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The space of bilinear Fourier multipliers as a dual space

Naohito Tomita
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Abstract. Figà-Talamanca characterized the space of Fourier multipliers as a dual

space of a certain Banach space. In this paper, we give the similar result for bilinear

Fourier multipliers.
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1. Introduction

To describe the result given by Figà-Talamanca for Fourier multipli-
ers (in the single case), we first give some definitions. S(Rn) denotes the
Schwartz class. S ′(Rn) is the dual space of S(Rn). The space Mp(Rn) of
Fourier multipliers consists of all m ∈ S ′(Rn) such that Tm is bounded on
Lp(Rn), where Tm is defined by Tmf = [F−1m] ∗ f for all f ∈ S(Rn). Let
1 < p <∞ and p′ be the conjugate exponent of p (that is, 1/p+ 1/p′ = 1).
The space Ap(Rn) consists of all f ∈ C(Rn) ∩ L∞(Rn) which can be writ-
ten as f =

∑∞
i=1 fi ∗ gi in L∞(Rn), where {fi} ⊂ Lp(Rn), {gi} ⊂ Lp

′
(Rn)

and
∑∞

i=1 ‖fi‖p‖gi‖p′ < ∞. Then the norm ‖f‖Ap is the infimum of the
sums

∑∞
i=1 ‖fi‖p‖gi‖p′ corresponding to the representations for f . In [3],

Figà-Talamanca proved that Mp(Rn) = Ap(Rn)∗, where Ap(Rn)∗ is the dual
space of Ap(Rn) (see also [7]).

Bilinear Fourier multipliers were studied by, for example, Coifman and
Meyer [2], Grafakos and Torres [4] and Lacey and Thiele [6]. The pur-
pose of the paper is to find Figà-Talamanca’s theorem for bilinear Fourier
multipliers. The space Mp3

p1,p2(R2n) of bilinear Fourier multipliers consists
of all m ∈ S ′(R2n) such that Tm is bounded from Lp1(Rn) × Lp2(Rn) to
Lp3(Rn), where Tm is defined by Tm(f1, f2)(x) = [F−1m] ∗ [f1 ⊗ f2](x, x)
for all f1, f2 ∈ S(Rn) and f1 ⊗ f2(x1, x2) = f1(x1) f2(x2) (for multilinear
Fourier multipliers, see [4]). We also denote the unique bounded extension
of Tm by Tm and define the norm on Mp3

p1,p2(R2n) by
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‖m‖Mp3
p1,p2

= sup{‖Tm(f1, f2)‖p3 : ‖f1‖p1 = ‖f2‖p2 = 1}.

For appropriate functions f on R2n and g on Rn, we define the function
f ∗2 g on R2n by

f ∗2 g(x1, x2) =
∫

Rn

f(x1 − y, x2 − y) g(y) dy (x1, x2 ∈ Rn).

Let 1 < p1, p2, p3 < ∞ and 1/p3 = 1/p1 + 1/p2. The space Ap3p1,p2(R2n)
consists of all f ∈ C(R2n) ∩ L∞(R2n) which can be written as f =∑∞

i=1[f1,i⊗ f2,i]∗2 gi in L∞(R2n), where {f1,i} ⊂ Lp1(Rn), {f2,i} ⊂ Lp2(Rn),
{gi} ⊂ Lp

′
3(Rn) and

∑∞
i=1 ‖f1,i‖p1‖f2,i‖p2‖gi‖p′3 < ∞. Since ‖[f1 ⊗ f2] ∗2

g‖∞ ≤ ‖f1‖p1‖f2‖p2‖g‖p′3 and [f1 ⊗ f2] ∗2 g ∈ C(R2n) for all f1 ∈ Lp1(Rn),
f2 ∈ Lp2(Rn) and g ∈ Lp′3(Rn), we note that, if

∑∞
i=1 ‖f1,i‖p1‖f2,i‖p2‖gi‖p′3<∞, then

∑∞
i=1[f1,i ⊗ f2,i] ∗2 gi ∈ C(R2n)∩L∞(R2n). We define the norm on

Ap3p1,p2(R2n) by

‖f‖Ap3
p1,p2

= inf

{ ∞∑

i=1

‖f1,i‖p1‖f2,i‖p2‖gi‖p′3 : f =
∞∑

i=1

[f1,i⊗f2,i]∗2gi

}
.

