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Center manifold approach to discrete integrable systems
related to eigenvalues and singular values
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Abstract. The existence of center manifolds is closedly related to local behavior of
dynamical systems. In this paper we consider center manifolds both of the discrete Toda
equation and the discrete Lotka-Volterra system. Their solutions converge to eigenvalues
and singular values of certain structured matrices. A free parameter plays a key role to
show the existence of a center manifold of the discrete Lotka-Volterra system. A monotone
convergence of the solution of the discrete Lotka-Volterra system is proved with the help
of the existence of a center manifold. In contrast, a center manifold of the discrete Toda
equation does not always exist.
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1. Introduction

The theory of integrable dynamical systems has an unexpected relation-
ship to numerical algorithms. Some integrable systems of Lax form describe
continuous flows of efficient numerical algorithms for eigenvalues [19, 4, 20].
We know, for example, a relationship between the finite nonperiodic Toda
equation and the classical QR algorithm [14]. Each step of the QR algo-
rithm for the exponential of a symmetric tridiagonal matrix L lies on the
continuous flow of the Toda equation. Time-1 evolution of Toda is just one
step of QR. Global convergence of the flow follows from that of QR, and
vice versa. Note that the matrix exponential exp L has real, simple, positive
eigenvalues. Local convergence of the Toda flow is discussed in [2] by using
the center manifold theory.

A skillful time discretization of some integrable systems enables us to
formulate numerical algorithms for computing eigenvalues [15]. A time dis-
cretization of the Toda equation is known as the quotient difference (qd)
algorithm of Rutishauser [17]. A new singular value computing algorithm
named the discrete Lotka-Volterra [10, 11] is also formulated starting from
the finite Lotka-Volterra system by the same manner. Let us give a brief
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review on this aspect.
Let us consider the semi-infinite Toda equation

dV,

d—t’“zvkuk—ml), Vo =0,

i, (1)
— =V 1=V k=012, ...

dt k—1 ks s Ly &y )

where Vi, = Vi (t) and Uy, = Ug(t), t and k are the time and spatial variables,
respectively. We write Vj(nd) as Vk(n) for some positive J and integer n.
Then Vk(nﬂ) = Vi(nd + 0) and so on. Let A, denote the difference with
respect to the discrete time variable n. Namely, A,, () = (D — £() /5.
A discrete time dynamical system

e

(2)
A I =yt ) k=0,1,2,...

is essentially given in [7]. This system is clearly a time discretization of
the semi-infinite Toda equation (1), since it goes to (1) in the continuous
limit 6 — 0 with nd = ¢t. Moreover it has a class of determinant solutions
which is a discrete analogue of that of the continuous Toda equation. Let
us introduce a set of variables {q,gn)} and {e,(gn)} by J,g") = (1- q,gn))/é,
Vk(n) = e,(cn) /6%, Then the discrete Toda equation (2) leads to the recurrence
relation of the qd algorithm [17]

(n) (n)

+1) _ D41k +1 +1
e}(ﬂn ) _ (+n+1) : ’(€n ) _ qlgn)_eggil )_’_el(cn)' (3)
g
It is possible [16] to compute, for example, eigenvalues of a tridiagonal
matrix 7" in the finite case where k =1, 2, ... m with e(()") =0 and eﬁ,’;‘) =0
forn =0, 1, .... Thus the qd algorithm is equivalent to the discrete Toda

equation. There is no free parameter in (3). The recurrence relation (3) has
a subtraction and it is numerically endangered because of the possibility

+1)

that the denominator qlin may vanish. To guarantee the convergence to

eiginvalues one should suppose that q,(CO) > 0 and e,(go) > 0 for all k. This
implies that the eigenvalue of T are all real, simple and positive [17]. In
this case we say that the variable q,gn) of the qd algorithm converges to
eigenvalue as n — oc.

