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The invariant subspace structure of L?(T?)
for certain von Neumann algebras

Atsushi HASEGAWA
(Received February 7, 2005; Revised May 25, 2005)
Abstract. In this note, we study invariant subspaces of L2 (T2) with respect to certain
von Neumann algebras. We give a characterization of Beurling-type left-invariant sub-

spaces of L?(T?). We also give a structure theorem of a non-trivial two-sided invariant
subspace of L?(T?).
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1. Introduction

Let T? be the torus that is the cartesian product of two unit circles
in C. Let L?(T?) and H?(T?) be the usual Lebesgue and Hardy space in
the torus T?, respectively.

A closed subspace 9 of L?(T?) is said to be invariant if

ZIM C M and wAIt C M.

There are many results about invariant subspaces of L2(T?) (cf. [2], [3], [5],
[6], [7], [8], etc.). Especially, in [6] the invariant subspaces 90T of L?(T?) of the
Beurling form were characterized as the subspaces on which multiplication
operators by z and w are doubly commuting. In [3] the structural theorem
of the invariant subspaces of L?(T?) is given.
Let # be an irrational number in (0,1). We consider the unitary oper-

ators on L%(T?) satisfying:

Lz(zmwn) _ zm—i—lwn’ Lw(zmwn) — e—27rim92mwn+17

RZ(men) — e—27rin62m+1wn and Rw(zmwn) — zmwn—l-l’
where z, w € C such that |z| = |w| = 1. By the simple calculation, we have

L.Ly=e>™ L, L, and RyR, = ™R, R,,.

Let £ (resp. R) denote the von Neumann algebra generated by L, and Ly,
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(resp. R, and R,,), then they are II;-factors. Moreover, £ and R are the
commutant of each other. So £ and R are called the left von Neumann
algebra and the right von Neumann algebra, respectively. They are impor-
tant classes of operator algebras. More generally, let U and V' be unitary
operators on a Hilbert space H satisfying UV = e*™VU. The C*-algebra
g generated by U and V is called an irrational rotation C*-algebra. Then,
up to unitary equivalence, there exists a unique *-representation m of 2y
onto C*(L,, Ly,) such that 7(U) = L, and (V) = Ly, (see [4]).

Let £4 (resp. 84 ) denote the o-weakly closed subalgebra of £ (resp. R)
generated by the positive powers of L, and L, (resp. R, and R,,). A closed
subspace M of L?(T?) is said to be left-invariant (resp. right-invariant) if
LM C M (resp. Ry C M). Moreover if £ C M (resp. RM C M),
then 9 is said to be left-reducing (resp. right-reducing). If 9t contains
no left-reducing (resp. right-reducing) subspace, 9 is said to be left-pure
(resp. right-pure). If the smallest left-reducing (resp. right-reducing) sub-
space containing 9 is L?(T?), 9 is said to be left-full (resp. right-full).
In this setting, we have an interest in the invariant subspace structure of
L?(T?). If = 0, then £ and R are generated by the multiplication operators
{M;y: f € L>=(T?)} on L?(T?), and the notion of invariant subspaces is that
of usual invariant subspaces of L?(T?) satisfying 29t C 9t and w9 C M.

In this paper we obtain necessary and sufficient conditions on the left-
invariant subspace of L?(T?) to be of the form V H?(T?), where V is a uni-
tary operator in JR. A closed subspace M of L?(T?) is said to be two-
sided invariant if 9T is both left-invariant and right-invariant. The concept
of two-sided pure and two-sided full are defined similarly. We prove that
a non-trivial two-sided invariant subspace of L?(T?) is two-sided pure and
two-sided full.

Let M be a non-trivial two-sided subspace of L?(T?). Put U= (L, L)|sm
and V = (R,Ry,)|sm. Then 9 is both U-invariant and V-invariant. The
couple W = (U, V) is a commuting pair of isometries on 9. By Popovici’s
decomposition of M with respect to W, we have

m = muu @ mus EB ianu EB i)ﬁws

(cf. [9, Theorem 2.8]). Then we show that W is a weak bi-shift on 91, that
is, M = Mys.