Then Ap3p1,p2(R2n) is a Banach space (Lemma 3.1). Given m ∈Mp3
p1,p2(R2n),

we define the linear functional ϕm on Ap3p1,p2(R2n) by

ϕm(f) =
∞∑

i=1

Tm(f1,i, f2,i) ∗ gi(0) (1.1)

for f =
∑∞

i=1[f1,i ⊗ f2,i] ∗2 gi ∈ Ap3p1,p2(R2n). We note that the value∑∞
i=1 Tm(f1,i, f2,i) ∗ gi(0) is independent of the representations for f

(Lemma 3.8). Our main result is the following.

Theorem Let 1 < p1, p2, p3 < ∞ and 1/p3 = 1/p1 + 1/p2. If m ∈
Mp3
p1,p2(R2n), then ϕm ∈ Ap3p1,p2(R2n)∗ and ‖ϕm‖(A

p3
p1,p2

)∗ = ‖m‖Mp3
p1,p2

. Con-
versely, if ϕ ∈ Ap3p1,p2(R2n)∗, then there exists m ∈ Mp3

p1,p2(R2n) such that
ϕ = ϕm. In this sense, Mp3

p1,p2(R2n) = Ap3p1,p2(R2n)∗.

We point out that Berkson, Paluszyński and Weiss applied Figà-
Talamanca’s theorem to wavelet theory [1].
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2. Preliminaries

We define the Fourier transform Ff and the inverse Fourier transform
F−1f of f ∈ S(Rn) by

Ff(ξ) = f̂(ξ) =
∫

Rn

e−iξ·xf(x) dx,

F−1f(x) =
1

(2π)n

∫

Rn

eix·ξf(ξ) dξ.

We also define the Fourier transform Fu and the inverse Fourier transform
F−1u of u ∈ S ′(Rn) by

〈Fu, ψ〉 = 〈u,Fψ〉 and 〈F−1u, ψ〉 = 〈u,F−1ψ〉 for all ψ ∈ S(Rn).

We note that, if u ∈ S ′(Rn) is a function, then 〈u, ψ〉 =
∫
Rn u(x)ψ(x) dx.

For u ∈ S ′(Rn) and ψ ∈ S(Rn), the convolution u∗ψ is defined by u ∗ ψ(x) =
〈u, τxψ̌〉, where τxψ̌(y) = ψ̌(y − x) and ψ̌(y) = ψ(−y).

3. Proofs

Throughout the rest of the paper, we always assume that 1<p1, p2, p3<

∞ and 1/p3 = 1/p1 + 1/p2.

Lemma 3.1 Ap3p1,p2(R2n) is a Banach space.

Proof. The proof of Lemma 3.1 is similar to one of [9, Proposition 6.14].
Using that ‖f‖∞ ≤ ‖f‖Ap3

p1,p2
for all f ∈ Ap3p1,p2(R2n), we see that ‖ · ‖Ap3

p1,p2

is a norm. To check that Ap3p1,p2(R2n) is complete, it is enough to show
that, if {hj} ⊂ Ap3p1,p2(R2n) and

∑∞
j=1 ‖hj‖Ap3

p1,p2
< ∞, then

∑∞
j=1 hj ∈

Ap3p1,p2(R2n). Then we can represent each hj as
∑∞

i=1

[
f

(j)
1,i ⊗ f

(j)
2,i

] ∗2 g
(j)
i ,

where
∑∞

i=1

∥∥f (j)
1,i

∥∥
p1

∥∥f (j)
2,i

∥∥
p2

∥∥g(j)
i

∥∥
p′3
≤ 2‖hj‖Ap3

p1,p2
. Thus, the representa-

tion
∑∞

j=1

∑∞
i=1

[
f

(j)
1,i ⊗ f

(j)
2,i

] ∗2 g
(j)
i implies that

∑∞
j=1 hj ∈ Ap3p1,p2(R2n).