The dLV algorithm is formulated as follows. Let us consider the dy-
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namical system

duy,

o = up(ugsr1—ug—1), uo(t)=0, k=1,2,.... (4)

This system is sometimes called the semi-infinite Lotka-Volterra system hav-
ing Hankel determinant solutions [5]. In infinite case where k = 0, £1, +2,

. and wp(t) is not specified, (4) is known as a spatial discretization of
the celebrated KdV equation having soliton solutions [13]. The finite (k =
1,2, ..., m) Lotka-Volterra system is essentially equivalent to Chu’s dy-
namical system [3] whose solution converges to squares of singular values
of a bidiagonal matrix. There are two ways to discretize (4) which keep
the integrability. One is Hirota’s method [8]. The other is an approach
through spectral transformations of orthogonal polynomials [18]. The dis-
crete Lotka-Volterra system is then

Anu,(gn) = u,&n)uéﬁl—u,&mﬂ)u,&tl), u((]n) =0, k=1,2,.... (5
Singular value problem for any rectangular matrix is reduced to that for an
upper bidiagonal matrix of the form [6]

bi b

B = - . b > 0.
bom—2

O | bam—1

It is shown in [10] that the solution of the discrete Lotka-Volterra system
linearly converges to the square of singular values of B providing that the
initial values and boundary values are set as ug,?_l =b2 ,/(1+ 5ug(,?_2),
u2k = b2 /(1 + 6u2k ,) and u( " = 0, ug;’,z = 0, respectively. Then the
following convergence is proved

Tim wfy) | =of,  lim uf) =0 (6)
for any 6 > 0, where o} are singular values of B such that o1 > oo >

- > o, > 0. Therefore a new numerical algorithm for computing singular
values is designed in terms of the discrete Lotka-Volterra system providing
that the singular values of B are all simple and positive. This algorithm is
named the dLV algorithm. There is a free parameter § > 0 in the recurrence

relation (5). Recently the mdLVs (modified dLV with shift) algorithm which
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is a dLV algorithm with a stable shift is presented in [12]. The mdLVs has
locally a quadratic convergence rate and a relative accuracy higher than the
existing bidiagonal singular value computation algorithms.

The existence of center manifolds is closely related to local convergence
and numerical stability of dynamical systems [1]. In this paper we consider
center manifolds both of the discrete Toda equation, or equivalently the
recurrence relation of the qd algorithm, and of the discrete Lotka-Volterra
system. Center manifols of the discrete Toda equation and the discrete
Lotka-Volterra system are discussed in §2 and §3, respectively. The free
positive parameter ¢ plays an important role to show the existence of center
manifold of the discrete Lotka-Volterra system. In contrast, center manifold
of the discrete Toda equation does not always exist. Asymptotic behavior
of solutions of the discrete Toda equation and the discrete Lotka-Volterra
system are then investigated in §4 with the help of the center manifold the-
ory. A monotone convergence of the solution of the discrete Lotka-Volterra
system is then proved with the help of the existence of center manifold. It
is shown in this paper that the dLV algorithm has a convergence property
better than the qd algorithm.

2. Center manifold and the discrete Toda equation

In this section, we discuss a center manifold related to the finite discrete
Toda equation

QI(anrl) + e;(gnjl) = ql(qn) =+ el(cn)) k=1,2,...,m,
(n+ (7)
k

1)e§cn+1) = q;i’l)lei”), k=12 ...,m-1,

=0, eM=0, n=01,...,

where qlin), eén) denote the value of g, e at the discrete time n, respectively.
The discrete Toda equation (7) generates the time evolution from n to n+1
of {q,gn), e,(cn)}. It is shown in [17] that q,in) and e,(ﬁn) converge to a certain
nonzero positive constant ¢; and 0, respectively, as n tends to infinity if
0 S 0ande® >0
q, " > 0Uande,” > 0.
Let (j,(c") be the difference between the discrete Toda variable q,gn) and

its equilibrium point cg, namely, q,in) = q,gn) — ¢g. Then we have the next

lemma concerning the evolution from n to n + 1 of {(j](cn), e,&")}.
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Lemma 2.1 Let q( " — cj,gn) + ¢k in the discrete Toda equation (7). If

n“ | < ¢ fork =1, 2, , m, then q(nﬂ), e](cnﬂ) are expressed in the

fo m

q, +)——Oék 1612)14‘% +€§€n)—i)k,1, k=1,2,...,m, (8)

( (n)
k
e,(cn+)—ake,i)+bk, k=1,2,....,m—1, (9)

respectwely, where by = 0 and oy, := ckr1/ck. Here b = bk(q_( n,eM), k=
1,2, ..., m—1 denote certain functions of ¢ := (qg ), qé ), cee (j,(n)) €
R™ and e(") = (egn), egn), R (n) ) € R™ ', The function by and its
first order derivative V(q<n)76(n>)bk are zero at the origin (G, ™) = (0, 0),
namely,

br(0,0) =0, V(4 comyb(0,0)=0, k=1,2,...,m—1, (10)