In §2 we study left-invariant subspaces of L?(T?). In particular we
give the characterization of Beurling-type invariant subspaces of L?(T?).
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In §3 we introduce the notion of two-sided invariant, two-sided pure and
two-sided full. We prove that a non-trivial two-sided invariant subspace of
L?(T?) is two-sided pure and two-sided full. In §4 we concern Popovici’s
decomposition of a non-trivial two-sided invariant subspace 9 with respect
to a commuting pair of isometries W = ((L,Ly)|om, (R:Ruw)|m). We prove
that W is a weak bi-shift on 91.

2. Beurling-type invariant subspaces of L?(T?)

In this section, we show certain properties of left-invariant subspaces of
L?(T?). Let 6 be an irrational number in (0,1). We consider the unitary
operators on L?(T?) satisfying:

Lz(men) — Zerlwn Lw(zmwn) — €727rim9zmwn+1
Rz(zmwn> _ e—27rin92m+1wn and Rw(men) _ men+1,
where (z,w) € T2. By the simple calculation, we have

L,Ly, =™ L,L, and RyR, = ™R, R,,.

If we define JA1 = A*1 for all A € £, then J is a conjugate linear isometry
from L?(T?) onto L?(T?) and

J(Zm,wn) — 6—27rimno92—mw—n‘

Thus JL.J = R.*, JLJ = Ry,”. Let £ (resp. R) denote the von Neumann
algebra generated by L, and L, (resp. R, and R,), then J£J = R and
JRJ = £. If we define 7(A) = (A1,1) for all A € £, then 7 is a unique
normal faithful tracial state on £. So we have

Proposition 2.1 £ and R are II;-factors. Moreover, £ =R and R = £'.

Thus we shall call £ and ‘R the left von Neumann algebra and the right
von Neuman algebra, respectively.

Definition 2.2 Let 9 be a closed subspace of L?(T?). We shall say that
M is; left-invariant, if £L9M C M; left-reducing, if LI C M; left-pure, if
M contains no left-reducing subspace; left-full, if the smallest left-reducing
subspace containing 91 is all of L?(T?). The right-hand versions of these
concepts are defined similarly.
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Remark 2.3 Let 9 be a closed subspace of L?(T?). Then M is left-
invariant if and only if L, 9% C 9t and L, 9% C 9, left-reducing if and only
if there exists a projection P € M such that 9 = PL?(T?), left-pure if and
only if (), 50 L' Ly,M = {0}, and left-full if and only if U,,, ,, o LT L3I =
L?(T?). The right-hand versions of this property hold similarly.

Our goal of this section is to characterize the Beurling-type left-invariant
subspaces of L?(T?).

Lemma 2.4 Let My = > €D, 50 L:"Lu"[g] for some norm one ele-
ment q of L?(T?). Then there exists a unitary operator V. € R such that
Mo = VH?(T?).

Proof.  Suppose that My = > €D,,, >0 Lz""Lw"[g] for some norm one el-
ement ¢ of L?(T?). Then we note that (L.™L,"q, L.*L,'q) = 0 for all
m, n, k, l € Z such that (m,n) # (k,1). Now we define an operator V' by

v( > @amml}szw”l) = Y Pamnl:"Ls" g
m,n>0 m,n>0

Then V is an isometry and VL, = L,V, VL, = L,V. Hence V is in the
commutant of £. That is, V is in PR. Since R is a finite von Neumann
algebra, V' is unitary. Since ¢ = V1, My = > €D, ;50 L"Lu"[V1] =
V H?(T?). This completes the proof. - O

We note that subspaces of the form V H?(T?) can be represented:

VH(T?) = > PL."L, V1] (2.1)

m,n>0

where V is a partial isometry in the commutant R of £. From above lemmas
we now get the following Beurling-type theorem.

Let § be a closed subspace of L?(T?). We shall say that § is a wandering
subspace, if L™ L § and L7 L F are orthogonal for any different (m,n) and
(m/,n') in Z2.

Theorem 2.5 Let M be a left-invariant subspace of L*(T?) and put V, =
L.|on, Vio = Ly|om, T = MOV M and Foy = MOV, M. Then the following

statements are equivalent:
(1) There exists a wandering subspace § such that 9M =

2 Dinnzo V2" V"8,
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(2) Vi, Vi are shift operatorson M and Vi, V.,* = e*™0V_*V,,,

(3) Vi is a shift operator on M and Fu = > B, V2" (F: N Sw), or
V, is a shift operator on M and . =3 D,,50 Vo™ (§> N Fw),

(4) F.NTw s a wandering subspace and E)JT_:E@m ooV Vi (T2NFw),

(5) M is of the form VH?(T?), where V is a um’t&@ operator in *R.

