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Long range scattering for the Wave-Schrodinger system
with large wave data and small Schrodinger data

J. GINIBRE and G. VELO
(Received July 20, 2004)

Abstract. We study the theory of scattering for the Wave-Schrodinger system with
Yukawa type coupling in space dimension 3. We prove in particular the existence of
modified wave operators for that system with no size restriction on the wave data in
the framework of a direct method which requires smallness of the Schrodinger data, and
we determine the asymptotic behaviour in time of solutions in the range of the wave
operators.
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1. Introduction

This paper is devoted to the theory of scattering and more precisely
to the construction of modified wave operators for the Wave-Schrodinger
system (WS)3 in space dimension 3, namely

1
10u = ——Au + Au
! 2 (1.1)

0A = —|u]2

where u and A are respectively a complex valued and a real valued function
defined in space time R3*! A is the Laplacian in R and O = 97 — A is the
d’Alembertian in R3*!'. That system is Lagrangian and admits a number
of formally conserved quantities, among which the L? norm of u and the
energy

Bu, A) = [ ded L(vuP + 0,47 + 19v42) + 4Pl (12)
2

The Cauchy problem for the (WS)3 system is known to be globally well
posed in the energy space X, = H! @ H' & L? for (u, A, 0;A) [1].
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A large amount of work has been devoted to the theory of scattering
for nonlinear equations and systems centering on the Schrodinger equation,
in particular for nonlinear Schrodinger (NLS) equations, Hartree equations,
Klein-Gordon-Schrédinger (KGS), Wave-Schrodinger (WS) and Maxwell-
Schrodinger (MS) systems. As in the case of the linear Schrédinger equation,
one must distinguish the short range case from the long range case. In
the former case, ordinary wave operators are expected and in a number of
cases proved to exist, describing solutions where the Schrodinger function
behaves asymptotically like a solution of the free Schrodinger equation. In
the latter case, ordinary wave operators do not exist and have to be replaced
by modified wave operators including a suitable phase in their definition. In
that respect, the (WS)3 system (1.1) belongs to the borderline (Coulomb)
long range case, because of the ¢t~! decay in L> norm of solutions of the
wave equation. Such is the case also for the Hartree equation with |z|~1
potential. Both are simplified models for the more complicated Maxwell-
Schrédinger system (MS)3 in R3*!, which belongs to the same case, as well
as the Klein-Gordon-Schrodinger system (KGS) in R2*1,

The construction of modified wave operators for the previous long range
equations and systems has been tackled by two methods. The first one was
initiated in [10] on the example of the NLS equation in R!™! and subse-
quently applied to the NLS equation in R?T! and R3*! and to the Hartree
equation [2], to the (KGS)a system [11] [12] [13] [14], to the (WS)3 system
[15] and to the (MS)s system [16] [18]. That method is rather direct, start-
ing from the original equation or system. It will be sketched below. It is
restricted to the (Coulomb) limiting long range case, and requires a small-
ness condition on the asymptotic state of the Schrodinger function. Early
applications of the method required in addition a support condition on
the Fourier transform of the Schrodinger asymptotic state and a smallness
condition of the Klein-Gordon or Maxwell field in the case of the (KGS)s
or (MS)s system respectively [11] [18]. The support condition was subse-
quently removed for the (KGS)y and (MS)3 system and the method was
applied to the (WS)3 system without a support condition, at the expense
of adding a correction term to the Schrédinger asymptotic function [12] [15]
[16]. Finally the smallness condition of the KG field was removed for the
(KGS)2 system, first with and then without a support condition [13] [14].
All the previous papers on (KGS)q2, (WS)3 and (MS)3 use spaces of fairly
regular solutions, with at least H? regularity for the Schrédinger function.
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In the present paper, we reconsider the same problem for the (WS);3
system in the framework of the previous method. Our purpose is twofold.
First we show that no smallness condition is required on the wave field.
Second, we treat the problem in function spaces that are as large as possible,
namely with regularity as low as possible, and with convergence in time as
slow as possible. In particular we treat the problem with regularity of the
Schrédinger function at the level of L? only. Furthermore, only a weak
convergence in time of the solutions to their asymptotic form is needed,
namely ¢~ with A\ > 3/8. Under such a weak condition, neither a support
condition nor a correction term for the asymptotic Schrodinger function
is needed, as long as A < 1/2. We also treat the same problem at the
level of H' and H? for the Schrédinger function. This does not require
any reinforcement of the smallness condition of the Schrodinger asymptotic
state or of the time decay.

In a subsequent paper, we shall treat the same problem for the (MS)s3
system in the Coulomb gauge in the framework of the present method.
Again no smallness condition will be required for the Maxwell field, and
a weak time decay t~* with A\ > 3/8 will be sufficient, so that no support
condition or correction term will be needed. (On that problem see [16] [18]).

For completeness and although we shall not make use of that fact in
the present paper, we mention that the same problem for the Hartree equa-
tion and for the (WS)3 and (MS)s system can also be treated by a more
complex method where one first applies a phase-amplitude separation to
the Schrédinger function. The main interest of that method is to remove
the smallness condition on the Schrodinger function, and to go beyond the
Coulomb limiting case for the Hartree equation. That method has been
applied in particular to the (WS)3 system and to the (MS)3 system in a
special case [5] [6] [7].

We now sketch briefly the method of construction of the modified wave
operators initiated in [10]. That construction basically consists in solving
the Cauchy problem for the system (1.1) with infinite initial time, namely in
constructing solutions (u, A) with prescribed asymptotic behaviour at infin-
ity in time. We restrict our attention to time going to +00. That asymptotic
behaviour is imposed in the form of suitable approximate solutions (uq, Ag)
of the system (1.1). The approximate solutions are parametrized by data
(uy, Ay, Ay) which play the role of (actually would be in simpler e.g. short
range cases) initial data at time zero for a simpler evolution. One then looks
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for exact solutions (u, A) of the system (1.1), the difference of which with
the given asymptotic ones tends to zero at infinity in time in a suitable
sense, more precisely, in suitable norms. The wave operator is then defined
traditionally as the map Q. : (uy, Ay, Ay) — (u, A, 8;A)(0). However
what really matters is the solution (u, A) in the neighborhood of infinity
in time, namely in some interval [T, o), and we shall restrict our attention
to the construction of such solutions. Continuing such solutions down to
t = 0 is a somewhat different question, connected with the global Cauchy
problem at finite times, which we shall not touch here. That problem is well
controlled for the (WS)3 system, but not for instance for the (MS)3 system.

