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Non-closed minimal hypersurfaces of $*(1) with
identically zero Gauf3-Kronecker curvature
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Abstract. We give a partial local description of minimal hypersurfaces M3 with iden-
tically zero GauB-Kronecker curvature function in the unit 4-sphere $4(1), without as-
sumption on the compactness of M3,
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1. Introduction

- Let z: M3 — S*(1) C R® be a hypersurface immersion of a connected
and orientable 3-dimensional manifold M? of class C™ into S*(1) C R®. Let
A1, A2 and Az be the three principal curvature functions. The normalized
elementary symmetric curvature functions of the immersion z are given by:

H := %(/\1—%)\2-!-/\3),

1
Hy:= g()\l)\2 + A1ds + A2ha),
K = A\Aghs.

S. Almeida and F. Brito [1] suggested to classify closed hypersurface
immersions for which two of the three functions H, H,, K are constant.
The paper [3] gives a survey of results on closed hypersurfaces in S*(1) with
two constant curvature functions.

Particularly, the paper [2] investigated closed minimal hypersurfaces
with constant GauB-Kronecker curvature function, corresponding to H =
0 and K = const. There it is proved that closed minimal hypersurfaces
with constant GauB-Kronecker curvature K # 0 are isoparametric, there-
fore closed minimal hypersurfaces with constant Gauf}-Kronecker curvature
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K # 0 are classified. Brito conjectured that all hypersurfaces in S*(1) with
K = const # 0 and H = const (or Hy = const) must be isoparametric
(personal communication). If K = 0 on M3, the following is well known:
a closed minimal hypersurface immersion in S*(1) with nowhere zero sec-
ond fundamental form is a boundary of a tube which is built over a non-
degenerate minimal 2-dimensional surface immersion in S*(1) with geodesic
radius 7. This nice result proves the existence of non-isoparametric closed
minimal hypersurfaces with K = 0 in S*(1). But so far no explicit non-
isoparametric example has been given. In this paper we investigate local
descriptions of minimal hypersurfaces (not necessarily closed) in S*(1) with
identically zero GauB-Kronecker curvature K, but with nowhere zero sec-
ond fundamental form. In particular we present the following two explicit
non-isoparametric examples:

Example 1.1 The mapping

z1: R? — $*(1) c R®

(cos(v2u)C1 + sin(v2u)Co

1
z1(u,v,2) = ﬁ
+ cos(\/_Z_v)C'3 + sin(\/iv)CL; + zC’5),

where Cy, Cy, C3,Cy, Cs € R® are constant orthogonal vectors in R® such
that

1
5 ={C,01) = (Cy,C2) = (C5,C3) = (Cq, Cy) and (C5,C5) = 1,
defines a minimal hypersurface immersion with zero Gauf}-Kroneker cur-

vature. The principal curvature functions take the values A1(u,v,z) =
VZ2+1, Aa(z) = —v22 + 1 and A3(z) = 0; they depend only on z.

Example 1.2 Let I C R be an open interval, 0 < ¢, ¢g € R such that
coe® —1—c?e* > 0 forallv € I, and g,h: I — R two differentiable
functions on I which are linearly independent solutions of the second order
differential equation

21— Fet) Al (v) + (1 — cie*?) AL (v) + 245(v) = 0,

(Cge

e—‘Z'u

and such that g%(v) + h?(v) = 1 — 5, for all v € I. The existence of such
functions will be proved below, see Lemma 3.4 and Remark 3.5. Then the
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mapping
T2: R x I x R — $%(1) C R®,

zo(u,v,2) = ﬁl—) (cos(u)C + sin(u)Cy)

1
+ ——=(2C3 + g(v)Cs + h(v)C5s),
\/m( g(v)Cq (v) 5)
where Ci,Cy, C3,Cy4,Cs € R5 are constant orthonormal vectors, defines
a minimal hypersurface immersion in S*(1) with identically zero Gauf-
Kronecker curvature. The principal curvatures take the values

M, 2) = c1e® V22 + 1, A(v,2) = —c1e® V22 + 1

and As(v,z) =0,
thus they depend only on v and z.

