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Local existence and uniqueness

for the n-dimensional Helfrich flow as a projected gradient flow

Takeyuki NAGASAWA and Taekyung Y1
(Received October 5, 2010; Revised April 18, 2011)

Abstract. The gradient flow associated to the Helfrich variational problem, called
the Helfrich flow is considered. Here the n-dimensional Helfrich flow is investigated
for any n, as a projected gradient flow. A result of local existence is proved. The
uniqueness is shown for the cases (i) for the initial hypersurface with non-zero Gramian
when n > 2, (ii) for every initial curve when n = 1.
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1. Introduction

Let ¥ be a compact closed immersed orientable hypersurface in R*+1,
The vectors f and v are the position vector of a point on ¥ and the unit
normal vector there respectively. We denote the mean curvature H, and dS
stands for surface element. Functionals W, A and V are defined by

n

W(E)ZQ/E(H—co)zdS, A(Z):/xds, V(E):—nil/zf-uds.

Here, ¢y is a given constant. A(X) is the area of ¥. V(X) is the enclosed
volume, when ¥ is an embedded hypersurface and v is the inner normal.

For given constants Ay and V), consider critical points of W(-) under
the constrains A(X) = Ao, V(X) = V. This problem is called the Helfrich
variational problem. This problem was firstly proposed by Helfrich [5]
as a model of shape transformation theory of human red blood cells. For
this case n = 2, and ¢ is the spontaneous curvature which is determined by
the molecular structure of cell membrane. The surface % stands for the cell
membrane.

For n = 1, the functional W is
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1 1
/ H2dS—co/ Hds + ~ct A().
2 /s, 5 2

If we consider the variational problem under the constrain of length A among
curves with fixed rotation number, then we can replace the functional with
the first integral % fz H?dS. Because the second and third integrals are
respectively constant multiples of rotation number and the length, which
are invariant for our problem. According to [2], a shape transformation of
a closed loop of plastic tape between two parallel flat plates is governed
by the one-dimensional Helfrich variational problem. This problem is also
related with the spectral optimization problem for plain domains. Let € be
a bounded plane domain, and ¥ be its boundary. The function G(x,y,t) is
the Green function for the heat equation in Q x (0,7") under the Dirichlet
condition. The asymptotic expansion

1
/ G(v,z,t)dr = — (ap + art'? + ast + azt®* +---) as t— +0
Q 47Tt
is well-known as the trace formula. Here

0= V), a=-YTA®), agzl/HdS agzﬁ/H2dS.
> 3 /s 61 J,

as is determined by the topology of €). Hence the one-dimensional Helfrich
problem is equivalent to the following problem: For given ag, a; and as
find the domain 2 which minimize a3. This problem was proposed and
investigated by Watanabe [11], [12].

In this paper, we consider the associated gradient flow. Let {X(¢)}:>0
be one-parameter family of hypersurfaces, and let V' be the normal velocity
of deformation. The equation of flow is

V(t) = =0W(E(1) = M (E()0ARZ()) — A(B())oV(E(H)).  (L.1)

A solution is called the Helfrich flow. Here § means the first variation,
and \;’s are Lagrange multipliers. The multipliers are unknown functions
determined from the solution itself. It is natural that they are determined so
that A(2(t)) = Ao, V(2(t)) = Vo. Let (-, -) denote the L?(X)-inner product.
Since
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%A(Z(t)) = 0AE®), V(#), —ZVE®R) = (OV(E®), V),

we obtain

by calculating the product of (1.1) with 0.A(X(¢)) and dV(X(¢)). Put

BASD)SARW)) (BVED).SASD)
G2(t) = det <<5A<z<t>>,6v<z<t>>> <5v<z<t>>,6v<z<t>>>> '

This is a Gramian of §.A(X(t)) and dV(X(t)). When G(X(t)) # 0, the
multipliers A;(X) are uniquely determined from ¥(t), and the equation is
settled. When G(X(t)) = 0, they are not uniquely determined, but we can
show that the linear combination A;(3(%))dA(X(t)) + A2(X(2))0V(X(2)) is
uniquely determined. As a result, we have the following.

