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Dirac-Weyl operators with a winding gauge potential
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Abstract. Considered is a quantum system of N (> 2) charged particles moving in the
plane R? under the influence of a perpendicular magnetic field. Each particle feels the
magnetic field concenrated on the positions of the other particles. The gauge potential
which gives this magnetic field is called a winding gauge potential. Properties of the
Dirac-Weyl operators with a winding gauge potential are investigated. Notions of local
quantization and partial quantization are introduced to determine them. Especially, it is
proven that existence of the zero-energy states of the Dirac-Weyl operators with a winding
gauge potential is well determined by the local quantization and the partial quantization.

Key words: Dirac-Weyl operators with a winding gauge potential, strong anticommuta-
tivity, decomposable operator.

1. Introduction

In a quantum system of a charged particle moving in the plane R? under
the influence of a perpendicular magnetic field, where the gauge potential
of this magnetic field is stronly singular at some fixed isolated points, it is
well-known that the Aharonov-Bohm effect (the AB effect) occurs when the
particle goes around the magnetic field.

In a previous paper [13], the author considered a quantum system of N
(> 2) charged particles moving in the plane R? under the influence of a per-
pendicular magnetic field. Each particle feels the magnetic field concenrated
on the positions of the other particles. The gauge potential which gives this
magnetic field is called a winding gauge potential. If two particls go around
each other, then an AB effect occurs in an extended sense. Hence, to inves-
tigate the properties of this system is very interesting. We also note that
this system is closely related to the fractional statics gas [7, 8]. In Ref. [13],
the author discussed this system from a view point of the representation of
the canonical commutation relations (CCR).

A motivation of this work comes from a paper [2] by A. Arai who studied
the Dirac-Weyl operator with a singular gauge potential and showed some
interesting behaviors of its zero-energy states. Our main aim of this paper is
to investigate behaviors of zero-energy states of Dirac-Weyl operators with
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a winding gauge potential.

In analyzing the system with wound AB effect, we encouter some mathe-
matical objects: strongly anticommuting self-adjoint operators, decompos-
able operators and compositions of them. Therefore, we must develope
a theory of these objects at the same time. By this reason, this work is
interesting from not only a physical view point but also a mathematical
view point.

The outline of the present paper is as follows. In Section 2, we describe
the quantum system we are going to study and present preliminary results.
First, we define the magnetic momentum operators with a winding gauge
potential and discuss some fundamental properties. Then, we introduce the
notions of the local quantization, partial quantization, and charecterize the
strong commutativity of the momentum operators with a winding gauge
potential. We show that the momentum operators with a winding gauge
potential can be expressed by the fibre direct integral of Arai’s momen-
tum operators [1]. In Section 3, we define the Dirac-Weyl operators with
a winding gauge potential and present some basic properties. Sections 4
and 5 are concerned with zero-energy states of the Dirac-Weyl operators.
In Section 4, we consider the case where the magnetic flux is locally quan-
tized. In this case, we show that the Dirac-Weyl operators with a winding
gauge potential have no zero-energy states. We also show that strong anti-
commutativity plays an important role. In Section 5, we discuss the case
where the magnetic flux is partially quantized. In this case, the existence
of the zero-energy states depends on the magnetic flux at each particle.
A theory of decomposable operators is useful in this case. In Appnedix A,
we give a fundamental definitions and properties of strongly anticommuting
self-adjoint operators in a Zo-graded Hilbert space and in Appendix B, we
summarize a theory of decomposable operators.

2. Preliminaries

2.1. Momentum operators with a winding gauge potential

We consider a qunatum system of N charged particles with charge ¢ €
R\ {0} moving in the plane R? under the influence of a perpendicular
magnetic field. The j th particle feels the magnetic field B; given by a real
distribution of the form
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Bj(ri,...,tn) =Y 7i0(ri —15), (r1,...,1; €R?), (1)
i#]
where v;; € R (i, 5 = 1,...,N, i # j) and (r) is the Dirac’s delta distri-
bution. For simplicity, we assume the following.

Assumption
Fori#j(i,7=1,...,N),
Vi = Vji-
Gauge potential A; (j =1,..., N) of the magnetic field B; are defined
to be R%-valued functions A; = (4,1, A;2) on the domain

My :={(r1,...,rn) ER™ | r; #£1;}
such that
Bj = Dy;Aja — Dy; Ajy

in the sense of distribution on R?V, where D, ; and Dy denote the distri-
butional partial differential operators in ; and y;, respectively. We denote
by A; (j=1,...,N) the 2-dimensional Laplacian

Aj:=D; +Dj .
Using the well-known formula
Ajlog|rj —rp| = 2m6(r; — i) (K # j),

we see that the distribution

ON(r1, ..., TN) = Z %logm —
1<j

satisfies

A]‘¢N(r1, . 7I‘N) = Bj(rl, .. .,I‘N).

From this fact, we can take as a gauge potential of the magnetic field
Aj:(AjlaA]Q):(_Dyj¢N7D2j¢N)7 ]:177N

Explicitly, we have

Ajl(rla"'arN):_ 2



188 T. Miyao

AjZ(rla <o T Z o |r2 — rj (3)
i

for (r1,...,ry) € My.

Definition 2.1 The gauge potential A; = (4j1,A4j2) (j =1,...,N) given
by (2) and (3) is called the winding gauge potential.

We use a system of units where the light speed ¢ and the Planck con-
stant A are equal to 1. Let

pj1 = —iDy;, pj2 = —iD,, (j=1,...,N),

acting in L?(R?Y). We introduce the operators Pj; and Pjz defined by
Pjo :=pja —qAja, (j=1,...,N, a=1,2)

acting in L?(R*) with domain dom(Pj,) = dom(pjq) N dom(4;s).

Definition 2.2 The pair of operators P; = (Pj1,Pj2) (j = 1,...,N) is
called the momentum operator with the winding gauge potential.

Let
N . .
Sf ) = {(rla"'er) GRQN | r; = (xlayl) 6R27 Yi #y] (Z 7&])}7
N . .
82( ) = {(rla"'er) ERQN | r; = (:L‘Zayl) 6R27 Ty 75133 (27&])}
and let
Pii(ry, ..., rN) : ZWJ Arctan(x] —:17@->’
it Yi — Yi
¢j2(1‘1,..., Z ’YU AI‘Ct&H(yJ yz>
oy T — X

Then we can prove the following theorem.

Theorem 2.3 For each j = 1,...,N and o = 1, 2, Pj, 1s essentially
self-adjoint on Cgo(SéN)). Moreover, the following hold:

Pjo = e ViepjoeT Vi, (4)
where we denote the closure of Pjo by Pjq.