The construction of solutions (u, A) with prescribed asymptotic be-
haviour (uq, A,) is performed in two steps.

Step 1. One looks for (u, A) in the form (u, A) = (uq + v, Aq + B). The
system satisfied by (v, B) is

1
10w = —iAv + Av + Bu, — R;

(1.3)
OB = —(|v|> + 2Reuyv) — Ry
where the remainders R;, Ro are defined by
1
Ri = i0ug + =Au, — Ayjug
Py (1.4)

Ry =0A, + |ua\2.

It is technically useful to consider also the partly linearized system for func-
tions (v, B')

1
10 = —=Av' + AV + Bug, — Ry
2 (1.5)

OB = —(|v]? + 2ReW,v) — Ro.

The first step of the method consists in solving the system (1.3) for (v, B),
with (v, B) tending to zero at infinity in time in suitable norms, under
assumptions on (ug, Ay) of a general nature, the most important of which
being decay assumptions on the remainders R; and Ry. That can be done
as follows. One first solves the linearized system (1.5) for (v/, B’) with given
(v, B) and initial data (v', B')(tp) = 0 for some large finite ¢y. One then
takes the limit ¢y — oo of that solution, thereby obtaining a solution (v’, B’)
of (1.5) which tends to zero at infinity in time. That construction defines
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a map ¢: (v, B) — (v/, B"). One then shows by a contraction method that
the map ¢ has a fixed point. That first step will be performed in Section 2.

Step 2. The second step of the method consists in constructing approxi-
mate asymptotic solutions (u,, A,) satisfying the general estimates needed
to perform Step 1. With the weak time decay allowed by our treatment of
Step 1, one can take the simplest version of the asymptotic form used in
previous works [5] [6] [15]. Thus we choose

uq = M D exp(—ip)w (1.6)

where

 is a real phase to be chosen below and w4+ = Fu. We furthermore choose
A, so that Ry = 0, namely A, = Ag + A1 where Ag is the solution of the
free wave equation OAy = 0 given by

Ag = coswtAy +w lsinwtA, (1.9)

where w = (—A)Y/2, and where

Ay(l) = / e sin(w(t — ) ua ()2 (1.10)
t
Substituting (1.6) into (1.10) yields
AL (t) = t7' Do (t) 4, (1.11)
where
A = —/ dvv 3wt sin(w(v — 1)) Do(v)|w [ (1.12)
1

In p@rticular ﬁl is constant in time. We finally choose ¢ by imposing 0;p =
t=1 A1, (1) = 0, namely

@ = (Int)A;. (1.13)

We shall show in Section 3 that the previous choice fulfills the condi-

tions needed for Step 1, under suitable assumptions on the asymptotic state
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(us, A, A+)-

In order to state our results we introduce some notation. We denote by
F the Fourier transform and by || - ||, the norm in L" = L"(R?), 1 < r < oo.
For any nonnegative integer & and for 1 < r < oo, we denote by W} the
Sobolev spaces

Wk = {u: lsWr = > logull, < OO}

a: 0<]a|<k

where « is a multiindex, so that H* = Wzk We shall need the weighted
Sobolev spaces H** defined for k, s € R by

H5 = {u: |lus H*| = ||(1+ 2?)*2(1 — A ul|y < oo}

so that H* = H*Y For any interval I, for any Banach space X and for
any ¢, 1 < ¢ < oo, we denote by L(I, X) (resp. L{ (I, X)) the space of

loc

L7 integrable (resp. locally LY integrable) functions from I to X if ¢ < oo
and the space of measurable essentially bounded (resp. locally essentially
bounded) functions from I to X if ¢ = co. For any h € C([1, co0), RT), non
increasing and tending to zero at infinity and for any interval I C [1, c0),
we define the spaces

X(I)={(v, B):veC(, L?), ||(v, B X(I)|| = Stg)h(t)‘l

(lo(®)l2 + [lo; L33 (7, LY

+||B; L*(J, LY|) < oo}, (1.14)
Xi1(I)={(v, B):veC(I, H"), VB,0;B € C(I, L?),

(v, B); Xa(D)|| = Stg) h(t) " (lot); H' |

+ |los LY3(J, WhH| + |B; L*(J, LY)||

+ |[VB(®)|l2 + 18:B(t)||2) < oo}, (1.15)
{(v, B):veC(I, H*)nC (I, L*), VB, &,B € C(I, L?),

(v, B); X2(I)]| = Stgp h(t) " ([lv(t); H?||

Xo(1)

+ [|0e0(t) |2 + [los LY3(J, LY)||
+ [|0pvs LY3(J, LY|| + || B; L*(J, LY)]|
+ [VB(t)||2 + |0:B(t)]]2) < oo} (1.16)



Long range scattering for the Wave-Schrédinger system 267

where J = [t, co) N 1.
We can now state our results.

Proposition 1.1 Let h(t) = t~1/2. Let u, be defined by (1.6) with w, =

Fuy, € L* and cq = ||wyl|l4 sufficently small and with o defined by (1.12)

(1.13). Let A, be defined by Aq = Ag+ Ay with Ag and Ay defined by (1.9)

and (1.10)-(1.12).

(1) Let uy € H%2, let Ay, w YA, € L? and V?A,, VA, € L'. Then
there exists T, 1 < T < oo and there exists a unique solution (u, A)
of the system (1.1) such that (u — uq, A — Ag) € X ([T, 00)).