Proof. (1) = (2). Let § be a wandering subspace such that 9 =
> Dm0 V2"V 3. We define

5 =) PV and 3./ =D PV"3.

m>0 n>0
Since
m=> P = P
n>0 m>0

V, and V,, are shift operators. It follows that §. = §.’ and §u = ' Now
we shall show Vi, V.* = 2™V, *V,,. If x € M, then = = ZmZO V. T,
where z,, € §.. Then we have
m>0 m>0
_ Z e—QwimGVzm—lvwxm + ‘/Z*Vw$0-
m>1
On the other hand, we have
vaz*x = Z Vsz*‘/zmxm = Z vavzmill'm + Vsz*xo
m>0 m>1
— 627ri0 Z efQWimG‘/vszlvwxm + Vsz*xo-
m>1
Since V.*Vyxo = 0 and Vi, V.*zo = 0, we have V,,V.* = 2™V, *V/,.
(2) = (3). We shall prove that §u, = >~ €D,,5¢ V2" (§2NTw). The second as-

sertion can be obtained in the same way. First we notice that §,, reduces V.
Hence for all n > 0,

V2"(82 N Sw) C Suw-

Evidently §, N §w is a wandering subspace for V,. Then we have

> P V(3N Fw) C o

n>0
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Let §0 = Tw © VoFw. If we prove that §y C §, N Sw, then we get

Fo=> EPV"30C D) EPV"(E-NBw) C Fus
n>0 n>0

which finishes this part of the proof. Suppose that z € §9. Then x L V,F,,
and consequently V,*z 1 §,. On the other hand x € §,. Since F, re-
duces V., we have V,*x € §,. This implies that V,*z = 0 and so z € F..
Since = € §,, our proof is complete.

(3) = (4). Suppose that the first condition of (3) is fullfilled. Since Vj, is
a shift, we have M = 3" - P V" Fw- Then

m=3" @Vwm(ze]}vz"(& n%))

m>0 n>0
=) PV (B NFw)
m,n>0

In the second case the proof is the same.
(4) = (1). (1) follows (4) immediately.
(5) = (2). It is clear from (2.1).

(4) = (5). Suppose

M= PV (3N Fw)

m,n>0

We shall now prove that §,NF,, is one-dimensional. Suppose dim(F,NFy) >
1, and fix norm one orthogonal elements q1, g2 in §, N §y. Let

My = Z @Lszw”[ql] and My = Z @Lszw”[qg].

m,n>0 m,n>0

By Lemma 2.4 there exists unitary operators U; and Us in fR such that
My = U1 H*(T?) and My = Uy H*(T?).

Since q1 L g9, we have
U H*(T?) L Uy H?(T?).

Putting Uy = U1*Us,, then Uy is a unitary operator in YR. Moreover we have

H*(T?) L UyH?(T?).
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So we see that L,™L,"1 L UgH?(T?) for all m, n € Z. Therefore we see
L*(T?) L UyH?(T?).

That is UgH?(T?) = {0}, a contradiction. So we have norm one element ¢
in §,NFw. Again from Lemma 2.4 we have 9 = V H?(T?) for some unitary
operator V € R. This completes the proof. O

3. Two-sided invariant subspaces of L?(T?)

In this section we shall study about two-sided invariant subspaces of
L?(T?).

Definition 3.1 Let 9 be a closed subspace of L?(T?). We shall say that
I is; two-sided invariant, if 9 is both left-invariant and right-invariant;
two-sided reducing, if M is both left-reducing and right-reducing, two-sided
pure, if 9 is both left-pure and right-pure; two-sided full, if 91 is both
left-full and right-full.

To prove the theorem about two-sided invariant subspaces of L?(T?), we
need the following lemma.

Lemma 3.2 If M is a left-invariant (resp. right-invariant) subspace of
L?(T?) and a right-reducing (resp. left-reducing) subspace of L?(T?), then
I is either {0} or L*(T?).