¤

Lemma 3.2 Let m ∈ Mp3
p1,p2(R2n), f1 ∈ Lp1(Rn), f2 ∈ Lp2(Rn) and g ∈

Lp
′
3(Rn). If η(x1, x2) = Tm(τ−x1f1, τ−x2f2) ∗ g(0), then η ∈ C(R2n) ∩

L∞(R2n) and ‖η‖∞ ≤ ‖m‖Mp3
p1,p2

‖f1‖p1‖f2‖p2‖g‖p′3.
Proof. Using that
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Tm(τ−x1f1, τ−x2f2)− Tm(τ−x′1f1, τ−x′2f2)

= Tm(τ−x1f1 − τ−x′1f1, τ−x2f2) + Tm(τ−x′1f1, τ−x2f2 − τ−x′2f2),

we have that

|η(x1, x2)− η(x′1, x
′
2)|

≤ (‖Tm(τ−x1f1 − τ−x′1f1, τ−x2f2)‖p3
+ ‖Tm(τ−x′1f1, τ−x2f2 − τ−x′2f2)‖p3

)‖g‖p′3
≤ ‖m‖Mp3

p1,p2

(‖τ−x1f1 − τ−x′1f1‖p1‖f2‖p2
+ ‖f1‖p1‖τ−x2f2 − τ−x′2f2‖p2

)‖g‖p′3 .
This gives η ∈ C(R2n). On the other hand, by Hölder’s inequality, we see
that ‖η‖∞ ≤ ‖m‖Mp3

p1,p2
‖f1‖p1‖f2‖p2‖g‖p′3 . ¤

Lemma 3.3 Let m ∈Mp3
p1,p2(R2n) be a C∞(R2n)-function such that all its

derivatives are slowly increasing. Then we have that
∫

R2n

Tm(τ−x1f1, τ−x2f2) ∗ g(0)ψ(x1, x2) dx1 dx2

=
∫

R2n

[F−1m] ∗ ψ̌(−x1,−x2) [f1 ⊗ f2] ∗2 g(x1, x2) dx1 dx2

for all f1, f2, g ∈ S(Rn) and ψ ∈ S(R2n).

Proof. By the assumption of m, we see that [F−1m] ∗ [f1 ⊗ f2] ∈ S(R2n)
for f1, f2 ∈ S(Rn). Since Tm(τ−x1f1, τ−x2f2)(−y) = [F−1m] ∗ [f1⊗ f2](x1−
y, x2−y), we have that supx1,x2,y |Tm(τ−x1f1, τ−x2f2)(−y)| <∞. Hence, by
Fubini’s theorem, we see that

∫

R2n

Tm(τ−x1f1, τ−x2f2) ∗ g(0)ψ(x1, x2) dx1 dx2

=
∫

Rn

( ∫

R2n

Tm(τ−x1f1, τ−x2f2)(−y)ψ(x1, x2) dx1 dx2

)
g(y) dy.

Using that Tm(τ−x1f1, τ−x2f2)(−y) = [F−1m]∗[τyf1⊗τyf2](x1, x2), we have
that ∫

R2n

Tm(τ−x1f1, τ−x2f2)(−y)ψ(x1, x2) dx1 dx2

= 〈[F−1m] ∗ [τyf1 ⊗ τyf2], ψ〉 = 〈[F−1m] ∗ ψ̌, [ ˇτyf1 ⊗ ˇτyf2]〉
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=
∫

R2n

[F−1m] ∗ ψ̌(−x1,−x2) f1(x1 − y) f2(x2 − y) dx1 dx2.

Since [F−1m] ∗ ψ̌ ∈ S(R2n), by Fubini’s theorem, we get that
∫

Rn

(∫

R2n

Tm(τ−x1f1, τ−x2f2)(−y)ψ(x1,x2)dx1 dx2

)
g(y)dy

=
∫

Rn

(∫

R2n

[F−1m]∗ ψ̌(−x1,−x2)f1(x1−y)f2(x2−y)dx1dx2

)
g(y)dy

=
∫

R2n

[F−1m]∗ ψ̌(−x1,−x2)
(∫

Rn

f1(x1−y)f2(x2−y)g(y)dy
)
dx1dx2

=
∫

R2n

[F−1m]∗ ψ̌(−x1,−x2) [f1⊗f2]∗2 g(x1,x2)dx1 dx2

The proof is complete. ¤

Lemma 3.4 Let m ∈ Mp3
p1,p2(R2n) be a C∞(R2n)-function such that all

its derivatives are slowly increasing. If {f1,i} ⊂ Lp1(Rn), {f2,i} ⊂ Lp2(Rn)
and {gi} ⊂ Lp

′
3(Rn) satisfy

∑∞
i=1[f1,i ⊗ f2,i] ∗2 gi = 0 in L∞(R2n) and∑∞

i=1 ‖f1,i‖p1‖f2,i‖p2‖gi‖p′3 <∞, then
∑∞

i=1 Tm(f1,i, f2,i) ∗ gi(0) = 0.

