P’ of quasi pure hulls H and K of A, respectively.
By [Proposition 1.8, we have

PNp*GIpl=Fu(R)~= Vu(H, A)= Vi(G, A)
~ VK, A)~F(R»=~P Np"G[p]

for all #>0, where F,(R) and F.(R’) are the n-th Ulm-Kaplansky invar-
iants of R and R’, respectively. Therefore, R and R’ are direct sums of

cyclic groups with isomorphic finite Ulm-Kaplansky invariants, and so
R=R'. O

THEOREM 4.2. Let A be summandable in a torsion complete group G.
Then all minimal divect summands of G containing A arve isomorphic.

PROOF. Let L and M be minimal direct summands of G containing
A, then A is almost-dense in L and M by Lemma 3.2. Thus, by Proposi-
tion 1.3 for every #=>0, we have
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PLIp]|=Pu® An® p" 1 L[p] and p"M[p]=Q.® An® p" ' M[p],

where P,, A, and Q., A» are subsocles of p"L[p] and p"M[p], respectively.
Put P=@Pn and Q=€n~)Qn. By [Lemma 4.1, we have P,.~@Q, for every =

>(0. By [Lemma 2.4, there exist quasi pure hulls H, K of A in L, M,
respectively, such that H[p]=A[p]® P and K[p]=A[p]® Q. Since A[p]N
P"G=A[pINp"L=A.8(Alp]Np"'L)=A.®(A[p]Np"*"'G) and A[p]Np"G
=A.®(A[p]Np""'G), we have A,~A, for every n=0. On the other
hand, there exist basic subgroups B, B’ of L, M, respectively, such that
B[ﬁ]ZPGB(Gn—)An) and B’[p]ZQeB(EL—)A;). Therefore we have B=FB.

Since L and M are torsion-complete groups, it follows that L>~M. ©

THEOREM 4.3. Let A be summandable in a quasi-complete group G.
Then all minimal divect summand of G containing A are isomorphic.

PROOF. By [Theorem 4.2, we may assume that G is a quasi-com-
plete but not torsion-complete group. If A[p] is discrete, then it is imme-
diate by [4, Corollary 3.4]. By Theorem 3.6, we may assume that AN
p"G is almost-dense in p™G for some integer m=0. Let H and K be
minimal direct summands of G containing A, then we have p"H=p"K=
p"G by [Lemma 3.6. Since A¢=Ai+Ar=Ak+ As for every n=0 by [4,
Theorem 1. 7], it follows that

P'Glp]=S® AL=S,0(AL+ AS)=S,®(Ai+ Af)
:SneBPneaAg:Sn@Qn @Arcz;
=S, ®Pr®An® " G[p]=5.9 Q. ® Ay p" ' G[ 1),

where Pn, A» and @Q., A, are subsocles of Af Ak, respectively. Then it
follows that

GlLpl=(& )8 (D P)& (B A)e pHls)
~(©5)0(D Q) (D A) e p"KIy].

We show that there exists a direct summand N of G such that N[p]=
m—1
@)Si and G=N®H=N®&K.

There exists a direct summand Ny, of G such that M[p]=S,. By [2,
Lemma 1.5], we have ((Mo® pG)/pG)[p]=(Se® pG)/pG and (Ne® pG)/pG
is an absolute direct summand of G/pG. Suppose that (So®pG)/pGN
(H+pG)/pG)[p]#0. Then there exist s€S,, hEH, and pg=pG such
that s=h+pg and hc(s)=he(h)=0. Since s€(H+pG)[pl=H[p]+pG[p]
by verticality of H, this is a contradiction. Hence (No® pG)/pGN
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(H+pG)/pG=0 and so there exists a subgroup Hy of G such that G/pG=
m—1

(No® pG)/ pG® Ho/ pG, HyD H, and Ho[p]zg5i®H[p]. Then we have G
=MN®H,. Applying the same process to Ho, we have G=N,®N,® H,,
where N and H: are direct summands of G with Ni[p]=S,, Hl[p]=':@215i€9
H[p] and HiDH. Therefore, by finitely many steps, we have G=N®H
where N =§Ni. Similarly, we have G=N® K. Hence it follows that H

~K. O
Theomem 4.2 leads to the following result :

COROLLARY 4.4. Let S be a closed subsocle of a torsion-complete
group G. Then all pure subgroups supported by S are isomorbhic.

PROOF. Let H and K be pure subgroups supported by S. Then H
and K are closed maximal vertical subgroups of G and so H and K are

minimal direct summands of G containing S. Thus, by [Theorem 4.2, H
~K. O

References

(1] K. BENABDALLAH and J. IRWIN, On N-high subgroup of abelian groups, Bull. Soc.
Math. France 96, (1968), 337-346.

[2] K. BENABDALLAH and J. IRWIN, On minimal pure subgroups. Pub. Math. Debrecen,
Hung. 23. 1-2, 1976, 111-114.

[3] K. BENABDALLAH, B. CHARLES, and A. MADER, Vertical subgroups of primary
abelian groups. Can. J. Math. 43 (1), 1991, 3-18.

[4] K. BENABDALLAH and T. OKUYAMA, On purifiable subgroups of primary abelian
groups. Comm. Algebra, 1 (1), 85-96 (1991).

(5] K. BENABDALLAH and C. PICHE, Sur Les sous-groupes purifiable des groupes abéliens
primaires. Can. Bull. Math. 32 No. 4 1989. 11-17.

[6] B. CHARLES, Etudes sur les sous-groupes d’'un groupe abélian. Bull. Soc. Math. Fran-
ce, Tome 88, 1960, 217-227.

[7] L. FUCHS, Infinite Abelian Groups. Vol. 1.2, Academic Press, New York-London, 1969
and 1973.

[8] P.HILL and C. MEGIBBEN, Minimal pure subgroups in primary abelian groups. Bull.
Soc. Math. France, Vol. 92, 1964, 251-257.

[9] K. KOYAMA, On quasi-closed groups and torsion-complete groups. Bull. Soc. Math.
France, 95, 1967, 89-94.

[10] T. OKUYAMA, On the existence of pure hulls in primary abelian groups. Comm. Alge-
bra, 19 (11), 3089-3098 (1991).

[11] T. OKUYAMA, On purifiable subgroups and the Intersection Problem. Pacific J. Math.
157 (2) 1993, 311-324.

Department of Mathematics,
Toba National College of Maritime Technology,
1-1, Ikegami-cho, Toba-shi, Mie-ken, 517, Japan.



	Introduction
	For which purifiable subgroup ...
	1. Purifiable subgroups
	2. Quasi-purifiable subgroups
	3. Minimal direct summands
	THEOREM 3. ...
	THEOREM 3. ...

	4. Isomorphism of minimal ...
	THEOREM 4. ...
	THEOREM 4. ...

	References

