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Multilinear Riesz potential operators on Herz-type spaces

and generalized Morrey spaces∗
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Abstract. Let m, n be integers with n ≥ 2, m ≥ 1, the multilinear Riesz potential

operators be defined by

I
(m)
α (f)(x) =

Z

(Rn)m

f1(y1) . . . fm(ym)

|(x− y1, . . . , x− ym)|mn−α
dy,

where y = (y1, . . . , ym) and f = (f1, . . . , fm). In the first part of this paper, the

boundedness for the operator I(m)
α on the homogeneous Herz-Morrey product spaces,

MK̇n(1−1/q1),λ1
p1,q1

(Rn) × · · · × MK̇n(1−1/qm),λm
pm,qm

(Rn), and on the Herz-type Hardy

product spaces, HK̇σ1,p1
q1

(Rn)× · · · ×HK̇σm,pm
qm

(Rn) for σi > n(1− 1/qi), are estab-

lished respectively. The second goal of the paper is to extend the known Lp-bounded-

ness of I(m)
α to generalized Morrey spaces, Lp,φ(Rn), where p ∈ [1, +∞) and φ is the

suitable doubling and integral functions.

Key words: multilinear fractional integral, homogeneous Herz-Morrey space, Herz-type

hardy space, homogeneous Herz space, generalized Morrey space

1. Introduction

The theory of multilinear operators has received increasing attentions,
see [1], [2] and [3] among others. It’s certainly valuable to extend the Riesz
potential’s theory to the multilinear content and the generalized cases. In
[3], Kenig and Stein studied the multilinear Riesz potential operators as
follows

I(m)
α (f)(x) =

∫

(Rn)m

f1(y1) . . . fm(ym)
|(x− y1, . . . , x− ym)|mn−α

dy, 0 < α < mn,

where we always let yi ∈ Rn for i = 1, . . . , m, and also x ∈ Rn, so y =
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(y1, . . . , ym) ∈ (Rn)m, we denote by dy = dy1 . . . dym, and by f the m-tuple
(f1, . . . , fm). Kenig and Stein proved that

Theorem 1.1 ([3]) Let 0 < α < mn, fi ∈ Lpi(Rn) (i = 1, . . . , m) with
1 ≤ pi ≤ ∞ and 1/q = 1/p1 + · · ·+ 1/pm − α/n > 0. Then

∥∥I(m)
α (f)

∥∥
Lq(Rn)

≤ C

m∏

i=1

‖fi‖Lpi (Rn) for pi > 1,

and

∥∥I(m)
α (f)

∥∥
Lq,∞(Rn)

≤ C
m∏

i=1

‖fi‖Lpi (Rn) for pi ≥ 1,

here Lq,∞(Rn) denotes the weak Lq(Rn), the constant C > 0 independent of
f .

Recently in [10] and [13], we extended Kenig and Stein’s results above
to the homogeneous Herz-Morrey product spaces and obtained

Theorem 1.2 ([13]) Let 0 < α < mn, 0 ≤ λi < n − α/m, 0 < pi ≤ ∞,
1 < qi < ∞ and λi+α/m−n/qi < σi < n(1−1/qi) for i = 1, . . . , m. Suppose
that λ = λ1 + · · ·+ λm, σ = σ1 + · · ·+ σn, 1/p = 1/p1 + · · ·+ 1/pm − α/n,
1/q = 1/q1 + · · ·+ 1/qm − α/n. Then

∥∥I(m)
α (f)

∥∥
MK̇σ,λ

p,q (Rn)
≤ C

m∏

i=1

‖fi‖MK̇
σi,λi
pi,qi

(Rn)

with the constant C > 0 independent of f .

The definition of the homogeneous Herz-Morrey space MK̇σ,λ
p,q (Rn) will

be given in Section 2, here we point out that MK̇0,0
p,p(Rn) = Lp(Rn) for

1 ≤ p < ∞.
We observe that, in Theorem 1.2, the boundedness of I

(m)
α on product

space
∏m

i=1 MK̇σi,λi
pi,qi

(Rn) for the cases σi ≥ n(1−1/qi) remains open. There-
fore, our first main aim of the paper is devoted to deal with this question,
as the continuation of our works in [13].

In the case σi = n(1 − 1/qi), we will use the weak homogeneous Herz-
Morrey space WMK̇σ,λ

p,q (Rn) and weak homogeneous Herz space WK̇σ,p
q (Rn)
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to derive the following boundedness for the operator I
(m)
α .

