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On a class of generalized difference sequence space defined
by modulus function
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Abstract. In this article we introduce the sequence space m(f, ¢, A", p, q), 1 <p <
00, using modulus functions. We study its different properties like completeness, solidity
etc. Also we obtain some inclusion results involving the space m(f, ¢, A", p, q).
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1. Introduction

Throughout the article w(X), £ (X), #(X) denote the spaces of all,
bounded and p-absolutely summable sequences respectively with elements in
X, where (X, ¢) denote a seminormed space, seminormed by ¢. The zero
sequence is denoted by § = (0, 6, 0, ...), where @ is the zero element of X.

The sequence space m(¢) was introduced by Sargent [11], who studied
some of its properties and obtained its relationship with the space /. Later
on it was investigated from sequence space point of view by Colak and Et
[2], Et et al. [3], Rath and Tripathy [9], Tripathy [13], Tripathy and Sen
[16] and others.

The notion of difference sequence space was introduced by Kizmaz [6]
as follows:

X(A) ={x = (z) e w: (Azxy) € X},

for X = l, ¢ and ¢y, where Axy = xp, — x4, for all k € N.
The notion of difference sequence spaces was further generalized by Et
and Colak [4] as follows:

X(A") ={x = (z) € w: (A"xy) € X},

for X = {s, ¢ and ¢g, where A"z = A" 1o — A" gy, and APz = 2,
for all £ € N.

2000 Mathematics Subject Classification : 40A05, 40A25, 40F05.



668 B.C. Tripathy, S. Mahanta and M. Et

The generalized difference has the following binomial representation:

n v n
Alzy, = ;)(—1) (U)x,m, for all k € N. (1)
Different types of difference sequence spaces have been studied by Et
and Nuray [5], Tripathy ([14],[15]) and many others.
The notion of modulus function was introduced by Ruckle [10], defined
as follows:
A real valued function f: [0, co) — [0, 00) is called a modulus if
f(z) > 0 for each z,
f(x) =0 if and only if z =0,
f@+y) < f@)+ f(y),

f is increasing and

(1

—~
—e
e e
=.oal

)
ii)
iii)
(iv)
(v) f is continuous from the right at 0.

It is immediate from (ii) and (iv) that f is continuous everywhere on
[0, 00). Later on it was studied from sequence space point of view by Mad-

dox [7], Nuray and Savag [8], Bilgin [1], Savag [12] and many others.

2. Definitions and Background

Let ¢ denotes the class of all subsets of N, those do not contain more
than s elements. Throughout {¢s} represents a non-decreasing sequence of
real numbers such that s¢sy1 < (s+ 1), for all s € N.

The sequence space m(¢) introduced by Sargent [11] is defined as fol-
lows:

(@) = { @) € v ol = _swp 23 el < 0.

oEPs neo

In this article we introduced the following sequence space

(f? QS’ 7 p’ )
1 1/p
= {(:ck) cw(X): sup (Z[f(q(A"xk))]p) < oo},

s>1,0€ps ¢s kco
for 1<p< 0.

We use the following existing sequence spaces in this article
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*(f, A", q):{(wk) ew(X): Y ([fa(am)]")? < 00},

k=1

lo(f, A, q):{(a:k) cw(X): ?ig)f(q(A”a:k)) < oo}.

A sequence space F is said to be solid (or normal) if (anx,) € E,
whenever (z,,) € E and for all scalars («,) with |ay,| < 1 for all n € N.

A sequence space is said to be monotone if it contains the canonical
preimages of all its step spaces.

A sequence space F is said to be symmetric if ((L‘,T(n)) € E, whenever
(xn,) € E where 7 (n) is a permutation of N.

A sequence space E is said to be convergence free if (y,) € E, whenever
(xn) € E and y, = 0 when z,, = 0.

The following results will be used for establishing some results of this
article.

Lemma 1 (Tripathy and Sen [16], Proposition 5) m(¢, p) € m(y, p) if
and only if supgsy ¢s /s < 0o.

Lemma 2 (Tripathy and Sen [16], Theorem 7) 7 C m(¢p, p) C £ for all
¢ in .

Lemma 3 (Tripathy and Sen [16], Proposition 8) m(¢, p) = P if and
only if Supg>; ¢s < 00 and supg>q 5t < o0,

Lemma 4 (Tripathy and Sen [16], Proposition 9) If p < g, then
m(¢, p) C m(o, q).