Proof. In the similar way as in proof of [13, Theorem 2.3], we can show
the assertion. 0
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By (1), it is clear that
Dy, Aja(ry,...,vN) — Dy, Aji(ry,...,rn) =0, j=1,...,N
for each (ri,...,ry) € My. Therefore, we have
[Pj1, Pl =0 on GF*(My).
Similarly, we can check that
[Pja; Prg] =0 on C5°(Mn) (5)

for j #k and o, 5 =1, 2.

We say that self-adjoint operators {T]}?:1 strongly commute if their
spectral projections commute each other. It is well-known that {Tj}?:1
strongly commute if and only if

ol0T) Tk _ (6T iaT)

foralla,beRand j, k=1,...,n.

The above facts suggest that {Pj, | 7 = 1,...,N, a = 1,2} may
strongly commute.

To investigate the strong commutativity of {Pj, |j=1,...,N, a=1,2},
we introduce some notations. Let a, b € R and C(z,y;a,b) be the rectan-
gular closed curve: (z,y) — (x+a,y) — (z+a,y+b) — (x,y+b) — (z,y)
in R? and D(z,v;a,b) be its interior domain. Then, for each (ry,...,ry) €
R2N with r; = (21,7:) € R?, we define

(I)Ef];t) (rla s ,I‘N)

_ {e(s)e(t) Siarut{iliAk v € Drws, )} (G=k)
—e(s)e(W)u#t{ (U k) | (zr95) € D((j,me)is,6)} (5 # )
where we use the symbol €(¢) (t € R) defined by

- 1 (s>0)
ls) = {—1 (s <0)

and #A means the cardinality of the set A. The function @gsl’f) defines

a unique self-adjoint multiplication operator on L?(R?"). We denote it by
(s;t)
7k :

the same symbol & J
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Theorem 2.4 For each s,t R and j, k=1,...,N, we have
(1) isﬁjl itﬁkg — eXp( lq(b(s t)) 1thgeiSﬁ]'1’

(11) ISPJaeltPIm — eitP;m elsta (O[ — 17 2)’

Proof. In the similar way as in the proof of [13, Theorem 2.4], we can prove
this theorem. O

Definition 2.5 Let
AN .= {(i,j)eNxN|i<j, i,j=1,...,N}.
t) .

(i) The magnetic flux is locally quantized if <I>( is a 2mZ/q-valued func-

tion for all s, t € R and (j,k) € A, equwaulently7 vij/bo € Z for all
(J,k) € A(N), where 6y := 27/q the flux quanta.

(ii) For each subset A of A(N), we say that the magnetic flux is partially
quantized with respect to A if <I>(S Y is a 277 /gq-valued function for all
s, t € Rand (j,k) € A, equlvalently, vij/0o € Z for all (j,k) € A.

Corollary 2.6 For each j, k=1,...,N, we have the following facts:
(i) Pja and Pkg (j < k) strongly commute if and only if the magnetic flux
is partially quantized with respect to {(j,k)} ¢ AN,
(ii) Pj1 and Pjy strongly commute if and only if the magnetic fluz is par-
tially quantized with respect to Aj C AWM where

Ay = {(0,4), (G k) € AN i < j < k). (6)

(iii) {Pjal|j=1,...,N, a=1,2} is a family of strongly commuting self-
adjoint operators if and only if the magnetic flux is locally quantized.

Proof. These are simple applications of Theorem 2.4. O

2.2. Fibre direct integral decomposition of the momentum oper-
ators with the winding gauge potential
For later use, we represent the momentum operators with the winding
gauge potential as a fibre direct integral of Arai’s momentum operators [1].
For each i = 1,..., N, let R? is a copy of R%. Then, clearly, we have

R*M =R7 x -+ x RY.
For each j =1,..., N, we define

— 2 2 2
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where ]R? indicates the omission of ]R?.
Let w; := (a1~7 e, 8-1,8j41,...,an) € ;. Then we define a multipli-
cation operator A, (w;) on LQ(Ri) by

Aja(wj)(rj) = Aja(al, e 1,1, 541, ... 7El]\r).
Then relative to the direct integral decomposition
®
N
LE(R?Y) = / L*(R3) dwy, (7)
Q;
we can represent the multiplication operator Aj, as

®
Ajo = / Aja(wj) dwj.

J

On the other hand, it is clear that

b
Pja = / Pja dwjy
Q.

J

where we denote the free momentum operator —iD,;, —iDy; acting in
L? (]R?) by p;1 and pj2, respectively. For each w; € €;, we define the linear
operator acting in LQ(RJQ.) by

Pjo(w)) := Bja — qAja(w)),

dom(Pjq(w;)) = dom(fja) N dom(Aja(wj)),
where, for a linear operator A, dom(A) denotes the domain of A.

Definition 2.7 The operator Pj,(w;) (j =1,...,N, a =1, 2) is called
Arai’s momentum operator [1].

Lemma 2.8 Let Pj,(w;) be Arai’s momentum operator.
(i) Forallwj € Qj and a =1, 2, Pjo(wj) is essentially self-adjoint.
(ii) The mapping wj € Q; — Pjo(w;) is measurable, where Pjo(w;) is the
closure of Pjo(wj).
Proof. See [13, Lemma 2.8, Proposition 2.9]. O

By the above lemma, we can define a direct integral operator by

®_
/ Pja(wj) dwj.

Q;
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Moreover we have the following theorem.

Theorem 2.9 For eachj=1,...,N, a=1,2, we have

_ ®__
Pja = / Pja(wj)dwj.

i
Proof.  See [13, Proposition 2.8]. O

2.3. A Hamiltonian with no ground states

As a Hamiltonian of the quantum system under consideration, we can
take the Schrodinger Hamiltonian Hy (A) defined as the self-adjoint opera-
tor associated with the non-negative, closed, quadratic form

N
s(f.9) = Y _{(Pnf. Pig) + (Pi2f, Ppog)},

j=1
N — —
f. g € [ (dom(Pj1) N dom(Pjs))
j=1
so that
N
dom(Hy(A)?) = (1) () dom(Psa)
j=1a=1,2
and

(H(A)"2f, Hy(8)'2g) = 5(f,9),  f g € dom(HN(A)"/?).
Theorem 2.10 The Hamiltonian Hy(A) has no zero-energy states, i.e.,
ker(Hy(A)) = {0}.