The principal curvatures of both examples do depend on at most two
parameters. We prove the following local classification of such hypersur-
faces.

Main result Let z: M® — S$*(1) € R* be a minimal hypersuface im-
mersion (with nowhere zero second fundamental form) of a connected and
orientable C*™-manifold M? in S*(1) with identically zero GauB-Kronecker
curvature. If one of the two nowhere zero principal curvature functions is
constant along its associated principal curvature line, then there exist local
coordinates so that the immersion = locally can be described by one of the
two non-isoparametric hypersurfaces z; and z2 (see Example 1.1 and Exam-
ple 1.2) above, or locally by Cartan’s minimal isoparametric hypersurface
with principal curvatures v/3, —v/3 and 0.

2. Notations and integrability conditions

Let z : M3 — S%*(1) C RS be an immersion of a connected, orientable
3-dimensional C*°-manifold M3 into the unit 4-sphere S*(1). Denote by y a
unit normal vector field on S4(1) along the immersion z, by (, ) the canon-
ical inner product of the Euclidean structure, and by V the flat connection
of R®. Referring to [4] for details on geometry of submanifolds, recall that
as immersion of codimension 2 in R® the structure equations (Gauf and
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Weingarten equations) for x state:

{ Vudz(v) := dz(Vyw) + I(u, v)y — I(u,v)z, for all wveTM® (2.1)
dy(u) = —dz(Su),
where I denotes the first fundamental form (induced metric) with Levi-
Civita connection V, T defines the second fundamental form and S denotes
the shape operator.
The structure equations imply the following integrability conditions
(GauB} formula and Codazzi equation) for any u,v,w € TM3:

R(u,v)w = I(w, v)u — I{w, w)v + I{w, v)Su— L(w, u)Sv, (2.2)
(VuS)v = (VuS)u, (2.3)

where R denotes the Riemannian curvature tensor for the induced metric I
Let (e1, eg, e3) be a I-orthonormal local differentiable frame of principal
curvature vector fields on M3:

561 = )\161, 562 = )\262 and 563 = )\363.

There are 9 functions oy, ..., ag such that
( Ve, e1 = areg + ages, Ve, €2 = —0u€1 + ages,
Ve €3 = —Qge1 — ages;
Ve,61 = —oyeg + age3, Ve,€2 = Qqer + ases, (2.4)
Ve €3 = —ager — aseg; '
Ves€1 = agey — are3,  Ve,€a = —(ige1 — Qges,
[ Veze3 = are; + ageq.

Remark 2.1 Consider the situation that the three principal curvature
functions A1, A2, Az are everywhere distinct; the fact that the frame
(e1, ez, e3) is orthonormal implies that the functions «;, ¢ = 1,...,9 in
(2.4) are defined on M 3 uniquely up to sign.

* Applying the Codazzi equation (2.3) to the vector fields e, es, e3 and
using (2.4), one gets the following equations:
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( e1(A2) = au(Ag — A1),
€1 ()\3) - Q'{()\g — )\1),
e2(A1) = a1(A1 — A2),
62()\3) = Ozg()\g - )\2), (2.5)
63(/\1) = Oé2()\1 - )\3),
e3(A2) = as(A2 — As),
Lag(Ar — A2) = az(A — A3) = ag(A1 — A3).

