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Point-extinction and geometric expansion of solutions
to a crystalline motion*

Shigetoshi YAZAKI
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Abstract. We consider the asymptotic behavior of solutions to a generalized crystalline
motion which describes evolution of plane curves driven by nonsmooth interfacial energy.
Our main results say that solution polygonal curves expand to infinity or shrink to a single
point depending on the size of initial data and the sign of the driving force term. In the
expanding case, we show that any rescaled solution polygon converges to the boundary
of the Wulff shape for the driving force term and hence if the driving force term is a
constant, then any solution polygon approaches to an expanding regular polygon even if
the motion is anisotropic. We also give lower and upper bounds of the extinction time for
the shrinking case. In the appendix, we shall explain the notion of a discrete curvature
and crystalline curvature from a numerical point of view.

Key words: crystalline motion, crystalline curvature, discrete curvature, motion by curva-
ture, curve-shortening, point-extinction, geometric expansion, the Wulff shape, estimates
of blow-up time, entropy estimate, comparison principle, isoperimetric ratio.

1. Introduction and main results

1.1. The aim of this paper
Let Py be a convex closed polygon in the plane R? with the angle
between two adjacent sides of Py being m — A, where Af := 27 /n and n
is the number of sides of the polygon. We consider the evolution problem
of finding a family of polygons P = (Jy<, 7 (P: x {t}) satisfying
%mj(t) =vj(t)n;, 0<j<n, 0<t<T, (1.1a)
PN {t=0}="P,

where the vector n; is the inward normal of the jth side of the polygon
P; and the vector x;(t) denotes the point of intersection between the line
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containing the jth side of the polygon P; and the line spanned by n;. The
function v; is the inward normal velocity of the jth side which will be
specified later. Throughout this paper the interval [0,T"), with T € (0, oo,
will be understood to be the maximal time interval of existence for each
solution polygon. We note that the angle between two adjacent sides of P;
always equals m — A as long as the solution polygons exist.

In this paper we consider a generalized crystalline motion of the form

vj(t) = a(n;)k;(t) —b(n;), 0<j<m, (1.1b)

where a > 0 and b are smooth functions defined on S! and kj is the crys-
talline curvature:

2tan(A0/2)
kj(t) = —————,
2 d;(t)
Here d;(t) is the length of the jth side of polygon P;.
We introduce the set

0<j<n (1.1c)

N, == {n; = —(cos8;,sinb;) | 6; = jAI, A8 =2r/n, 0 < j < n}.

This N, is the set of orientations that appear on the Wulff shape (see below)
being an regular n-polygon (n-gon in short). A convex polygon P is called
Ni-admissible polygon if the normal vector of each side of P is the element
of N,. We can then translate Problem (1.1) into the problem of finding an
N,-admissible polygon evolved by the crystalline flow with (1.1c).
On a general admissibility, we touch upon later.

The aim of this paper is to study the asymptotic behavior of solutions
to Problem (1.1). Our main results say that solution polygons shrink to a
single point or expand to infinity depending on the size of initial data Py
and the sign of driving force term b. See Section 1.4. Roughly speaking,
if the initial polygon Py is sufficiently small, then a solution polygon P
shrinks to a single point in a finite time and if Py is sufficiently large, then
a rescaled solution polygon P/t approaches to the boundary of the Wulff
shape W}, as t tends to infinity. We also give lower and upper bounds of the
extinction time for the shrinking case. In the appendix, we shall explain the
notion of a discrete curvature and crystalline curvature from a numerical
point of view.
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1.2. Background

Problem (1.1) is a typical model equation for crystal growth in the
plane. In this context the solution polygon represents the boundary curve
between two different materials. Such a boundary curve is called the inter-
face or free boundary. The motion of interfaces or free boundaries fascinates
many researchers in the fields of applied mathematics, material sciences,
physics, biology and so on. The notion of interfacial energy plays an impor-
tant role in those contexts. As we shall show below, the gradient flow of a
total interfacial energy provides a curvature-dependent motion.

Now let us explain how one derives Problem (1.1) in the context of
curvature-dependent motion of curves. Let I'; be a closed curve parame-
trized by 6, the angle between the outward normal of I'; and the fixed axis.
Let f be an interfacial energy defined on I'y. If the interfacial energy f =
f(n) is positively homogeneous of degree one, then the gradient flow of
total interfacial energy with respect to the L2-metric provides the weighted
curvature flow v = w := (f(0) + f”(0))x. Here we set f(0) = f(n(f)) and
k = k(,t) is the curvature of I';. See Elliott [E] and Appendix A.

We note that f + f” is the inverse of the curvature of the boundary
of the Wulff shape Wy: a region enclosed by a solution to the problem of
finding a closed embedded plane curve I' that minimizes the total interfacial
energy [r fds at fixed enclosed area in the plane. It is not difficult to see

that the solution is uniquely determined and the Wulff shape is described
by

Wy = {z € R? | (x, —n(f)) < f(6) for all § € R}.

See, e.g., Gurtin about properties of the Wulff shape.

If the Wulff shape Wy is a polygon, we call f the crystalline energy (see
Angenent-Gurtin [AGu]). Let f be a crystalline energy with Wy being an
n-gon and n(6;) being the normal of the jth side, called facet, of OW;. We
can then define the finite set

N:={n(0;)|0<0<b < - <Op_1 <27}

For such an energy, Taylor and Angenent-Gurtin restrict the
curve I'; to the class of N-admissible piecewise linear curves P, in which
(1) each normal vector is the element of A" and (2) normal vectors of two
adjacent sides of P, are the adjacent in A (see, e.g., Giga-Gurtin [GGu]).
Note that we do not need the condition (2) if P; is convex (see the definition
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of N,-admissible above). The evolution equation of P; is then reduced to
the ordinary differential equations v;(t) = w;(t). This evolution law is
called the crystalline motion or crystalline flow. The function v; is the
velocity of the jth side and wj; is the jth crystalline curvature defined by
wj(t) = x;jl(n;)/d;(t). Here [(n;) is the length of the side of Wy that has
orientation m; € N, x; is the transition number which has the constant
value +1, —1 or 0 depending on whether the polygon is strictly convex,
strictly concave or neither near the jth side of P;, d; is the length of the
jth side of P;. In fact, the jth crystalline curvature can be decomposed as
follows (see Appendix C):

i
wj(t) = (f + AOf)jH’j(t)a ’{j(t) = de.J .
()
Here «y; := tan(Af;41/2) + tan(A6;/2) and Ay is a kind of difference oper-
ator defined by :