0/0gw)T.

where V(g o) = (0/0G0", 0/0€l", ..., 0/04\ . 8/0eln)
Proof. By substituting q,gn) = (j,gn) + ¢, into (7), it follows that

(nt1) _ An) , (n) (n+1)

G TG Te e (11)
(n) ~(n+1) g
(n+1) _ Ck (n) 9k
e = T (e + gD (1) (12
Let us assume that \q,i”*l)| < ¢k Note here that (14 g, Jrl)/c =1+
> i1(=q ”H /ck) . Then from (12) we derive (9) with by, as follows:
(n) o Lt s
- e q j
b= %L e (-2 ) (13
j=1

Obviously, (9) and (11) lead to (8). By combining (13) with (8), we have
the recurrence relation between b, and bp_q,

(n) el g™ 1o _j :
7 € _(n _(n €r._ +e — bk_ J
b, = k—{q1§+)1+(ck+1+q12+)1)§ ( LES k 1) }

CL — \Ck—1 CL
7=1

(14)
When k£ = 1 in (14) with e(()o) = 0 and bp = 0, we can regard by as the
function of q(”j and e™ such that by = 0 at the origin (@™, e™) = (0, 0).
Namely, by = by (g™, ™) and b1 (0, 0) = 0. Eq. (14) also implies that by, =
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bi(@™, e™) and by,(0, 0) = 0 if by_; = bp_1(q", e("))~and br—1(0,0) =0
for some k. Hence we see that b, = bi(q™, ™) and by(0,0) = 0 for any
k. Derivatives of by are given as

o s
aq{" ==

+Ck+1 + (?;(H)l (351671 _ k)

+ e,(g ) l;k_l )j
Ck

% \og"
» Z (ek g _ QIE;n) +61(gn) - Bk—1>j—1 (15)
Ch-1 Ck ’

Oby, _ Phgm) Gk + CY;(H)l
8(32”) n A1 cr

(n) —(n) , (n) 7 ;

€1 Gy ey —br_1\J
x {,Ok: ]z::l(ckl Cl )

n e(n)<Pk—1 _ Pk ial;k—1>
k Cl—1 Cl Ck 8€(n)

o0 (n) ( ) (n) _ 71 ;
Cp_ +e —br_1\71

where pp, =1 (if s = k) or p = 0 (otherwise). Obviously, V(q(n)7e<n))l;1 (0, 0)
= 0. Suppose that V(q(n)ve("))bk,l(o, 0) = 0 for some k. Then it follows im-
mediately from (15) and (16) with bx—1(0, 0) = 0 that V ;) om))bk(0, 0) =
0. Therefore it is concluded that V(qm)’e(n))bk(o, 0)=0fork=1,2,...,
m — 1. ]

Let us introduce a new variable (") := (rgn) Tgn), cee 1"7(7?))—'—, r,(cn) =
—cp(cp—1—cr)” 16,(:)1 7" )—i—ck(ck Ckt1)” 1e,(Cn) wherecy > cg > -+ > ¢y >
0. Then the recurrence relatlon between {r(™, e} and {r(®*1) er+h}1
derived from (8) and (9), satisfies the following lemma.

Lemma 2.2 Let A:=Ie R™™ B:=diag(o,as,...,ap_1)eRM D> m=1)
and a := (a1, az, ..., ap)' € R™, b:= (b1, by, ..., byy_1)| € R™ L. Then
(8) and (9) yield the following system
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{r<n+l> = Ar™ 4 a(r®, ), (17)

e(n+1) — Be(n) + b('l"(n), e(n))’

where a, b and their Jacobi matrices Da = V(T(n)’em))aT, Db = V(T(n)’e(n))bT,
at the origin (r™, e(™) = (0, 0), satisfy

{ a(0,0) =0, Da(0, 0) =0,
b

(0,0) =0, Db(0,0)=0. (18)

Proof. Obviously g™ can be expressed by (™ and ™. We may regard
b, = bp(@™, e™) as a function of (™ and e, namely bi(@™, e™) =
by, (r™ e(")). By substituting b, = by, for k=1, 2, ..., m—1, into (9), we
have e(”H) = Be™ + b(r™ ). Let us recall that Bk((j(”), e) =0 at
(@™, ™) = (0, 0) in Lemma 2.1. Since r(® = 0 if g™ = 0 and (™ = 0,
we also see that by (0, 0) = Bk(O, 0)=0fork=1,2,..., m— 1. Note here
that

- m 5.(n) m
db.(0, 0) Zar obx(0, 0) Z dbi(0, 0)

=0,
~aq§") = 6q(n) 87,(" = ](n) (19)
8egn) aeg”) ’

where p; =1 (if j = s) or p; = 0 (otherwise). Hence it follows that b(0, 0) =
0 and Db(0, 0) = 0.