(2) Letuy € HY3NHY, let Ay, w 'A, € H' and V?A,, VA, € W
Then there exists T, 1 < T < 0o, and there exists a unique solution
(u, A) of the system (1.1) such that (u — uq, A — Ag) € X1([T, 0)).
Furthermore A satisfies the estimate

IV(A = A) @)z V 10:(A = Ad)(®)]|2 < Ct*/* (1.17)

for some constant C' and for all t > T'.

(3) Letuy € H3NH?*? let Ay, w 'A, € H' and V?A,, VA, € W
Then there exists T, 1 < T < oo and there exists a unique solution
(u, A) of the system (1.1) such that (u — uq, A — Ag) € Xo([T, 0)).
Furthermore u — u, € L¥3([T, 00), W?) and (u, A) satisfies the esti-
mates (1.17) and

1A — ) ¥3(t, o0), LY < OtV (1.18)
for some constant C' and for all t > T.

Remark 1.1 The only smallness condition bears on ¢4 and appears at the
level of the L? theory in Part (1) of Proposition 1.1. In particular there is no
smallness condition on A,. Furthermore no additional smallness condition
is required for the theories at the level of H' and H?.

2. The Cauchy problem at infinite initial time

In this section we perform the first step of the construction of solutions
of the system (1.1) as described in the introduction, namely we construct
solutions (v, B) of the system (1.3) defined in a neighborhood of infinity
in time and tending to zero at infinity under suitable regularity and decay
assumptions on the asymptotic functions (u,, A,) and on the remainders R;.
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As mentioned in the introduction, we offer three theories with u (or v) at the
level of regularity of L2, H' and H? respectively. As a preliminary to that
study, we need to solve the Cauchy problem with finite initial time for the
linearized system (1.5). That system consists of two independent equations.
The second one is simply a wave equation with an inhomogeneous term
and the Cauchy problem with finite or infinite initial time for it is readily
solved under suitable assumptions on the inhomogeneous term, which will
be fulfilled in the applications. The first one is a Schrodinger equation with
time dependent real potential and time dependent inhomogeneity which we
rewrite in a more concise form and with slightly different notation as

1
10w = —§Afu +Vu+ f. (2.1)

We first give some preliminary results on the Cauchy problem with
finite initial time for that equation at the level of regularity of L?, H' and
H?. Those results rely in an essential way on the well known Strichartz
inequalities for the Schrodinger equation [3] [9] [19] which we recall for
completeness. We define

U(t) = exp G(;)A) (2.2)

A pair of Hélder exponents (g, ) will be called admissible if 0 < 2/q =
3/2—3/r <1. For any r, 1 <r < oo, we define 7 by 1/r +1/7 = 1.

Lemma 2.1 The following inequalities hold.
(1)  For any admissible pair (g, v) and for any u € L?

1U@)u; IR, L) < Cllulla- (2.3)

(2) Let I be an interval and let to € I. Then for any admissible pairs
(gi, ri), i=1,2,

’/t dt'U(- —t)f(t'); L™ (I, L)

to
The basic result on the Cauchy problem for (2.1) can be stated as

‘ <COIfL2 L) (24)

follows.

Proposition 2.1 Let I be an interval and let tg € I.
(1) LetV € Ll (I, L®) + L} (I, L*) + LS (I, L3/2%) for some p, 1 <

loc loc

p < oo with 2/p =2—3/s and for some e > 0, and let f € L'(I, L?)+
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L*(I, L5/5). Let vy € L. Then there exists a unique solution v of
(2.1) with v(ty) = vo such that v € LL (I, L") for all admissible pairs

loc

(g, 7). Furthermore v € C(I, L?) and for all t € I, v satisfies the
equality
t
o)1 = ol = | ar2Tm(u(e) £(e) (25)
0

(2) LetV and f satisfy the assumptions of Part (1) and in addition VV €
Li (I, L3+ L>®°)+ L} (I, L5) and Vf € L{ (I, L?)+ L} (I, L%/).
Let vg € H'. Then the solution v of (2.1) obtained in Part (1) satisfies
in addition Vv € LL (I, L") for all admissible pairs (q, ). Further-

more v € C(I, H') and for all t € I, v satisfies the equality

Vo3 = [IVvoll3

= / tdt’QIm(Vv(t’), (VV)(E)o(t')+ V). (2.6)

to
(3) LetV satisfyV € C(I, L*+L>), 8,V € Ll (I, L>+L®)+L2 (I, L%/°),

loc
and let f satisfy f € C(I, L?), Oyf € L (I, L?) + L2 (I, L5/°). Let

vo € H%. Then the solution v of (2.1) obtained in Part (1) satisfies in
addition O € L{ (I, L") for all admissible pairs (q, r). Furthermore
veC(I, H)NCYI, L?) and for all t € I, v satisfies the equality

2

o015 ~ | -3 300+ ¥t + 1o

2

t

= / dt'2Tm(0pw(t'), (0:V)(t)v(t') + e f(1)). (2.7)
to

If in addition V € L{ (I, L™ + L) and f € LL.(I, L) for some
admissible pair (qo, ro), then Av € LL (I, L") for all admissible pairs
(g, r) with 2 <r <.

The proof is a variation of that given in [8] [19], using extensively
Lemma 2.1.
For any interval J, let

Z(J)=C(J, L*) N L*(I, LY). (2.8)
The local Cauchy problem for (2.1) is treated by a contraction method

applied to the integral equation associated with (2.1). The relevant spaces
for the contraction have v € Z(J) for Part (1), v, Vv € Z(J) for Part (2)
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and v, O € Z(J), v € C(J, H?) for Part (3), for suitable small J. The
extension of local solutions to global ones is easy because the problem is
linear.

We now begin the construction of solutions of the system (1.3). For
any T, to with 1 < T < ty < oo, we denote by I the interval I = [T, to] and
for any ¢t € I, we denote by J the interval J = [t, tp]. In all this section,
we denote by h a function in C([1, c0), RT) such that for some A > 0, the
function h(t) = t*h(t) is non increasing and tends to zero as t — oo.

We shall make repeated use of the following lemma.