_ (D4()); = D+ O = ()
(Bo()); = =T, (D) = i
(1.2)

with Af; = 0; — 6;_1. We call k; the “discrete curvature,” which is an
approximation of the real curvature x(6;) if n is sufficiently large (see Ap-
pendix B). We note that the discrete curvature and the crystalline curvature
are equivalent when the Wulff shape is a regular polygon.

Remark 1.1 In this paper we consider the asymptotic behavior of an N,-
admissible convex n-gon. Although N, is a special case of A/, the set N, is
better than A from a numerical point of view. See Remark 1.8 below and
Appendix B.

1.3. Generalized crystalline motion and its application
Angenent-Gurtin proposed a generalized crystalline motion:

B(n;)v;(t) = w;(t) — U, (1.3)

where (3(n;) is the kinetic modulus, U is the constant bulk energy. In-
dependently, Taylor derived the planar crystalline motion under the
assumption: 3 = const. x f~! and U = 0. For the further detail and back-
ground of a crystalline flow and a weighted curvature flow, see the papers
[AIT, RT, T1, T4], the papers including a survey [T3, TCH, GirK2, GG4,
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Gu2] and the book [Gul]. Recently, the three dimensional crystalline flow
is analyzed in [GGuM, BNP, Yu]. In [Ry], a Stefan-type problem which
has the crystalline interfacial energy is studied. In [IIU], they apply the
crystalline motion for the shrinking spiral problem. A numerical simula-
tion is proposed for a curvature-dependent motion with a crystalline type
anisotropy in [GP]. Structure and existence of stationary finger of two-
dimensional solidification for crystalline energy are investigated in [Al]. See
also the very recent work [GG6, GGT|.

It is clear that any circle shrinks to a point self-similarly under the
isotropic flow v = k. In general, we call a solution curve which does not
change shape a self-similar solution. We can easily check that the boundary
of the Wulff shape is a self-similar solution of the weighted curvature flow
v= fw= f(f+ f")k. In [GL], they show the existence of the self-similar
solution to the anisotropic flow v = a(f)« and obtain the uniqueness under a
symmetry assumption. The assumption on a(-) is relaxed to just boundness
in [DGM]. Stancu [S1, S2, S3] shows the existence and uniqueness, under a
symmetric assumption, of self-similar solution to the crystalline flow v; =
a(Hj)nj.

Remark 1.2 Let P; be a convex N -admissible polygon with a crystalline
energy f. We consider the crystalline motion v; = f;(w; — U). Then we
can find a self-similar solution P; = A(t)0Wy with Py = A\o0Wy. Here X is
the solution of

d 1

ZA(t) = 30 +U, X0) = Xo.

When U = 0, it is easy to obtain the exact solution A(t) = /A2 —2t. In
general, we have the followings:

— If U <0, then the polygon shrinks to a single point;

— If U > 0 and A\g < U1, then the polygon shrinks to a single point;

— If U >0 and A\g > UL, then the polygon expands into infinity.

Angenent-Gurtin extend Remark 1.2 to the following three cases

for the evolution equation of an NV -admissible piecewise linear curve.
Let T > 0 be a duration of solution polygon of equation [1.3), £(t) the

length and A(t) the enclosed area. Here and hereafter, we use the term
“duration” for the maximal existence time of solution polygons.
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— IfU <0, then A(t) - 0ast — T < oo;
— If U > 0 and £(0) is small enough, then A(t) - 0ast — T < oo;

— If U > 0 and A(0) is large enough, then A(t) —» oo ast — T =
co0. Even so, isoperimetric ratio remains bounded: limsup,_,., £(t)%/
(4mA(t)) < oo. Moreover, they conjecture that (see section 11 in

[AGu]), as t — oo,
a solution polygon is asymptotic to the Wulff shape for 371
(1.4)

1.4. Main results

Our goal in this paper is to extend Remark 1.2 and the above results

of [AGu] for the motion of convex N,-admissible n-gons with general a > 0
and b. We assume one of the following:

(A1) b<0 is a constant.

(A1)) b <0 is not constant and

min k;(0) > —0SI<n b)) = minogjcn b(n;)
0<j<n ? ming<;<n a(m;)

2 max0§j<n b(nj)

A2) b>0 and 1 (0) > .
( ) ~ U an Og;'lgn’ﬂ]( )_ min0§j<n a(nj)

(A3) b >0 satisfies (Agb(n)+b(n)); >n for a fixed n >0,

(Aga(n) +a(n)); >0 and
ming<j<n(Beb(n) +b(n)); — 1

(0) <
Orsn]aicn KJ( ) maxo§j<n(Aaa(n) + a(n))j

Assumptions (A1)’ and (A2) mean that the initial polygon Py is sufficiently
small and (A3) means that Py is sufficiently large. Note that for (A1)’ if
b < 0 is not constant, then ming<j<, b(n;) < 0 and for (A3) there exists b
satisfying (Agb + b); > 1 since 2tan(A68/2)(Agb + b); is the length of the
jth side of W, (see Appendix C).

Our main results are the following.

Theorem A (point-extinction) Let n > 4. Assume (Al) or (Al)'. Let
P; be a solution polygon of Problem (1.1) with a duration Ty. Then any
solution polygon Py shrinks to a single point as t — T, and it holds that
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2
T, < . 1 L(0) ) .
~ 2ming<j<n a(n;) \ 2ntan(A6/2)
No side of the polygon vanishes before t reaches T,. Here L(0) is the length
Of P().