Theorem 1.1 Let P(X(t)) be the orthogonal projection from L?(3(t)) to
(span .z (s {8A(E(t)), 0V(3(t))})*. Then the equation of Helfrich flow can
be written as

V(t) = —P(X(t)OW(X(t)) for t>0. (1.3)
Solutions of the equation satisfy

EWEW) = IV sy ASE) =0, Sv(S@) =0, (14

In Section 3, we shall give its proof.

We get a result on the existence and uniqueness of the initial value
problem for the equation in Theorem 1.1. Let h® be the little Holder space.

Theorem 1.2

(i) Assume that Xq is in the class h3T*(0 < a < 1), and that G(Xg) # 0.
Then there exists T > 0 such that there uniquely exists the solution
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{E(t) }o<t<r of (1.3) satisfying £(0) = X.
(i) Assume that G(Xo) = 0. Let Hy and Ry be the mean curvature and
the scalar curvature of Yo respectively. Put
— 1

- 1
= | HydS, Ro=Ry— — | RudS.
0 Ao Iy, 0 0 0 Ao I, 0

If (Ho — co)Ro = 0, then there exists a global solution {%(t)}i>0 of (1.3)
satisfying X(0) = Y.

Remark 1.1 For (ii), we do not know uniqueness of solutions for n > 2.
When n = 1, however, the uniqueness holds. See Theorem 4.1.

The low-dimensional Helfrich flow has been considered in [6] (for n = 2)
and in [7] (for n = 1).

In [6], A1, A2 are not determined as above, but given as known constants.
That is, for given {A1, A2, X0} as the data, solutions of (1.1) with 3(0) =
Yo were constructed. Of course, solutions do not satisfy %A(E(t)) = 0,
%V(Z(t)) = 0, and we cannot expect the global existence. Indeed, there
exist solutions blowing up in finite/infinite time. The problem is shifted to
find triples {A1, A2, Xo} so that the solution can extend globally in time. In
[6], the existence of such triples was shown near spheres. Furthermore, such
triples form a finite dimensional center manifold. The class of initial surfaces
is h2T for some a € (0,1), which is wider than ours. In our formulation
V,H appears in the explicit expression of A1, Ay and therefore we need extra
regularity of ¥y than [6].

In [7], we did not treat (1.1)Jor (1.2)) directly. The gradient flow
{X(e, t)} associated with the functional

L (A(D) — A0+ (V) - Vo)? (e > 0)

W) + % %

was constructed. The solution of (1.1) was obtained as the limit of {¥(e,t)}
as ¢ — +0. This is a global solution, and satisfies (1.3). The class of initial
curve is C'°°, but the uniqueness was uncertain.

This paper consists four sections. Following Introduction we calculate
the first variation of the functional and we express (1.1) with geometrical
quantity of X(¢) in Section 2. In Section 3, we show Theorem 1.1. In Section
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4, following the method of [6], we regard X(t) as the perturbation of ¥y in
normal direction with p(t), and using p(t), we write down (1.1). Using
theory of quasi-linear parabolic equations [1], we shall show Theorem 1.2.

2. The derivation of equation

In this section, we write down (1.1) explicitly in terms of geometrical
quantities of 3(t). To do this, we need the first variation formulas of W, A
and V. Those of A and V are well-known. That of W is essentially found
in [3], however, we give it here again. Let

S={f=7r@"....s") eR"™ | (s',...,s") is a local coordinate system }

be a hypersurface. Let v denote the unit normal vector field on X.
The vector v is given by

finfaoN---Nfn of

hAfor—Afll 107 85 21
Put
ov
9ij = fi- fj, g=det(gij), vi= 95"

It is easy to see
fiov=fiv=vwv=Ffv;=0, [AiAfaA-ANfall=Vg (22)
The first fundamental form is given by
[=df -df = g;jds'ds’. (2.3)
Put
I=—dv-df =v -d*f = h;jds'ds’, hyj=-v;-fj=-v;-fi, (24)

which is the second fundamental form. Let (g%/) denote the inverse matrix
of (g;j). The mean curvature and the surface element are given by
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1 ..
H = —g"hij, (2.5)
dS = \/gds" - ds" (2.6)