Lemma 2.2 Let1<gq, g < oo (1 <k <n) be such that

1 1
p=-—-) —=>0.
2

Let fi, € L (1) satisfy
[fi; L*(J)]| < Nih(t) (2.9)

for 1 < k <mn, for some constants Ny and for allt € I.
Let p > 0 be such that n\ + p > p. Then the following inequality holds
forallt el

H (EI fk)t_p; Lq(‘])H =C (H Nk) h(t)" " (2.10)

k

where
C = (1 — 27 almhtp=my /e, (2.11)

Proof. For t € I, we define I; = [t27, t2771] N I so that J = Ujso L We
then rewrite L4(J) = E;]-(Lq(lj)). We estimate

H <l;l f’“>t_p; Lq(J)H < H <];[ | s L (Ij)||> 672 L) 0

< (T ) Iney ey
k

< (T ) teremromcmoesms g
k

from which (2.10) follows. O



Long range scattering for the Wave-Schrédinger system 271

Remark 2.1 Insome special cases, the dyadic decomposition is not needed
for the proof of Lemma 2.2. For instance if all the ¢; are infinite, one can
estimate

1A (&)™t lq < R(E)" [Pl
< Ch(t) =P~ e = Ch(t)nertr (2.12)

by a direct application of Hoélder’s inequality in J. The same situation
occurs if p > p.

In addition to the Strichartz inequalities for the Schrédinger equation
(Lemma 2.1), we shall need special cases of the Strichartz inequalities for
the wave equation [4] [9]. Let I be an interval, let ¢y € I and let B(ty) =
0:B(tp) = 0. Then

1B; LA(1, LY)|| < CllOoB; LY3(1, LY%)], (2.13)
Sup (IVB(®)ll2 v 1:B(®)ll2) < 10B; L'(1, L*)]| (2.14)
€

We now construct solutions of the system (1.3) at the level of regularity
of L? for v. The result can be stated as follows.

Proposition 2.2 Let h be defined as above with A = 3/8 and let X(-) be
defined by (1.14). Let u, € L*([1, 00), L), A, € L®([1, c0), L*®), Ry €
L>®([1, 00), L?) and Ry € L*3([1, oo), L*/3) satisfy the estimates

lua(t)|la < eat™/4, (2.15)
| Aa ()]s < at™, (2.16)
| Ry; LY ([t, 00), L?)|| < r1h(t), (2.17)
| Ro; LY3([t, 00), L*3)|| < rah(2), (2.18)

for some constants c4, a, r1, 9 with ¢4 sufficiently small and for all t > 1.
Then there exists T', 1 < T < oo and there exists a unique solution (v, B)
of the system (1.3) in the space X ([T, o0)).

Proof. We follow the sketch given in the introduction. Let 1 < T < oo
and let (v, B) € X([T, o0)). In particular (v, B) satisfies
[v(®)[2 < Noh(t) (2.19)
o LY3([t, 00), LY)|| < Nyh(t) (2.20)
1B; LA([t, 00), LY)|| < Nah(t) (2.21)
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for some constants N; and for all ¢ > T. We first construct a solution
(v', B') of the system (1.5) in X ([T, 00)). For that purpose, we take ¢,
T < tp < oo and we solve the system (1.5) in X (I) where I = [T, to] with
initial condition (v', B)(tp) = 0. Let (vy,, Bj,) be the solution thereby
obtained. The existence of v follows from Proposition 2.1, part (1) with
V = Aand f = Bu, — R;. We want to take the limit of (vj,, Bj,) as
to — oo and for that purpose we need estimates of (vi , B} ) in X (I) that
are uniform in ¢5. Omitting the subscript ¢¢ for brevity we define

Ng = Sup A(t) M|V (t) 2 (2.22)
tel

Ny = Suph(t)"Hjo's L¥(J, LY)|| (2.23)
tel

N3 = Sup h(t)'(|B'; L*(J, LY)| (2.24)
tel

where J = [t, 00) N I. We first estimate N)). From (2.5) we obtain

[V ()2 < || Bua — Ru; L' (J, L?)|
< IBllallualla + | Rall2; L (1) |
< Co(caNa +r1)h(t) (2.25)

by Lemma 2.2, so that
Né < Co(C4N2 + ’I“l). (2.26)
We next estimate N;. By Lemma 2.1
1o/ L2 (1, LY < C (1A L (. L) + || Bo's L2 (1, LY
T |Bug — Ri: LM L)), (2.27)
The last norm has already been estimated by (2.25) while
1Aa"s L1, L) < [[[lAallsolv'll2; L ()|
< CaN{h(t),
1B LY (1, L) | < [[IBllallo |25 L5 ()|
< ONy N, h(t)h(t) (2.28)
by Lemma 2.2. Substituting (2.28) into (2.27) and using (2.26), we obtain
Ni < Cy(caNa + 1) (1+ a+ Noh(T)) . (2.29)
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We finally estimate Nj. From (2.13), we obtain

|B'; L*(J, LY|| < C|||v]? + 2ReTav + Ry LY3(J, L3
<C(|[Ilvll2 ([v]la + l[ualla) s LY3(T)|| + r2h(t))
< (Cy (C4N0 =+ ro + N()Nlﬁ(t)) h(t) (2.30)

by Lemma 2.2, so that
Ny < Cy (eaNo + r2 + NoN1A(T)) . (2.31)
It follows from (2.26) (2.29) and (2.31) that (v, B’) is bounded in X (1)

uniformly in %g.

We now take the limit ¢y — oo of (vj,, By, ), restoring the subscript Zo
for that part of the argument. Let T' < to < t; < oo and let (v;,, Bj)
and (v],, Bj,) be the corresponding solutions of (1.5). From the L? norm
conservation of the difference vj, — v;, and from (2.25), it follows that for

all t € [T, to]
105 (£) = w1, ()2 = l[vt, (to) 2 < Co(caNa + r1)h(to) (2.32)
while from (2.13) (2.30) and the initial conditions

1

1B, — Biy; LT, to], LY)|
< C|l[v]* + 2ReTgv + Ro; LY3([to, t1], LY3)]|
< Cy (calNo + r2 + NoN1h(T)) h(to). (2.33)

It follows from (2.32) (2.33) that there exists (v/, B') € LS ([T, oc), L?) &
L ([T, 00), L*) such that (v}, Bj,) converges to (v/, B') in that space
when tp — oco. From the uniformity in ¢y of the estimates (2.25) (2.30),
it follows that (v', B’) satisfies the same estimates in [T, co) namely that
(v, B') satisfies (2.26) (2.31) with N/ defined by (2.22)-(2.24) with I =
[T, 00). Furthermore it follows from (2.29) by a standard compactness
argument that (v', B') € X ([T, o)) and that v’ also satisfies (2.29). Clearly
(v, B’) satisfies the system (1.5).