Theorem 1.3 Let 0 < α < mn, 0 ≤ λi < n − α/m, 0 < pi ≤ 1 and
1 ≤ qi < ∞ for i = 1, . . . , m. Suppose that λ = λ1 + · · · + λm, 1/p =
1/p1 + · · ·+ 1/pm − α/n, 1/q = 1/q1 + · · ·+ 1/qm − α/n. Then

∥∥I(m)
α (f)

∥∥
WMK̇

n(m−1/q)−α,λ
p,q (Rn)

≤ C

m∏

i=1

‖fi‖MK̇
n(1−1/qi),λi
pi,qi

(Rn)

with the constant C > 0 independent of f .

Letting λi ≡ 0, we immediately get the following theorem.

Theorem 1.4 Let 0 < α < mn, 0 < pi ≤ 1 and 1 ≤ qi < ∞ for
i = 1, . . . , m. Suppose that 1/p = 1/p1 + · · · + 1/pm − α/n, 1/q = 1/q1 +
· · ·+ 1/qm − α/n. Then

∥∥I(m)
α (f)

∥∥
WK̇

n(m−1/q)−α,p
q (Rn)

≤ C

m∏

i=1

∥∥fi

∥∥
K̇

n(1−1/qi),pi
qi

(Rn)

with the constant C > 0 independent of f .

Remark 1.5 The restriction 0 < pi ≤ 1 in Theorem 1.4 can not be
removed, see [9] for an counterexample when m = 1.

When σi > n(1 − 1/qi), the appropriate substitute spaces for the Herz
spaces are the Herz-type Hardy spaces, we will prove the following theorem.

Theorem 1.6 Let 0 < α < mn, 0 < pi < ∞, 1 < qi < ∞ and σi >

n(1 − 1/qi) for i = 1, . . . , m. Suppose that σ = σ1 + · · · + σn, 1/p =
1/p1 + · · ·+ 1/pm − α/n, 1/q = 1/q1 + · · ·+ 1/qm − α/n. Then

∥∥I(m)
α (f)

∥∥
K̇σ,p

q (Rn)
≤ C

m∏

i=1

‖fi‖HK̇
σi,pi
qi

(Rn)

with the constant C > 0 independent of f .

On the other hand, in 1994, Nakai [4] studied the Riesz potential op-
erator Iα on generalized Morrey spaces, Lp,φ(Rn). Recently in [12], we es-
tablished the boundedness of maximal operators on this generalized Morrey
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spaces. Under the assumptions

r ≤ t ≤ 2r =⇒ C1 ≤ φ(x0, t)
φ(x0, r)

≤ C2 (1.1)

and
∫ +∞

r

φ(x0, t)
tn−αp+1

dt ≤ C
φ(x0, r)
rn−αp

(1.2)

for any x0 ∈ Rn and r > 0, Nakai proved that

Theorem 1.7 ([4]) Assume that 0 < α < n, 1/q = 1/p − α/n > 0 and
1 ≤ p < ∞. If φ satisfies the conditions (1.1) and (1.2), and let ϕ = φq/p.
Then there is a constant C > 0 independent of f such that

‖Iαf‖Lq,ϕ(Rn) ≤ C‖f‖Lp,φ(Rn) for p > 1,

and

|{x ∈ Q : |Iαf(x)| > λ}|
ϕ(Q)

≤
(

C

λ
‖f‖L1,φ(Rn)

)q

for p = 1,

where ϕ(Q) = ϕ(x0, r) for any cube Q centered at x0 and of side length r.

Our second goal of the paper is to show the bounded estimates for
the operator I

(m)
α on the product space of the generalized Morrey spaces

Lp,φ(Rn), which is a extension of Theorem 1.7 in multilinear sense.

Theorem 1.8 Let 0 < α < mn, 1 ≤ pi < mn/α, 1/q = 1/p1 + · · · +
1/pm − α/n, ϕ =

( ∏m
i=1 φ

1/pi

i

)q with φi satisfy the condition (1.1) and

∫ +∞

r

φi(x0, t)
tn−αpi/m+1

dt ≤ C
φi(x0, r)
rn−αpi/m

. (1.3)

Then there is a constant C > 0 independent of f such that

∥∥I(m)
α (f)

∥∥
Lq,ϕ(Rn)

≤ C
m∏

i=1

‖fi‖Lpi,φi (Rn) for pi > 1,
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and
∣∣{x ∈ Q :

∣∣I(m)
α (f)(x)

∣∣ > λ
}∣∣

ϕ(Q)
≤ C

λq

( m∏

i=1

‖fi‖Lpi,φi (Rn)

)q

for pi ≥ 1,

where ϕ(Q) = ϕ(x0, r) for any cube Q centered at x0 and of side length r.