By (2.2)-(2.4), we have fi; -v = —f; - v; = h;j, and

o0 f

Fiy = 0st0sI

= Ff]fk + hijlj, (27)

where

T = W(agij n Ogje 391'@)
=" : :

dst  9st  OsI
is called the Christoffel symbol. By the Weingarten equation
vi=—hif;, hl=g"h, (2.8)
we obtain
vi v = iRk £, - fi = hEhlgi = hEhyy.
For a smooth function ¢ on X, consider the normal variation
S = {f(t) = f + tov € R™1Y,

If |¢| is sufficiently small, 3; becomes a hypersurface. The first variation 6.F
of functional F to the direction ¢ is given by

d
(6F(X), ) = @f@t)
t=0
If (0 F (%), ) = 0 for arbitrary ¢, we write 6F(X) = 0 and X is called critical.
We calculate the first variation concretely here. We use the notation ¢ not
only for functionals but also for geometrical quantities to mean % |t=0. Then

we obtain

0f = v, 0fi=qpiv+ py; (2.9)
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—

0gij = —2phij, 09" = 209" N, 2.10)
09 =—npH,\/g.

By (2.7) and (2.8), we get

—

2.11)

0fij = @iV + piVj + pVi + ¢Vi;
= @iV + pilj + PV — (70{(h§)jfk + i firg }
= piv + vy +pvi — o{ (hF)  Fu + hY (g fo+ hugv) b (2.12)
Using (2.2), we obtain

Let wq,...,U,, U, 1 be vectors in R™*1. The scalar product of the vector
U,41 and the vector uy A - -+ A u, are given by

Upt1 - UL A AUy =det(ur, ..., Up, Upt1)- (2.14)
It follows from (2.1), (2.5), (2.7), (2.8), (2.9), (2.11), and (2.14) that
fiy- 00 = T, (215)
Therefore, by (2.13) and (2.15), we obtain
Shij = pij — @il — hfhi; = Vip; — ohihy;. (2.16)

Here, V p; = ¢ij — akafj is the convariant derivative of ¢;. By direct
computation together with (2.13) and (2.16), we obtain

n(0H) = Agip + ph'hl. (2.17)

Here, A, is the Laplacian-Beltrami operator defined by
Ay = 9" Vige = 9" 0ie — 9" Thypn
(v99") ;on = €

=g7p; +
J \/§

\;?] (\/Lagij@i)j'
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The scalar curvature R is given by
R =n’H? — hih]. (2.18)
Combining (2.17) and (2.18), we obtain
n(6H) = Ayp + (n*H? — R)p. (2.19)

Put W,(¥) = [ H?dS. Thus by using (2.6), (2.11) and (2.19), we can
prove that

W, (D)) = /2 BHNAQWF {n(p _1)HP fLleR}go] ds. (2.20)

When ¥ is closed, using integration by parts, we obtain from (2.20)

SW, (D)) = /E {ZAng‘l +n(p— H)HPH - pHp_lR}godS. (2.21)

n

Since

W) = g / (H? —2coH +¢?)dS = g(WQ(E) — 2coW1(Z) + o Wo (D)),

b))
we obtain
n2 TL2
IW(D)[g] = / <AgH + ?HE" — HR+ coR — 2002H> ©dS.
3

As well known, we have

SA(D)[e] = /EanodS, V()¢ = /EcpdS.

As a result the equation (1.1) of Helfrich flow becomes

2 2

V(1) = =By H (1) = 5 H (1) + HOR() — eoR(1) + 5o’ H()

FAL(BE)RH(E) + A (2(1). (2.22)
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3. The Helfrich flow as a projected gradient flow

In this section, we show the following.

