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On positive solutions for p-Laplacian systems

with sign-changing nonlinearities

Dang Dinh HaA1l

(Received December 2, 2008; Revised April 3, 2009)

Abstract. We consider the existence and multiplicity of positive solutions to the
quasilinear system

—Ap,ui = piai(x) fi(ur, ..., un)in Q, i=1,...,n,
u; = 0 on 99,

where  is a bounded domain in RY with a smooth boundary 85, Ap,ug

div(|Vui|Pi~2Vu;), p; > 1, u; are positive parameters, and f; are allowed to change

sign.
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1. Introduction

Consider the system

—Apu; = piai(x) fi(ur, ... up)in Q, i =1,...,n,

@
u; = 0 on 09,

where Ay, u; = div(|Vu; [P =2Vu), p; > 1, fi R} — R, p; are positive
constants, i = 1,...,n, and § is a bounded domain in RY with smooth
boundary 0f2.

The p-Laplace operator arises in the theory of non-Newtonian fluids,
reaction-diffusion problems, flow through porous media, and petroleum ex-
traction (see [9]). The system (I) with f; nonnegative has been studied
extensively in recent years (see e.g., [3], [5], [13] and the references therein).
In this paper, we are interested in the case when f; may take negative values.
We shall establish the existence of positive solutions for (I) for large p; when
fi are positive near 0 or when f; are eventually positive and p-sublinear at
infinity. In particular, Theorems 1.1 and 1.2 below unify and extend results
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n [11], [18] to systems. Our approach is based on the method of sub- and
supersolutions.
We make the following assumptions:

(A1) a; € L>*(R),a; >0and a; #0,i=1,...,n.

(A.2) f;:]0,00] X -+ % [0,00] — R are continuous for all i.

(A.3) There exist ry,...,r, > 0 such that for all i, f;(uy,...,u,) = 0 if
u; = r;, uj € [0,7;] for j # i and fi(u1,...,u,) > 0 if u; € (0,7),
uj € [0,r;] for j # 1.

(A.4) There exist nonnegative numbers k, A, L,y with A, L > 0, v < 1/N,
such that for all 7,

for all u = (uq,...,u,), and
L
fi(u, ... un) > — when u; > A
U;
(A.5) limy)—oo % = 0 for all ¢, where ||u|| = maxi<ij<p ||, v =
(ul, ces ,un).
By a positive solution of (I), we mean a function v = (u1,...,u,) €

WyPH(Q) x -+ x Wy P () that satisfies (I) in the weak sense i.e.,

Q

and u; > 0 in Q for all <.

Pi2\y,; Védr = / 1iai () fi(un, . .., up)Edz YE € Wy P (Q),
Q

Theorem 1.1 Let (A.1)—(A.3) hold. Then there exists ug > 0 such that
problem (I) has a positive solution v = (uy, ..., u,) when miny<;<y, f; > Ho.
Furthermore

|tilloo — 75 as min p; — 00
1<i<n

fori=1,...,n. If, in addition, lim,|_o % =0 for all i, then (1)
has a second nontrivial nonnegative solution when mini<;<y, pt; 18 large.

Theorem 1.2 Let (A.1), (A.2), (A.4) and (A.5) hold. Then there exists
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po > 0 such that problem (I) has a positive solution uw = (uy,...,u,) when
ming<;<n i > po. Furthermore

[willoo — 00 as D g — 00

fori=1,...,n. If, in addition, f; > 0 and lim, g W =0 for all
i, then (I) has a second nonnegative nontrivial solution when miny <<, ; is

large.

Theorem 1.3 Let (A.1)-(A.2) hold and suppose there exists C > 0 such
that

pi—1

fi(ul, e ,Un) S CHU

for all w and i. Then there exists fig > 0 such that (I) has no nonnegative
nontrivial solutions when maxi<;<p t; < flo-

Note that fig < po.