From now we assume that the immersion z (with nowhere zero sec-
ond fundamental form) is minimal and has identically zero Gau-Kronecker
curvature (K = 0). There exists a positive non-zero function A such that
the principal curvature functions associated to the immersion z are Ay = A,
A2 = —X and A3 = 0. From the equations (2.5), one gets

€1 ()x) = 2C¥4)\, 62(>\) = 2041/\, 63(/\) = Ozgx\; (2.6)
a5 = (9, 2019 = —Q3 = Og, g = 0= asg. (2.7)

Applying the Gaufl formula (2.2) to the vector fields ej, ey, e3 and using
the equations (2.4) and (2.7), one gets

e1(aq) +e2(oy) =1— A2+ a% + a% + 20é§ + OzZ
1 1
83(051) + 561(0{3) = qjQg — 5(13&4
1 1
e3(o) — 562(043) = a0y + 50103, (2.8)
es(ag) = 1+ a2 — o2,
63(0{3) = 20{20{3,

e1(az) = ez(0s),
\ 61(&3) = —*62(0&2).

Note that the Lie brackets with respect to the vector fields e1, ez and
eg are given by:

_ 1
[61, 62] = —aje) + agex + 2azes, [61, 63] = —age] — 504362,

1
[€2> 63] = 505361 — (g€2.

The fundamental equations (2.1) applied to the vector fields e, eg, e3
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give rise to the following (partial) differential equations:

v (e1) = ardz(e2) + agdz(e3) + Ay — x
\% (e2) = —aydz(e;) + azdz(es)

Ve, dz(e3) = —asdz(er) — azdz(es)
Vepdz(er)
Ve,dz(e2)
Ve,dz(e3)

e;dz(er) = —agdz(es) — aszdz(es)
e;dz(eg) = agdz(er) + agdz(es) — Ay — z
e, dz(e3) = asdz(eg) — agdz(eq)
Ve dz(e1) = —%ozgd:c(eg) (2.9)
— 1
Vesdz(ez) = iagdm(el)
Ve, dz(e3) = —x
dy(el) = _/\dx(el)7
dy(e2) = Adz(eq),
[ dyles) = 0.

3. Proof of the main result

To describe locally hypersurface immersions in $*(1) with X = 0, one
has to find local coordinates to solve the structure equations (2.9) using the
integrability conditions (2.6) and (2.8). It seems to be very difficult to solve
this problem in full generality.

In this section, we consider natural additional assumptions on the func-
tions a1, ag, ag and oy to solve the structure equations (fundamental equa-
tions) for minimal hypersurface immersions in S*(1) with X = 0; namely
we assume that the function A is constant along the e;-direction. This
additional assumption is suggested by the Examples 1.1 and 1.2.

Proposition 8.1 Let z: M3 — S*(1) be a minimal hypersurface immer-
ston with identically zero Gaufi-Kronecker curvature function and nowhere
zero second fundamental form. Let oy, . .., ag be the the functions as defined
in (2.4). If the function oy vanishes identically on an open subset U of M3,
i.e., the function A is constant along the curvature line of the vector field
e1, then also the function ag vanishes identically on U, or the immersion x
is a minimal Cartan isoparametric hypersurface on U.
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Proof. Using the equations (2.6) and
erea(A) — eze1(A) — le1, e2](N) = 0 = ereg(A) — eszer(A) — [e1, e3](N),

one gets:

er(a1) = agas and ej{ag) = —ajas.
Similarly, using (2.8) and

ezea(as) — ezea(as) — [e2, e3](a3) = 0,
one has:

ages(az) = 0.

Assume now that ag # 0 everywhere. This implies that ea(cq) vanishes
identically. Inserting again the equations (2.6) into

ereg(asz) — ezer(as) — [e1, e2)(asz) =0,
one gets:
a%ag =0.

Therefore ag = 0 = oy and a3 = +1. Consequently, A2 = 3. Thus the im-
mersion is isoparametric with principal curvatures A\; = V3, Ao = —+/3 and
Az = 0, i.e. the immersion is a Cartan’s minimal isoparametric hypersurface
in S%(1). O

Corollary 3.2 Let z: M3 — S*(1) C R® be a closed minimal hypersur-
face immersion of a connected and orientable manifold M3 into S*(1) C RS
with nowhere zero second fundamental form and K = 0. Assume that one
of the functions o and oy vanish identically on M3. Then (M) is a Car-
tan’s minimal isoparametric hypersurface of S*(1), i.e., the boundary of the
tube Tube(V?2, T) with radius T around the Veronese surface V? C S*(1).