From now on, I denotes the interval [T, co). The previous construction
defines a map ¢: (v, B) — (v/, B") from X(I) to itself. The next step
consists in proving that the map ¢ is a contraction on a suitable closed
bounded set R of X (I). We define R by the conditions (2.19)-(2.21) for
some constants NV; and for all ¢ € I. We first show that for a suitable choice
of N; and for sufficiently large 7', the map ¢ maps R into R. By (2.26)
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(2.29) (2.31) it suffices for that purpose that

(Ny <)Co (caNa +-11) < No

(N{ )C1 (calN2 4+ 1) (1 +a+ Noh(T)) < Ny (2.34)
(Né §)CQ (C4N0 + 79 + N()NlE(T)) < Nps.

We fulfill those conditions by choosing the N; according to

Ny = Cy (C4N2 + Tl)

Ny =C, (C4N2 -+ 7“1) (2 + a) (2.35)
Ny = C3 (caNo + 12+ 1)

which is possible under the smallness condition CoCac3 < 1, and by taking
T sufficiently large so that

Noh(T) <1, NoN{h(T) < 1. (2.36)
We next show that the map ¢ is a contraction on R. Let (v;, B;) € R,
i =1,2, and let (v}, B) = ¢((vi, B;)). For any pair of functions (f1, f2)
we define fi = (1/2)(f1 £ f2) so that (fg)+ = frg+ + f—g+. In particular
Up = Ug + Uy, u— =v_, Ay = A, + By and A_ = B_. Corresponding to
(1.5), (v_, B.) satisfies the system

1
0. = —=Av_ + A v +B_u,+ B_7
' 2 - ¢ * (2.37)

OB’ = —2Re(tq +v4)v_.

Since R is convex and stable under ¢, (v4, By) and (v/,, B',) belong to R,
namely satisfy (2.19)-(2.21). Let N;- and N;_ be the seminorms of (v_, B_)
and (v'_, B") corresponding to (2.22)-(2.24), namely the constants obtained
by replacing (v', B', Nj) by (v—, B_, N;-) and (v/, B", N/_) in (2.22)-
(2.24). We have to estimate the N/_ in terms of the N;-. The estimates are
essentially the same as those of N/ in terms of N; with minor differences:
the contribution of the remainders disappear, the linear terms are the same,
and the quadratic terms are in general obtained by polarization. The only
exceptions to that rule are the B_v/, term in the estimate of Nj_ and the
U, v_ term in the estimate of N/_. Those terms are estimated as follows

1B L LA < 1B el 22|

< CN,- Nih()h(t), (2.38)
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o0 L3, L)) < |l lallo-llo; L2 ()
< CN1Ny-h(t)h(t). (2.39)

We finally obtain

N/ < CO (64 + Nlh(T)) Noy-
N;_ < C((cs+ Nih(T))No- + (a + Noh(T))Nj-)
_ (2.40)
< 01 (c4 + N1R(T)) (1 + a+ Noh(T)) No-
<CQ( Jer ))NO—-

It follows from (2.40) that the map ¢ is a contraction for the pair of
semi norms Ny-, Ny- under the condition CoCa(cy + N1h(T))? < 1 which
is the combination of a smallness condition for ¢4 together with a condition
that T be sufficiently large. The semi norm N;- does not take part in
the contraction, but is controlled separately by the previous ones. The
constants Cy and Co appearing in (2.40) can be taken to be the same as
in (2.34) because they are determined by the linear terms, which are the
same in both cases. There might occur additional constants coming from
the nonlinear terms. They have been omitted. This completes the proof of
the existence part of the Proposition. Uniqueness follows from (2.40) with
N[_ = N;-. O

We now turn to the construction of solutions of the system (1.3) at the
level of regularity of H! for v. The result can be stated as follows.

Proposition 2.3 Let h be defined as previously with X\ = 3/8 and let
X1(-) be defined by (1.15). Let uq, Aq, R1, Ra satisfy the conditions (2.15)-
(2.18) and in addition

[ua(®)lloo < ct™2, [ Vua(t)]la < et/ (2.41)
IV Alloe < at™?, (2.42)
IVRy; L ([t, 00), L?)|| < r1h(t), (2.43)
[ R L' ([t, o0), L?)|| < rot™'/?h(t) (2.44)

for some constants cy, ¢, a, 1, o With c4 sufficiently small and for allt > 1.
Then there exists T, 1 < T < oo and there exists a unique solution (v, B)
of the system (1.3) in the space X1(|T, 00)). Furthermore B satisfies the
estimate
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IVB@®)|2 V |8:B(t)||2 < C (2 + Y4 (t)) h(t) (2.44¢)
for some constant C' and for all t > T.