On the other hand, the relationship between r(™*1) and (™ is derived
from

(n+1) (n+1)
1 Cr€p_ (n4+1 cie
T]gn+):_ k—1 +q](€n+)_’_ k
Ck—1—Ck Cl — Ck41

m |1
cr(o—1ep 1 +bp—1) n
_ e R e g
Ck—1—Ck

+€§€n) Bk—l)

N ck(ake,(cn) + I;k)

Ck — Ck+1
n 1 .
ckey” O ciey” e (=17 A
= KL gy B > T g
Ck—1—Ck Ck — Ck+1 =0 Chktj—1 = Chktj



766 M. Iwasaki and Y. Nakamura

1)i+1
_'r —|—c b 1. 20
r kZCkﬂ | —oppy i1 (20)
Let ay := ¢ Z]— (=1)7 (e j1—Chys) orij—1 for k=1,2,...,m. Then
(20) leads to r(nH) (”) + aj, with the function ay satisfying
1)i+1
:(0,0)=c¢ ————0bk+;-1(0, 0) = 0,
g Z Ck-‘r] 1= Ck+j s i )
dax (0, 0) Y Obees_1(0, 0
ak = ¢ Z — k+j (1n() ) =0, (21)
(")rs ] -0 Ck’-i-y 1 = Ck+j ors
dag(0,0) ” Z * Obgyj-1(0,0) 0
Oeg o CkJrj 1= Ck+j ae(sn) '

\

Therefore we have ("D = Ae( 4 q(r(™ ™) with a(0,0) = 0 and
Da(0, 0) = 0. O

By using the center manifold theory [1] with the help of Lemmas 2.1 and
2.2, we have the following theorem for wgz)da: (r(™ | () s (p(rt1) | e(nt1))
derived from the transformation (¢, e(™) — (r(® e(™) in the discrete
Toda equation (7).

1,(n) (n)

Theorem 2.1 Let q,g,n) = cp(ch—1—cK) " ey Ty, s

—cr(cr—cpy1) ey, )4
¢k in the discrete Toda equation (7). If|q (n+1) —ci| < cp fork=1,2,...,m,
then the map w;d 2 (r, M) s (D) ety g given as (17). There

also exists a center manifold hrogq: R™ — R™ ' for wToda

This may suggest that hpoq, for wTZ 4., does not always exist. The center
manifold hpeg, itself for ¢Tn 4o €xists if |q, (n+1)
We here find it dubious that ]q (n+2)
Namely, the existence of hpyq, for wT oda 18 DOt always guaranteed even if n

holds n > ny.

— ¢k| < ¢ at some n = nyg.

n+1)

— ¢l < ¢k even if |qk — ¢kl < cg.

3. Center manifold and the discrete Lotka-Volterra system
Let us consider the discrete Lotka-Volterra system

a1+ o) = a1+ oul), k=12, 2m -1, (22)
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u(()")EO, ungO, n=0,1,...,

where the discrete step-size § is some positive constant and uén) denotes
the value of up at the discrete time n. The discrete Lotka-Volterra sys-
tem (22) is a time discretization of the continuous Lotka-Volterra system
which describes the dynamics of preys and predators. In [10], the discrete
Lotka-Volttera system (22) is shown to be applicable to the singular value
computation of bidiagonal matrices.

In this section, we discuss a center manifold related to the discrete
Lotka-Volttera system (22) by the same process as in §2. Note here that

uéz)_l — t; and ug,i) — 0 as n — oo where tj is some nonzero positive con-

stant. Let us introduce a new variable ﬂglz)_l = ug,i)_l —t,. Then we obtain

the following lemma for the recurrence relation between {ﬂgfcj), ug,zﬂ)}

and {ﬂ;?fl , ug]z) }.