Theorem B (point-extinction) Let n > 4. Assume (A2). Let P; be a
solution polygon of Problem (1.1) with a duration T,. Then any solution
polygon Py shrinks to a single point as t — T,. Moreover
(£(0)/2ntan(A8/2))?

mi110§j<n a(nj)

T, <min{Ty, Tz, T3}, where Ty =

. £(0)
2T 2tan(A0/2) 3 o<icn b(n;)’

and v = n2(20§j<n b(1;) D 0<icn b(n;)/a(n;))~'. No side of the polygon
vanishes before t reaches T.

T3=T2—I/—+—\/(V—T2)2+I/T1,

Remark 1.3 We call T} the “extinction time” or the “blow-up time” (see
Section 2.4).

Remark 1.4 If b =0, then the point-extinction holds and the solution is
asymptotic self-similar (see [S3]). Let A(t) be the area of region enclosed
by P;. We can easily check dA(t)/dt = —2tan(A6/2) > ;. a(n;), hence
we have

A(0)
2tan(A0/2) 2 gey < a15)

since point-extinction holds.

T, =T =

For a convex Nj-admissible polygon P;, we define the isoperimetric
ratio by

(t) = L(t)*
"~ 4ntan(A6/2)A(t)
It is not difficult to see that the inequality Z(¢t) > 1 holds. The equality

Z(t) = 1 holds if and only if the polygon P; is a regular polygon. See [Y],
especially Section 3.

(1.5)

Theorem C (geometric expansion) Let n > 4. Assume (A3). Let Py be
a solution polygon of Problem (1.1). Then the length L(t) and the enclosed
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area A(t) of the polygon Py diverge to infinity as t tends to infinity. Every
side of the polygon is finite if t is finite. Moreover, a rescaled solution poly-
gon Pi/t converges to the boundary of the Wulff shape Wy, in the Hausdorff
metric as t — oo and the limit of the isoperimetric ratio Z(t) is given as

2
lim Z(t) (20§j<n b(nj))
im = :
t—00 N o<j<n 0(1)(Agb(n) + b(n));
Consequently, if b(n;) is a positive constant, then any solution polygon Py

ezpands to infinity approaching an expanding reqular polygon in the Haus-
dorff metric as t — oo.

We note that related two results: 1. For (1.3), Giga-Gurtin
proves a similar result to Theorem C without the convergence of the isoperi-
metric ratio. They establish the comparison principle for admissible piece-
wise linear curves and from which they show the asymptotic shape of the
solution curves. 2. In the case where the interfacial energy f is smooth,
Ishii-Pires-Souganidis [IPS] shows that the boundary of a “large” bounded
domain in R™ converges to OWj for the evolution equation v = a(n)Hy —
b(n), where Hy is a weighted mean curvature. Their proof is based on the
level set method for a smooth f. Recently, Giga-Giga establishes the
level set method for a not necessarily smooth f including crystalline. Thus,
as pointed out by Giga [G], the result is extended for such an energy

f in particular for the equation (1.1b).

Remark 1.5 Theorem C gives an answer to the conjecture (1.4) and also
asserts that if b = const., then the asymptotic shape is an expanding regular
polygon even if a(n;) is “not” constant, i.e. the motion is anisotropic. We
note that the result does not depend on 7 in Assumption (A3).

Theorem D (lower bound of the blow-up time) Assume b # 0. Under
the same assumption of Theorem A, the blow-up time T, is estimated as
follows:

2
T* > maxop<j<n a(nj))2 <1 _ \/1 _ 8min05j<n b(nj)A(O) ) .

8 (min0§j<n b(n]) maxo<j<n a(nJ)L(O)

Here A(0) is the area of the region enclosed by Py.
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Remark 1.6 Let Py be a regular polygon. Suppose a = 1 and b =
const. < 0. We denote the upper bound in Theorem A by T, and the
lower bound in Theorem D by T,. If we set b = px(0) (k;(0) = £(0)), then
we have p < 0 and lim,_,o— Ty = Tp, = k(0)72/2 = T}..

Theorem E (lower bound of the blow-up time) Under the same assump-
tion of Theorem B, the blow-up time T, is estimated as follows:

£(0)
Lz 8tan(A0/2) Y ocjcr b(1;)

( \/1 | 32tan(A6/2) Yo, ., b(ny) A 1).

maxo<;j<n a(1;)L(0)3

Remark 1.7 Let Py be a regular polygon. Suppose a = 1, b = const. > 0
and the Assumption (A2) holds. If we set b = pux(0) (k;(0) = k(0)), then
we have y < 1/2. We denote the lower bound in Theorem D by 7. It holds
that Tp > T1 > T3 > T and that lim,_,o4 7y = lim, 04+ T3 = (0)72/2 =
T

Remark 1.8 (approximation) Many authors have recently studied an ap-
proximation of curvature-dependent motions by using crystalline motions.
In both and [FG], the convergence results are shown for graph-like
curves. In [EGS], the properties of a solution in the sense of are inves-
tigated and several numerical examples are presented in order to visualize
their results. The new notion of solutions to a fully nonlinear equation in-
cluding crystalline motion is introduced and analyzed in [GG1, GG2, GG4].
Its notion is in the realm of viscosity solution theory and so is based on
comparison principle which is an extension of . The convergence re-
sults are discussed in [GG3, GG5] for the solutions in its notion. See also
[GG6]

Let the Wulff shape be an N,-admissible polygon. Girao showed
that the crystalline motion v; = w; approximates the weighted curvature
flow v = w if the curve is closed and convex. This result was extended by
for the motion by a power of curvature v = k* (a > 0). Moreover,
they constructed a crystalline algorithm to the equation v = |k|*~lk for
nonconvex curves in . Implicit crystalline algorithm is treated in
for an area-preserving motion by curvature v = k —2nw/L (p > 1 is a
winding number of curve). In [IS], the authors show the approximation of
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the curve-shortening equation v = k by the crystalline motion v; = k; via
the level set method. Recently, their results are extended by [GG6, GGT]
for general curvature flow equation. See the survey for more general
information about an approximation of curvature-dependent motion.