This paper is organized as follows. We will introduce in next section the
definitions for the (weak) Herz-Morrey spaces and Herz-Hardy spaces used
in our theorems, we will give some remarks on the relations between these
spaces. The proof of Theorem 1.3 and 1.4 will be given in Section 3. The
proof of Theorem 1.6 will be given in Section 4. In Section 5, we will devote
to the estimates of I

(m)
α on the generalized Morrey product spaces and show

Theorem 1.8.
Throughout this paper, the letter C always remains to denote a posi-

tive constant that may varies at each occurrence but is independent of the
essential variable.

2. Some notations and definitions

We start with some notations and definitions. Here and in what follows,
denote by Bk = B(0, 2k) = {x ∈ Rn : |x| ≤ 2k}, Ek = Bk \ Bk−1 and χk =
χEk

for k ∈ Z be the characteristic function of the set Ek.

Definition 2.1 ([5]) Let σ ∈ R and 0 < p, q ≤ ∞. The homogeneous
Herz space K̇σ,p

q (Rn) is defined to be the following space of functions

K̇σ,p
q (Rn) =

{
f ∈ Lq

loc(R
n \ {0}) : ‖f‖K̇σ,p

q (Rn) < ∞}
,

where

‖f‖K̇σ,p
q (Rn) =

{ ∞∑

k=−∞
2kσp‖fχk‖p

Lq(Rn)

} 1
p

and the usual modification should be made when p = ∞.

Definition 2.2 ([6]) Let σ ∈ R, 0 < p ≤ ∞, 0 < q < ∞. The weak
homogeneous Herz space WK̇σ,p

q (Rn) is defined by
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WK̇σ,p
q (Rn) =

{
f : measurable on Rn and ‖f‖WK̇σ,p

q (Rn) < ∞}
,

where

‖f‖WK̇σ,p
q (Rn) = sup

γ>0
γ

{ ∞∑

k=−∞
2kσp|{x ∈ Ek : |f(x)| > γ}| p

q

} 1
p

and the usual modification should be made when p = ∞.

Definition 2.3 ([7]) Let 0 ≤ λ < ∞, σ ∈ R and 0 < p, q ≤ ∞. The
homogeneous Herz-Morrey space MK̇σ,λ

p,q (Rn) is defined by

MK̇σ,λ
p,q (Rn) =

{
f ∈ Lq

loc(R
n \ {0}) : ‖f‖MK̇σ,λ

p,q (Rn) < ∞}
,

where

‖f‖MK̇σ,λ
p,q (Rn) = sup

k0∈Z
2−k0λ

{ k0∑

k=−∞
2kσp‖fχk‖p

Lq(Rn)

} 1
p

and the usual modifications should be made when p = ∞.

Definition 2.4 ([7]) Let 0 ≤ λ < ∞, σ ∈ R, 0 < p ≤ ∞ and 0 < q < ∞.
The weak homogeneous Herz-Morrey space WMK̇σ,λ

p,q (Rn) is defined by

WMK̇σ,λ
p,q (Rn) =

{
f : measurable on Rn and ‖f‖WMK̇σ,λ

p,q (Rn) < ∞}
,

where

‖f‖WMK̇σ,λ
p,q (Rn) = sup

γ>0
γ sup

k0∈Z
2−k0λ

{ k=k0∑

k=−∞
2kσp|{x ∈ Ek : |f(x)| > γ}| p

q

} 1
p

and the usual modifications should be made when p = ∞.

Definition 2.5 ([8]) Let σ ∈ R and 0 < p, q ≤ ∞, then the homogeneous
Herz type Hardy spaces HK̇σ,p

q (Rn) are defined by

HK̇σ,p
q (Rn) =

{
f ∈ S′(Rn) : G(f) ∈ K̇σ,p

q (Rn)
}
,

and
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‖f‖HK̇σ,p
q (Rn) = ‖G(f)‖K̇σ,p

q (Rn).

Here S′(Rn) is the space of the temperate distributions on Rn and G(f) is
the grand maximal function of f .