Proof. By (4), it is clear that

ker(Pjo) = {0} (8)
for each j =1,..., N and a = 1, 2. On the other hand, we can show that
N —
ker(Hn(A)) = () () ker(Pja).
j=la=1,2

Hence we have the desired result. O
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3. Dirac-Weyl operators with the winding gauge potential

Throughout this paper, the domain dom(S + T') of the sum S + T of
two linear operators S and T from a Hilbert space to another is always
taken to be dom(S) N dom(7") unless otherwise stated.

Let 0; (j = 1,2,3) be the Pauli matrices:

(01 (0 i (1 0
A=\ 10) 27\ i o) 370 41

For each j =1,..., N, we introduce
N
c0)i=03® - Qo3® 00 RL®---Q1; (a=1,2),
—~—
jth
10 .
where I := 01 ) It is easy to see that

{Jg),a(j)}:2(5a5, {a((;'),ag“)}:o, j#k

for o, = 1,2, j,k = 1,...,N, where {A, B} = AB + BA and 0, is the
Kronecker delta.

Definition 3.1 For each j = 1,..., N, we define a linear opertor acting
in Hy = C2" @ L2(R2V) by

Q=0 @ Py +0¥ @Pp.
Q; is called the Dirac-Weyl operator with the winding gauge potential.

Let X be a Hilbert space. If X is a direct sum of Ay and A5 (i.e., X =
Xy @ Af), then X is said to be Zy-graded Hilbert space. Let Py and Pj be
the orthogonal projections onto X5 and X7, respectively. Then we define an
operator 7 on X by

T:=Fy— PFi.

It is not difficult to show that 7 is self-adjoint and unitary.
Conversely, if there exists a self-adjoint unitary operator 7 on a Hilbert
space X, then the operators Py and P; defined by

1 1
Py := 5([4—7’), P; = 5([—7’)
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are orthogonal projections such that FPyP; = PjFP;=0. Hence, X is
a Zo-graded Hilbert space with the direct sum decomposition X =
ran(FPy) @ ran(P;), where, for a linear operator T', ran(7") denotes the range
of T.

The operator 7 is called the grading operator for X.

Let X be a Zs-graded Hilbert space and 7 be the grading operator for X'.
Let T be a linear operator acting in X satisfying 7 dom(7") C dom(T'). We
say that T is even if it satisfies

TIT="1T.
On the other hand, we say that T" is odd, if it satisfies
It =-T.

It is not hard to check that the linear operator 7y on Hy defined by
N
—_—~
TN = 03 ®'”®O’3®IL2(R2N)
is self-adjoint and unitary. Hence, 7 is a grading operator for Hy. Thus
Hpy is a Zg-graded Hilbert space and each Q); can be regarded as a linear

operator acting in Zs-graded Hilbert space.
From the definition of 7y, it follows that

{TN,O'g) & ILZ(RZN)} =0
foreacha=1,2,j=1,...,N, ie., O'&j)
We introduce

@ Ip2(geny Is an odd operator.

Hy(A) := Ly ® Hy(A),
N
——
where IQN =L QI

Proposition 3.2 (i) For each ¥ € C2" Ralg CG°(Mp) (the symbol @a1g
means algebraic tensor product) and j, k=1,...,N, j # k,

{Q, Qr}¥ = 0.
(ii) Fach Qj is an odd operator i.e.,

{Qj,7n}¥ =0
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for all ¥ € dom(]ng).
(iii) For each ¥ € C? ®Ralg C5° (M),

N
Hy(A)P =" Q%
j=1

N 2
- (X))
j=1
Proof. Direct calculations. O

Let X = A @ A7 be a Zs-graded Hilbert space. For a self-adjoint
operator T in X, we denote its spectral measure by Er(J) (J € B! the
Borel field of R). If T is odd, then we define

Er(J)y:= 5 (B () + Br(~))},  Br(J)i= 4 {Br(J) ~ Er(~])}

for each J € B!
Let A and B be odd self-adjoint operators in X. We say that A and
B strongly anticommute if the following hold:

[Ea(J1)5, EB(J2)5] = [Ea(J1)5, E(J2)1) = [Ea(J1)1, EB(J2)5] =0,
{Ea(J1)1, Ep(J2)1} =0

for each Ji, Jo in B!, where {a,b} := ab + ba. For reader’s convenience,
we summarize the basic properties of strongly anticommuting self-adjoint
operators in a Zg-graded Hilbert space in Appendix A.

Theorem 3.3 Let A; (j=1,...,N) be a subset of AN defined by (6).
(i) If the magnetic flux is partially quantized with respect to A;, then Q; is
self-adjoint and

2 =2
Q? = Iy ® (Pj; + Pjy).

(i) If the magnetic fluz is partially quantized with respect to AjUAy, then
Qj and Q. strongly anticommute.

Proof. (i) Suppose that v, /00 € Z ((I,m) € A;j). Then by Corollary 2.6 (ii),
le and Pjg strongly commute. Hence, applying Proposition A.5, we can
conclude that agj ) ® Pj1 and aéj ) ® Pjy strongly anticommute. Therefore we
have the desired result by Proposition A.4 (ii).
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(ii) Suppose that v, /00 € Z ((I,m) € Aj UAy). Then by an argument
similar to the proof of (i), @Q; and Q) are self -adjoint. Moreover, applying
Proposition A.4 (iv), we can conclude that @; and @} strongly anticom-
mute. O

Theorem 3.4 Suppose that the magnetic flux is locally quantized. Then
the following hold:
(1) {Q;}Y, is a family of strongly anticommuting self-adjoint operators.

(i) For cach U in dom(Q;) Ndom(Qx) (j # k),
(Q, Q)0 = 0.

(iii) For each ¥ € dom(Q;),
(75, Q)W = 0.

(iv) The linear operator @ := Eé\le Q; is self-adjoint.
N

v A(a) =3 Q2
j=1

= Q?
Proof. These are simple applications of Theorem 3.3, Proposition A.4. [

Definition 3.5 Let H be a Z?-graded Hilbert space and 7 be the grading
operator for H. Let {Q; }jvzl be a family of self-adjoint operators on ‘H. We
say that the quadruple {H, 7, H,{Q); é\le} is a model of N-fold supersym-
metric quantum mechanics, if the following (i)—(iii) hold:

(i) Q; is an odd operator i.e.,

{Qj,7}¥ =0

for each ¥ € dom(Q);).
(ii) For each ¥ € dom(Q;) Ndom(Q%) (j # k),

{Qj, Qr}¥ = 0.
(ii) For all ¥ e ML, dom(Q?),

N
HU =Y Q0.
j=1
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The self-adjoint opertors ); and H are called the j th supercharge and the
supersymmetric Hamiltonian, respectively.

If {Q; }jvzl is a family of strongly anticommuting self-adjoint operators,
then we say that the model {’H, 7, H,{Q; 5\[:1} is integrable.