Remark 1 Theorems 1.1 and 1.2 generalize and improve results in [11],
[18]. In [18], the existence of at least two positive solutions to

—Apu = Af(u) in Q, v =0 on 0N (*)
was established for \ large for f € C1(R™) satisfying

(F.1) £(0) = f(8) =0, f > 0 on (0,), f < 0 on (8,00), lim,—o F* =0,
and (f(s)/sP~1)"” < 0on (0,3) if p > 2,

or
(F.2) f is strictly increasing on R, f(0) = 0, lim,_o £ = 0, and there

upr—1

exist aq, g > 0, p € (0,p — 1) so that f(u) < ayg + agut for u > 0.

In [11], it was proved that (*) has a positive solution for A large for f
I — 0and f(u) > L > 0 for u large. A second positive

uP—1
solution was established under the additional assumptions that f > 0 and
fluw) _

uP—1

satisfying lim, .

1imu—>0

Examples 1 Let a;, i = 1,2, satisfy (A.1) and let py, po > 1. Consider
the problem
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(utv)" (1—u?) .

que . @ o .
, u=v=0o0n 0N (**%

—Ap,v = poaz(x)(u+v)? (1 —v)e™™ in Q,

—Ap u = pya;(x)

Then it follows from Theorems 1.1 and 1.3 that

a. For all r1, ro > 0, (**) has a positive solution when min(uy, u2) is large.

b. For r; > p; — 1,1 = 1,2, (**) has at least two positive solutions when
min(uq, pe) is large.

c. Forr; =p;—1,i=1,2, (**) has no positive solutions when max(p1, u2)
is small

Examples 2 The problem

_ (utv)’t4+A .
—Ap,u = prar(x) w1 in

, u=1v =0 on 99,
u+v)°24+B .
—Ap,v = ,ugag(x)% in Q,
where v; € (0,1/N), s; € (0,p;—1),i=1,2, and A, B < 0 has a positive so-
lution when min(uq, p2) is large and no positive solutions when max(u1, f2)
is small.

Examples 3 The problem

1
—Apu=pra(x)(1—e ¥ eTw  in Q
7 ) ) , u=v=0on 99,
—A,,v = pgaz(z)(1 — eV )er @ in Q,

where v; > p;, — 1, ¢ = 1,2, has at least two positive solutions when
min (g, p2) is large by Theorem 1.2.

2. Preliminary results

Let @ = (B1,...,®,), U = (Uy,...,0,) € [[7, (WyP () N L=(Q))
with ® < ¥in Qie., &, < ¥, in Q for each i € {1,...,n}. Then we say that
{®, U} forms a system of sub-supersolutions for (I) if for each ¢ € {1,...,n},
®, <0on 0, ¥; >0 on I,

/ v,
Q

Pi=2y®,; Vedr < / piai(z) fi(®)edx  VE € WP (), € >0,
Q
(2.1)
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where @ = (®y,...,®,), B; = &;, D), € [®), U] for k # i, and

[V eds > [ oo fiieds vee wir@), €20
Q Q
(2.2)

where U = (\ifl, e \ifn), U, =0, U, € [®k, U] for k # 4. It is well known
(see e.g., [4] or Appendix) that if such a system exists then (I) has a solution
u with @ < u < V¥ in Q.

We shall denote the norms in C1*(Q) and L"(Q)) by |.|1.o and ||,
respectively.

Lemma 2.1 ([12]) Let f € LY(Q) for some ¢ > N, and let u € Wol’p(Q)
be the solution of

—Ayu = fin Q,

2.3
uw =0 on ON. (23)

Then there ezist o« € (0,1) and C > 0 independent of w and f such that
u € CY(Q) and

uli,0 < ClIFllg" (2.4)

Furthermore, the map K : L1(Q)) — CY(Q) defined by K f = u is compact.

Proof. Suppose that p > N. Then, by the Sobolev Imbedding Theorem,

u € C(2) and there exists C; > 0 such that

ullos < C1[[Vullp. (2.5)
Multiplying the equation in (2.3) by u and integrating gives
q—1
IVally = [ fude < 7l el (26)
From (2.5) and (2.6), we obtain

lulloc < Callfllg™" (2.7)

where C5 is independent of u, f.
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If p < N then (2.7) was established in [10, Lemma 1.3]. Let v be the
solution of

—Av=f inQ, v=0on 0.