Proof. We define the function σ on R2n by

σ(x1, x2) =
∞∑

i=1

Tm(τ−x1f1,i, τ−x2f2,i) ∗ gi(0) (x1, x2 ∈ Rn).

Then, from Lemma 3.2, we see that σ ∈ C(R2n) ∩ L∞(R2n). Hence, if
∫

R2n

σ(x1, x2)ψ(x1, x2) dx1 dx2 = 0 for all ψ ∈ S(R2n), (3.1)

then we get that

σ(0, 0) =
∞∑

i=1

Tm(f1,i, f2,i) ∗ gi(0) = 0.

We prove (3.1). Let ψ ∈ S(R2n). By Lemma 3.2, we have that
∞∑

i=1

∫

R2n

∣∣Tm(τ−x1f1,i, τ−x2f2,i) ∗ gi(0)ψ(x1, x2)
∣∣ dx1 dx2

≤ ‖m‖Mp3
p1,p2

‖ψ‖1

∞∑

i=1

‖f1,i‖p1‖f2,i‖p2‖gi‖p′3 <∞.
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Thus, we see that

〈σ, ψ〉 =
∫

R2n

( ∞∑

i=1

Tm(τ−x1f1,i, τ−x2f2,i) ∗ gi(0)

)
ψ(x1, x2) dx1 dx2

=
∞∑

i=1

∫

R2n

Tm(τ−x1f1,i, τ−x2f2,i) ∗ gi(0)ψ(x1, x2) dx1 dx2.

For f1,i, f2,i and gi, we take {f1,i,j}j , {f2,i,j}j , {gi,j}j ⊂ S(Rn) such that
f1,i,j → f1,i in Lp1(Rn), f2,i,j → f2,i in Lp2(Rn) and gi,j → gi in Lp

′
3(Rn) as

j →∞. Then, by Lemma 3.3 and [F−1m] ∗ ψ̌ ∈ L1(Rn), we have that
∫

R2n

Tm(τ−x1f1,i, τ−x2f2,i)∗gi(0)ψ(x1,x2)dx1dx2

= lim
j→∞

∫

R2n

Tm(τ−x1f1,i,j , τ−x2f2,i,j)∗gi,j(0)ψ(x1,x2)dx1dx2

= lim
j→∞

∫

R2n

[F−1m]∗ ψ̌(−x1,−x2) [f1,i,j⊗f2,i,j ]∗2 gi,j(x1,x2)dx1dx2

=
∫

R2n

[F−1m]∗ ψ̌(−x1,−x2) [f1,i⊗f2,i]∗2 gi(x1,x2)dx1dx2.

Therefore, using that [F−1m] ∗ ψ̌ ∈ L1(R2n) and
∑∞

i=1[f1,i ⊗ f2,i] ∗2 gi = 0
in L∞(R2n), we get that

〈σ,ψ〉=
∞∑

i=1

∫

R2n

[F−1m]∗ ψ̌(−x1,−x2)[f1,i⊗f2,i]∗2 gi(x1,x2)dx1dx2

=
∫

R2n

[F−1m]∗ ψ̌(−x1,−x2)

( ∞∑

i=1

[f1,i⊗f2,i]∗2 gi(x1,x2)

)
dx1 dx2

= 0.

The proof is complete. ¤

The following lemma in the single case is given as [5, (1.2)].

Lemma 3.5 If m ∈Mp3
p1,p2(R2n) and ψ ∈ S(R2n), then ψ∗m ∈Mp3

p1,p2(R2n)
and ‖ψ ∗m‖Mp3

p1,p2
≤ ‖ψ‖1‖m‖Mp3

p1,p2
.