Lemma 3.1 Let ug,il = ﬂéle 4t @n the discrete Lotka-Volterra system

(22). If \ﬁéﬁﬂ“ <&6tfork=1,2...,m and ]uézﬂ)\ < 67 fork =

1,2,...,m — 1, then {aéztll)}kzlgm and {ug]?_l)}k:l,lm,mfl take the
form
Ayt = —0tufquly)  +asy 4 oty + fi@a®™, u™),  (23)
u§i™ = Bl 4 g™, u™), (24)
respectively, where B, := (1 + 0tjy1)/(1 4 6ty). Here fr = frp(a™, u™)
and G = gr(@™, u™) denote certain functions of ©™ = (@gn), ﬂ:gn), ce,
ag:r)hl)"l' c R™ and u™ = (ugn)’ uz(ln)7 o uézziz)'l' c R™ . The fune-

tions fr and g and their first derivatives V(ﬂ(n)w(n))fk and V(ﬂ(n)7u(n))§k
also satisfy

Fe(0,0) =0, Va4 fr(0, 0) =0, (25)
9k(0,0) =0, V(zm 4 Gk(0, 0) =0, (26)

where

Vs = 0 9 0 ) )T.

0
o ouy T dugy) y duy) , dug,)
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Proof. Let V := V(ﬁ(n) u(m)s for simplicity. Let us assume that

n+1) n
“gk 2 = POr- 1“51@) o+ ge1 (@™, u™), (27)
gk’—l(ov O) - Oa v.gk—l(oa 0) =0
for some k. Then ug,?_r;) can be expressed by @™ and u(™. Let ug,fr;) =
g,’gil(ﬂ("), u(”)). By substituting ugz)_l = ﬂgfc)_l + tg, ug]iﬂ) = gﬁ? + 1

and ug,fi) = g;_, into the discrete Lotka-Volterra system (22), we have

n+1 n * —1
asy Y = (A+ouG)) @G ) (14 6g5_1) ' —ti, (28)
where g; _; =/— 1u27,i) o+3r—1. Note that (1+dg;_,)~ —1+2j (=6g5_,)
if |gf_,| < 671. Then, for a sufficiently small §, (28) can be transformed to
(23) with fy, as follows:

fe = =0tkde—1 — omk Y _(=0g5_1)’,
j=1 (29)

Mk - (uéﬁ) - 1)(’@;;)_1 — 0trgp_1)-

Obviously, gf (0, 0) = gx_1(0, 0) = 0. Let @™ = 0 and u(™ = 0 in (29).
Then it follows from g;_1(0, 0) = 0 and g;_ 1(0 0) = 0 that ng(0,0) =0
and f (0, 0) = 0. Here the first derivatives of fi, i and gy, are given as

( o0

Vi =—0tsVar_1+6(Vie — mVai_1) Y (—6gi_1),
j=1
Vi = @S| = Stegi_ ) (Vull) — Vi) (30)

+(ugy) — gi ) (Vag) | — 8tk Vgi_),

Vi1 = ﬁk—lvugklg + Vg1

Since 7,(0, 0) = 0, g;_,(0,0) = 0 and Vg;_1(0, 0) = 0, we also see from
(30) that Vg;_,(0,0) = (0,0,...,0, Bt_1,0,0,...,0)", Vne(0,0) = 0
and Vf,(0, 0) = 0. Hence, for some k, (23) is derived from the discrete
Lotka-Volterra system (22) and fj, satisfies (25) under the assumption (27).

Similarly, for a suitable 9, ug; ) is written as (24) with
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Gk = =07k Z(—Mkf/:)j,
31
k= Uzk (»3kfk; “2k+1) ey

fe = —57fkﬁk;—1u2k)_2 + ugk)_l + 5tku§}? + fr,

where 7, = (1 + dt)~'. By combining f,(0, 0) = 0 with (31), it turns
out that f(0,0) = 0, &/(0, 0) = 0 and g (0, 0) = 0. Moreover the first
derivatives
Vir = —0(Vék —JM@NJ})Z o( =08 f),
Ve, = V“zk (Befr — 2k+1) + “2k (ﬂ Vi — gﬁ)ﬂ) (32)
Vii= —5tkﬁk_1Vu2k)_2 + Vug n) + 5thU( + ka;
imply that Vf7(0,0) = (0,0,...,0, =0txBk_1, 0t, 1,0,0,...,0)T,

VER(0,0) = 0 and Vgg(0, 0) = 0. Therefore, the assumption (27) leads
0 (23)—-(26) for some k.