Then v € W24(Q) and since ¢ > N, there exists 3 € (0,1) independent of
v, f such that v € C%#(Q) and

[v|crs < Csl| fllg,

where Cj3 is a constant independent of v, f.

1

Let &= ul flly ", 0 = v[|f]l;!. Then @ satisfies

div(|Va[P~*Va — Vo(z)) = 0in Q, @ =0 on 91
Since |||l < Co and
\Vo(x) — Vi(y)| < Cslz —y|? for all z,y € Q,
it follows from Lieberman [14] that there exists a € (0,1) independent of u
and f such that |a]; o < C.

Next, we verify that K is compact. In view of (2.4), we only need to
show that K is continuous. Let f,, — f in LY(Q) and u,, = K f,,. Then, by
(2.4), (uy) is bounded in C1*(Q). Multiplying the equation

—(Apuy, —Apu) = fr, — fin Q

by u, — u and integrating, we obtain
/ (IVun [PV — |VulP~2Vu).(u, — u)dz = / (fn — f)(uy — u)dx.
Q Q

From this, (2.4), and the inequality (see [16])

C|.’E o y|max(p,2)

(|z] + [y])?—minte-2)

(lzP=2z = [yP2y) (z —y) > (2.8)

for all z,y € R", where c is a positive constant depending only on p, we
obtain
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IV (un =)l < Cllfn = fllg:

where r = max(p,2) and C depends only on €, f,p,q. Thus u, — u in
Wy (€) and since C*(Q) is compactly imbedded in C1(Q), u, — u in
C1(2). This completes the proof of Lemma 2.1.

Lemma 2.2 Letp > 1, M >0, ¢ > N and f, g € LY(Q) with | fl,,
llglly < M. Let u,v satisfy

—Apu=finQ, —Ap=ginQ,
u =0 on 01, " =0 on 9.
Then |u —vl10 — 0 as || f — g|[1 — 0.

Proof. By Lemma 2.1, there exist constants «, Cpy > 0 such that u, v €
C1e(Q) and |ul1.0, V|10 < Cus-
Multiplying the equation

—Apu— (=Apv) =f—g inQ

by u — v and integrating gives

/ (IVulP~2Vu — |VulP>Vu).V(u — v)dz = / (f —g)(u—v)dx.
Q Q

Hence it follows from (2.8) that

/Q|v<u—v>|wx < erllf = glhllu = vlloe < eallf — gl

where 7 = max(p, 2) and ¢;, ¢y are constants depending only on p, M.
Thus [|V(u —v)|, — 0 as ||f —g|l1 — 0. Since |u — v|1,o < 2Cy and
C1(Q) is compactly imbedded in C'(Q), Lemma 2.2 follows.

For each i, let A\ ; be the first eigenvalue of

—Ap,u = Aa;(2)|ufPu in Q,

u =0 on 09,
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and let ¢1; be the corresponding positive eigenfunction with ||¢1;|lcc = 1.
It is well known that A1 ; > 0 and ¢1; € C1(Q) (see e.g., [2]). Let ; satisfy

—Ap, i = a;(z) in Q, 1; =0 on 0N.

Then ; > 0in 2 and %ﬁi < 0 on 01, where n denotes the outer unit normal
vector.

For u = (U1,...,Up), v = (v1,...,v,) € C(Q)", we say that u < v if
there exists € > 0 such that u; +¢e¢1,; < v; in Q for all i.

We are now ready to give the proofs of the main results.

3. Proofs of main results

Proof of Theorem 1.1. Let z; € Q be such that ¢1(x;) = [|¢1,i]lec = 1
and D be such that D ¢ Q and z; € D for all i.