Corollary 3.6 Suppose that the magnetic flux is locally quantized,
i.e., Yij /0o € Z for each (i,7) € AN Then the quandruple {HN, N, Hy(A),
{Qj}év:l} is an integrable model of N-fold supersymmetric quantum me-
chanics.

Proposition 3.7 LetIl = {H, 7, H,{Q; ;VZI} be a model of N-fold super-
symmetric quantum mechanics. If 11 is integrable, then the total supercharge

N
Q=) Q
j=1
is self-adjoint and satisfies

{Q,7}v =0, Q*=H.

Hence the quadruple {H, 7, H,Q} is a model of supersymmetric quantum
mechaics.

Proof. This immediately follows from Proposition A.4. (Il

Corollary 3.8 LetQ; (j=1,...,N) be the Dirac- Weyl operator with the
winding gauge potential. Suppose that the magnetic flux is locally quantized.
Then the total supercharge

N
Q=> 0
j=1
is odd, self-adjoint and satifies
Hy(A) = Q.

Moreover, the quadruple {Hn, Tn, fIN(A), Q} is a model of supersymmetric
quantum mechanics.
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4. Zero-energy states of the Dirac-Weyl operators with the wind-
ing gauge potential (I) — the case where the magnetic flux is
locally quantized

Throughout this section, we assume the following condition:

% €7 for each (i,5) € A, 9)
0

i.e., the magnetic flux is locally quantized.
Relative to the fibre direct integral decomposition (7), we have

© N
’HN:/ C2 ®L2(R]2-)dwj.
£
For each w; € €2, we define a linear operator acting in L2(RJ2) by

Qj(w;) == ot @ Pji(wy) + 05 @ Pja(wy). (10)

Lemma 4.1 Assume that (9). Then, for each j =1,..., N, the following
hold:

(i) For each wj € Q;, Qj(wj) is self-adjoint.

(ii) The mapping w; € Q; — Q;(w;) is measurable.

(i) - ker(Qj(w))) = {0}.

Proof. (i) By [1, Theorem 2.1], Pj1(w;) and Pja(w;) strongly commute if
and only if the magnetic flux is partially qunatized with respect to A;.
Hence 05] ) ® Pj1(wj) and agj ) ® Pjy(wj) strongly anticommute by Proposi-
tion A.5 (iii). Applying Proposition A.4 (ii), @;(w;) is self-adjoint.

(i) Tt suffices to show that the mapping w; € Q; — €9 (i) is measur-
able for each s € R (see [13, Appendix A]). By the Trotter product formula,
we have

eist(wj) _ S_hm(eis/mTy)®ﬁjl(wj)eis/naéj)®fj2(wj))n' (11)

n—oo

On the other hand, by the measurability of Pj,(w;) (o =1, 2), we can con-
clude that the mapping w; — eis/mgﬂ@ﬁjl(“’j)eis/”‘féj)@?ﬂ(wj) is measurable.
Combining this with (11), we have the desired result.

(iii) By the strong anticommutativity of aij) ®Pj1(w;) and O'éj)®ﬁjg (wj),
we obtain

Qj(wj)? = Ly @ (Pj1(w;)® + Pja(wj)?). (12)
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On the other hand, using Theorem 2.9 and (8), we can conclude that

ker(Pjq(w;)) = {0} by Proposition B.10 (iii) and Proposition B.5 (iv). Com-
bining this with (12), we can show that {0} =ker(Q;(w;)?) =ker(Q;(w;)).
(I

By the above lemma, we can define a self-adjoint operator by
@ .
/Q Qj(wj)dw; (j=1,...,N).
j

Furthermore, we obtain a following useful theorem.

Theorem 4.2 Assume that (9). Then Q; is decomposable and

@
Qj Z/Q_ Qj(w;) dw;.

Proof. Under the assumption (9), Jgj )®ﬁﬂ and agj )®?j2 are decomposable
and odd self-adjoint operators. Moreover, U&J ) ® Pj; and aéj ) ® Pjo strongly
anticommute. Hence we can apply Proposition B.13 (iv) and conclude the

assertion in the theorem. O

Corollary 4.3 Assume that (9). For each j =1,..., N, we have
ker(Q;) = {0}.
Hence, the total supercharge @ := Z;VZI Q; has no zero-energy states.

Proof. By Proposition B.10 (iii) and Theorem 4.2, we obtain

2]
ker(Q;) = / ker(Q;(w;)) dw;.
j
Hence, applying Lemma 4.1 (iii) and Proposition B.5 (iv), we have ker(Q;) =
{0} (=1,...,N). By the strong anticommutativity of {Qj}é\f:l, we have

ker(Q) = M., ker(Q;) = {0}. O

5. Zero-energy states of the Dirac-Weyl operators with the wind-
ing gauge potential (II) — the case where the magnetic flux
is not locally quantized

In Section 4, the strong anticommutativity played an important role.
We also saw that the strong anticommutativity was closely connected with
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the local quantization. In this section, we do not assume the local quan-
tization. Hence, we can not apply the strong anticommutativity. By this
reason, to analyze the zero-energy states of the Dirac-Weyl operators is
more difficult in this case.

Let X be a Hilbert space. For a linear operator T on X and a subspace
of D C dom(T), T[D denotes the restriction of T to D.

We first consider the minimal version of the Dirac-Weyl operators Q;

Qjmin = Q; e Ralg C5°(Mn).

It is easy to check that each Qjmin is symmetric and hence closable. We
denote its closure by Q) yin-

Lemma 5.1 Foreachj=1,...,N,

ker(@j,min) = {0}
Proof. Let ¥ € ker(Q; ;). Then there exists a sequence {¥,}>2, €
C?" ®a1g O (M) such that U, — ¥ and Q; iy ¥p — 0 in C2" @ L2(R?N)
as n — oo. By (5) and the fact {agj),aé])} =0(j=1,...,N), we have
1QjminWnll* = [[Ion @ PjrWnll* + [ Loy @ P ¥,
Hence Pjo¥,,—0 (a=1,2) as n—o0c. This implies that ¥ €dom(Iyn ® Pj1)N
dom(Iyn @ Pj2) and Pjo ¥ =0. Thus, by (8), we have ¥ =0. O

Although the above lemma shows that @ min has no zero-energy states,
self-adjoint extensions of @Q; min may have zero-energy states. In fact this is
true, as is shown below.