Theorem 3.1  If A\;(5(t)) and A\2(X(t)) are determined so that % A(X(t))
=0, LV(2(t)) = 0 in the equation (1.1) of Helfrich flow, then it can be
written as

V(t) = —P(2(t)OW(X(t)) (t>0). (3.1)
Here P(X(t)) is the orthogonal projection from L*(X(t)) to the subspace
(spanz(5;)) {0A(S(2)), SV(S(1) })

Conversely solutions to (3.1), if exist, satisfy

d

ZWE®) = —IVOIZ2 s

d d
SAEM) =0, ZV(EW)=0. (32)

Proof. The following is a special case of theory of projected gradient flows
[9]. We denote V(t),X(t) simply by V, ¥ respectively. | - || stands for the
L?(X)-norm. Put

5 A (FT£0
H:H—l/HdS, H, = ] (jé ), L= L
A s 0 (H=0) [

Note that (H.,1.) = 0. Since JA(X) = —nH, 6V(X) = —1, we have
spanpz(s){0A(X), 6V(X)} = spanpz sy { H, 1} = spangz ) { Hs, 1.}
Hence the equation (1.1) becomes
V==W(E) = MOAZ) — X20V(X) = —W(E) — u1ls — uoHy  (3.3)

for some p;. It follows from %&E) = %&E) =0 that (H,V) = (1,V) = 0.

This implies
(1,,V) = (H,,V) =0.

Taking the L?(X)-inner product (3.3) and 1., H,, we get
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0=(1,V)=~(1,oW(E))~p1, 0=(H.V)=—(H.,dW())—pa| H.]*
In spite of H, = 0 or not, it holds that

—p1ly — poH, = (1., OW(X)) 14 + (Hy, OW(X)) H...
Hence (3.3) is

V= —6W(E) + (L, 0W(EN L, + (H.,oW(E))H, = —P(S)oW(E).

Consequently we obtain (3.1).
Conversely it holds for solution to (3.1) that

iW(E) = (OW(%),V) = (0W(X), —P(X)dW(%))

dt
= —[[PE)WE)|? = ~|V]*.
Since V' € (spanzz(x){0.A(X),6V(2)}) ", we have

d d
ZAD) = BA®), V) =0, V() = (V) V) =0. O

4. The existence

In this section we prove Theorem 1.2. Firstly we consider the case
G(Xo) # 0. If the Herfrich flow with ¥(0) = X, exists, it holds that
G(X(t)) # 0 for sufficiently small ¢ > 0. We denote X(¢) simply by X.
It follows from (1.2) that

By results of Section 2, we have
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(SA(D),0A(%)) = / n2H?dS,

b

GAS), V(S)) = / nHdS,

P

BV(D), V(D)) = / ds,

P

(GA(S), SW(E)) = —/

77,2 n2
nH (AgH + 7H3 — HR+ coR — 2002H> ds
P

3 3
_ / (n|ng|2 - %H4+nH2R—nCOHR+ ”2c02H2> ds,
P

(GV(R), SW(E)) = _/

n2 TL2
<A9H + 7H3 —~ HR+coR — 2002H> ds
P

2

n® s ne o9
= — —H’+HR—cgR+ —cp“H |dS,
> 2 2

G(3) = /E n’H*dS /st - </2an5>2 - nQA/EﬁQdS@ 2)

Here

A—H-1, H:lfHdS.
A s

Inserting these into (4.1), we have the explicit expression of A;(X)’s in the
case G(X) # 0.

Proposition 4.1  When G(X) # 0, X\;(X)’s are given by

.A _ 2 2
A (D) = (;2) /2 { — |V H|? + H(ZH?’ — HR+ coR — ”2ch) }dS,

n2

G(%)

A2 (X) = AH|V H|*

+

/\\M\
——

B o n2 n2
/ H?dS — AHH) <2H3 — HR+ coR — 2c§H> }dS.
z
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In particular they depend on
/ |V, H|?dS, / H?dS (p=0,1,2,3,4), / HIRdS (¢=0,1,2),
b b b))

analytically.

In order to prove Theorem 1.2 (i), we regard ¥(¢) as the perturbation
of ¥y in normal direction with signed distance p(t). This is in a similar
manner to [6]. We can write down the Laplace-Beltrami operater, the mean
curvature, the scalar curvature, and the Lagrange multipliers in term of
the function p and its derivatives, denoted A,, H(p), R(p), A1 (p), and Aa(p)
respectively. Let (J;~; Us be the open covering of 3. We denote the inner
unit normal vector field of ¥y by vy. The mapping X, : U; X (—a,a) >
(s,7) — s+ rvo(s) € R is a C°-diffeomorphism from Uy x (—a,a) to
R¢ = Im(X,) provided a > 0 is sufficiently small. Let us denote the inverse
mapping X, ' by (Se, A¢), where S¢(X¢(s,7)) = s € Uy, and Ap(X,(s,7)) =
r € (—a,a).