Let 0 < 2e < mini<j<nri, di = 13 —€ < ¢; < 1y, and let ®; be the
solution of

C}?i_l)\ i\ T pi-_l in D
AP = Th (2o ., ®; =0 on 00
0 in Q\D,

Since

—Ap, (citr) = & T M ai(@)eh T in Q,

it follows from the weak comparison principle [15] and the strong maximum
principle [17] that 0 < ®; < ¢;¢1; in Q. By Lemma 2.2, |®; — ¢;¢1,4|c1 — 0
as |[Q\D| — 0, where |Q\D| denotes the Lebesgue measure of Q\D. Thus
we can choose D so that

(Ci — 6)@5171' § <I>Z S Cigbl,i in

for all i. Let ® = &p = (P1,...,P,) and ¥ = (ry,...,r,). We shall
verify that {®, ¥} forms a system of sub-supersolutions for (I). Let ® =
(Ci)l, el <i>n), where &, = ®; and &), € [®, 1] for k # 4. By (A.3), fz(i)) >0
in Q and fl(&)) > m; in D, where

m; = min {fz(il?) t(ei—e)mingy; <@y <6, 0< x5 <1y, jF# Z} > 0.
D
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Let pupo > 0 be such that pugm; > )\17icf"71 for all ¢ and suppose
ming <;j<p i > po. For & € WyP* (), € > 0, we have

[ ve
Q

Pim2y®, Vide = /

F TN ai(x) Zl)fz‘_lfdl“ < MOmi/ a;(z)€dz
. D

< i /D ai () f3(®)dzr < i /Q i () f3(®)€de,

i.e., ® satisfies (2.1). Also W satisfies (2.2) because of (A.3), which proves
the claim. Hence (I) has a solution u = (uq,...,u,) with

(ci—e)p1i < P; <wy <7;in

In particular, 7; — 2 < ||u;||o < 7. Replacing 2e by fn—a, m € N, we obtain
an increasing sequence (po ) of positive numbers with 1191 = po such that
(I) has a positive solution w,, = (Um,1,- .-, Um,n) With

2e
i — — < |tmilloo <73
m

for all © when mini<;<p ft; > po,m- Define u = uy, if pom < ming<i<p p; <

po,m+1- Then clearly [|u;l|cc — 73 as miny<i<y, g — 0.

Suppose mnext that lim, o % = 0 for all i. Define
filur,...,up) = fi(ts,...,4y), where a; = min(uj,rj), uj = max(u;,0),
j=1...,n. Let ¢ > 0 and &9 = (—¢,...,—¢€), Yo = (e¢1,...,e¥p),

Uy = (2ry,...,2r,). Then, if € is sufficiently small, &g < ¥y < & < ¥y in
). We shall verify that {®g, Uy} forms a system of sub-supersolutions for
the system

()

—Apu; = pia;(x) filut, ... uy) in Q, i =1,...,n,
u; = 0 on 0N}

if € is sufficiently small. Choose & > 0 so that p;d(maxi<j<y [[1;]le)Pi ™t <
(1/2)Pi=* for all i. Since limy,|_o W = 0 for all 4, there exists
gg > 0 such that

fi(z1, ..oy 20) < 6|2||P 1 for all @ (3.1)
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whenever ||z|| < €0, 2 = (21,...,2,) € R}. Let ¢ > 0 be small enough
so that €Mmaxi<j<n H@b]HOO < minlgjgn(&],?"j). Let f S Wol’pi(Q), f Z 0,
v; = €y, v € [—e,ey] for k # i. Then we have

ui/ﬂai(x)ﬁ(vl,...,vn)gd:c:,ui/ﬂai(x)fi(vl,...,vn)fda:

< pid||o

pi—1
pi—1 . . . .
[ ai@reds < pia(= max o) [ aswres

Pi=2V (eqy;). Vda.

< epil / ai(x)edz = / IV (e4hr)
Q Q
On the other hand, if w; = —e, wy, € [—¢,evy] for k # i, we have

Pi=2\7 ;. VEda.

” /Q a(@)fi(wy, . wn)ede > 0 = /Q Y,

Thus {®g, ¥y} is a system of sub-supersolutions of (I*). Similarly, it can be
verified that {®, U}, {®g, 1} are systems of sub-supersolutions of (I*).