Relative to the natural identification

Hy =C2" Vg (C? @ L2(RY)) @ C2" 7, (13)

we can represent (Q; as
N
Qj=03® R0 Q WL @ I,
~~

jth

where

Qj =01 ® Pj1 + 02 ® Pjs
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acting in C?® L2(R?Y).  We also note that under the identification
C? @ L*(R™Y) = L2(R?N;C?), Q; is written as

0 QF
Qj_(Q.+ d)
J

Q;t = 7]‘1 + lﬁjg

with

Hence, () min is written as
N
Qjmin =03+ ® 03 @ Qjmin @2 @ -+ ® I,
~——

jth

on €27 @y (C2 @atg C5° (M) Dut €™, where we set
Qjmin = Qj RCQ Ralg Co°(Mn).

Let
Qfmin = Qj~E [C6°(Mn).

Then we have

_ 0 Q. ..
Q'min = — o )
g ( Qomin 0 )

— —+
where Qj min and Qj’min are the closure of Q;min and Q

Now we introduce the operators defined by

+

min? respectively.

N

j,min

Q(l) ::U3®"'®03®Q§',1I)nin®12®"'®12’
——
jth

—+x
QW . ( 0 Qi )
j,min * Q+ 0 )

J,min
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and
N
(2)

j7m

Qg'i)nin::O'g(@-..@O'g@Q in®12®"'®12,

jth

0 Qmi
» Qj,min 0

It is not difficult to show that Q(l) and Q(2) are self-adjoint exten-

J,min j,min
sions of @} min-
To state the main result of this section, we introduce some notations.
Let Z, be the set of non-negative integers. We introduce

N
D
ij,i = {(p7k17"'7k1\7) €Z+ XZN ‘p+zku<ija
v=1 00

ky > +4 #j},
o

= > Ym

(Im)eA;
and set
Nj+(N;q) = #Wj+,
the cardinality of W; . We have
Nj—(N;q) = Ny(N; —q).
Theorem 5.2 For each j=1,..., N, the following hold:
(i) ker(Q\),) # {0} if and only if N;_(N;q) # 0.
(i) ker(Q\2:,) # {0} if and only if Ny (N;q) # 0.
(iii) If the magnetic flux is partially quantized with respect to Aj;, then
ker(Qffs) = {0} (=1, 2).

We will give a proof of this theorem later.

Definition 5.3 Let IIy := {H,T, H, {Q};VZI} be a model of N-fold su-
persymmetric quantum mechanics.
(i) If each @; has no zero-energy states, then we say that N-fold super-
symmetry of Il is broken.
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(ii) Let E beasubset of {1,...,N}. Ifeach Q; (j € E) has no zero-energy
states and each Qi (k € E€:={1,..., N} \ F) has zero-energy states,
then we say that N-fold supersymmetry of Il is partially broken with
respect to FE.

Corollary 5.4 Let
o N 73 a
) = {C" @ L2®N), ry, Hyn(A), {QV ) (a=1,2).

Let E be a subset of {1,...,N} such that UjEEAj £ AN If the mag-
netic flux is partially quantized with respect to UjeE A; and for each j € E°,
N;_(N;q) # 0 (resp. Nj+(N;q) # 0), then the N-fold supersymmetry of

Hg) (resp. Hg\%)) 1s partially broken with respect to E.

To prove Theorem 5.2, we need some preparations.
We want to investigate the zero-energy states of Qﬁ?ﬁn (a =1, 2). Since

ker(Q(a) )= Vg ker(Q(a) ) ® c2" (=1, 2),

j,min j7min
it suffices to inveatigate the zero-energy states of Qgir)nn (=1, 2).

Lemma 5.5 Relative to the fibre direct integral decomposition (7), Qi

18 decomposable.

J,min

Proof. Let Nj (j =1,...,N) be the von Neumann algebra generated by

the diagonalizable operators on L?(R?N) = féa L? (]R?) dw;. Then it is easy
J

to prove that

'/\/’j - (Qj:f:min)é ’

where, for a linear operator T, (T'). denotes the strong commutant of T
(see Proposition B.9). Hence, by Proposition B.9 (i), we have the desired
result. O

==

By the above lemma, Q; ;;,, can be represented as

&
==* ==*
Qj,min = / Qj,min<wj) dwj'
i
Therefore, our next task is to determine the fibre ijmin(wj) of ijmin. For

this purpose, we introduce

D§i) (w) == (Pj1(w) & 1E2(W))[CSO(RJZ‘(W))
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for w= (ai,...,a;,...,ay) € Q;, where

R}(w) :=R?\ {a}izj-

For each ¥ € C§°(My) and w = (a1, ..., a;,...,an) € Q; (a; # ay, if
i # k), we define a vector ¥(w) € C§°(R?(w)) defined by

ij(w)(r]) = \Ij(ala s &1, T, 541, .- 7aN)'
Moreover, we introduce
C5o (M)l = {T(w) € CE(R2w)) | ¥ € O (M)}

Lemma 5.6 For each w = (ai,...,4a;,...,an) € Q; (a; # ay, if i # k),
we have

Co(Mn)|w = C5° (R} (w))-
Proof. For each f € Cgo(R?(w)), we define a vector Ty € C°(R?M) by

T¢(r1,...,rn) = f(r;), (r1,...,ry)€ R2V,

Taking a vector n € C§°(M ) such that supp 7(w) 2 supp f and 7(w)(r;) =1
(rj €supp f), we can show that Tyn € C5°(My) and

P

(Trn)(w) = fi(w) = f.

Therefore, we can conclude that f € C§°(M )|, which imply C§°(R3(w)) C
(M) ~
Conversely, for each ¥ € C§°(My), it is clear that ¥(w) € C§° (R? (w))

which implies Cgo(Rg(w)) O CP(MN)|w-

Proposition 5.7 For each j=1,...,N, we have

tamm(w) = ﬁji(w) a.e. w

Proof. For a linear operator T, we denote its graph by gr(7'). Since
C3° (M) is a core of@i

jmins We have
)

== —=+ —
gr(Qj,min) = {\IJ D Qj,min\p ‘ v e CSO(MN)} )
where we consider the graph norm topology. Hence it follows from the
definition of the decomposable operator (i.e., Definition B.7) that

er(Q (@) = {F(W) ® Qi (@) (W) | ¥ € CEMN)}
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for a.e. w. Combining this with Lemma 5.6, we have

81 (Quin(@)) = {¥ & Qi @)V | ¥ € CP(M)L}
— (D (W) | ¥ e PR W)}
= gr(D;” ()
for a.e. w, where we use the fact
Qinin(@)¥(w) = DV (@)T(w) ae.w
for ¥ € C§°(My). Hence, we have the desired result. O

Let A be a closed linear operator on a Hilbert space X. We introduce
a following notation:

L[A]:—(S1 /(1))

Note that L[A] is a self-adjoint operator acting in X & X.