When k£ = 1 in (22), we have ugnﬂ) = ﬂg n) + 5t1u2 + fi with f; =
&75”) (), Obviously, f1(0, 0) = 0 and Vf1(0, 0) = 0. The dlscrete Lotka-
Volterra system (22) with & = 1 also yields that u (n+1) =/ uQ )+ g1 and

[e.o]

g1 =—6m& Y _(=omfi),

j=0
&1 —UQ (ﬁ1f1 _ﬂ:(an ),
fro=a™ 4 ot + fi,

(33)

if < |ff|7!. We may regard (33) as (31) with k = 1. Hence, we derive
§1(0,0) = 0 and Vg1(0,0) = 0 from f;(0,0) = 0 and Vf1(0,0) = 0,
immediately. Without loss of generality, ugnﬂ) and g; satisfy (27) with
k= 2. g

Moreover, we describe a lemma derived from (23) and (24) in Lemma
3.1.

Lemma 3.2 Letty >ty > -+ > tp,. Then from (23) and (24) it follows
that

(n+1) — py(n) (n) ()
{v Fo™ + f(o'"™, u™), (34)
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where v(™) = (v§ n) v:gn), e vg:z_l)T €eR™, vg,;) 1= (14 0tg) (t—1 —
te) )+l 1+tk(1+(5tk)(tk—tkﬂ)*lu(%) and F = diag(1, 1, ..., 1) €

R™ ™ G := diag(f1, B2, -+, Bm-1) € R=DX(m=1) " The functions f, g
and their Jacobi matrices Df = V(U(TL),u(n))fT, Dg = V(U<n)7u(n>)g—r are
zero at the origin, namely, f(0,0) = 0, g(0,0) = 0 and Df(0,0) = 0,
Dg(0, 0) = 0.

Proof There exist some functions fk and g such that fk(v(”), u(")) =
fe(@™, w™) and g, (0™, ™) = g, (@™, u(™). This is because @™ can
be expressed by using v(™ and «(™). By the transformation (ﬁ(”), u(”)) —
(0™, u(™) in (23) and (24), we derive

1) (1 + 6t)
+1 k k) .
g}i 1)—U2k 1+fk+z k4515

thtj—1 = thtj (35)
= Bulyy + G-
Let fk(v("),u(")) and g (v™,u(™) defined by
L (=17 (1 + 0ty)
Z tk+y 1= tkﬂ gkﬂ;l’ (36)
Ik = G-
Let f := (f1, fo, ..., fm)" and g := (g1, 92, .-+, gm_1)'. Then we have

(34). Obviously, (v(™, u(™) =0 if (2, u(™) = 0. Hence we see from (25)
and (26) that

(37)

)
3
s
2

=
S
—~~
=

(=)

) = V(a(n)’u(n))gk(o, 0) =0.
Consequently, it follows from (36) and (37) that f(0,0) = 0, g(0,0) =0
and Df(0, 0) =0, Dg(0, 0) = 0. O

Lemmas 3.1 and 3.2 with the center manifold theory state to the fol-
lowing theorem for w(ﬁ/): (0™, u) = () (D)) associated with the
discrete Lotka-Volterra system (22).
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Theorem 3.1 Let ug,il =t (14 0tg)(tk—1 — tk)_lugiQ + véle —te(1+
Ot)(tx — tkH)*lug,? + t in the discrete Lotka-Volterra system (22). If
ﬂg,iﬂ <6 tfork=1,2,...,mand \uéz+1)| <6 tfork=1,2, ..., m—
1, then the map ¢(L73¢ (0™, (™) = (D (DY s given as (34). There

also exists a center manifold hry: R™ — R™ ' for w(Ln&

It is obvious from [11] that 0 < maxy |u,(€n)\ < M for some positive M.
Namely, there exists a discrete step-size § such that miny, |ﬂ§7€i)] <6~ tand
ming \ugz+1)| < 671 at any n. The center manifold for w(ﬁ) exists certainly
at any n if the discrete step-size 9, a free parameter of the discrete Lotka-
Volterra system, is suitably chosen. This is greatly different from the center
manifold for 1/15?0)61 , related to the discrete Toda equation (7).

4. Asymptotic behavior

In this section, we investigate the asymptotic behavior of the solution
of the discrete Toda equation (7) and the discrte Lotka-Volterra system (22)
with the help of the center manifold theorems in [1].