The organization of this paper is as follows: in Section 2, we give several
fundamental properties of solutions to Problem (1.1). In Section 3, we
present a point-extinction property of solutions via entropy estimates and
prove Theorems A and B. In Section 4, we prove Theorem C by the super-
and subsolution method or the comparison principle. By using Schwarz
inequality twice, we give a lower bound of the extinction time and the proof
of Theorems D and E in Section 5. In Appendix A, we give a brief summary
on the gradient flow for a total interfacial energy. In Appendices B and C,
we explain the notion of the discrete curvature and the crystalline curvature,
respectively.

I would like to thank the referee for her or his comments and sugges-
tions.

2. Properties of solutions to Problem (1.1)

In this section we first give an equivalent formulation of Problem (1.1).
Secondly, we present comparison principle and evolution of the length and
the area. Finally, we show a finite time blow-up of solution.

Throughout this paper we use the notation ) j Ujs Umax; Umin and u(t)
for 3 o< j<p Uj> MAX0<j<n Uj, MiNo<j<n j and du(t)/dt, respectively. Here-
after we denote a; := a(n;) and b; := b(n;) for simplicity and assume n >
4. We note again 0; = jA#.

2.1. A formulation equivalent to Problem (1.1)
Let P; be a solution of Problem (1.1). The jth vertex Bj;(t) of P is
given as the following:

B;(t) = (x;-1(t) — x;(t), t; + n; cot Ad) t; + x;(¢),

=Bo(t)+ Y dmttm, 1<j<n, 0<t<T (21)

0<m<y
with Bg(t) = B,(t), where t; = {(—sinf;,cosf;) is the tangent vector,
since the position vector z; is on the line containing the jth side (n.b. z; is
not necessarily on the jth side) and () is the usual inner product. Then



Asymptotic behavior of solutions to a crystalline motion 337

the time evolution of the length of the jth side d;(t) is given as the following

(cf. Figure 10C in [AGul):
a
dt

Here the operator Ay is defined by

By = P

d;(t) = g‘t'|Bj+1(t) ~ By(t)| = ~2tan A79(Aev +v);. (2.2)

which is a kind of central difference operator (this is a special version of
(1.2)). Then we obtain a discretized version of the equation (2.20) in the

book :

d :
(—ﬁnj(t)zfs:?(Agv—}-v)j, 0<j<mn, 0<t<T.

Therefore we can restate Problem (1.1) as follows.

Problem 1 Let n > 4. Find a function v(t) = (vo,v1,...,%n-1) €
[C[0,T) N C1(0,T)]" and a duration T € (0, oo] satisfying

d _ :
%Uj(t):ajl(vj+bj)2(A9’U+'U)j, 0<j<n, 0<t<T,
(2.3a)
v;(0) = a;jk;(0) —b;, 0<j<n, (2.3b)
v_1(t) = vp-1(t), wvn(t) =wvo(t), 0<t<T, (2.3c)

where k,;(0) is the jth initial crystalline curvature of Py.

Remark 2.1 (equivalence) Problem (1.1) and Problem 1 are equivalent
except the indefiniteness of position of the polygon. Indeed, suppose v is a
solution of Problem 1, then we have

1 d 2a; tan(A0/2)
2tan(A0/2) dt Z

vi(t)+b;

J
= — Z(Ag’v + U)jtj = — Z(Agt + t)j’Uj =0.
J J
Here we have used the relation of summation by parts:

Z fi(Dag); = — Z(D+f)j(D+g)j = Z 9;(Daf);, (2.4)

J J
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and the relation (Agt); = —t;. Here and hereafter, we define the forward
difference such as
fiv1— 1
D,f); =2t —Ji_
(D+1); 2sin(A6/2)

Hence by equation (2.1), we can construct a closed convex n-gon whose
length of the jth side is 2a;tan(A8/2)/(v;(t) + bj) =: d;(t) and the jth
normal vector is m;, as long as v is a solution of Problem 1. This n-gon is
the very solution polygon of Problem (1.1).

2.2. Comparison principle
The following comparison principle plays an important role in this
paper.

Lemma 2.2 Fiz T > 0. Let (p;(t))o<j<n > 0 and (g;(t))o<j<n be defined
ont € [0,T]. If u= (uj(t))o<j<n € [C[0,T] N CL0,T)]" is a solution of
d
Zl—tuj > pj(Agu)j +qu;, 0<jij<n, 0<t<T,
u_1(t) = un—1(t), un(t) =ue(t), 0<t<T,
uj(0) >0, 0<j<mn,

then u;(t) > 0 holds for 0<j<n and 0 <t <T.

See, e.g., for the proof of this lemma.
As an application of the above lemma, we obtain the next:

Lemma 2.3 For a solution v of Problem 1 and fized T € (0,T,), we have
the followings.

(1) For a constant ¢ > 0, if v;(0) > ¢, then vj(t) > ¢ for all t € [0,T).
(2) For a constant ¢ <0, if v;(0) < ¢, then v(t) < ¢ for all t € [0, T).
(3) If vy is a supersolution of Problem 1, i.e. a solution of

0 > a; (v} +b;)*(Agv¥ + )5, 0<j<mn, 0<t<T,

with v} (0) > v;(0) and periodic boundary condition (2.3c), then vi(t) >
v;j(t) holds for all 0 <t <T and 0 < j < n.
(4) If vj is a subsolution of Problem 1, i.e. a solution of

o <ait (vl +b)2(Agh +0b);, 0<j<n, 0<t<T,

with vg(O) < v;(0) and periodic boundary condition (2.3c), then vj- (t) <
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v;(t) holds for all 0 <t <T and 0 < j <n.