Proof. From the proposition above we have two possibilities:
(i) 3 vanishes identically on M?3;
(i) ora1:a2=a450anda§=1.
Assuming that the hypersurface M3 is closed, the case (i) above cannot hap-
pen because the function e3(az) = 1+aZ—aZ should be zero at the minimum
and maximum points of the function ag; but with az =0, eg(a2) = 1+ o2
has no zeros. 0
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Proposition 3.3 Let z: M3 — S*(1) C RS be a minimal hypersurface
immersion of a connected and orientable manifold M3 into S*(1) C R® with
nowhere zero second fundamental form and K = 0. Assume that the immer-
ston is non-isoparametric and the functions a; and oyq vanish identically on
M?3. Then there are local coordinates so that the immersion = can be locally
described by the parametrization of the hypersurface given in Example 1.1.

Proof. From Proposition 3.1 we may assume that the function a3 vanishes
identically on M?3. Then the following equations hold:

62(&2) =0= €1 (az) = €] (/\) = 62(/\),
63(a2) = a% + 1,

63()\) = )\042,
M =0i+1.
The vector fields %el, %ez and 5221_{_—163 satisfy:

0 1 1 1e 1 16 1

= |=ej, ~ey| = |~e1, ———e3| = | ~ez, —5——e3] .
PR N B PR I R B PN N

Therefore there are local coordinates (u, v, z) on M3 such that

Lo 1,0 1o
AT AT v a2+1° bz

The foregoing equations give

ag=2z and A=+v22+1.

With respect to the frame (5%, %, %) the structure equations (Gauf3 and
Weingarten equations) are given by the following system of second order
partial differential equations:

Ny = 2(2% + 1)z, + Ay — =, (3.10)

Tou = 0= Tu, (3.11)
—z

P S e T e (312

Mgy = 2(22 4+ Dz, — My — @, (3.13)

Loz = - Ty = Tz, (314)

2241
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(2 + 1)z, = —22(z* + Dz, —z, (3.15)
Yu = —AZy, (3.16)
Yo = ATy, (3.17)
Yo = (3.18)

Differentiating (3.10) with respect to u and using (3.12) and (3.16), one
gets

Tuuy = —2Ty.

There are two vector valued functions A; = A;(v, 2) and As = As(v, 2) in
R5 depending only on v and z such that

Ty = V2(—sin(v2u) A; + cos(v2u)Az). (3.19)
One has
% = Nz, zy)

= 2((A1, A1) sin?(V2u) — (A1, Ag) sin(2v2u) + (A, Ap) cos’(v2u))
= (A1, A1) + (A2, 43) + ({42, Az) — (A1, A1) cos(2v/2u)
— 2(Ay, Ag) sin(2V2u).
The linear independence of the functions 1, sin(2v/2u) and cos(2v/2u)
implies
1

2)2
Furthermore there is a vector valued function A3 = As(v, z) depending only
on v and z such that

z(u,v, 2) = cos(\/iu)Al(v, z) + sin(v/2u) Az (v, z) + As(v, 2).
One has

(Al, A1> = = <A2, Az) and (AI,A2> = 0. (320)

1= (z,2)
1
T 2a2
From the linear independence of the functions 1, sin(v/2u) and cos(v/2u),

+ 2(A1, As) cos(v/2u) + 2(As, As) sin(v/2u) + (As, As).
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one gets

L= oo (As, As) and (Ay, Ag) = 0= (A, Ag). (3.21)
Differentiating (3.19) with respect to z (and with respect to v, resp.) and
using the equation (3.12) (the equation (3.11), resp.) and the linear indepen-
dence of the functions 1, sin(/2u) and cos(v/2u), one gets the following first
order partial differential equations for the vector valued functions Aj(v, 2)
and As(v, z):

(Z2 + :L)-B—ALl = —2zAq, (Z2 + ].)%2 = —zAs

Oz 0z
0A; 0Ag
2= =
d Ov ov
There are constant vectors C; and Cj in R5 such that

. C O
Vz2 +1 241

Because of (3.20), one has

1
(Cl) Cl> = 5 = <CQ, CQ) and <Cla 02> =0.