Let us assume 7 : R?™~! — R?™~! has the following form

T(z, y) = (Az+((z, y), By+x(z, v)), (38)

where 2 € R™ and y € R™ !, Let A and B be square matrices such that
each eigenvalue of A has modulus 1 and each eigenvalues of B has modulus
less than 1. Let ¢ and y be C? functions such that

¢(0,0)=0, DC((0,0)=0, (39)
x(0,0) =0, Dx(0,0) =0, (40)
where D( and Dy denote Jacobi matrices of ¢ and y, respectively. Obvi-
ously, there exists a center manifold h for 7. In general, it is not easy to

find center manifolds for maps exactly. The following theorem is useful in
finding such manifolds approximately.

Theorem 4.1 (Carr) Let ¢: R® — R" be a C' map with ¢(0) = 0 and
D¢(0) = 0. Let M be the operator on ¢ given as

Me(z) = ¢(Az+((z, d(2))) —Bo(z)—x (=, ¢(x)). (41)
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If Mop(xz) = O(|z|P) as x — O for some p > 1, then a center manifold h
satisfies h(x) = ¢(z) + O(|z|P) as z — 0.

Let us recall the functions a, b and f, g shown in previous sections.
Note here that a(r(™, 0) = 0, b(r(™, 0) = 0 and f(v™, 0) = 0, g(v™, 0) =
0. Let {(x, y) and x(z, y) satisfy ((z, 0) = 0 and x(z, 0) = 0, respectively.
Then it is obvious that ¢(x) = 0 is a solution of M¢(z) = 0. Hence, for
sufficiently small x, ¢(z) = 0 is a good approximation of the center manifold
h.

Let us consider the discrete system

D) = Az 4 (2 (),
{ (1) — By 1 () ) (42)
y "t = By 4+ x (@™, y'").
From viewpoint of the center manifold theory, (42) is the same type of
discrete system as (17) and (34). The evolution from n to n + 1 in (42) is
also equivalent to that by the map 7: (z(™, y(™) = (2D 4"+D) To
investigate the asymptotic behavior of solution of (42) for small (™ can be
simplified by the following two theorems.

Theorem 4.2 (Carr) The asymptotic behavior of small solution of (42)
is governed by the flow on the center manifold h for T which is given by

2D = Az () p(2M)). (43)

Theorem 4.3 (Carr) The stability of the zero solution of (42) is equiv-
alent to that of (43). In particular, suppose that (a:(”), y(")) 1 a solution
of (42) with the sufficiently small initial value (29, y(©) and zero solution
of (43) is stable. Then there exists a solution 2™ of (43) such that |z —
2| < ke™ and |y — h(z)| < Kke™ at any n where Kk and ¢ are positive
constants with € < 1.

Let h = 0 in (43). Then we have ¢(2(™,0) = 0 and ("D = ("),
Namely, the zero solution of (43) is stable. Hence we see from Theorem 4.3
that the solution (™, (™) with sufficiently small (2(?), 3(9)) of (42) mono-
tonically converges. On the other hand, it is not clear whether we may apply
the center manifold theory to the asymptotic analysis of the discrete Toda
equation (7) in the case where ¢ is extremely small. Regarding the discrete
Lotka-Volterra system (22), the existance of the associated center manifold
can be guaranteed by a suitable choice of §. In concluding, we establish the
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following theorem for the discrete Lotka-Volterra system (22).

Theorem 4.4 The solution (uéz)_l, “;7@)) of the Lotka-Volterra system (22)

monotonically tends to (tg, 0) forn > n*, if (uéz*_)l —t, uglz*)) is sufficiently
small.

With respect to the discrete Toda equation (7), we also have a similar
theorem except for the case where extremely small q,gn) ~ cj, emerges in the

denominator.

5. Concluding remarks

In this paper, we analyse two discrete integrable systems, the discrete
Toda equation and the discrete Lotka-Volterra system, from the viewpoint of
the center manifold theory. We discuss the existence of the center manifolds
for the associated maps with the discrete Toda equation and the discrete
Lotka-Volterra system in §2 and §3, respectively. In §4, we investigate the
asymptotic behavior, which is not able to be realized from an approach to
global convergence in [17] and [10, 11], of the solutons of both integrable
systems by using the center manifold theorems.

As a result, the solution of the discrete Lotka-Volterra system is shown
to have more desirable convergence than that of the discrete Toda equation.
Moreover, the property shown in Theorem 4.4 is convenient to design an
efficient numerical algorithm and for finite arithmetic on computer. This
is because the residual to equilibrium decreases monotonically if n is suf-
ficiently large. In other words, the residual does not grow suddenly. The
dLV algorithm based on the discrete Lotka-Volterra system is accordingly
a highly credible algorithm for singular values.