It follows from the maximum principle that if u is a solution of (I*) then
0 <w; <r;in Q, and hence u is a nonnegative solution of (I) with ®y <
u < Uy. We shall show next that any solution of (I*) with ®o < u < ¥; in
Q satisfies &g < u <K ¥g. Clearly &9 < u since u > 0. Let u be a solution
of (I*) with &y < u < ¥y in Q. By (3.1),

pi—1

—Apuy = pia; () fi(u, ... ouy) < piai(z)d|a

pi—1
< 1 . .
< o (e max vyle) i)

which implies

1 .
e < (i) 7 (max (oo )t < (1/2)e0 in €,
ie., u < ¥,.Using the strong comparison principle [6], [7], we have ®p <
®p, if D C Dy, and therefore can assume that there exists a solution u of
(I*) with & < u < U;.

Define S; = {u; € C(Q) : 3¢ > 0 such that |u;| < cpr; in Q}. Then S,
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is a Banach space with norm [ju;||¢, , = inf{c > 0 : |u;| < c¢1; in Q}. Let
S =TI;_, Si and define the following open sets in S:

O={uecsS: P <u<},
Or={ues: o< u< ¥y},
Oy ={uesS:d<u< ¥}

If every solution v of (I*) with ® < v < Uy in Q satisfies v € O3 then it
follows from Amann’s three-solution Theorem (see [1], [8] or Appendix) that
(T*) has a solution u; € O\(O; U Oy). In particular, u; # 0, u; # u. On
the other hand, if there exists a solution v of (I*) with ® < v < ¥y in Q but
v ¢ Os then v is a second positive solution of (I). This completes the proof
of Theorem 1.1.

Proof of Theorem 1.2. Let k > 0 be given by (A.4). By Lemma 2.1, there
exists a solution v; € C1() of

—Ap, v = M in Q, wv; =0 on 012,
Y

where d(x) denotes the distance from z to 9. Let ¢g, ¢; > 0 be such that
cod(x) < wvi(z) < crd(z) for all ¢ and = € 2, and ¢; be the solution of

a;(z) .
Tz In D;

— el in Q\D;

—Ap i = ,  ¢; =0 on 09,

where D; = {a: € Q:dx) > %}, G; = (1 + 137—_1)_1, and m =
CO#Z‘ (3

k(ﬁ)w. Then ¢; < v; in Q by the comparison principle. Since

co

piai(x) filur, ... un) = Biai () Fi(ug, ... uy),

where fi; = ‘2‘}:?, Fi(uy,...,up) = %fi(ul,...,un), we can assume that
L>c].

By Lemma 2.2, |¢; — v;|cr — 0 as pu; — oo. Since v; > 0 in  with
% < 0 on 012, there exists pg > 0 such that
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1
i > SUi in §
¢_2v in

for all ¢ provided that min;<;<,, p; > o, which we shall assume for the rest
of the proof.
Define fi(21,...,2n) = SUPg<y, <z, fi(T1,...,75). By (A.5),

fi(ul, . ,un)

pi—1 =0

lim
lul—oo  [|u

for all 7, and hence there exists M > 0 such that

fiM, . M) s
Mpi—1 opi—1

_Bi
for all i. Let ®; = /""" ¢, W; = M;h;, where M; = M| 3} for all i.
Then & <« ¥ if M is large enough. We claim that ® = ($4,...,®,) and
U = (Uy,...,¥,) form a system of sub-supersolutions for (I). Indeed, for

£ e WP (Q), € >0, we have

/ v,
Q

P2y, Veds — p / (— Ay, 6)€da
Q

= ,uf’/ a:(z) Edx — Mfim/ ai(2) &dx

p, () o\, 47()
(3.2)
In D;, we have
B . B .
B pi—1 Pi—
P Ty > MV @)
2 2
and hence it follows from (A.4) that
~ L L L .
fl(é) > Biv > B > Bin m Diu

piel o n el e d ()

where éz = ,, ik > @y for k #£ 4. This implies
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_ Biv
~ s it al(ﬂl‘)f
i i(z) fi(P)Edx > — d
i a2 M [ S
Bi
wt L a;(x)€ ﬁ./ a;(z)
= =t dx > utt dx. 3.3
T o @@ T Sy @ 3
In Q\D;, we have
pPim > meg . ittt megpi s
dv(z) = (447" (4A4)7

which implies

Bi a’l(x) . . . . (&
[ e < | s <u | o) i@

Q\D;