When () is close to ¥ for small ¢ > 0, we can represent it as a graph
of a function on Xy as

Spy = 2() = [ J Im(Xe (-, p(-, 1) : U = R, [s = Xo(s, p(s,1))]).
=1
Conversely, for a given function p : g x [0,7) — (—a,a) we define the
mapping ¥y , from R, x [0,T) to R by
Dy p(z,t) = Ae(x) — p(Se(z),t). (4.3)

Then @, ,(-,¢)71(0) gives the surface X, ).
The velocity in the direction of the inner normal vector field of ¥ =
{Ep(t) ite [OvT)} at (l’,t) = (Xg(S,p(S,t)),t) is given by

7 ||V$<I>g,p(a:,t)|] z=X¢(s,p(s,t)) va‘l)g’p(l‘,t)n z=X¢(8,p(8,t))

The equation (1.1) is represented as
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2 2

0 = L, = 8, (p) = "L H0) + HOIR() - o) + "o Hp)

(o) + 2a(p) )

where Lp = HV:E(I)E,p(wat)”m:Xg(s,p(s,t))'
Let K; be the fundamental function of order j of the principal curvatures
K1,K2,...,Kn, that is,

K1: E Ki, KQZ E RiKj, K3: E RiRjRE, .., anlﬂlfig...,‘ﬁjn.
%

1<j i<j<k

The mean curvature H, the scalar curvature R, and the Gaussian curvature
K are given by

K
H==' R=2K,, K=K,.
n
To get expressions of H(p) and R(p), we need those of K in term of deriva-

tives of ®; ,. We denote ®, , simply by ®.

Lemma 4.1  Assume that a hypersurface is defined by {x € R"™1 : ®(x) =
0} locally, and that V,® # 0 everywhere near the hypersurface. Then K; is
given by

1 dri

Ki=—————G(V,® Hess, P, ¢) ,
’ (n - ])' den e=0,{z:®(z)=0}

where

g(pa Xa 6) = detn—&—l(”puil(ln—&-l - p®p)X(In+1 - p®p) +PR®p+ EEtE)a
E:(elr"aen) EMnJrl(R)v p= ||p||_1p fOTpE]RTH—l

Proof. We prove the assertion by the adapted argument of [6, Lemma
5.1]. We may assume x = 0. Then there exists a neighborhood of U of

0 € R™ such that ®(x) = 0 is a graph of a function of f : U — R. Let
n+1)‘

T = (2t,...,2") and x = (Z,x
eigenvalues of Hessz f(0), it holds that

Since principal curvature at 0 are
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det,, (Hessz f(0) + €l,,) = Z K",

where Ko = 1. Consequently

1 dnd
K5 = o= denmy et (Hessaf (0) + el

As shown in [6, Lemma 5.1], putting p = V,®(0), X = Hess, ®(0), we have
Hess; f(0) = ||p|| Y EXE.

Hence
det,, (Hessz f(0) + €l,)

(0)
— det,, <Hp” 1tEXE+eI 0)
- 1

=detn+1 (|p| 'E'"EXE'E 4+ €E'E + epi1'€nt1)

= detyi1 (|[p| " (Iny1 —P®DP)X([n41 —PRP) +pRP+eE'E). O

It follows from (4.3) that V,® and Hess,® can be written in terms of
derivatives of p up to the 2nd order, and therefore so do H(p) and R(p). B
Proposition 4.1 we find that A\;(X)’s depend analytically on derivatives of p
up to the 3rd order near p = 0. Consequently the equation (2.21) is in the
form