Proof. For each proposition, put (1) u; = v; —¢; (2) uj = c—vj; (3) uy =
vy —vj; (4) uj = vj — v;; and apply Lemma 2.2 O

2.3. The length and the area
The (total) length of the polygon is

Zd = 2tan — Zn_l—QtanAgzj:vji{bj, (2.5)

and the rate of change of £(t) can be computed by

L(t) = —2tan % > (1) (2.6)
j

If v;(0) > 0 (resp., “< 07), then v;(t) > 0 (resp., “< 0”) by
and so E(t) < 0 (resp., “> 07), i.e. the motion of solution polygons is a
discretized curve-shortening (resp., curve-lengthening). The area enclosed
by the polygon is

A(t) 1= 5 s (0),m5)ds (1), (27)

J
and the rate of change of A(t) can be computed by

. Ab a;v;
t) = — § JJ
A() Qtan 2 ’Uj+bj

J
Here we have used equations and [2.4), definition (&;,n;) = v; and
geometric relation d;j = —2tan(A6/2)(Ag(x, n) + (z,n));.

2.4. Finite time blow-up
In this subsection, we give a partial proof of Theorems A and B, namely
the statement concerning finite time blow-up.

Lemma 2.4 (finite time blow-up) Suppose v is a solution of Problem 1.
Under the same assumption of Theorem A, there ezists a finite time T, >
0 such that the mazimum of {k; = (vj + b;)/a;} blows up to infinity as
t /ST,

1 ( £(0) )2
T, < - .
~ 2ming<j<n a(n;) \ 2ntan(A6/2)
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Proof. Since n? = (225 1)2 =3, i /s]l/ 2&;1/ 2) Schwarz inequality and the
assumption b < 0 yields

2 .
(Qntan %) < — ! E( )% + 2tan MLZ( )Z b (2.8)

2amin dt - a;

1 d

< - —L(¢)2.
~  2amin dtﬁ(t)

By the general argument for ordinary differential equation, a solution
v of Problem 1 exists uniquely and locally in time. Put T, > 0 such as
maximal existing time. Take 0 < ¢ < T,. Integration of the above inequality
over (0,t) yields

2
L(t) < \/[,(0)2 — 2amin (Qn tan %) t.

Since L(t) > 2ntan(A0/2)/kmax, we have

-1/2
A 2
Fmax > 2ntan 70 (E(O)2 — 2 min <2n tan é;) t) ,

and the assertion is concluded. O

Lemma 2.5 (finite time blow-up) Suppose v is a solution of Problem 1.
Under the same assumption of Theorem B, there exists a finite time T, >
0 such that the mazimum of {k; = (v; + b;)/a;} blows up to infinity as
t /T, :

T* < min{Tl, TQ, T3}.
Here T, T> and T3 have been defined in Theorem B.

Proof. The Assumption (A2) implies v;(0) > byax. Then pro-
vides v;(t) > bmax > bj. Hence, we get T} by a similar proof of Lemma 2.4.

Integration of —L(t) = 2tan(A6/2) >_; v = 2tan(A0/2)3 . b; over
(0,t) yields

L(t) < £(0) _ 2tan 22 Z bit, (2.9)

and then we obtain T5.
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Substitute the inequality [2.9) to (2.8), integrate it over (0,t) and solve
it. Then we get t < T3. O

3. Point-extinction (proof of Theorems A and B)

Before we give the proof of Theorems A and B, we present the following
theorem.

Theorem 3.1 Assume (Al) or (A1) or (A2). If the area A(t) is bounded
away from zero, then a solution v of Problem 1 is uniformly bounded for
t € [0,T), where the blow-up time T, attains A(Ty) = 0.

Remark 3.2 This theorem does not claim that the polygon shrinks to a
single point.

We use the analogue of several estimates by Gage-Hamilton [GH] for
the curvature and by Girao for the weighted curvature. For reader’s
convenience, we do not omit the proofs except completely the same one.

Lemma 3.3 There exists a constant Cy = C1(v(0), A8) > 0 such that

A6 9 Af 9
2tan—2—— Z (D)7 §2tan7 Z vi + Ch.

0<j<n 0<j<n
Proof. It can be shown that the next estimate:

A8 d ) )
2tan—2—a : (’U —(D+’U) )]

Ab _
= 4 tan -5 Z a; Y(vj + b;)*(Agv + v)? > 0.
J
By the integration of this inequality over (0,¢) and putting

C, > max{—Q tan —A—; Z(’U(O)2 — (D4v(0))?);, 0},

J
we get the assertion. O
One can easily get: Zg.":m sinf; < 2cot(A6/2), where [n/2] is n/2 for
n even and (n—1)/2 for n odd, since the left-hand side equals to cot(Af8/2)

for n even and (1 + sec(A6/2)) cot(A8/2)/2 for n odd.
We introduce the median normal velocity which is a similar to the
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median curvature in and the median discrete weighted curvature in
(Gt
Definition 3.4 (median normal velocity)

Ux(t) 1= maxo<jcn MiNjy1<icjpn/2) Vilt)-

Lemma 3.5 Assume (Al) or (Al) or (A2). Fixt € [0,Ty). If A(t) is
bounded away from zero, then v.(t) is bounded.

Proof. 'We note that if we assume (A1)’, then we have vyin(0) + byin > 0,
from which and the lower bound v, (t) > vyin(0) by Lemma 2.3, it follows
that vy + bmin is positive for all ¢ > 0 and, under the assumption (A1) or
(A2), it is always positive.

Now let jo be a value of j which attains the maximum of v. A polygon
lies between parallel lines whose distance is less than

Jotln/2 Af o ;4o Sin 6;
sin(6; — 0;,)d; = 2tan 70 ]
2 T 2 ; Vjtjo + jto

J=Jjo+1
[n/2
< 2tan(A0/2)ama "Z]Sm 0 < Amax
Vs + bmin =1 Vs + bmin

The diameter is bounded by £/2 and the area is bounded by the width
times the diameter:

zamaxc(t)
< ——= 7
A(t) T Uk (t) + bmin

Hence v4(t) < 2ammaxL(0)/A(t) — bpin.
The assertion is proved in a similar way if we assume (A1) or (A2).
O

Definition 3.6 Let the entropy be:
A6 b;
Et) := 2tan7 Z (aj log x;(t) + fij&)) :
0<i<n

Lemma 3.7 Assume (Al) or (Al) or (A2). Fiz t € [0,T,). It there
exists a constant Cy > 0 such that v«(7) < Cx for 0 < 7 < t, then E(t) is
bounded.
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Proof. By using the summation by parts [2.4), one has

£(t) = 2tan -A-; > (* = (D4v)?);.