Lemma 5 (Tripathy and Sen [16], Proposition 10) m(¢®, p) € m(v, q).
If p < q and supg>q ¢s/1s < 00.
3. Main Results

In this article we prove some results involving the sequence space

m(f, ¢, A", p, q).
Theorem 1 The space m(f, ¢, A™, p, q) is a linear space.

Proof. Let (zk), (yx) € m(f, ¢, A™, p, q). Then we have

(Sitamay) " <

keo

1

sup
s>1,0€ps ¢s
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and
1 . » 1/p
L st(keza [f(a(A™yx))] ) < 0.
Let a, 8 € C. Now
1/p

S [ (aaraa+am)]"}

keo

1/p
g{Z[f(|a|qka>+wq(A"yk))]p}

keo

{11 elataren))? )

keo

1/p 1/p

H (o)) |

keo

§(1+[a]){Z[f(q(A"a:k))}p}l/i(1+[ﬂ]){z[f(q(A”yk))}p}l/p,

keo keo
where [a] and [3] denote the integer part of |a| and |3].

1/p

= sup 1{Z[f(q(A”(awk+ﬁyk)))]p} < 00

s>1,0€p; ¢s ko
= (axk + ﬂyk) € m(fa ¢a Ana b, q)
Thus m(f, ¢, A™, p, q) is a linear space. O

Theorem 2 The space m(f, ¢, A™, p, q) is a paranormed space, para-
normed by

- 1 1/p
sale) = alw) + s (Tlraama)))

k=1 s>1,0€ps (Zss kco

Proof. Clearly ga(x) = ga(—=z) for all x € m(f, ¢, A", p, q) and ga(0) =
0, where 6 = (0, 6, 0,...). Subadditivity of ga follows from Theorem 1,
Minkowski’s inequality and the definition of f.

Next let A be a non-zero scalar. The continuity of scalar multiplication
follows from the equality.

n

1 1/p
ga(A\r) =2 " q(Azy) + sup <Z[f(Q(An/\$k))]p)

k=1 s>1,0€ps ¢s keo
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" 1 1/p
:]A|Zq(mk)+ sup <Z[f(|>\\Q(A"xk))]p> _
k=1

s>1,0€ps (;55 keo
This completes the proof of the theorem. ([l

Theorem 3 Let n > 1. Then m(f, ¢, A" L, p, q) C m(f, ¢, A", p, q).
Ingeneral’ m(f’ ¢’ Ai7p7 q) Cm(f7 ¢7 An7p’ q) fO’ri:O, ]" 27 "'7n_1'

Proof. Let (z4) € m(f, ¢, A", p, ). Then

1
s (X
s>1,0€ps ¢s keo

1/p
[ f(qwlxk))]p) <o

Since f is non-decreasing and satisfies triangular inequality,

(Stram))”

keo

< (Z [f(q<A”-1:ck>>]p> "y (Z [f (q@”‘lml))]p)

keo keo

> sup — (Z [f(q(A”xk))]p>1/p < o0

s>1,0€p; Qbs keo
= (zx) € m(f, ¢, A", p, q).

Hence m(f7 ¢7 An_l? p’ q) C m(f’ QS’ An? p7 Q)'
Proceeding inductively we have

m(f7 ¢7 Ai?])? Q)Cm(f7 (b? An’])? q) fOI'Z:O, 17 27"‘7n_1'

The above inclusion is strict. For that consider the following example. [

1/p

Example 1 Let X =/, ¢p =1 forall k € N. Let n =1, f(x) = = and
p = 1. For z; = (2%) € lx, for all k € N, let g(x)) = sup;>o |z%|. Define
the sequence (z4)2, = (1), for all k € N. Then (z) € m(}”, o, A", p, q)
but (z) € m(f, ¢, A1, p, q).

Theorem 4 Let (X, q) be complete, then m(f, ¢, A", p, q) is also com-
plete.