Remark 2.6 We remark that the (weak) homogeneous Herz-Morrey
spaces generalizes the (weak) homogeneous Herz spaces. Particularly, we
have MK̇σ,0

p,q (Rn) = K̇σ,p
q (Rn) and WMK̇σ,0

p,q (Rn) = WK̇σ,p
q (Rn) for any

0 < p, q < ∞ and σ ∈ R. Moreover, we have K̇
σ/p,p
p (Rn) = Lp

|x|σ (Rn), the
weighted Lp spaces, when 1 ≤ p < ∞ and σ ∈ R.

Remark 2.7 The appropriate substitute spaces for the Herz spaces are the
Herz-type Hardy spaces. Here we figure out that HK̇σ,p

q (Rn) = K̇σ,p
q (Rn)

when −n/q < σ < n(1 − 1/q) and HK̇σ,p
q (Rn) 6= K̇σ,p

q (Rn) when σ ≥
n(1− 1/q).

3. The proof of Theorem 1.3 and 1.4

By Remark 2.6, it’s clear that Theorem 1.4 is a corollary of Theorem
1.3, so we give the proof of Theorem 1.3 in the section. In order to simplify
the proof, we only consider the situation when m = 2. Actually, the similar
procedure works for all m ∈ N.

Let f1, f2 be functions in MK̇
n(1−1/q1),λ1
p1,q1 (Rn) and MK̇

n(1−1/q2),λ2
p2,q2 (Rn),

respectively. Obviously, to prove theorem, we only need to find a constant
C > 0 independent of f such that

γ sup
k0∈Z

2−k0λ

{ k0∑

k=−∞
2kn(2− 1

g )p
∣∣{x ∈ Ek : |I(2)

α (f)(x)| > 9γ
}∣∣ p

q

} 1
p

≤ C‖f1‖MK̇
n(1−1/p1),λ1
p1,q1 (Rn)

‖f2‖MK̇
n(1−1/p2),λ2
p2,q2 (Rn)

for all γ > 0, where and hereinafter we let 1/g = 1/q1 + 1/q2 and 1/l =
1/p1 + 1/p2.

Indeed, we decompose fi as

fi(x) =
∞∑

li=−∞
fi(x)χli(x) =:

∞∑

li=−∞
fli(x), i = 1, 2, li ∈ Z.
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Then

γ sup
k0∈Z

2−k0λ

 k0X

k=−∞
2

kn(2− 1
g
)p
˛̨˘

x ∈ Ek :
˛̨
I(2)

α (f)(x)
˛̨
> 9γ

¯˛̨ p
q

ff 1
p

≤ Cγ sup
k0∈Z

2−k0λ

 k0X

k=−∞
2

kn(2− 1
g
)p

˛̨
˛̨


x ∈ Ek :

∞X

li=−∞

˛̨
I(2)

α (fl1 , fl2)(x)
˛̨
> 9γ

ff˛̨
˛̨

p
q
ff 1

p

≤ C

9X
i=1

“
γ sup

k0∈Z
2−k0λGi(k0)

”
:= C

9X
i=1

Hi,

where

G1(k0) =

 k0X

k=−∞
2

kn(2− 1
g
)p

˛̨
˛̨


x ∈ Ek :

k−2X

l1=−∞

k−2X

l2=−∞

˛̨
I(2)

α (fl1 , fl2)(x)
˛̨
> γ

ff˛̨
˛̨

p
q
ff 1

p

,

G2(k0) =

 k0X

k=−∞
2

kn(2− 1
g
)p

˛̨
˛̨


x ∈ Ek :

k−2X

l1=−∞

k+1X

l2=k−1

˛̨
I(2)

α (fl1 , fl2)(x)
˛̨
> γ

ff˛̨
˛̨

p
q
ff 1

p

,

G3(k0) =

 k0X

k=−∞
2

kn(2− 1
g
)p

˛̨
˛̨


x ∈ Ek :

k−2X

l1=−∞

∞X

l2=k+2

˛̨
I(2)

α (fl1 , fl2)(x)
˛̨
> γ

ff˛̨
˛̨

p
q
ff 1

p

,

G4(k0) =

 k0X

k=−∞
2

kn(2− 1
g
)p

˛̨
˛̨


x ∈ Ek :

k+1X

l1=k−1

k−2X

l2=−∞

˛̨
I(2)

α (fl1 , fl2)(x)
˛̨
> γ

ff˛̨
˛̨

p
q
ff 1

p

,

G5(k0) =

 k0X

k=−∞
2

kn(2− 1
g
)p

˛̨
˛̨


x ∈ Ek :

k+1X

l1=k−1

k+1X

l2=k−1

˛̨
I(2)