The center manifold theory is applicable to some discrete systems in
numerical algorithms, for example, the discrete Lotka-Volterra system with
variable step-size [9, 18] appeared in the mdLVs algorithm [12]. This aspect
will be discussed in a separate paper.

Acknowledgement This work is supported in part by Grants-in-Aid for
Scientific Research no. 17740055 from the Japan Ministry of Education,
Culture, Sports, Science and Technology.



774

(12]
(13]

(14]

(15]

(16]

(17]
(18]

(19]

M. Iwasaki and Y. Nakamura

References

Carr J., Applications of Centre Manifold Theory. Springer-Verlag, New York, 1981.
Chu M.T., The generalized Toda flow, the QR algorithm and the center manifold
theory. STAM J. Alg. Disc. Meth. 5 (1984), 187-201.

Chu M.T., A differential equation approach to the singular value decomposition of
bidiagonal matrices. Lin. Alg. Appl. 80 (1986), 71-80.

Chu M.T., On the continuous realization of iterarive processes. SIAM Review 30
(1988), 375-397.

Common A.K. and Hafez S.T., Continued-fraction solutions to the Riccati equation
and integrable lattice systems. J. Phys. A: Math. Gen. 23 (1990), 455—466.

Golub G.H. and Van Loan C.F., Matriz Computations 3rd edn. The Johns Hopkins
Univ. Press, Baltimore, 1996.

Hirota R., Nonliear partial difference equations I-V. J. Phys. Soc. Japan 43 (1977),
1423-1433, 2074-2078, 2079-2086, 45 (1978), 321-332, 46 (1979), 312-319.
Hirota R. and Tsujimoto S., Conserved quantities of a class of nonlinear difference
equations. J. Phys. Soc. Japan 64 (1995), 3125-3127.

Hirota R., Converved quantities of random-time Toda equation. J. Phys. Soc. Japan
20 (1997), 283-284.

Iwasaki M. and Nakamura Y., On a covergence of solution of the discrete Lotka-
Volterra system. Inverse Problems 18 (2002), 1569-1578.

Iwasaki M. and Nakamura Y., An application of the discrete Lotka-Volterra system
with variable step-size to singular value computation. Inverse Problems 20 (2004),
553-563.

Iwasaki M. and Nakamura Y., Accurate computation of singular values in terms of
shifted integrable schemes. Japan J. Indust. Appl. Math. 23 (2006), 239-259.
Manakov S.V., Complete integrability and stochastization in discrete dynamical sys-
tems. Soviet. Phys. JETP 40 (1975), 269-274.

Moser J.K., Finitely many mass points on the line under the influence of an ex-
ponential potential — An integrable system —. in “Dynamical Systems. Theory and
Applications”, (J. Moser ed.), Lec. Notes in Phys., 38 Springer-Verlag, Berlin, 1975,
pp. 467-497.

Nakamura Y., A mnew approach to mnumerical algorithms in terms of inte-
grable systems. in “Proceedings of International Conference on Informatics
Research for Development of Knowledge Society Infrastructure ICKS 2004”,
(Ibaraki T, Inui T. and Tanaka K., eds.), IEEE Computer Society Press, 2004,
pp. 194-205.

Rutishauser H., Solution of eigenvalue problems with the LR-transformation. Nat.
Bur. Standards Appl. Math. Ser. 49 (1958), 47-81.

Rutishauser H., Lectures on Numerical Mathematics. Birkhaduser, Boston, 1990.
Spiridonov V. and Zhedanov A., Discrete-time Volterra chain and classical orthog-
onal polynomials. J. Phys. A 30 (1997), 8727-8737.

Watkins D.S., Isospectral flows. SIAM Review 26 (1984), 379-391.



Center manifold approach to discrete integrable systems 775

[20] Watkins D.S. and Elsner L., Self-similar flows. Lin. Alg. Appl. 110 (1998), 213-242.

M. Iwasaki

Department of Environmental Information
Faculty of Human Environment

Kyoto Prefectural University

Sakyo-ku, Kyoto 606-8522, Japan

E-mail: imasa@kpu.ac.jp

Y. Nakamura

SORST, JST and Department of Applied Mathematics and Physics
Graduate School of Informatics

Kyoto University

Sakyo-ku, Kyoto 606-8501, Japan