Proof. Let (2') be a Cauchy sequence in m(f, ¢, A", p, q), where x! =
(z1) = (2%, 2%, 2%, ...) € m(f, ¢, A", p, q) for each i € N. Then for a
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given £ > 0, there exists ng € N such that ga(z° —27) < ¢, for all i, j > ng.

n 1/p
, . 1 , ,
=Y awi-a)+ s (Sl -ad))) <=
1 s>1,0€ps ¢s keo
for all ¢, j > ny. (2)
We have for all i, j > ng, > p_q q(zi — ﬂ:i) < . Hence (:L‘;C)?il is a Cauchy
sequence in (X, q), for all £k = 1,2, 3, ..., n. Thus (2})92, is convergent
forall k=1,2,3,..., n. Let

lim 2t = a2, fork=1,2,3,...,n (3)

Again from (2) we have
(S -nr)
el ni,i <e,
Szf}i}é@s ¢s keo 1 K xk c

forall ¢, j > ng and k € N

= f(q(A";U}AC — A”xi)) <ep1=¢1, foralli,j>ngand keN
= f(a(A"z), — A"x})) < fle2)

= q(A"z} — A"xfﬁ) < &9, by the continuity of f.

= (A"x},)i2, is a Cauchy sequence in (X, g), so it is convergent.

Let

lim Az} =y, for each k € N. (4)

1— 00

Now from (1), (3) and (4) we have lim;j .o 2} ,; = 2341 for k € N. Pro-
ceeding in this way we get lim; .o 2}, = 2 in X. Taking limit as j — oo in
(2), we get

n

) 1 4 1/p
Zq(m}g—xk)—i— sup (Z[f(q(A”(mfc—a:k)))]p> <e
=1 s>1,0€ps ¢s keo

= (z% —xp) € m(f, ¢, A", p, q), for all i > ng.
Since m(f, ¢, A", p, q) is linear and (2%) and (z} — z;) are in
m(f, ¢, A", p, q), so it follows that

(wx) = (2},) + (2} —xx) € m(f, &, A", p, q).
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Hence m(f, ¢, A™, p, q) is complete. This completes the proof of the theo-
rem. U

The following result is straightforward in view of the techniques applied
for establishing the above result.

Proposition 5 The space m(f, ¢, A", p, q) is a K-space.

Theorem 6 Let f, fi and fo be moduli. Then

(i) m(fi, ¢, A" p, q) Sm(fo f1, ¢, A", p, q),
(11) m(fl’ ¢7 An, b, Q) ﬂm(fg, ¢7 An’ b, Q) - m(fl + an ¢a An’ b, q)

Proof. (i) Let (zr) € m(f1, ¢, A", p, q). Then

sup L Z[fl (q(A":ck))]p < o0.

s>1,0€p; ¢s keo

Let ¢ > 0 and choose § with 0 < ¢ < 1 such that f(t) < e for 0 <t <.
Write t, = f1 (q(A”xk)) and for any o € ¢, consider

D@ =L@+ Y L),
keo 1 2

where the first summation is over ¢;, < ¢ and the second summation is over
tr > §. Since f is continuous, we have

S f )P < ePen (5)
1
and for t; > § we use the fact that

tk<%k<1+[%k]

By the definition of f we have for #; > 9,

s < FO(1+ [%]) <27 %

Hence

Do < 2FWSH Y )] (6)

2

By (5) and (6) we have m(fla Qb, An’ b, q) - m(f © f17 (b’ Ana b, q)
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(11) Let ('Ik) € m(fla ¢a An’ b, q) mm(f?a ¢a An’ b, q) Then

sp - <Z[f1 (q(A”xk))]p) Y

s>1,0€ps ¢s keo

and

S (Z[f2 (q(A”xk))]p> Y

s>1,0€ps ¢s keo

The rest of the proof follows from the equality

<Z [(fr + fa) (Q(Anl“k))}p> "

k€o

< (Snt@en”) + (Sinaam))

keo k€o

1/p

Using the same technique of Theorem 6 (i) it can be shown that

m(¢7 An’ p’ q) gm(f’ ¢7 An? p’ q)' D
Proposition 7 The space m(f, ¢, A™, p, q) is not monotone, for n > 1.
Proof. This result follows from the following example. O

Example 2 Let X = {, ¢ =k for all k € N. Let n =1, f(z) = = and
p=1. For o = (2}) € s, for all k € N, let g(xx) = sup;>, |2%|. Define
the sequence (z%) = (k), for all k € N, i € N. Consider the step-space E of
m(f, ¢, A", p, q), defined as:

Let (zx) € m(f, ¢, A", p, q), the (yi) € E implies

| xp, for k even
Yk = 0, otherwise.