Proof. By duality, we have that

‖ψ ∗m‖Mp3
p1,p2

= sup
∣∣∣∣
∫

Rn

Tψ∗m(f1, f2)(x) g(x) dx
∣∣∣∣, (3.2)
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where the supremum is taken over all f1, f2, g ∈ S(Rn) such that ‖f1‖p1 =
‖f2‖p2 = ‖g‖p′3 = 1. For f1, f2 ∈ S(Rn), we have that

Tψ∗m(f1, f2)(x)=〈F−1[ψ ∗m], f1(x−y1)f2(x−y2)〉y1,y2
=(2π)2n〈[F−1m] [F−1ψ], τxf̌1⊗ τxf̌2〉=〈[F−1m] [τxf̌1⊗ τxf̌2],F ψ̌〉
=

1
(2π)2n

〈m∗F [τxf̌1⊗ τxf̌2], ψ̌〉.

Let My be the modulation operator defined by Myh(ξ) = eiy·ξh(ξ). Using
that M−yτxȟ(ξ) = e−ix·y[Myh](x− ξ), we see that

m ∗F [τxf̌1⊗ τxf̌2](y1, y2)= 〈m,F [τxf̌1⊗ τxf̌2](y1− ξ1, y2− ξ2)〉ξ1,ξ2
=(2π)2n〈m,F−1[τxf̌1⊗ τxf̌2](ξ1− y1, ξ2− y2)〉ξ1,ξ2
=(2π)2n〈m,F−1[(M−y1τxf̌1)⊗ (M−y2τxf̌2)](ξ1, ξ2)〉ξ1,ξ2
=(2π)2ne−ix·(y1+y2)〈F−1m, [My1f1](x− ξ1) [My2f2](x− ξ2)〉ξ1,ξ2
=(2π)2ne−ix·(y1+y2)Tm(My1f1,My2f2)(x).

Hence, by Hölder’s inequality, we get that
∣∣∣∣
∫

Rn

Tψ∗m(f1, f2)(x) g(x) dx
∣∣∣∣

=
∣∣∣∣
∫

Rn

(∫

R2n

e−ix·(y1+y2)Tm(My1f1,My2f2)(x)

× ψ(−y1,−y2) dy1 dy2

)
g(x) dx

∣∣∣∣

=
∣∣∣∣
∫

R2n

ψ(−y1,−y2)

×
(∫

Rn

e−ix·(y1+y2)Tm(My1f1,My2f2)(x) g(x) dx
)
dy1 dy2

∣∣∣∣
≤ ‖ψ‖1‖m‖Mp3

p1,p2
‖f1‖p1‖f2‖p2‖g‖p′3 . (3.3)

(3.2) and (3.3) prove Lemma 3.5. ¤

Lemma 3.6 Let m ∈ Mp3
p1,p2(R2n) and ρ be a radial C∞(R2n)-function

such that ρ ≥ 0, supp ρ ⊂ B(0, 1) and
∫
ρ(x) dx = 1. Then for all f1 ∈

Lp1(Rn), f2 ∈ Lp2(Rn) and g ∈ Lp′3(Rn) we have that

lim
ε→0

∫

Rn

Tρε∗m(f1, f2)(x) g(x) dx =
∫

Rn

Tm(f1, f2)(x) g(x) dx,
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where ρε(x) = ε−2nρ(x/ε).

Proof. From Lemma 3.5, it is enough to prove Lemma 3.6 when f1, f2, g ∈
S(Rn). Let f1, f2, g ∈ S(Rn). ρε ∗ m → m in S ′(R2n) as ε → 0 gives
Tρε∗m(f1, f2)(x) → Tm(f1, f2)(x) as ε → 0 for all x ∈ Rn. On the other
hand, since m ∈ S ′(R2n), there exist C > 0 and N ∈ Z+ such that

|〈m,ψ〉| ≤ CpN (ψ) (ψ ∈ S(R2n)),

where pN (ψ) =
∑
|α|+k≤N supy1,y2∈Rn(1 + |y1| + |y2|)k|∂αψ(y1, y2)|. Hence,

we see that

|Tρε∗m(f1, f2)(x)|= |〈m,ρε ∗ F−1(τxf̌1 ⊗ τxf̌2)〉| ≤ Cf1,f2(1 + |x|)N ,
where Cf1,f2 is independent of 0 < ε < 1. By Lebesgue’s theorem, we get
Lemma 3.6 when f1, f2, g ∈ S(Rn). ¤