α (fl1 , fl2)(x)
˛̨
> γ

ff˛̨
˛̨

p
q
ff 1

p

,

G6(k0) =

 k0X

k=−∞
2

kn(2− 1
g
)p

˛̨
˛̨


x ∈ Ek :

k+1X

l1=k−1

∞X

l2=k+2

˛̨
I(2)

α (fl1 , fl2)(x)
˛̨
> γ

ff˛̨
˛̨

p
q
ff 1

p

,

G7(k0) =

 k0X

k=−∞
2

kn(2− 1
g
)p

˛̨
˛̨


x ∈ Ek :

∞X

l1=k+2

k−2X

l2=−∞

˛̨
I(2)

α (fl1 , fl2)(x)
˛̨
> γ

ff˛̨
˛̨

p
q
ff 1

p

,

G8(k0) =

 k0X

k=−∞
2

kn(2− 1
g
)p

˛̨
˛̨


x ∈ Ek :

∞X

l1=k+2

k+1X

l2=k−1

˛̨
I(2)

α (fl1 , fl2)(x)
˛̨
> γ

ff˛̨
˛̨

p
q
ff 1

p

,

G9(k0) =

 k0X

k=−∞
2

kn(2− 1
g
)p

˛̨
˛̨


x ∈ Ek :

∞X

l1=k+2

∞X

l2=k+2

˛̨
I(2)

α (fl1 , fl2)(x)
˛̨
> γ

ff˛̨
˛̨

p
q
ff 1

p

.
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By the symmetry of f1 and f2, we will know that the estimate of H2 is
analogous to that of H4, the estimate of H3 is similar with that of H7, the
estimate of H6 is equal with that of H8. Then we will estimate H1, H2, H3,
H5, H6 and H9 respectively.

(i) For H1, notice that li ≤ k − 2 for every i = 1, 2, and so

|x−yi| ≥ |x|−|yi| > 2k−1−2li > 2k−1−2k−2 = 2k−2, for x ∈ Ek, yi ∈ Eli .

Thus, for x ∈ Ek, we get

∣∣I(2)
α (fl1 , fl2)(x)

∣∣ ≤ C2−k(n−α
2 )‖fl1‖L1(Rn)2−k(n−α

2 )‖fl2‖L1(Rn).

From the Chebychev inequality, the estimates above and the Hölder inequal-
ity, we obtain

∣∣∣∣
{

x ∈ Ek :
k−2∑

l1=−∞

k−2∑

l2=−∞

∣∣I(2)
α (fl1 , fl2)(x)

∣∣ > γ

}∣∣∣∣
1
q

≤ Cγ−1

∥∥∥∥
( k−2∑

l1=−∞

k−2∑

l2=−∞

∣∣I(2)
α (fl1 , fl2)

∣∣χk

)∥∥∥∥
Lq(Rn)

≤ Cγ−1‖χk‖Lq(Rn)

2∏

i=1

( k−2∑

li=−∞
2−k(n−α

2 )‖fli‖L1(Rn)

)

≤ Cγ−1
2∏

i=1

( k−2∑

li=−∞
2n(li−k)(1− 1

qi
)‖fli‖Lqi (Rn)

)
. (3.1)

Therefore, recalling the fact that (
∑ |ai|)s ≤ ∑ |ai|s for any 0 < s ≤ 1, and

using the Cauchy inequality, and since p > l and 0 < pi ≤ 1, we have

H1 ≤ C sup
k0∈Z

2−k0λ

{ k0∑

k=−∞

2∏

i=1

(
2kn(1− 1

q i
)

k−2∑

li=−∞
2n(li−k)(1− 1

qi
)‖fli‖Lqi (Rn)

)p}1
p

≤ C sup
k0∈Z

2−k0λ

{ k0∑

k=−∞

2∏

i=1

( k−2∑

li=−∞
2nli(1− 1

qi
)‖fli‖Lqi (Rn)

)l} 1
l
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≤ C
2∏

i=1

sup
k0∈Z

2−k0λi

{ k0∑

k=−∞

( k−2∑

li=−∞
2nli(1− 1

qi
)‖fli‖Lqi (Rn)

)pi
} 1

pi

≤ C

2∏

i=1

sup
k0∈Z

2−k0λi

{ k0∑

k=−∞

k−2∑

li=−∞
2lin(1− 1

qi
)pi‖fli‖pi

Lqi (Rn)

} 1
p i

≤ C
2∏

i=1

‖fi‖MK̇
n(1−1/qi),λi
pi,qi

(Rn)
sup
k0∈Z

2−k0λi

{ k0∑

k=−∞
2(k−2)λipi

} 1
p i

≤ C‖f1‖MK̇
n(1−1/q1),λ1
p1,q1 (Rn)

‖f2‖MK̇
n(1−1/q2),λ2
p2,q2 (Rn)

.