The immersion z takes the form

(cos(v2u)Cy + sin(v2u)Cy) + As(v, 2).

1
z(u,v,2) = ——
( ) V2t +1
After inserting the above expression for z into the equation (3.15), one gets
the following second order partial differential equation for the vector valued
function Az (v, z):

024 0A
2 2 3 2 8 4 Ar =
(z+1) 552 +22(2° + 1) 5, T4 0.
There are two vector valued functions 44 = A44(v) and As = As(v) in R®

such that
A A
Ag(’U,Z) — 4(’0) z 5(’[)) ]
VA2 +1 VA +1
The equation (3.14) implies that the vector valued function As(v) is con-
stant:

As(v) = Cs = const.
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Because of (3.21), one has

0= (Cs, A4(v)) = (C1, Aa(v)) = (C2, As(v)) = (C1, C5) = (C2, Cs),

(A4(v),A4(v)):% and  (Cs,Cs) = 1.

Now eliminating y from the equations (3.10) and (3.13), one has that
the vector valued function A4(v) is a solution of the following second order
differential equation:

A (v) = —2A4(v).
Therefore there are constant vectors Cz, Cy € R® such that
Aq(v) = cos(v2v)Cs + sin(v2v) Cy.

The constant vectors Cs, Cy are orthogonal to Cy, Cs, Cs and satisfy

1
<C3, C3> = § = <C4, C4> and <C3, C4> =0.

Finally, the local description of the immersion x is given by

(cos(x/ﬁu)C’l + sin(v/2u)Cy

+ cos(v2v)Cs + sin(v20)Cy + 2C5).  (3.22)
Note that the vector field y defined by

y(u, v, z) = — cos(v/2u)Cy — sin(v2u)Cy
+ cos(v2v)C3 + sin(v2v)Cy

z(u,v,z) =

1
vVz2 +1

is unit and normal to z. It is then easy to check that the mapping (3.22)
defines a minimal hypersurface immersion with K = 0 in S%(1). Clearly
this hypersurface immersion is non-isoparametric. O

Now we want to characterize Example 1.2. In order to succeed, we need
to prove the following lemma.

Lemma 3.4 Let I C R be an open interval and 0 < c¢1,¢0 € R be two
constant positive real numbers such that cpe?® — 1 — c%e‘l” > 0 for every
v € I. Consider the following second order differential equation for some
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function A on I :
(coe® — 1 — 2e*) A" (v) + (1 — Be)A'(v) +24(v) =0.  (3.23)

Then there ezists a function ¢: I — R such that the general solution A(v)
for the equation (3.23) takes the form

A(v) = av/ca — e=2v cos (¢(v)) + b/ ¢z — e~ sin (¢(v)),

where a,b € R are constants.

Proof. Let B: I — R be the function defined by

=:+/cg —e"2?B(v)

Inserting this expression of A(v) into the equation (3.23), one gets the fol-
lowing second order differential equation in B(v):

(3 + c2 4v 4 0202 6v _ 302€2U)B/(v)
(coe?v — 1)(coe2? — 1 — c2e®?)
N cace®? B(v) _
(coe?? — 1)2(coe?v — 1 — c2e?)

Now take ¢ to be the function on I such that

§0) =
(coe? — 1)%(coe? — 1 — clet?)’