Theorem 5.8 For each j=1,...,N, we have
2

(&)
Qi = / LD (W) do, QP = / LD ()] dw.

Q; Q;

Therefore, under the identification (13), we have

®
Q(l) 203®...®03®/ L[D§+)(w)]dw®12®-..®12,

J,min : o,
]_1 N—]
(2) C i)
Qj7min20'3®-..®0'3®/QjL[Dj (W)]dW®IQ®®]2
j_l ]\[_‘7
Proof. This is a simple application of Proposition 5.7. n

Remark 5.9 The self-adjoint operators L[ﬁ§+)(w)] and L[DJ(-_)(w)*] are
called Arai’s supercharge [2].

Corollary 5.10 For each j=1,..., N, we have

ker(Q ) = / Y ker (LB (w)]) dw,

J,min i
Q;
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ker(Q'2:) = / Y ker(L[D! ™ (w)*]) dw.

Q;

Therefore, under the identification (13), we have

) (S5}
ker(QW ) =29 Vg / ker(LDD (w)]) dw © €2,

j,min 0,
) 2 )
ker(Q9) =C e / ker(L[D{ ) (w)*]) dw @ €277
Q5
The following lemma is proven by A. Arai in [2].

Lemma 5.11 For each j=1,...,N, the following hold:
() dimker(Z[D}" (w)]) = N_(N:q),

dimker(L[D§ ™ (@)"]) = N (N3 q).

(ii) If the magnetic flux is partially quantized with respect to Aj, then

ker(L[D} 7 (@)]) = {0}, ker(Z[D{” (w)"]) = {0}
Proof.  See [2, Theorem 4.7]. O
Now, we are ready to prove Theorem 5.2.

Proof of Theorem 5.2.
(i) By Cororally 5.10, Lemma 5.11 and Proposition B.10 (iii), we have

ker(Qy,) # {0} <= ker(L[DS”(W))) # {0} e w
> N;-(N;q) #0.

Similary, we can prove (ii).
(iii) If the magnetic flux is partially qunatized with respect to A;, then,
it follows from Lemma 5.11 that

7 (+) =)\
ker(L[Dy" (w)]) = {0}, ker(L[D{(w)*]) = {0} ae. w.
Hence by Proposition B.10 (iii), we have the desired assertion. O
A. Strongly anticommuting self-ajoint operators on a Zs-graded
Hilbert space

Let Zo be the residue class ring mod 2, with the elements 0 and 1.
When applied to elements of Zsy, the symbol “+” always denotes addition
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modulo 2.

Suppose that H is a Hilbert space. If H is a direct sum of Hg and H3
(i.e., H = Hy @ Hj), where Hg and Hj are closed subspaces of H, then
‘H is said to be Zo-graded Hilbert space. Throughout this section, we fix
the Zg-grading 'H = Hg @ Hi. Let Py and P; be the orthogonal projections
onto Hg and Hi, respectively. We define an operator 7 on ‘H by

T:=F;— Pi.

It is not difficult to see that 7 is self-adjoint and unitary. We refer to the
operator 7 as the grading operator for H.
We introduce

L(H) := {B : a linear operator on H s.t. P, dom(B) C dom(B)
for each v € Zs}.
Note that B(H) C L(H) and hence L(H) # (). If B € L(H) satisfies
B = 1Br,
then B is said to be even. On the other hand, if
B = —7BT,

then B is said to be odd. An element in £(H) is said to be homogeneous, if
it is even or odd. For a homogeneous operator B in L£(H), we define

0 if B is even
p(B) == o :
1 if Bis odd

The value p(B) is called the parity of B.
For an element B in £(H), we introduce

By := PyjBFP;+ PiBP;, dom(Bj) = dom(B),
Bi = P()BPI + PTBP(), dom(Bi) = dOIn(B)

Then it is clear that By (resp. Bi) is even (resp. odd) and
B = By + By.

We say that B (resp. Bi) is even (resp. odd) part of B. Note that if B is
self-adjoint, then By and Bj are also self-adjoint.
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For each A, B in L(H), we define
[A, BlsW¥ = [Ag, Bs|¥ + [Ag, Br]V¥ + [A1, Bs|¥ + { Az, Bi} ¥,

for ¥ € dom(AB) N dom(BA), where [a,b] := ab — ba (commutator) and
{a,b} := ab+ ba (anticommutator). The operation [-,]s is said to be super-
commutator.

Let M(R) be the set of all complex valued Borel measurable functions

on R. If f € M(R) satisfies

f(=x) = f(z)
for all x € R, then f is said to be even. If f satisfies
f(=z) = —f(x)

for all z € R, then f is said to be odd. We can also define the notions of
homogenous element and parity of Borel measurable functions by the same
way as in the case of linear operators.

Proposition A.1 Suppose that A is a homogeneous self-adjoint operator
on H and f is a homogeneous element in M(R). Then f(A) is also homo-
geneous with

p(f(A)) = p(f)p(A).
Here f(A) is given by the operational calculus.
Proof. Since 7 is unitary and self-adjoint, we have
TF(A)T = f(rAT) = f((-1)/D A) = (-1)WPD) f(4)
by the operational calculus. O

Given a self-adjoint operator S on a Hilbert space, we denote its spectral
measure by Eg(J) for an arbitary J in B! (the Borel field of R).

Let A be an odd self-adjoint operator on H. Then, by Propositon A.1,
we have

Ea(7)s = 3 {BAU) + Ea(=D)}, Ba())i= 3 (EalJ) ~ Ba(~)}

for each J € B!, where —J :={—-z € R |z € J}.
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Definition A.2 Suppose that A and B are odd self-ajoint operators on H.
We say that A and B strongly anticommute, when

[Ea(J1),Ep(J2)]s =0
for each J; and J in BL.

It is not hard to see that A and B strongly anticommute if and only if

[EA(J1)5, EB(J2)5] = [Ea(J1)5, EB(J2)1] = [Ea(J1)1, EB(J2)5] =0,
{Ea(J1)1, Ep(J2)1} =0
for each Ji, Jo in B

Following theorem is a fundamental characterization of the strong anti-
commutativity.

Theorem A.3 Let A and B be odd self-ajoint operators on H. The fol-
lowing conditions are equivalent to each other.
(i) A and B strongly anticommute.
(ii) [e'*4,e!*Plg = 0 for each s, t in R.
(iii) [R.(A), Rw(B)]s = 0 for each z, w in C\R, where R,(T) := (T — z)~ L.