J
We use the same estimates as in the proof of Girao (Section 2, Fourth)
and have the next estimate:

A6 9 9 AV :
2tan -5 zj:(v — (D4v)*); < 2ntan U~ 20, L(1).
Hence, £(t) < £(0) + 2n tan(A6/2)C%T, + 2C,L(0) holds. O

Lemma 3.8 Assume (Al) or (A1) or (A2). If £(t) is bounded, then for
any & > 0 there exists a constant Co > max{1,amax} — bmin #f b < 0 and
Ca > amax if b> 0 such that vj(t) < Co except for 8; in intervals of length
less than & fort € [0,T,).

Proof. If v; > Co for m values of j and mA# > 4, then

Ab

E(t) > 2tan 35 <mamin log M

Amax

2tan(A6/2) D + B

— Gmax(n — m) ‘log

L(0)
2 Al C2 + bmin
> _ . ——————
=N tan 5 <5amm log —
2tan(A6/2)
Amax (27 — &) |log £(0) D-FB

where B = bpyjn £(0) when b < 0 and

Ad C 2tan(A6/2)
> o min 1 - - max log ————
E(t) > 2tan 5 (ma og — (n—m)a og Z(0) D
2 A6 Co 2 tan(A0/2)
> — o min | — (27 — max |10§ —————
=N tan 5 <5a og — (21 —d)a og Z(0)
when b > 0. This gives a contradiction when C5 is large. O

Lemma 3.9 Assume (Al) or (A1) or (A2). Fort € [0,Ty), if v;(t) < Cqo
for some constant Cy > 1 except for 0; in intervals of length less than 6
and & > 0 is small enough, then vmax(t) is bounded.
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Proof. As in the proof of Girao (Section 2, Sizth), we have the next
estimate:

v; =v; + Z (Um+1 — Um)
1I<m<j

<ot % .22(1&;(‘280?;;))”2<2tané§ )» <D+v)?n)1/2

1<m<J i<m<j

Y; 12
<Co+(j— i)sinAO(ZtanT Z v2, +Cl)

0<m<n

N 1/2
<Cy+ \/3(272 tan —2—vr2nax + C'1>

< Cy+ \/S(\/ﬁvmax + \/c_1>

since v; < Cy and 6; — 6; < §. Here we have used Lemma 3.3.
Hence (1 — v/2v/276)vmax < Ca++/C10 holds and we get vmax < (Co+
VC18)/(1 = v/2v/276) for small 6. O

Proof of [Theorem 3.1. Suppose that a side of P; disappears for t < T,
where T, attains A(T,) = 0. Put tp as the first time that happens (n.b.
to > 0is clear). Then A(t) > 0 for 0 < t < tg and the estimates above imply
that supg<;<s, Vmax(t) is bounded, so dmin(to) > 0. This is a contradiction.
Hence the assertion holds. l

We are now ready to present of the proof of Theorems A and B.

Proof of Theorem A and B. By [Theorem 3.1, we have A(T,) =0. If n is
odd, then L£(T}) = 0 since the angle between two adjacent sides of polygon
is always m — Af and we have no two sides which are parallel to each other.
Suppose that n is even. Then the jth side and the (j + n/2)th side are
parallel. Let w; be the distance between the jth and the (j + n/2)th side
and we have

m+n/2 n/2
Wy = Z Sin(oj' - Gm) dj = Zsin Oj dj+m, or
j=m+1 j=1
n
Wy, = — Z sin6; djm.

j=n/2+1
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Therefore,

A0 a;
2wy, = sinf;|d; i, = 2tan — sin 6 gtm .
Ej | il it 5 Ej | i Vitm + bjm

Then we have
: A6 :
Wy = — tan - Z |sin ;| (Agv + v)j4m
j

A6 i :
= —tan - Z vj (Ag|sinb| + [sinb]);—m
j

—(Um + vm+n/2)
since

cot(A8/2) if i =0, n/2;

0 if otherwise.

(Ag|sinf| + |sinf|); = {

Proof of Theorem Al. Put C > 0 such as A(t) > —2tan(Af/2) > a; +
bminL£(0) =: —C. By [Theorem 3.1, we have A(t) < C(T, —t). Then w,, <
—VU < —2tan(A0/2)and; ! and A(t) > wndn/2 yield

W < tan(A6/2) < tan(A6/2)

wm = UM TAR) S MO —t)

Hence, by integration over (0,t), we have

T, — ¢ am tan(A6/2)/C
un(t) < un(©) ()

and wy,(T,) = 0 for all m. Then L£(T,) = 0 is concluded. O

Proof of Theorem Bl. Since b > 0, it holds that A(t) < C(Tx —t) for a
positive constant C > 0. By the condition (A2), we have v;(t) > bymax and

_ 2tan(Ad/2) B 2tan(A0/2)

—Um = am"d— bmax < m—d— Um4n/2-
m m

Then w,, < —2tan(Af/2)and,;! and A(t) > wmdy,/2 provide the point-
extinction in a way similar to the proof of [Theorem Al ao
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4. Geometric expansion (proof of Theorem C)

We shall prove Theorem C by the super- and subsolution method or
the comparison principle.

Lemma 4.1 Let v be a solution of Problem 1. Under the Assumption

(A3), the functions
vj (t) =

a;
Nt + Kmax(0)~1

aj
ut + fimin(O)_l
are super- and subsolutions of Problem 1, respectively. Here i is a positive
constant satisfying p1 > (Agb + b)max and n is defined in (A3).