Lemma 3.7 Let m ∈ Mp3
p1,p2(R2n). If {f1,i} ⊂ Lp1(Rn), {f2,i} ⊂ Lp2(Rn)

and {gi} ⊂ Lp
′
3(Rn) satisfy

∑∞
i=1 ‖f1,i‖p1 ‖f2,i‖p2 ‖gi‖p′3 < ∞ and∑∞

i=1[f1,i ⊗ f2,i] ∗2 gi = 0 in L∞(R2n), then
∑∞

i=1 Tm(f1,i, f2,i) ∗ gi(0) = 0.

Proof. By Lemmas 3.5 and 3.6, for each i, we have that

|Tρε∗m(f1,i, f2,i) ∗ gi(0)| ≤ ‖m‖Mp3
p1,p2

‖f1,i‖p1‖f2,i‖p2‖gi‖p′3 (ε> 0)

and

lim
ε→0

Tρε∗m(f1,i, f2,i) ∗ gi(0) = Tm(f1,i, f2,i) ∗ gi(0),

where ρε is given in Lemma 3.6. Hence, by Lebesgue’s theorem, we get that

lim
ε→0

∞∑

i=1

Tρε∗m(f1,i, f2,i) ∗ gi(0) =
∞∑

i=1

Tm(f1,i, f2,i) ∗ gi(0).

On the other hand, since ρε∗m is a C∞(R2n)-function such that all its deriva-
tives are slowly increasing for each ε > 0 ([8, Chapter 1, Theorem 3.13]),
ρε ∗m satisfies the assumption of Lemma 3.4. Therefore, by Lemma 3.4, we
see that

∞∑

i=1

Tρε∗m(f1,i, f2,i) ∗ gi(0) = 0 (ε > 0).

This proves Lemma 3.7. ¤
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Lemma 3.8 Let m ∈ Mp3
p1,p2(R2n). Then we can define the linear func-

tional ϕm on Ap3p1,p2(R2n) by (1.1).

Proof. To define ϕm, we need to show that, if
{
f

(1)
1,i

}
,
{
f

(2)
1,i

} ⊂ Lp1(Rn),{
f

(1)
2,i

}
,

{
f

(2)
2,i

} ⊂ Lp2(Rn) and
{
g
(1)
i

}
,

{
g
(2)
i

} ⊂ Lp
′
3(Rn) satisfy

∑∞
i=1

∥∥f (1)
1,i

∥∥
p1

∥∥f (1)
2,i

∥∥
p2

∥∥g(1)
i

∥∥
p′3
,

∑∞
i=1

∥∥f (2)
1,i

∥∥
p1

∥∥f (2)
2,i

∥∥
p2

∥∥g(2)
i

∥∥
p′3

< ∞ and
∑∞

i=1

[
f

(1)
1,i ⊗ f

(1)
2,i

] ∗2 g
(1)
i =

∑∞
i=1

[
f

(2)
1,i ⊗ f

(2)
2,i

] ∗2 g
(2)
i in L∞(R2n), then

∞∑

i=1

Tm
(
f

(1)
1,i , f

(1)
2,i

) ∗ g(1)
i (0) =

∞∑

i=1

Tm
(
f

(2)
1,i , f

(2)
2,i

) ∗ g(2)
i (0).

To do this, we define
{
f

(3)
1,i

} ⊂ Lp1(Rn),
{
f

(3)
2,i

} ⊂ Lp2(Rn) and{
g
(3)
i

} ⊂ Lp
′
3(Rn) by

{
f

(3)
1,i

}
=

{
f

(1)
1,1 , f

(2)
1,1 , f

(1)
1,2 , f

(2)
1,2 , . . .

}
,

{
f

(3)
2,i

}
={

f
(1)
2,1 , f

(2)
2,1 , f

(1)
2,2 , f

(2)
2,2 , . . .