Then (yx) ¢ m(f, ¢, A™, p, q). Hence m(f, ¢, A™, p, q) is not monotone.
Following result follows from the above result.

Corollary 8 The space m(f, ¢, A™, p, q) is not solid, for n > 1.

Proposition 9 The space m(f, ¢, A", p, q) is not symmetric in general.

Proof. The result follows from the following example. 0
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Example 3 Let X =C, ¢, = k! forall k € N. Let n = 1, q(x) = |z|,
f(xz) = x and p = 1. Let us consider the sequence (xy) defined by =) = k,
for all £ € N. Then (xx) € m(f, ¢, A™, p, q). Consider the rearrangement
of (x1) defined as follows:

Yr=(T1, T2, T4, T3, T9, T5, T16, T6, T25, T7, T36, T8, T49, 105 T64; - - -)-
Then (yi) ¢ m(f, ¢, A™, p, q). Hence m(f, ¢, A™, p, q) is not symmetric.

Remark The space m(f, ¢, p, q) is solid, monotone as well as symmetric.

Taking yr = f(q(A"zy)) for all k € N, we have the following results
those follows from the Lemmas listed in Section 2.

Proposition 10 m(f, ¢, A", p, ) C m(f, ¥, A", p, ¢) if and only if

sup ¢s/'¢s < 00.
s>1

Corollary 11 m(f, ¢, A", p, ¢) = m(f, ¢, A", p, q) if and only if
bs s

sup— < oo and sup-— < 00.
s>1 Q;Z)s s>1 Vs

PI‘OpOSitiOH 12 Ep(fa An’ Q) g m(fa ¢7 An’ b, Q) g EOO(f’ An’ q)
Proposition 13 m(f, ¢, A", p, q) = P(f, A", q) if and only if

sup ¢s < oo and sup (b;l < 00.
s>1 s>1

Proposition 14 If p1 < pa, then m(f, ¢, A", p1, q) C m(f, ¢, A", pa, q).
The following result follows from the above result.

PI‘OpOSitiOH 16 m(f7 ¢7 An} p1, Q) - m(f: ¢; Anv b2, Q) prl < p2 and
SUPg>1 s /s < 00.

Corollary 17 m(f, ¢, A", p, q) = Luo(f. A", q) if sup,5; 5/1bs < 00,
Proof. m(f, ¢, A", p,q) = loo(f, A", q) it p = 1 and ¢ = k, (k

1,2,3,...). Hence from Proposition 14 it follows that (. (f, A", q)
m(f, ¢, A", p, q) if sup,>y s/1bs < oo. This completes the proof.

Nl

The proof of the following result is straightforward.
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Proposition 18 Let f be a modulus function q1 and qo be seminorms.
Then

(1) m(fa (Z)v An’ D, QI) N m(fv d)a Anv D, QQ) g m(fa d)7 Ana D, q1 + q2)7
(ii) Ifqu is stronger than qz, then m(f, ¢, A", p, q1) C m(f, ¢, A", p, q2),
(111) Eoo<f7 An7 ql) mgoo(fa An? q2) g goo(fa Ana q1 + QQ):
(iv) If q1 is stronger than qa, then loo(f, A", q1) C loo(f, A", q2),

(V) Ep(fu Ana Q1) N ép(fa An? Q2) g gp(f) An7 q1 + Q2)
(vi) If q1 is stronger than qa, then (P(f, A", q1) C P(f, A", q2).

Proposition 19 The space m(f, ¢, A", p, q) is not convergence free.
Proof. The result follows from the following example. 0

Example 4 Let X = ly, ¢p = k=1, forall k € N. Let n =2, f(x) =«
and p = 2. For aj, = (2}) € ls, for all k € N, let g(ay) = sup;sy |2}].
Define the sequence (z) as follows:

v — k=1, for k even
=1 0, forkodd

Then (fl?k) S m(f7 ¢7 Anv p, q)
Let the sequence (yi) be defined as

_ k2, for k even
Y = 0, forkodd

Then (yk;) ¢ m(fa d)a An’ b, q)
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