It follows that

¢"(v)  (3+ c2e” + coctet’ — 3cge®)
¢ (v)  (coe? — 1)(coe?” — 1 — cletv)’

- B//( )

(3.24)

Thus the equation (3.24) becomes

B'(v) - i(( ))B'< )+ ¢2(v)B(v) = 0.

Therefore, there are constants a, b € R such that

B(v) = acos (¢(v)) + bsin (¢(v)).



Minimal hypersurfaces of S%(1) with zero Gauf-Kronecker curvature 77

Remark 3.5 The particular solutions g(v) and h(v) of the equation (3.23)
given by

Vg —e 2 cos (¢(v)) and
Vea — e~ sin (¢(v))

e—2v

are linearly independent and satisfy g?(v) + h%(v) =1 —

c2

Proposition 3.6 Let z: M® — S*(1) C R® be a minimal hypersurface
immersion of a connected and orientable manifold M?® into S*(1) C R® with
identically zero Gaufl-Kronecker curvature, but with nowhere zero second
fundamental form. Assume that the function oy vanishes identically and
ay is nowhere zero on M3. Then there are local coordinates (u,v,z) such
that the immersion x can be locally described by the parametrization of the
hypersurface given in Example 1.2.

Proof. The vector fields a—lleQ and aqlfﬁeg satisfy
2

! _1 e 0
—e = U.
o 25 Ol% +1 3
Define the function f on M3 by
1
VI+X+aZ+of
The function f satisfies the following equations:
er(f) =0, exf)=-oaf and e3(f)=—cof.
Consequently,

[fel,ail@} =0= [fel, ! 3] :

— €
o2 +1

fi= (3.25)

Therefore there are local coordinates (u, v, z) on M? such that

o_ 10 _ 1 o _ .
0z ai+1 ¥ o w2 ouw TV

From above we get the following equations for ag, A and a;.



78 T. Lusala

Equations for as:

% _ ferfan) =0, 22— —ealan) =0, R 1‘?—107363(“2) -
So
oy = 2. (3.26)
Equations for A:
2_2:0, %:2)\, and %:z;—tl'
Therefore

A= A(v,2) = c1e®V/ 22 + 1, (3.27)

where 0 < ¢; € R.
- Equations for aq:

dog zon day  a2+224+1-X2 day
= , = , and —— =0;
0z z2+1 Ov o Ou
thus
o2 = a2(v,2) = (22 + 1)(cae® — 1 — cZev), (3.28)

where v € I C R an open interval and 0 < ¢2 € R is a constant such
that cpe” — 1 — c2e*” > 0 for all v € I. Inserting the expressions (3.26),
(3.27) and (3.28) (of a2, A and a, respectively) into (3.25), we see that the
function f satisfies

e—2v

(1+22) () =

C2

With respect to the frame (%, %, %) the structure equations are given by
the following system of second order partial differential equations:

Q2
Tyz = —Wf% = Tav) (3-29)
(8]
Loy = —a%—j_‘I.’Eu = Tyz, (330)
Tou = — Ty = Zyw, (331)

Ty = F2 (a%mv + aQ(ag + Dz, + Iy — :):) , (3.32)
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Tax = —a%xz = mx (3.33)
Ty = ai% (=( 2402 4+1 -2y + (02 + 1)z, -y —z),
(3.34)
Yu = —ATy, (3.35)
Yo = Ay, (3.36)
Yz =0. (3.37)
Differentiating the equation (3.32) with respect to u, one has:
Ty = f2(—02 — 02 — N2 = 1)zy = —y. (3.38)

There are vector valued functions A; = A;(v,2) and Ay = As(v, z) in R®
depending only on v and z such that

%y, = —sin(u)A; + cos(u)As. (3.39)
One has:
2 = U2y, z4)
= (A1, A;) sin?(u) — (Aj, Az) sin(2u) + (As, Az) cos?(u)
_ (Ag,49) ;r (A1, A1) | (A2, 4y) ; (A1, A1)
— (A1, Ag) sin(2u).