}
and

{
g
(3)
i

}
=

{
g
(1)
1 ,−g(2)

1 , g
(1)
2 ,−g(2)

2 , . . .
}
. Then

we have that
∞∑

i=1

∥∥f (3)
1,i

∥∥
p1

∥∥f (3)
2,i

∥∥
p2

∥∥g(3)
i

∥∥
p′3

=
∞∑

i=1

∥∥f (1)
1,i

∥∥
p1

∥∥f (1)
2,i

∥∥
p2

∥∥g(1)
i

∥∥
p′3

+
∞∑

i=1

∥∥f (2)
1,i

∥∥
p1

∥∥f (2)
2,i

∥∥
p2

∥∥g(2)
i

∥∥
p′3
<∞

and
∞∑

i=1

[
f

(3)
1,i ⊗ f

(3)
2,i

] ∗2 g
(3)
i

=
∞∑

i=1

[
f

(1)
1,i ⊗ f

(1)
2,i

] ∗2 g
(1)
i −

∞∑

i=1

[
f

(2)
1,i ⊗ f

(2)
2,i

] ∗2 g
(2)
i = 0.

Hence, by Lemma 3.7, we get that
∞∑

i=1

Tm
(
f

(1)
1,i , f

(1)
2,i

) ∗ g(1)
i (0)−

∞∑

i=1

Tm
(
f

(2)
1,i , f

(2)
2,i

) ∗ g(2)
i (0)

=
∞∑

i=1

Tm
(
f

(3)
1,i , f

(3)
2,i

) ∗ g(3)
i (0) = 0.

Thus, we can see that the value
∑∞

i=1 Tm(f1,i, f2,i) ∗ gi(0) is independent
of the representations for f . In the same way, we can prove the linearity
of ϕm. ¤
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We are now ready to prove Theorem given in the introduction.

Proof of Theorem. We first show that, if m ∈ Mp3
p1,p2(R2n), then ϕm ∈

Ap3p1,p2(R2n)∗ and ‖ϕm‖(A
p3
p1,p2

)∗ = ‖m‖Mp3
p1,p2

. Let m ∈ Mp3
p1,p2(R2n). Then,

from Lemma 3.8, we have that ϕm is a linear functional on Ap3p1,p2(R2n). Let
f =

∑∞
i=1[f1,i ⊗ f2,i] ∗2 gi ∈ Ap3p1,p2(R2n). Since

|ϕm(f)| ≤ ‖m‖Mp3
p1,p2

∞∑

i=1

‖f1,i‖p1‖f2,i‖p2‖gi‖p′3 ,

taking the infimum over all the representations for f , we have that |ϕm(f)| ≤
‖m‖Mp3

p1,p2
‖f‖Ap3

p1,p2
, that is, ϕm∈Ap3p1,p2(R2n)∗ and ‖ϕm‖(Ap3

p1,p2
)∗≤‖m‖Mp3

p1,p2
.

We prove ‖ϕm‖(A
p3
p1,p2

)∗ ≥ ‖m‖Mp3
p1,p2

. Using the formula (3.2), for ε > 0 we
can take f1,ε, f2,ε, gε ∈ S(Rn) such that ‖f1,ε‖p1 = ‖f2,ε‖p2 = ‖gε‖p′3 = 1
and

‖m‖Mp3
p1,p2

− ε <

∣∣∣∣
∫

Rn

Tm(f1,ε, f2,ε)(x) gε(x) dx
∣∣∣∣.

Since [f1,ε ⊗ f2,ε] ∗2 ǧε ∈ Ap3p1,p2(R2n) and ‖[f1,ε ⊗ f2,ε] ∗2 ǧε‖Ap3
p1,p2

≤
‖f1,ε‖p1‖f2,ε‖p2‖gε‖p′3 , we see that

‖m‖Mp3
p1,p2

<

∣∣∣∣
∫

Rn

Tm(f1,ε, f2,ε)(x) gε(x) dx
∣∣∣∣ + ε

= |Tm(f1,ε, f2,ε) ∗ ǧε(0)|+ ε =
∣∣ϕm[(f1,ε ⊗ f2,ε) ∗2 ǧε]

∣∣ + ε

≤ ‖ϕm‖(A
p3
p1,p2

)∗‖[f1,ε ⊗ f2,ε] ∗2 ǧε‖Ap3
p1,p2

+ ε

≤ ‖ϕm‖(A
p3
p1,p2

)∗‖f1,ε‖p1‖f2,ε‖p2‖gε‖p′3 + ε = ‖ϕm‖(A
p3
p1,p2

)∗ + ε.