Proof. The proof follows closely that of Proposition 2.2. Let 1 < T < oo
and let (v, B) € X ([T, 00)). In particular (v, B) satisfies (2.19)-(2.21) and
in addition

[Vo()|2 < N3h(t) (2.45)
Vv; L¥3([t, 00), LY)|| < Nyh(t) (2.46)
IVB(t)|l2 V |0:B(t)|l2 < Nsh(t) (2.47)

for some constants N; and for all ¢ > T. We first construct a solution
(v', B') of the system (1.5) in X ([T, o0)). For that purpose, we take to,
T <ty < oo and we solve the system (1.5) in X;(I) where I = [T to] with
initial condition (v', B')(tg) = 0. Let (v}, B;,) be the solution thereby
obtained. The existence of v follows from Proposition 2.1, part (2) with
V = A, and f = Bu, — R1. We want to take the limit of (v , By ) as to —
oo and for that purpose we need estimates of (v, , By ) in X1(I) that are
uniform in #9. Omitting the subscript to for brevity we define N/, 0 <i <5,
by (2.22)-(2.24) and by

N3 = Sup h(t) [V (#)]|2 (2.48)
tel

N = Suph(t)~!||Vo'; L¥3(J, LY)| (2.49)
tel

N = Suph(t) " (IVB' (1) 2 v 0B (1)) (2.50)
te

where J = [t, 00o) N I. We have already estimated N/, 0 < i < 2, in the
proof of Proposition 2.2. We next estimate V', starting from the equation
1
10, V' = —§AVU/ + AV + (VA
+ BVug, + (VB)u, — VRy. (2.51)
We first estimate Nj. From (2.6) we obtain

Vo' @13 < IV 121V Aallsslv'll2 + 1| Bllall Vaalla
+IVBl2llualloo + [[VEil2)
+ IVl VBllz][v"ll; L ()]
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< C(N?') (aN(') + c¢No + CN5t_1/2 + 7“1)
FNINs Nt Y8R())R(t)? (2.52)

by Lemma 2.2, so that

N} < C5(aN§ + eNa + cNsT~H2 41y
+ (N{N{NsTY3R(T)) ). (2.53)
We next estimate Nj. From Lemma 2.1, we obtain
IVo's L¥3(J, L]
< O([[AaVV' + (VAU + BVug + (VB)ug — VRy; L'(J, L?)]|
+ | BYY + (VB L85(J, LY3)|)
< C(|AallsclVo'll2 + IV Aallsclv 12 + | Bllall Vtalla
+[IVB|lz]ltalloo + VR [l2; L' (J)
+ IBlllVYll2 + 1V Bllzlo' [la; Z¥5(T)]]) (2.54)

so that by Lemma 2.2

Nj < Cy(a(N§ + N§) + ¢(Na + NsT~1/2)
+ 11+ NoNSR(T) + NsN{T-V8R(T)).  (2.55)

We finally estimate N{. From (2.14) we obtain

IVB(t)|l2 v [|0:B(t) ]2

< |||v]* + 2Re v + Ro; L' (J, L?)|

< |0l + 2llualloolvll2 + [ Rall2; L (J)]

< Os5((eNo +r2)t ™12 + N h(t)) h(t) (2.56)
by Lemma 2.2 so that

Ni < Os((eNo +12)T™Y2 + N2T~VER(T)). (2.57)

We next take the limit {9 — oo in the same way as in Proposition 2.2.
From now on we take I = [T, 00).

From the previous estimates it follows that the map ¢ defined in Propo-
sition 2.2, when restricted to X (/) and more precisely to the subset Ry of
X1(I) defined by (2.19)-(2.21) and (2.45)-(2.47) satisfies the estimates (2.53)
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(2.55) (2.57) in addition to the previous estimates (2.26) (2.29) (2.31) for
(', B") = ¢((v, B)) with (v, B) € Ry. We next show that for a suitable
choice of the N;, 0 < ¢ < 5, and for T sufficiently large, ¢ maps R into
itself. We have already chosen Ny, N1, No. We now have to choose N3, Ny,
N5 so as to ensure that the RHS of (2.53) (2.55) (2.57) do not exceed N3,
N4 and Nj respectively. We choose

N3 =C3(aNg+ cNy +r1 + 1)
Ny = 04 (a (Ng + No) +cNg +1r1 + 1) (258)
N5 = Cs
and we take T sufficiently large so that the terms not considered in the
RHS of (2.53) (2.55) (2.57) do not exceed 1. Since R; is closed in the

topology of X (I), ¢ has a fixed point in Ry by the contraction argument of
Proposition 2.2. Finally the estimate (2.44e) follows from (2.56). O

We finally turn to the construction of solutions of the system (1.3) at
the level of regularity of H? for v. The result can be stated as follows.

Proposition 2.4 Let h be defined as previously with A\ = 3/8 and let
Xa(-) be defined by (1.16). Let uq, Aq, R1, R satisfy the conditions (2.15)-
(2.18) and in addition

[ua(t)lloo < ct™2, || Opua(t) 4 < et (2.59)
10 Aalloo < at™, (2.60)
10;Ry; L ([t, 00), L*)| < r1h(t), (2.61)
| Rg; L ([t, 00), L?)|| < rot~/2h(2t) (2.44) = (2.62)

for some constants c4, ¢, a, r1, ro with c4 sufficiently small and for allt > 1.
Then there exists T', 1 < T < oo and there exists a unique solution (v, B)
of the system (1.3) in the space Xo([T, 00)). Furthermore B satisfies the
estimate (2.44e). If in addition Ry satisfies the estimate

1Ry; LY2([t, 00), LY < r1h(t) (2.63)
for allt > 1, then Av € L33([T, 0o), L*) and v satisfies the estimate
180 L3([t, 00), LY)|| < Chi(t) (2.64)

for some constant C' and for all t > T.
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Proof. The proof is essentially the same as that of Proposition 2.3 with
Vv and Vv’ replaced everywhere by d;v and d;v' and with additional esti-
mates of Av’. The existence of v;  with the required properties follows from
Proposition 2.1, part (3) and the subset Ro of X5(/) invariant under ¢ is
now defined by the conditions (2.19)-(2.21) and in addition

|0pv(t)[|2 < N3h(t) (2.65)
1;v; L¥3([t, 00), L*)|| < Nah(t) (2.66)
IVB(#)|l2 v |0:B(t)|l2 < Nsh(t) (2.47) = (2.67)
[Av(t)]]2 < Ngh(t) (2.68)

for all t € I. The estimates associated with (2.65) (2.66) (2.67) are again
(2.53) (2.55) (2.57) except for the fact that we have to estimate in addition

100" (t0) |2 = [[(Btta — Ra1)(to) 2. (2.69)