pi + LyA,H(p) + ®(p,dp,8%p,9°p) = 0

Now we study precisely where the third derivarive 93p appears. There are
no terms including it other than L,A,H(p) and \;(p). The analysis of the
principal term L,A,H(p) is in the same as [4] and [6], and §%p appears
linearly there. We have found |V,H|? (= |V,H(p)|?) in the numerator of
the expression of A\;(3) (= Aj(p)) in Proposition 4.1. It follows from [6,
Lemma 2.1] that V,H(p) is linear in &p. The denominator G(X) of A\ ()
does not depend on V,H. Hence we have a term including 9%p quadrically
from A1 (p).
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An argument similar to [4, Lemma 2.1] and [10, Lemma 2.1] gives the
following. Let h7(Xg) be the little Holder space on Xy of order v. We fix
0<a< <1 For fy € (a, ), put

U= {peh* () : [Ipllce(sy < a}-

For two Banach spaces Ey and E; satisfying E; — Ej the set H(E1, Ep)
is the class of A € L(E1, Ep) such that —A, considered as an unbounded
operater in Fy, generates a strongly continuous analytic semigroup on FEj.

Proposition 4.2  There exist Q € C*™U, H(h*T*(3), h"(X0))), and
F € C®(U,h% (%)) such that the equation (2.21) is in the form

pt +Q(p)p+ F(p) = 0.

Applying [1, Theorem 12.1] with X5 = U, E; = h*t*(%), Ey =
h*(%o), and E, = h%(X), we get an existence and uniqueness result for
the Helfrich flow in case G(3) # 0.

Remark 4.1 The equation dealt with in [6] is a similar forth-order equa-
tion, but linear with respect to the third order derivatives of p. The term
Q(p)p includes such parts, and F'(p) does not include the third order deriva-
tives. Therefore it was solvable for initial data in the class h?T®. In our
case, the terms with 02p, which are not linear with respect to it, are ex-
cluded from Q(p)p, and they are included into F'(p). This is why we need
extra regularity than the result in [6].

Now consider the assertion (ii) in Theorem 1.2. Before going to prove,
we see an example of ¥¢ satisfying G(3g) = 0 and (Hgy — CO)RO =0 A
typical example is a sphere. Indeed, spheres have constant mean curvature,
and there for G(3p) = 0 (see (4.2)). Since the scalar curvature is also
constant, we have Ry = 0. Furthermore spheres are stationary solution to
(3.1).

To show the assertion (ii), it is enough to see that 3, is a stationary
solution.

Assume that G(X) = 0. It follows from (4.2) that ¥ has a constant
mean curvature H = H. Hence
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spanpz (s {0A, 0V} = spanyz 5, {1},

and

P(S)p = — A(lz)/zqsds

for ¢ € L?(X). Therefore at the time when G(X(t)) = 0, the equation (3.1)
becomes

V() = —oW(S(t)) + A(lz)/zamza))ds

13 1 _
= —AH - §H3 +HR — R+ 50’ H
1 1—3 — 1 59—
— | (:H -H — Zn2ZH
+ =) Z<2 R+ coR 5™ >dS
:—(H—Co)é,
where
R=R 1/Rd8
A®) Js

Consequently if the hypersurface X satisfies G(Xo) = 0 and (H —¢g)R = 0,
then it is a stationary of solution (3.1).
Thus we complete the proof of Theorem 1.2. O

We do not know the uniqueness in case of Theorem 1.2 (ii), expect for
n=1.

Theorem 4.1 Consider the one-dimensional Helfrich flow. If ¥ satisfies
G(X0) =0, then {E(t) = 2o} is the unique global solution with ¥(0) = .

Remark 4.2 When n = 1, the scalar curvature is zero by its definition,

and therefore the condition (H — ¢p)R = 0 is automatically satisfied.

Proof. When n = 1, the integral fz HdS is a constant multiple of the
rotation number. Therefore it does not depend on ¢t. Consequently we have
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d d d
—G(Z) = Ag— [ H?dS =2A9—W = -2 2 <o.
FO(E) = A [ 1245 = 24050 = 24 VIE <0

Combining this with G(X) > 0 (see (4.2)), it hold that G(X) = 0 provided
G(Xp) = 0. Using the above relation again, we have V' = 0, that is, ¥(t) =

2(0).

[4]

[5]

[10]
[11]

[12]

O
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