Hence, the arbitrariness of ε gives ‖ϕm‖(A
p3
p1,p2

)∗ ≥ ‖m‖Mp3
p1,p2

.
We next prove the converse. Let ϕ ∈ Ap3p1,p2(R2n)∗. Since [f1 ⊗ f2] ∗2

g ∈ Ap3p1,p2(R2n) for f1 ∈ Lp1(Rn), f2 ∈ Lp2(Rn) and g ∈ Lp
′
3(Rn), fixing

f1 ∈ Lp1(Rn) and f2 ∈ Lp2(Rn), we can define the linear functional Ff1,f2
on Lp

′
3(Rn) by

Ff1,f2(g) = ϕ[(f1 ⊗ f2) ∗2 g] (g ∈ Lp′3(Rn)).
By the boundedness of ϕ, we see that

|Ff1,f2(g)| ≤ ‖ϕ‖(A
p3
p1,p2

)∗‖[f1 ⊗ f2] ∗2 g‖Ap3
p1,p2

≤ ‖ϕ‖(A
p3
p1,p2

)∗‖f1‖p1‖f2‖p2‖g‖p′3 (g ∈ Lp′3(Rn)),
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that is, Ff1,f2 ∈ Lp
′
3(Rn)∗ and ‖Ff1,f2‖(Lp′3 )∗

≤ ‖ϕ‖(A
p3
p1,p2

)∗‖f1‖p1‖f2‖p2 .
By Lp

′
3(Rn)∗ = Lp3(Rn), we can find h ∈ Lp3(Rn) such that ‖h‖p3 =

‖Ff1,f2‖(Lp′3 )∗
and

Ff1,f2(g) =
∫

Rn

h(x) g(x) dx (g ∈ Lp′3(Rn)).

Then we define the bilinear operator T by T (f1, f2) = ȟ. By the definition
of T , we have that

‖T (f1, f2)‖p3 = ‖ȟ‖p3 ≤ ‖ϕ‖(A
p3
p1,p2

)∗‖f1‖p1‖f2‖p2 (3.4)

for all f1 ∈ Lp1(Rn) and f2 ∈ Lp2(Rn). We show that T commutes with
translations. Since [(τxf1)⊗ (τxf2)] ∗2 g = [f1 ⊗ f2] ∗2 (τxg), the equations

ϕ[(τxf1)⊗(τxf2)∗2g] = Fτxf1,τxf2(g) =
∫

Rn

T (τxf1, τxf2)(y) g(−y) dy

and

ϕ[(f1 ⊗ f2) ∗2 (τxg)] = Ff1,f2(τxg) =
∫

Rn

τxT (f1, f2)(y) g(−y) dy

give T (τxf1, τxf2) = τxT (f1, f2). Since the bilinear operator T is bounded
from Lp1(Rn) × Lp2(Rn) to Lp3(Rn) and commutes with translations, by
[4, Proposition 3], we can find m∈S ′(R2n) such that T (f1, f2)(x)=[F−1m]∗
[f1⊗f2](x, x) for all f1, f2 ∈ S(Rn). (3.4) implies m ∈Mp3

p1,p2(R2n). Finally,
we prove that ϕ = ϕm. Let f =

∑∞
i=1[f1,i ⊗ f2,i] ∗2 gi ∈ Ap3p1,p2(R2n). Since∑N

i=1[f1,i ⊗ f2,i] ∗2 gi → f in Ap3p1,p2(R2n) as N →∞, by the continuity and
linearity of ϕ and ϕ[(f1 ⊗ f2) ∗2 g] = Tm(f1, f2) ∗ g(0) for all f1 ∈ Lp1(Rn),
f2 ∈ Lp2(Rn) and g ∈ Lp′3(Rn), we see that

ϕ(f) = lim
N→∞

N∑

i=1

ϕ[(f1,i ⊗ f2,i) ∗2 gi]

= lim
N→∞

N∑

i=1

Tm(f1,i, f2,i) ∗ gi(0) = ϕm(f).

The proof is complete. ¤

Acknowledgment The author would like to thank Professor Eiichi Nakai
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