For that purpose, we need pointwise estimates in time of R; and B. From
(2.61) it follows that Ry € C([1, o0), L?) and that

[RL(®)]l2 < |0cRy; LH([t, 00), L)|| < 1 h(2) (2.70)
for all ¢ > 1, while by the definition of Ro and by Lemma 2.2
IB@®)[I3 < 3|[I1BII3110:Bll2; L' (J)|| < CN3 Nst*/*h(t)? (2.71)

since ||B(t)||3 — 0 as ¢ — oo, which can be proved by using a finite time
version of (2.71) together with the fact that ||B(t)]|l¢ — 0 as t — oo by
(2.47). Therefore

IBO)Ils < Not/h(t) (2.72)

for all t € I, with Ny = CN2/PN2/3,
We then estimate

1Buallz < || Bllsllualls < eNat>/%h(t). (2.73)

From (2.69) (2.70) (2.73) and the preceding remarks, it follows that N5 now
defined by
N3 = Sup h(t) 0w’ (1)
tel

satisfies an estimate obtained from (2.53) by adding an extra term ¢NyT~%/6,
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We have in addition to estimate Av’. From (1.5) we obtain
1AV ]| < 2[00 [l + | Aalloo 10"l
+ [ BY'|lr + | Buallr + | Ballr).  (2.74)
For r = 2, we estimate
1BV ll2 < Ol Blall/ 1512075
1 -
< I1Av'|la + CNZNgt' 2 h(t)®
so that from (2.74) with r = 2 and from (2.70) (2.73)
AV |2 < 4(N§ + at™ Ny + 1
+ eNot=3/6  CNZNGPh(t)?)h(t) (2.75)
which suffices for the needs of the proof.
If Ry satisfies (2.63), we can in addition derive (2.64) for v'. We estimate
1Bua; L¥(J, L) < el B; L*(J, LY)|[1t~%/|s
< eNot~11/8h(t)
|Bo; L33(J, LY < [|B; LA(J, LY||[o'; L3(J, )|
< OB LA, LY Iv L3, LA (2.77)
x|’ L3, LY |31 A’ LT, L),

(2.76)

From (2.74) with r = 4 and from (2.76) (2.77), we obtain
|AV'; L83(J, L)) < 2(Nj + at ™' N{ + 71 + eNot~11/8
+ CNo NN NGB ()2 h(t)  (2.78)
where in the same way as before

Ng = Sup h(t) | Av'(t)|2.
tel

and N is estimated by (2.75). O

Remark 2.2 There is some flexibility in the choice of the function spaces
used here. For instance we have included the Strichartz norms L4(L") in
the restricted range 2 < r < 4. One could equally well use the full range
2 < r < 6. Conversely one could omit the L? norm of 9;B in the H'
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theory of Proposition 2.3 and/or the L? norm of VB in the H? theory of
Proposition 2.4.

3. Remainder estimates and completion of the proof

In this section we first prove that the choice of the asymptotic func-
tions (uq, Ag) made in the introduction satisfies the assumptions of Propo-
sitions 2.2-2.4 under suitable assumptions on the asymptotic state (u4, Ay,
A.). We then combine those results with those of Section 2 to complete
the proof of Proposition 1.1.

We first supplement the definition of (ug, A,) with some additional
properties of a general character. In addition to the representation (1.11)
(1.12) for A, we need a representation of 9;4;. From (1.10) it follows that

A (1) = /t "t cos (w(t — ) [ug ()2 (3.1)
so that upon substitution of (1.6) we obtain

0.AL(t) = £2Do(t) Ay (3.2)
where

A = /100 dvv=3 cos(w(v — 1)) Do(v)|w | (3.3)
On the other hand from (1.11)

VAL(t) = t2Dy(t)VA;. (3.4)
We shall also need the commutation relations

VMD = MD (iz +t V) (3.5)

i0,MD = MD <;x2 gy — it (x V4 ;’)) (3.6)

(500 + %A) MD = MD (id; + (22)7'A).. (3.7)

From (3.5) (3.6) and (1.13), it follows that
Vu, = M D exp(—ip) (izwy + 'V, — itilﬁnt(vzzl)uur) (3.8)

1 3
Opug = M D exp(—iyp) (§$2w+ T (a: .V + §)w+
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+t Ay — t nt(x - Vﬁl)w+). (3.9)

We now consider the remainder R; defined by (1.4). (We recall that the
choice (1.9) (1.10) yields Ry = 0). From (3.7) (1.13) we obtain

Ry = MDexp(—ip)R, — Agug (3.10)
where
Ry = (262) Y (Awy — ilnt(2(VA)) - Vg + (AAwy)
— (tnt)?| VA Pwy). (3.11)
From (3.5) (3.6) (3.10) and (1.13) we obtain

VRy = MD exp(—ip)(iz +t'V — it "ntV AR,
—V(Aoug)  (3.12)
) B . 15 . 1 3
10t Ry = M D exp(—iyp) (533 + 10y — it (ZL‘ -V + 5)
+ t_lgl — t_lfnt(a: . Vﬁl))ﬁl — i@t(Aoua). (3.13)

Finally, since A is independent of t, O, R1 takes the explicit form
- 1 - ~
ORy = f?’( ~ Aw, + i(ﬁnt - 5) (2(VA) - Vo, + (AAy)w,)
Hent(¢nt — 1)\wLy2w+). (3.14)

In order to ensure the assumptions of Propositions 2.2-2.4 on u,, Ag,
Ry, we shall use a number of general norm estimates. We first consider u,.
From (1.6) (3.8) (3.9) we obtain

luallr < ¢700 Jws |y, (3.15)
IVually < 700 (Jow [l + ¢ V|,
H Ut | VA fsolws]l,),  (3.16)

_ 1 _
Osttallr < 770 (S 22wy + ¢ o - T,
1l 3 _ ~
7 (Ao + 5 ) s |+ et VA ooz ) (317)

where §(r) =3/2 —3/r.
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We next turn to A;. From (1.11) (3.4) (3.2) we obtain

A1 ]loo = | A1 [l oo, (3.18)
19 41 floo = £V At (3.19)
10 A1lloo = 21 Ay o (3.20)