cos(2u)

Using the linear independence of the functions 1, cos(2u) and sin(2u), from
the equation above we deduce

(Al, A1> = f2 = <A2, A2> and <A1,A2> =0. (340)

Furthermore, there is a vector valued function A3 = Az(v, z) depending
only on v and z such that

z(u, v, z) = cos{u) A1 (v, 2) + sin(u) Az(v, z) + As(v, 2). (3.41)
One has
1={(z,zx)
= f2 + (Ag, A3> -+ 2<A1, A3> cos(u) —+ 2<A2, A3> sin(u),
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Using the linear independence of the functions 1, cos(u) and sin(u), we get
1=f+ (A3, A3) and (A1, As) = 0= (A, As). (3.42)

We differentiate the equation (3.39) with respect to z and v and use the
equations (3.30) and (3.31); then the linear independence of the functions
cos(u) and sin(w) implies the following first order partial differential equa-
tions for the vector valued functions A; (v, z) and Ay(v, 2):

0A; z 0A

—_ 1 —_
8z 22+ 1A1’ ov A, (3.43)
8142 z aAZ
= — = —A,. )
0z 22+ 1A2’ v 2 (344)
Therefore,
A1(v,2) = f(v,2)C1; and Aqx(v, z) = f(v, 2)Cy, (3.45)

“where C1,Co € R are constant vectors; they are orthonormal because of
(3.40), and from (3.42) they are orthogonal to As.
Differentiating (3.41) with respect to z we have:

_9f . 843

Tz =5 (cos(u)Cy + sin{u)Cs) + 55
O f : 8% A3
Tex = 53 (cos(u)Cy + sin(u)Cs) + FER

Using the equation (3.33), we get the following partial differential equation
for As, depending only on z:
%43 2z 943 1
022 2241 0z (22+1)2
Therefore there are vector valued functions Ag = A4(v) and A5 = As(v)
depending only on v such that:
z 1

Ag(v) +
e s S

As.

Ag(’l), Z) =

The equation (3.41) becomes
z(u, v, z) = f(v, z)- (cos(u)Cy + sin(u)Cy)

\/ﬁAlyz (v) + As(v).

1
_|_
NEEST
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Differentiating the equation above and using (3.29), we have:

z 1 ,
zz_l_lmv_ 22+1A4(U)'

0= zy, +

Therefore the vector valued function A4(v) is constant: A4(v) = C; € RS.
From the equation (3.42), one has
1
2+1

1=f24 (2%(Cs, Cs) +22(Cs, As(v)) + (As(v), As(v)))

and thus
<037 03> - 1) <03, AS(U» = 0)

and

e—2’u

(A5(v), 45(v)) =1 = (1+2°)f2 =1 -

. (3.47)
c2

Eliminating y from the equations (3.32) and (3.34), we get
0= a%mw + 2200 + (22 4+ 1 = A2z, — 22(2% + 1)z, + 22
22 +1((coe® —1 — c2e*) AZ (v) + (1 — cie®) A§(v) + 245(v)).

Therefore the vector valued function As(v) satisfies the following linear
ordinary differential equation of second order:

(c2e® — 1 — 2e®) Al (v) + (1 — 2e®) AL (v) + 245(v) = 0. (3.48)

By the Lemma, 3.4, one can conclude that the general solution of the equa-
tion (3.48) is

As(v) = g(v)Ca + A(v)Cs,

where Cy, Cs € RS are constant vectors, and g and h are the functions given
in Remark 3.5.
But since from (3.47) the vector valued function As satisfies

6—21;

(As(v), As(v)) = 1 — —,

C2

we have that Cy and Cs are orthonormal. They constitute together with
C1, Cy, C3 an orthonormal basis of R3. This proves Proposition 3.6. O
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Our classification theorem summarizes the results from Propositions
3.1-3.6.
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