Combining (3.2)—(3.4), we obtain

/ v,
Q

i.e., @ satisfies (2.1). Next,

[ v,
Q

:Mpi_1|]q/)i||;pi/ﬂai(:z:)§d$ZMz‘JEi(M,---)M)/ a;(x)€dx

Q

Pi=2y®,; Vedr < Mi/ ai(m)fi(é)fd%
Q

PV, Vede = Mfi_l/(—ﬁpﬂbi)&dw
Q

> /Q ai() i (D)edz > s /Q ai() [ (D)€d,

where ¥; = ¥; and 0 < U, < ¥, for k # i. Thus {®, ¥} forms a system
of sub-supersolutions of (I), as claimed. Hence (I) has a solution u with
¢ <u < ¥in Q. Clearly, ||ui]lcoc — 00 as minj<j<y pt; — 0o. We claim that
any solution u of (I) with 0 < u < ¥ in Q satisfies u < W. Indeed, let u be a
solution of (I) with 0 < u < W in €. Then we have 0 < u; < M;||[¢i]|cc = M
for all 7. Hence
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—Apu; = piai(x) filu, . .. up) < Niai(x)fi(ula ey Un)

; - lalis

S:U’lal(x)fz(MaaM) = opi—1 Mpi_lai(l‘) in Qa

which implies

u; < (1/2)M;vp; in Q for all 4.
Thus v < VU, as claimed. Next, suppose that f; > 0 and lim,|—q W
=0 for all i. Let ¢ > 0, &g = (—¢,...,—¢), Yo = (e¢1,...,e¢y,). Then, if
¢ is sufficiently small, ) < ¥y < ¢ < U. As in the proof of Theorem 1.1,
we deduce that {®g, ¥y} is a system of sub-supersolutions for the system

—Apu; = uiai(x)fi(uf, e ,u:) inQ, u;=00n00N, i=1,...,n, (I

and any solution u of (I’) with &g < u < ¥y in Q satisfies Py <« u < V.
By modifying the proof for {®, ¥}, we see that {®g, ¥} is also a system of
sub-supersolutions of (I') and any solution u of (I') with ®; < v < ¥ in
Q satisfies ¢ < u < V. Also, by replacing A by A/2 in the above proof
and using the strong comparison principle, we can assume that there exists
a solution u of (I') with ® <« u <« ¥. Hence we obtain, as in the proof
of Theorem 1.1, a second nontrivial nonnegative solution u; of (I). This
completes the proof of Theorem 1.2.

Proof of Theorem 1.3. Let u be a nonnegative solution of (I). Then

—Ap,u; < piCag()||ull%!

for all ¢, and the comparison principle implies
1 1 .
ui < (1iC) 7T [[uflooths < (1iC) 77T [Jul[oo |¢i ]| oo in €2
for all ¢, where p = min;<;<,, p;. Hence,

_1
Julloe < (4C)7T a4l ]

where p1 = maxj<;<y, ft;. Thus, if (uC)ﬁ maxi<i<n ||¥illoc < 1 then u =0,
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which completes the proof.

Appendix

Consider the system

(1)

_Apiui :gi(ulv"'aun) in €2,
u; =0o0n 0, i=1,...,n

where €2 is a bounded domain in R™ with smooth boundary 052, p; > 1, and
g; : R™ — R are continuous, i = 1,...,n.
For each i, let A ; be the first eigenvalue of

pi—2

—Apu= Aa;(x)|u
u = 0 on 01,

u in €,

and let ¢ ; be the corresponding positive eigenfunction with ¢ ;|| = 1.

For u = (ug,...,un), v = (v1,...,v,) € C(Q)", we say that u < v if
there exists € > 0 such that u; +e¢1,; < v; in Q for all <.