—b; and vi(t) = —b;

Proof. By Assumption (A3): Kmax(0)(Aga + a)max — (Agb + b)min < —7,
we have

vy = —naj_l(v;-‘ +b;)* > aj_l(v;* +b;)2(Agv® + v¥);.

Here v} is a supersolution of Problem 1 since v3(0) > v;(0) holds.
In the same way, one can prove that vg- is a subsolution of Problem 1

by Assumption (A3): (Aga+a); > 0 and the assumption p > (Agb+ b)max.

O
We are now ready to present the proof of Theorem C.
Proof of Theorem C. By Lemma 4.1, we can estimate £(t) such as
a .
L T S S S T - X
pt + Kmin (0 —2tan(A0/2) ~ nt + Kmax(0) -

j
Integration over (0,t) yields
L) Lo Sy

J
- 1 min bj
2tan(A60/2) ~— 2tan(A6/2) w 08 (K#imin(0)¢ +1) + ; it

and

L(1) L£(0) >, a; |
Ttan(A072) > Dtan(Ag/2) g 08(max(0)t +1) —I—zj:bjt.

Let the jth support function be

hi(t) = (25, ;).
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Then v;(t) = —h;(t). By Lemma 2.3(3) (4) and Lemma 4.1, we have vh <

. u 3
vj < vy, 1.e.

G,j . aj
—b; < —h;(t) < —b;.
pt + kmin(0)~1 7 = () < Nt + Kmax(0)~1 7
Integration of this inequality over (0,t) yields
a
——nj— log(n&ma.x(O)t + 1) < hj (t) — bjt - h](O)
a .
< _EJ log(tkmin(0)t + 1) < 0. (4.1)
Therefore one has
hi(t
im W _p 0<i<n 4.2
j
t—oo

By using and the geometric relation d;(t) = 2 tan(A6/2)(Agh(t) +
h(t));, we have the upper bound of the area .A(t) as follows:

1
=§Zdj(t)h t
< - Zd )(bjt + h;(0))
—tan———ch )(Agb + b); +tan—2h )(Agh(0) + h(0));
Stané—tZ(Agb-i-b)j(bjt‘f'h Zd bt-f-h (0))
2 &
—tan—tzzb (Agb + b); +tan—th (Aph(0) + h(0));
+- Zd 0)b; +§Zdj(0)h](0)
J
A
< tan 7# Z b;i (Db + b); + bmaxL(0)t + A(0).
J

Here we have used for the upper bound of h;(t) twice, the summation
by parts several times and the assumption (A3). In a similar way, we
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obtain the lower bound of the area A(t):
Al
A(t) > tan 7:52 Z b;j(Agb + b);

A0 log(nkmax(0)t + 1)

— 2tan 5 t ; ;aj(Agl%Fb)j
+ E—(;)l (bmint . mex log(nKmax(0)t + 1)) )

Therefore it holds that the limits: L£(t), A(t) — oo as t — oo. More-

over, one can easily calculate the limit of isoperimetric ratio Z(t) = L(t)?/
(4ntan(A6/2).A(t)) such as

. (Z] bj)2
tlgglo:[(t) - n Zj bj(Agb +b); .

This limit and (4.2) assert that a rescaled solution polygon P/t converges
to the boundary of the Wulff shape 0W, in the Hausdorff metric as t — oo.
In particular, if b is a constant, then lim; o Z(¢) = 1 and the Bon-
nesen’s type inequality (see [Eg]) provides that P;/t converges to a regular

polygon in the Hausdorff metric. This completes the proof of Theorem C.
O

5. Lower bound of the blow-up time (proof of Theorems D and
E)

We will use Schwarz inequality twice to obtain a lower bound of blow-
up time. A similar idea was used in Giga-Yama-uchi [GY] to give a bound
for the mean curvature flow in higher dimension.

Proof of Theorem D and E. By Schwarz inequality, we have
- Al A6 _
—A(t) = 2tan7 ;aj — 2tan7 ijmj 1

:2tan¥ ajl/2m;/2 1/2 _1/2 Ztan—Zb K)_l
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<\/c7r;a—x(2tan—.c Zb—iaﬁ )1/2
—2tan%§j:bjnj"l.

Integration the above inequality over (0,7}), the point-extinction and
Schwarz inequality yield

T d L(t)*\'?
A(0) < \/amaX/ (2 tan —E Zb ) dt — B
0
T. 1/2
< V @max (/ dt)
0

(/OT*(Qtan—L Zb —~

- VT (2

1/2
)dt) B

Ab T, 1/2
2tan7;bj i E(t)dt) - B

where B = 2tan(A0/2) [ 3, b;/k; dt.
Proof of Theorem D. Since b < 0, we get

A(0) < ““‘a" (0)v/Tx — bminL(

Assumption b # 0 means by, < 0. Hence the solution of this inequality
provides the lower bound of T,. O

Proof of Theorem E. Since b > 0, we get

A(0)? < amaxTx <2tan—2b L(0)T, + E( ) )
The solution of this inequality provides the lower bound of Tj. Og

Appendices
A. Gradient flow of a total interfacial energy

If the interfacial energy on the curve T is distributed uniformly as con-
stant 1, then the total interfacial energy of I is given by
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E[F]:/lds:/ ||d,
r T

(ds = |xg|df : the arc-length parameter),

where T' = R/2n Z is the flat torus. The first variation of F has the form:

E[I'S] d
= — FE(I%
0z daE[ )

| = /(—ts,z)ds

e=0 r
where I'S = {f € R? | & = ¢+ €2(0), € Ty, § € T}. Hence the gradient
of E with L?-metric is grad E[I'] = —t,. Then Frenet-Serret formula t5 =
kn yields x; = —grad E[['] = kn, i.e. v = (x;,n) = k. This equation is
called the classical curve-shortening equation, and is investigated by many
authors (see [GH, Gry, AV, And| and references therein).

