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A new MacWilliams type identity for linear codes

Keisuke SHIROMOTO
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Abstract. We obtain a new MacWilliams type identity which generarizes MacWilliams
identity for linear codes into another direction.
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1. Introduction

Let F' := F be a field of g-elements and let V' := F" be the row vector
space of dimensional n. Put N := {1,2,...,n}. The inner product and the
distance of vectors u = (u1,...,un) and v = (vy,...,v,) of V are defined

by

<’U,, ’U> = Zu’ivi,
i=1
d(u,v) := ${i € N | u; # v;}
The support and the weight of a vector v = (vy,...,v,) of V are defined by

supp(v) := {i € N | v; # 0},
lv| := wt(v) := |supp(v)| = #{i € N | v; # 0}.

A code C of length n is a subspace of V' and its minimum distance d(C) of
C is defined by

d(C) :=min{Jv| |0 # v € C}

When a code C of length n is of dimensional k as a subspace and of minimum
distance d, the code is called an [n, k]-code or an [n, k, d]-code. The dual code
of C' is defined by

Cti={veV|{uv)=0 (VueC)}
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The weight enumerator of C is defined by

Zx ~ul |“|—Za:c T

ueC

where a, = #f{u € C | |u| = r}.

Ezample 1. Let Go4 be the binary Golay code of length 24, then ay =
a4 = 1, ag = a1 = 759, a12 = 2576, and so

We,, (z,y) = 224 + 75921048 + 257621212  75928y16 4+ 424

There is a well known theorem by MacWilliams about the weight
enumerator of the dual code.

Theorem 1 (F.J. MacWilliams (1963))

Weu(2,5) = —Wela + (g - Dy,z —y).

Cl

For any pair of row vectors u,v € V, we now define

i(u,v) := #{i € N | u; = 0,v; = 0},
j(u,v) = §{i € N | u; = 0,v; # 0},
k(u,v) := t{i € N | u; # 0,v; = 0},
Hu,v) == #{i € N | u; #0,v; # 0},

so that clearly

n = i(u,v) + j(u,v) + k(u,v) + l(u, v),
ol = j(u,v) +U(u,v),
lu| = k(u,v) +(u,v).

Let C' and D be codes of length n. Define the joint weight enumerator of C
and D by

WC D((I b C, d Z Z az(u v)b?(u v) k(u ’U)dl(u v)
ueC veD

Z Ai’j’k,lazbyckdl,
0,3,k

where a, b, ¢, d are indeterminates and A; j k1 is the number of pairs of
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u € C and v € D such that
i(u,v) =1, jlu,v) =47, k(u,v) =k, l(u,v) =1L

Then the following generalized MacWilliams identity holds:
Theorem 2 ([2], [1])

1
Wei pla,b,c,d) = ﬁWc,D(a+vc,b+7d,a~c,b—d),
1
Wepil(a,b,c,d) = rD—IWC,D(a"*"Yb,a—b,C+7d7C—d),
1
Wer pila,b,c,d) = WWC,D(a+'y(b+c)+vzd,a—b

ta(e—d)a—c+rlb-d)a—bc+td)
where vy = q — 1.
The purpose of this note is to generarize into another direc-

tion:

Theorem 3 (Main theorem) For an [n, k]-code C' and a positive integer

A, define the A-ply weight enumerator Wg‘)(x, y) by

Wé')\) (.’L‘, y) — Z xn—s(u(l),...,u(A))ys(u(l),...,u()‘))
u@) @ uRNeo

where

s, .., uV) = glie N|u £0,for 3j € {1,2,...,A}}

— Jsupp(u) U U supp(u)|.
Then
A 1 )y
W (z,y) = ng @+ (" - Dy, —y).

Of course, Wél)(:r:, y) = We(z,y) is the usual weight enumerator and
the main theorem is just the ordinary MacWilliams identity. Note that even
in this classical case the proof of the main theorem in this paper gives a new
and short proof (cf. [5]). Furthermore, the main theorem for A = 2 gives



654 K. Shiromoto

the MacWilliams identity for the bi-weight enumerator:

BWc(z,y) = Weelz,y,y,y) = W((;Q)(x,y)
Z g™ Isupp(w)Usupp(v)| supp(u)Usupp(v)|

u,veC

that is,

BWei(z,y) = =5BWe(z+ (¢* — )y, —y)

1
C12
Furthermore, we can prove various kinds of MacWilliams type identities
(e.g. [Theorem 2)) for linear codes by the way that we used to prove the main
theorem.
2. Proof of the main theorem
For a subspace D of V' and for a subset R C N ={1,2,...,n}, let
D(R) := {u € D |supp(u) C R},
D* := Homp(D,F) = V/D*.

Clearly D(R) = DNV (R) is a subspace of V and |V (R)| = ¢/fl. Then there
is an exact sequence of F-vector spaces ([5]):

0 — CL(R) 2% v(R) L ¢* = O(N - R)* —
where the map f is defined by

Frve (0:um (u,v).
Thus

IC|-|CH(R)| = |V(R)| - |C(N - R)]. (1)

(This identity can be proved directly, too.)
We now introduce another weight enumerator as follows:

—~—

W (z,y) := 3 |C(R)Pa 1Byl (2)
RCN

Then by (1),

Wil (z,y) = 3 |CH(R) P2 Ryl
RCN
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> V(R |C(N — R)Pa"~IFlylR

O
|C| RCN
]' n—
= Iop Y |C(N = R)Pa"IEl(gry) R
RCN
L Z |C(R)} !Bl (gPy)~ 1B
cP RCN
= (A
- Wé')(q Y, )

On the other hand, we have

W (z,9) = 3 |C(R) 2 1BIylR
RCN

A
=) (Z t{u € C | supp(u) = S}) " IRly A

RCN “SCR

=Y 3 #H{w®,. .V

RCN S1,...,.S\CR

u¥) € C,supp(u?) = §,}z"~ 1Rl
= > {#{@®,...,.u®) |4 € C, supp(u?)

S1,...,SACN
5 Y xn—|R|y|R|}
S1U---US\CRCN

- Z {ﬂ{(u(l), : (A)) | u) € C, supp(u (J))

S1,...,.8,CN
Xy|Slu---uSA| (z + y)n——|5'1U-~US)\i}

=W (@ +v,v),

where we used the binomial identity

S g AyR S et IR TR
TCRCN R CN-T
= yTl(@+y)" 7.

By (3) and (4), we have

o~

Wl (z,y) = W (@ -y, y)

= S;}

= Sj}

655
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I =
= WW(%)(QA%CU—?J)
1 A
= WWé)(:B—i—(q)‘—l)y,a:—y).

The theorem is proved.

Remark. We do not need to assume that A is a positive integer in the
definition (1) of the weight enumerator Wé(w, y) contrary to the definition
of Wa(z,y). The MacWilliams type identity (3) for Wé(m,y) is true even
for any complex number .
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