Define S; = {u; € C(Q) : 3¢ > 0 such that |u;| < ¢y, in Q}. Then S;
is a Banach space with norm [ju;||¢, , = inf{c > 0 : |u;| < c¢1; in Q}. Let
S =TI;—, S; with norm ||ul|s = maxi<;<y, ||u;|l¢, , and Br denote the open
ball centered at 0 with radius R in S.

For each v = (v1,...,v,) € C(Q)", let u = (uy,...,u,) = Tv be the
solution of the system

—Apu; =gi(vi,...,0)InQ, w;=00n0Q, i=1,...,n

Theorem A i) Let {®, \I/} be a system of sub-supersolutions for (II). Then
(I1) has a solution u with ® < u < W in Q. If, in addition, ® < ¥ and
every solution v of (II) with d < v <V inQ satisfies < v < U then
there exists R > 0 such that

deg(I —T,BrNA,0) =1,

where A={u € §: Ci)<<u<<\i/}
ii) Let {@0,\110} {<I> \IJ} {<I>0,\I/} be systems of sub-supersolutions for
(I1). Suppose &y < Uy < & < U and every solution u of (II) with &y <
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u < 0, (resp. d<u< \if, by <u< \i/) in S satisfies Dy < u < Uy (resp.
dP<uk VU, &g <u<k V). Then (I) has at least three solutions uq, ua, us
with uy € Ag, us € Ay, uz € A2\(Ao U Ay), where

Ao:{UES:(i>0<<u<<\i’0}, Alz{u65:<i><<u<<\i!}

A={ueS: o <u< ¥}

Proof. 1) Let d = (D1, Pn)s U= (¥1,...,%y). Define g;(u,...,u,) =
gi(l1,...,0y,), where 4; = min(max(u;, ¢;),¥;), i = 1,...,n. Consider the
System

—Apu; = gi(ur,...,up)in Q, w; =00n0%, i=1,...,n. (I1%)

For each v = (v1,...,v,) € C(Q)™, let u = (uy, ..., u,) = Tw be the solution
of

—Apu; = gi(vi,...,v)In Q, w;=00n0%, i=1,...,n.

Then 7 : S — S is a bounded compact operator and therefore there exists
R > 0 such that deg(I — T, Bg,0) = 1.

Thus 7 has a fixed point u in B(0, R). We shall show that d<u<V
in Q. Let £ = (¢; —u;)" and suppose £ # 0. Then £ € W7 (), £ > 0, and

{zui(z)<¢i(z)}
:/gl(ul,,un)fdx:/ gz(ﬂlyﬂa’n)gdx
Q {z:ui(z)<¢i(z)}
> / IV
{zui(z)<¢i(x)}

where U; = ¢;, Uy € [Pk, Vi for k # i. Hence

{z:u;(z)<¢pi(x)}

a contradiction. Thus £ = 0 i.e., u; > ¢; in . Similarly, we have u; < ); in
Q2. Thus u is a solution of (II) with ® < u < ¥ in Q. If & < ¥ and every

Pi=2\7,; Védx

p"_QVui.Vfd:E:/ |V,
0

Pi=2y ¢, VEdz,

Pi=2Tu; — |V

pi_QV(;SZ—).V(Ui — ¢;)dz <0,
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solution v of (II) with d < v < ¥ in O satisfies & < v < ¥ then we deduce
from the excision property of the degree that

1 =deg(I — T, Bg,0) = deg(I — T, Br N A,0) = deg(I — T, Br N A, 0).
ii) By (i), there exists R > 0 such that
deg(I —T,Br N Ap,0) =1, k=0,1,2.
Consequently, (IT) has solutions u; € Ag, us € A;. Since

deg(I — T, Br N As,0) = deg(I — T, Bg N Ao, 0) + deg(I — T, Br N A;,0)
+deg (I =T, Br N (A:\(Ay U Ay)),
it follows that
deg (I — T, Br N (As\(Ag U Ay)) = 1,

and the existence of a third solution us € A\ (A U .A;) follows.
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