If the interfacial energy f = f(n) is a positively homogeneous of de-
gree one in CQ(RQ\{O}) then the gradient flow of total interfacial en-
ergy E[l] = fr n)ds is computed as x; = ! (kHess f(n)t)" (see El-
liott [E]). Here * .1:1,11:2)l = !(—xzg,71). Then we obtain v = (x;,n) =
((kHess f(n)t)* ,n) = x(Hess f(n)t,t). Moreover, if we put f() =
f(n(0)), then we get the weighted curvature flow v = w = (f + f")x since
(Hess f(n)t,t) = f + f” holds. The function f + f” is the inverse of curva-
ture on the boundary 0W; of the Wulff shape W;. Indeed, the locus of the
boundary of the Wulff shape OWy is

Wy ={Z€ R*|Z=y(0) = —f(O)n(d) + f(0)t(6), 6 €T},

and then its curvature is Ky = —(Yg, Ygg)|¥al > = (F + /)7

B. Discrete curvature

B.1. Characterization

Let P be an N,-admissible piecewise linear curve. Each side of P has
zero curvature, if the curvature is defined in the standard way based on
the Frenet-Serret’s formula. However, the curvature of smooth curves can
alternatively be defined as follows: 1. the negative of the gradient of length
(see Appendix A); 2. the negative of derivative of the length w.r.t. signed
area for smooth deformations of the curve. In these sense, the analogous
quantity for P can be defined. These are the two of characterizations of &;.
See, e.g., Rybka [Ry].

Now we present the third characterization of the curvature as the fol-
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lowing. Since P is an MN,-admissible piecewise linear curve, the inverse of
the discrete curvature is given by 1/k; = x; % d;/2tan(A6/2). In other
words, we have the next relation:

1/discrete curvature = x; x radius of the largest

(inscribed circle of) inscribed regular polygon.
This relation is a discretized version of the inverse of the usual curvature:
1/curvature = sign x radius of the largest inscribed circle.
In this sense each side of P does have nonzero curvature x;. See Figure 2.

B.2. Discrete curvature k; vs. curvature x(6;)

Suppose a subarc of a curve T, say I'y,,, is Gauss-parametrized and
strictly convex as follows:

Tob ={Z€ R*|Z=x(0), 0€[0;-1,0j11], 0j-1 <6; <01}

We define a part of circumscribed piecewise linear curve, say Pgyb, of Tsub
such as

1—‘sub N Psub = {m(oj—l)a :13(9]'), m(0j+1)}'

See Figure 1.

Fig. 1. Psyb (outside: the part of circumscribed piecewise linear
curve of I's,p,), and T'yp (inside: the subarc of T').

We call the side including € (6;) of Pg,p the jth side. The length of the
Jth side is denoted by d;. The jth side is a part of tangent line which has
the orientation ¢(6;) = *(—sin#é;, cos;) since the inward normal at x(6;)
is n(6;). We note that the transition number is x; = +1.
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Fig. 2. Symbolic figure to compare the discrete curvature and the usual curva-
ture. Thick solid = piecewise linear curve P (left) and curve I' (right),
Solid = the largest inscribed polygon (left), and the largest inscribed
circle (right), Dashed = radius (both), Long dashed = half of diagonal
(left).

Let x(8;) be the curvature at x(6;) € I'syp and k; = 7;/d; the discrete
curvature defined on the jth side of Pgyy,.
The relation between ; and k(6;) is calculated as follows (cf. Section 3

in [Gir]). First, we decompose the length of the jth side as d; = d} +d;
(see Figure 1). Next, we obtain
gt — 1 (Afjy1 (A0;41)* K/ (8;)
7ok(85) N 2 6 k(b))
by the Taylor expansion of

L [He) A 46+ )
2(041) - 2(6;) = /9 = [ S

+ 0(<A9j+1>3))

around 6, and the decomposition:
dj = (x(0j4+1) — a:(Oj),tj — cot A0j+1nj).

In the same way, we obtain

- 1 Aej (A@j)2 K’(ej) 13
% = =5 ( 3 e HOlan)).
Therefore we have
’ <(6) :
L A———— ——(Af; 11 — Ab; O((Abmax
Kj dj’+d]" KJ( J)"r‘ 3 ( Jj+1 J)+ (( ) )

(B.1)
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since
AG. AG;
v = tan = + tan =57
AGji1 + A0 (AG141)° + (A9)3
_ J+12 J+( J+1)24( i) +O((AB;41)° + (A6;)°)

holds. Here Afpm.x = max{Af;+1,Ad;} and O(-) in equation (B.1) depends
on
d@

daekz(ﬁ)‘ and peoin k(6).

(05-1,05+1]

> o
0€[0;-1,6;+1]

1<0<2

Hence, it is reasonable to treat N,-admissible piecewise linear curves
from a numerical point of view.

C. Crystalline curvature

Let f be a crystalline energy and P; an N -admissible piecewise linear
curve. Then the Wulff shape Wy is a polygon and the distance between
the origin and the jth side (which has the orientation n; € N) is f;. See
Figure 3.

ﬁ+] f)'_]

Fig. 3. The jth side of the Wulff shape Wy if f is a crystalline
energy.

If we decompose the length of the jth side such as l(n;) = l;’ +1; (see
Figure 3 again), then we get [(n;) = v;(f + Qg f); since

fj — fj+1cos ABj 1y
tan A1

fj - fj_l COoSs AOJ'

tan Ag;

l;’ = fi+15in Afj41 — , and

l; = fj—l sin Aej —
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hold (awake around equation (1.2) again).
The discrete curvature of the polygon 0Wy is given as v;/l(n;) = (f +
Agf )J_1 Hence the crystalline curvature w;(t) is

discrete curvature of P,

w;(t) = discrete curvature of polygon OWs
k(1) (
= — = (f + Apf);r;(t).
(f +Aof); "

This is a discrete version of weighted curvature w(#, t):

curvature of I’y k(0,t)

curvature of OW;  (f(6) + f"(6))~!
= (f(8) + £"(8))x(6,1)

w(f,t) =

at the point (6;,t) if f is smooth. Namely, the crystalline curvature is a
discrete weighted curvature.
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