Proof. Let P be the projection with range 9t. Then since 9 is right
reducing, P belongs to £. Since 9 is left-invariant, we have L,PL} < P. It
is easy to see L, PL% ~ P. Since L is a finite von Neumann algebra, we have
L.PL} = P, that is, L,P = PL,. Similarly, we have L,,P = PL,,. Hence
P lies in £/. Therefore P belongs to the center of £. Since £ is a factor, P
is either 0 or 1. This completes the proof. O

Remark 3.3 If # = 0, then the assumption of the above lemma is that
M is reducing (29 = M, wI = IM). In this case M is of the form
xeL?(T?).

Theorem 3.4 A non-trivial two-sided invariant subspace of L*(T?) is
two-sided pure and two-sided full.

Proof. Let 9 be a non-trivial two-sided invariant subspace of L?(T?).
Put Moo = (), 50 LE LI and let Po be the projection from L?(T?)
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onto Ms.. Then we have that P, # I and 9, is right-invariant and

left-reducing. From Lemma 3.2 we have 9o = {0}. Thus 9 is left-pure.
The right-pureness is similarly proved by considering a projection from

L?(T?) onto Nimnso BRI The left-fullness and the right-fullness is

LI and onto
Um,n <o RIPR9M respectively. This completes the proof. O

similarly proved by cosidering projections onto | J,, ,o

4. Popovici’s decomposition

In this section we shall characterize two-sided invariant subspaces of
L?(T?) by using Popovici’s decomposition with respect to a bi-isometry
(a commuting pair of isometries).

Definition 4.1 Let S be an isometry on L?(T?) and 97 be a closed sub-
space of L?(T?). We shall say that 9 is; S-invariant, if SO C M.

Let 9 be a non-trivial two-sided invariant subspace of L?(T?). Put U =
(LzLy)|om and V = (R.Ry)|om- Then we note that 9t is both U-invariant
and V-invariant. The couple W = (U, V) is a bi-isometry on 9.

By Popovici’s decomposition of 9t with respect to W, we have

m — muu EB mus @ msu @ mws

such that Wlgy,, is a bi-unitary (that is, both Ulgn,, and Vo, are uni-
tary operators), Wop,. is a unitary-shift (that is, Uloy,, is a unitary and
Vlom,, is a shift), W]on,, is a shift-unitary (that is, Ulgn,, is a shift and
V|om,, is a unitary) and Wlgy,, is a weak bi-shift (that is, Uln._ kerv+uis
Vln,sokerv+vs and (Ula,,)(V|om,,) are shift operators).

We have the following:

Theorem 4.2 Let 9 be a non-trivial two-sided invariant subspace of
L*(T?). Then the couple W = (U,V) is a weak bi-shift on O, that is,
M = Mys.

Proof. Both U and V are unitary on 91,,, thus 9., is two-sided reducing
by [5, Proposition 1]. By Lemma 3.2, we have that 9, = {0}. Since M is

U-invariant, we have the Wold-type decomposition of 9t with respect to U
as follows;

m=(vme > PHug’,

nez n>0
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where §V = MOUM. Define MY =, o, UM and MY = 3 D..>0 urgy.
Then it is clear that MY is right-invariant.
For each n € Z, we have
L.(L:Ly)" = L.(e*™ L, L.)"
— e?ﬂin@ (Lsz)nLZ.

Since 9N is two-sided invariant, we have

LM = () Lo(L.Ly,)"M
nez

= [ (L:Lw)" LM

neZ
c (uram
nezZ
=mY.
Similarly we see L,9Y C 9MMY. On the other hand, for each n € Z, we have
Li(LLy)" = Li(LoLy)(LoLy)"
= Ly (L.Ly)" L.
Thus we have

inmg = ﬂ L2(L:Lw)"”
neZ

= Lo [ | (L:Ly)" 'R
nez

= L,MmY
cmV.
Moreover we have
Ly (LeLu)" = Ly, (L2 L) (L2 Lop)" ™!
= L (e*™ L, L,)(L,Ly,)" "
= L, (L.Ly)" "
It follows L:IMY < MY, Thus MY is right-invariant and left-reducing. By

Lemma 3.2 and the assumption, MY = {0}. Similarly, if we consider the
Wold-type decomposition 9t = MY MY of M with respect to V, then we
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have MY = {0}. As in the proof of [9, Theorem 2.8], we have

My, € MI oMY and My, ¢ MY nomY.

It follows My, © Mys & My, = {0} and so M = M,,s. This completes the
proof. O
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