The L estimates of A1 and A; will be obtained through Sobolev inequal-
ities from the L? estimates

~ %)
™A fl2 V [lw™ Ad 2 S/l dvv 32w w22

I\t m 2
=(m+3) "o (3.21)

which follow readily from (1.12) (3.3). Finally we shall estimate R; and its
derivatives as follows:

1Rall2 < R l2 + 2] Ao|lallw|oo (3.22)
where we have used (3.15) and where
[Rilla < (26%) (| Awy [lo + nt(2]| V Ayle ]| Ve |13
+ | AAL ol [loo) + (6nt)* |V ALl[3| Vs [l6),  (3.23)
IVRill2 < [[@Ri]l2 + [V Ri[lo + ¢ ent ]|V At|oo|| B ]2
+t732([V Agllallw+ oo + [|Aoll2| Vttalloo,  (3.24)

0cRa |2

IN

1. 5~ - B -
5H$231H2 + |0 R fl2 + ¢ 2 VR 2

il 3N _ ~ ~
7 (IHlloe + 5 )1 Ralla + ¢ et [V Aol B 2
+ 291 Aolla - o + [[Aoll2Grtaloc (3.25)

where Vu, and Ou, are estimated in L by (3.16) (3.17) with r = co.
In order to estimate Agy, we need some general estimates of solutions of
the free wave equation.

Lemma 3.1 Let Ay be defined by (1.9). Let k > 0 be an integer. Let Ay
and A4 satisfy the conditions

Ay, wtA, e HF, V2A, VA e W} (3.26)
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Then Ag satisfies estimates

{ | Ag(£); WE|| < agt=1+2/,

3.27
10 Ao (t); WEY| < agt™ 42/ for k > 1. (3:27)

for 2 <r < oo and for all t € R, where ag depends on AL, A+ through the
norms associated with (3.26).

A proof can be found in [17].
We are now in a position to derive the estimates required in Proposi-
tions 2.2-2.4. We recall that wy = Fuy and that 6(r) = 3/2 — 3/r.

Proposition 3.1 .
(1) Let uy € H%? and let (Ay, Ay) satisfy (3.26) with k = 0. Then the
following estimates hold

[uallr <t Fug ], for2 <r < oo, (3.28)
1 Aa(®)lloe < at ™, (3.29)
IRy ()2 < rat ™3/, (3.30)

(2) Letuy € H»NH"Y? and let (A, A,) satisfy (3.26) with k = 1. Then
the estimates (3.28)-(3.30) hold and in addition

Vg, < ct™® for2 <r < oo, (3.31)
IV Au(t)lloo < at™, (3.32)
VR (t)||2 < rit™3/2, (3.33)

(3) Letuy € HY3NH?? and let (A, Ay) satisfy (3.26) with k = 1. Then
the estimates (3.28)-(3.33) hold and in addition

0sallr <t for 2 <r < oo, (3.34)
105 Aa(t)]| oo < at™, (3.35)
10:R1 ()]]2 < 1t 3/2, (3.36)

Proof. Part (1). The assumption on u, is equivalent to w, € H?, which
by (3.21) implies that VA; € H2. The estimate (3.28) is a rewriting of
(3.15) and is ensured by the fact that H?> C L*. The estimate (3.29)
follows from (3.27) as regards the Ap part and from (3.18) and the previous
remarks as regards the A; part. Finally (3.30) follows from (3.22) (3.23)
(3.27) and Sobolev inequalities.
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Part (2). The assumption on u, is equivalent to w, € H? N H?!
which by (3.21) implies that VA; € H3. Then (3.31) follows from (3.16)
while (3.32) follows from (3.27) as regards the Ay part and from (3.19)
and the previous remarks as regards the A; part. Finally (3.33) follows
from (3.24). In fact, in addition to terms previously estimated, we have to
estimate ||zR |2 and |[VRi||2. The estimate of 2R, is obtained from (3.23)
by replacing Aws, Vwy and wy by zAw,, xVw; and xwy respectively.
The estimate of VR, is obtained from (3.23) by distributing V among A
and wy., thereby generating norms which are controlled by the assumption
w4 S HS.

Part (3). The assumption on u, is equivalent to wy € H>' N H??

which by (3.21) implies that VA; € H3 and A; € H2. Then (3.34) follows
from (3.17) while (3.35) follows from (3.27) as regards the Ay part and
from (3.20) and the previous remarks as regards the A; part. Finally (3.36)
follows from (3.25). In fact, in addition to terms previously estimated, we
have to estimate ||22R1j2, ||z - VRi||2 and [|8;Ry]l2. In the same way as
in the proof of Part ( ), the first two estimates are obtained from that of
||R1||2 by absorbing x? or x by w and distributing the gradient among w4
and A;, while ||8,R1]2 is estimated in the same way as ||Ry||» from the
explicit expression (3.14). O

We can now complete the proof of Proposition 1.1.

Proof of Proposition 1.1. From Parts (1), (2) and (3) of Proposition 3.1,
together with the fact that Ry = 0, it follows that the assumptions of
Propositions 2.2, 2.3 and 2.4 respectively are satisfied with h(t) = t—1/2
and ¢4 = ||w4|[4. In particular (3.30) (3.33) imply (2.63) since

IR ()14 < C|[Ry(t); HY|| < Ct3/2 (3.37)
so that

|Ry; L33([t, o0), LY < Ct=%/%, (3.38)
The estimate (1.17) follows from (2.44¢) with h(t) = t~1/2. O

Remark 3.1 The t=3/2 decay of Ry comes from the free wave term Agu,.
That term could be partly cancelled by the correcting term used in [15],
thereby producing a t~2(¢nt)? decay of Ry allowing for h(t) = t~1(¢nt)2.
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Remark 3.2 The regularity assumptions on uy or w4 are dictated by the
term Awy in Ry. They could be somewhat weakened by eliminating that
term through the choice

w(t) = U(%>*w+

but that choice would either generate a more complicated and less explicit
@ or produce a non vanishing Rs.
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