Proof.  See [12]. O

Proposition A.4 Suppose that A, B, A1,..., A, are odd self-adjoint op-
erators on H.
(i) If A and B are bounded, then A and B strongly anticommute if and

only if
{A,B} =0.

(i) If{A;}j_ is a family of strongly anticommuting self-ajoint operators,
then 7%y Aj is self-ajoint and

n 2 n
(Sa) -2
j=1 J=1
(iii) If A and B strongly anticommute, then for each ¥ € dom(A)Ndom(B),

{A,BYT = 0.
(iv) Let Ay, Ag, As, Ay be odd operators in H. If {A1,As, Az, Ay} is

a family of strongly anticommuting self-adjoint operators, then two
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self-adjoint operators B := Ay + Ay and C := Az + Ay strongly anti-
commute.

Proof. (i) This follows from Theorem A.3.
(i), (iii) See [14].
(iv) By Theorem A.3, we have

[eiSAj,eitAk]S =0 (14)
forall s, t e Rand j, k=1,...,4 (j # k). On the other hand, we have

P = (ARSI IO i (/AT (1)

n—oo n—oo

by the Trotter product formula. Using (14), it is not hard to show that

isA1/n isAa/n\" itAs/n itAg/n\ | _
[(ehsti/mesdafmyn (etaa/nitds/myt| g

for each n € N. Combining this with (15), we can prove that

[eisB, eitC]S -0

for all s, ¢t € R. Hence we have the desired result by Theorem A.3. U

Proposition A.5 Let K be a Hilbert space. Let {A;}]_; be a family of odd
self-adjoint operators on H and { B; };‘:1 be a family of self-adjoint operators
on K.

(i) The Hilbert space H® K has a following natural Zo-grading structure:

HoK=MH;oK)® (H;®K). (16)
Relative to this Zo-grading, the operator
Te (=T Ik

s the grading operator for H ® K, where T is the grading operator
for H.

(ii) The self-adjoint operator A; @ B; (j =1,...,n) is odd (relative to the
Zo-grading (16)).

(iif) If {A}]_, is strongly anticommuting and {B}}_, is strongly commut-
ing, then {A; @ B;}]_ is strongly anticommuting.

Proof. (i) and (ii) are very easy.
(iii) By the spectral theorem for strongly commuting self-adjoint
operators (the unbouded version of [9, problem VII, 4]), there is a o-finite
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measure space (M, v), unitary operator U: K — L?(M,dv) and real-valued
Borel functions Fi, ..., F, on M with

[(UB;U™Y)f](m) = Ej(m)f(m).

Hence, we can identify H ® K with || AG/B[ ‘H dv. Under this identification, we
have

@
A;®Bj = / F;(m)A; dv(m).

M

Since {Fj(m)A;}}_; is a family of strongly anticommuting self-adjoint
operators, we have the desired assertion by Proposition B.13 (iii). d

B. Decomposable operators

Let (A, ) be a o-finite measure space. Let

5]
K= /A Hdu(N)

be the direct integral of H which will be fixed in what follows.
First, we begin with the following lemma.

Lemma B.1 Let {¢, | n € N} C K be a family of vectors in K.

(1) If a family of vectors {¢n(N) | n € N} C H is total in H for p-a.e. A
(i.e., linear span of {¢n () | n € N} is dense in H for p-a.e. N), then
{fon | f € L®(A,du), n € N} is total in K.

(ii) If {¢n | n € N} is total in KC, then {¢pn(\) | n € N} is total in H for
-a.e. A.

Proof. (i) We set
D :=Lin{fé, | f € L(A,du)} ",

where, for each subset V, Lin()) means the subspace algebraically generated
by V. For each ¥ € D+, f € L®(A,dp) and n € N, we have

0= (Y, fon)k
/ SOV, (W) du(N)

— /A gn (V)" FON) dpa(N),
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where g,(\) := (¢n(N), ¥(A\))%. Note that g, € L'(A,du). Since f is
arbitary, we can take f to be a real valued function. Then we have
(Im(gn), f)r2(a,au) = 0. Hence, taking f = sgn(Im(gn)), we get

[ (a0l dnn) = o
which implies
Im(gn) = 0. (17)

On the other hand, if we take f = ih, where h is a real valued function,
then we have (Re(gn), h)r2(aqu) = 0. Therefore, taking h = sgn(Re(gn)),
we have

| Re(an (0] dtn) o
Hence we conclude that Re(g,) = 0. Combining this with (17), we obtain
that g, = 0. Since {¢n(N) | n € N} is total in H for p-a.e. A, we have
gn =0 <= gu,(A\) =0 p-ae X
<~ U(\) =0 pae A\

Hence D+ = {0}.
(ii) Since (A,p) is o-finite, there is a family of measurable sets

{By,, | n € N} such that
A=|J B, u(By) < oo (18)
n=1

For each ¢ € 'H, we set ® := xp,¢. Then it is clear that & € K. There-
fore, from the assumption, it follows that there is a sequence {®,}>°,; C
Lin{¢, | n € N} such that ||® — ®,|x — 0 (n — o0). Hence, there exists
a subsequence {®,, }; such that

|P(A) — Ppp (N[ — 0 prae. A,
which implies that
| — @p, (V)| = 0 p-ae. Xin By,

Since {®y, (A) }x C Lin{¢y, () |[n €N} p-a.e. A, we conclude that {¢,, |n €N}
is total in H for p-a.e. A in B,,. Combining this with (18), we have the
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desired result. |

Let F: A — H be a H-valued mapping on A. We say that I’ is mea-
surable if C-valued function A — (¥, F'(\))y is measurable for each ¥ € H.

For a B(H)-valued mapping B: A 3 A\ — B(\) € B(H), we say that
the mapping A — B(\) is measurable if the mapping A — (¢, B(\)d)y is
measurable for each ¢ € H.

Definition B.2 For each A € A, let D()) be the closed subspace of H and
P(X) be an orthogonal projection onto D(\). If the mapping A — P() is
measurable, then we say that the field A — D(\) is measurable.

Proposition B.3 The field A\ — D(\) is measurable if and only if there is
a sequence {Pn}52 1 C K such that {¢n(N)}22 is total in D(N) for p-a.e. \.

Proof. If the field A — D(\) is measurable, then a linear operator P :=
fﬁB P(X)dp(X) is an orthogonal projection. Since K is separable, so is
ran(P). Hence we can choose a sequence {¢,}°2; C ran(P) which is total
in ran(P). Applying Lemma B.1, we can conclude that {¢,(\)}52 is total
in D(A) for p-a.e. .

Conversely, assume that there is a sequence {¢,} 2, C K such
that {¢n(N)}52; is total in D(A\) for p-a.e. A\. By Lemma B.1 (i),
{fon | f € L®(A,du), n € N} is total in K. On the other hand, for each
U e Lin{fon | f € L*®(A\,du), n € N}, we can easily check that

PO)T(N) = T(N).

Hence, the mapping A — P(A)¥()\) is measurable. Therefore we can con-
clude that the mapping A — P(A)¥(\) is measurable for each ¥ in IC. By
this, we can easily prove that A — P(\) is measurable. O

Definition B.4 For each A € A, let D()\) be a closed subspace of H and
P(X) be the orthogonal projection onto D(A). If the field A — D(A) is
measurable, we can define the orthogonal projection P := fXB P(X) du(N).
The closed subspace ran(P) is called the direct integral of D(\) and denoted

by [ D) du(N).
Proposition B.5 Suppose that the fields A — G(\) and X\ — D(N\) are

measurable. Let

S 57
g::/A GO\ du(\), ’D:/A D) du(N).
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Then the following hold.

() G- =[2G du(n).

(i) GCD < G(\) CD(\) p-a.e. .
(i) GND = [7G\)NDN) du(N).

(iv) 6={0} < G(\) = {0} p-a.e. A

Proof. Easy (or see [11]). O
Lemma B.6 Let A — G(\) be a measurable field of closed subspaces of

(&3]
icea/c_/ HeHdu(\)
A
and let
®
g= [ G
A

Then G is the graph of a closed linear operator in K if and only if G(X) is

the graph of a closed linear operator in H p-a.e. \.

Proof. By Proposition B.5 (iii), we have

Gn({0}ek) = /A69 G(N) N ({0} & H) du(N).
Hence

Gn({0}ek)={080} < ¢NN{0}aH)={080} pae A
which means the desired assertion in the proposition. O

For a linear operator T', we denote its graph by gr(7T).

Definition B.7 (i) For each A € A, let A()\) be a closed operator on H.
We say that the mapping A — A(\) is said to be measurable if the
field A — gr(A(\)) is measurable.

(i) Let A — A(\) be a measurable field of closed operators. Then, by
Lemma B.6, there exists a closed operator A on K such that

(&)
ar(A) = / ar(A(N) du(N).

A
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We say that the closed operator A is decomposable and denote it by

2]
A= / A(N) dp(N).
A
(iii) Let A — A(\) be a measurable field of closed operators. If

AA) = fF(A\) I

with f(A\) € C, for each A € A, then we say that the closed operator
[ AN du(N) is diagonalizable.

Remark B.8 Let A= fiB A(XN) du(X) be a decomposable operator. Then
we can easily check that

dom(A) = {gb ek ‘ d(A) € dom(A(N)) p-a.e. A,

/ AN N)[1Z, du(N) < oo}
A
and

(A9)(A) = AN)p(A)  prae. A,
for each ¢ € dom(A).

Let A be a closed operator on K. We set

(A). := {B € B(K) | Bdom(A) C dom(A4),
BA¢ = AB¢ (¢ € dom(A))},

where B(K) denotes the set of all bounded operators on K. We say (A)~ the
strong commutant of A.
The following proposition is often useful.

Proposition B.9 Let N (K) be the abelian von Neumann algebra of
bounded diagonalizable opertors on KK and R(IKC) be the von Neumann algebra
of bouded decomposable operators on K. Let A be a closed operator on K.

(i) A is decomposable if and only if N(K) C (A).

s*

(ii) A is diagonalizable if and only if R(K) C (A)]

s*

Proof.  See [11]. O
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Proposition B.10 Let A = [ A(\)du(\) and B = [ B(\)du()) be
decomposable opertors on K. Then:
(i) A C B if and only if A(N) C B(\) for p-a.e. \.
(i) A= B if and only if A(\) = B(X) for p-a.e. \.
(iii) ker(A) = [ ker(A(N)) du())
) A*= [ AN du(N).

Proof. Easy (or see [11]). O

(iv

Proposition B.11 Let A = ff A(N) du(N) be a decomposable operator
on KC. Then the following hold.
(i) A is symmetric if and only if A(\) is symmetric for p-a.e. \.
(ii) A is self-adjoint if and only if A(N) is self-adjoint for p-a.e. A.
(iii) A is unitary if and only if A(N) is unitary for p-a.e. \.

Proof. These are simple applications of Proposition B.10. ]
Proposition B.12 Let A = [7 A\)du()) and B = [ B(\)du()) be

self-adjoint decomposable operators on K. Then A and B strongly commute
if and only if A(X) and B(X\) strongly commute for p-a.e. \.
Proof. By Proposition B.10 (ii), we have

A and B strongly commute

— [e*4 eP] =0 for each s, t € R.

[lsAM) (itBOY]

— =0 p-a.e. A for each s, t € R.

<= A(A) and B(\) strongly commute for p-a.e. . O
Proposition B.13 Let H = Hg® Hy be a Za-graded Hilbert space and let
A= fiB AN du(X) and B = ff B(X\)du(N) be decomposable opertors on

K= fXBHd,u()\). Then the following hold:
(i) The Hilbert space K has the following natural Zo-grading structure:

K =Ks @ Ky,
2] 2]
Kg:= /A Hydu(N), Ki:= /A Hi dp(N).

The grading operator for K = Ky ® K7 is given by tc = ffa T dp(A),
where Ty is the grading operator for H.
(ii) A is odd if and only if A(X) is odd for u-a.e. \.
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(iii) Suppose that A and B are odd self-adjoint operators. Then A and
B strongly anticommute if and only if A(X) and B(X) strongly anti-
commute for p-a.e. .

(iv) Suppose that A and B are odd self-adjoint operators. If A and B
strongly anticommute, then a self-adjoint operator C := A+ B is
decomposable with

o
C = /A (AXN) 4+ B(X))dp(A).
Proof. (i) Easy.
(ii) By Proposition B.10 (ii), we have
A is odd.
—= 1A = —A
— AN = —A(N\) for pae. A
<= A()) is odd for p-a.e. A.

(iii) In the same way as the proof of Proposition B.12, we can prove the
assertion.
(iv) By Proposition B.9 (i), we obtain

(A2 N(K), (B2 N(K).
Hence, we can easily check that
(C) 2 (A)sn (B)g 2 N(K).

Applying Proposition B.9 (i) again, we can conclude that C' is decomposable.
For each ¥ € dom(C) = dom(A) Ndom(B), we have

(CU)(A) = [(A+ B)¥](A)
=AN)YN) + BAN)Y(N)  p-ae. A

Hence we have the desired result. O
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