(ii) Now we consider the estimate of the term H2. Similar to the the
estimates of H1, we have l1 ≤ k − 2 and k − 1 < l2 ≤ k + 1, then

|(x−y1, x−y2)| ≥ |x−y1| ≥ |x|−|y1| > 2k−2, for x ∈ Ek, yi ∈ Eli , i = 1, 2.

and so
∣∣I(2)

α (fl1 , fl2)(x)
∣∣ ≤ C2−k(n−α

2 )‖fl1‖L1(Rn)2−k(n−α
2 )‖fl2‖L1(Rn).

Thus, similar as (3.1), we get by the Chebychev inequality that

∣∣∣∣
{

x ∈ Ek :
k−2∑

l1=−∞

k+1∑

l2=k−1

∣∣I(2)
α (fl1 , fl2)(x)

∣∣ > γ

}∣∣∣∣
1
q

≤ Cγ−1
k−2∑

l1=−∞
2n(l1−k)(1− 1

q1
)‖fl1‖Lq1 (Rn)

k+1∑

l2=k−1

2n(l2−k)(1− 1
q2

)‖fl2‖Lq2 (Rn).

Using analogous arguments as that of H1, we can deduce that

H2 ≤ C sup
k0∈Z

2−k0λ1

{ k0∑

k=−∞

( k−2∑

l1=−∞
2nl1(1− 1

q1
)‖fl1‖Lq1 (Rn)

)p1
} 1

p1

× 2−k0λ2

{ k0∑

k=−∞

( k+1∑

l2=k−1

2nl2(1− 1
q2

)‖fl2‖Lq2 (Rn)

)p2
} 1

p2
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≤ C sup
k0∈Z

2−k0λ1

{ k0∑

k=−∞

k−2∑

l1=−∞
2l1n(1− 1

q1
)p1‖fl1‖p1

Lq1 (Rn)

} 1
p1

× 2−k0λ2

{ k0+1∑

k=−∞
2kn(1− 1

q 2
)p2‖f2χk‖p2

Lq2 (Rn)

} 1
p 2

≤ C‖f1‖MK̇
n(1−1/q1),λ1
p1,q1 (Rn)

‖f2‖MK̇
n(1−1/q2),λ2
p2,q2 (Rn)

.

(iii) To estimate H3. Since l1 ≤ k − 2 and l2 ≥ k + 2, we first see that

|x− y1| ≥ |x| − |y1| > 2k−2, for x ∈ Ek, y1 ∈ El1 ,

|x− y2| ≥ |y2| − |x| > 2l2−1 − 2k > 2l2−1 − 2l2−2 > 2l2−2,

for x ∈ Ek, y2 ∈ El2 .

Thus
∣∣I(2)

α (fl1 , fl2)(x)
∣∣ ≤ C2−k(n−α

2 )‖fl1‖L1(Rn)2−l2(n−α
2 )‖fl2‖L1(Rn).

Therefore, by the Chebychev inequality and the Cauchy inequality again,
and since 0 < p1, p2 ≤ 1, we can use the same method as for H1 and H2 to
show that

H3 ≤ C sup
k0∈Z

2−k0λ1

{ k0∑

k=−∞

(
2kn(1− 1

q 1
)

k−2∑

li=−∞
2n(l1−k)(1− 1

q1
)‖fl1‖Lq1 (Rn)

)p1
} 1

p1

× 2−k0λ2

{ k0∑

k=−∞

(
2kn(1− 1

q 2
)

∞∑

l2=k+2

2(l2−k)( α
2− n

q2
)‖fl2‖Lq2 (Rn)

)p2
} 1

p2

≤ C sup
k0∈Z

2−k0λ1

{ k0∑

k=−∞

k−2∑

l1=−∞
2l1n(1− 1

q 1
)p1‖fl1‖p1

Lq1 (Rn)

} 1
p 1

× 2−k0λ2

{ k0∑

k=−∞

∞∑

l2=k+2

2(l2−k)( α
2−n)p2+l2n(1− 1

q 2
)p2‖fl2‖p2

Lq2 (Rn)

} 1
p2

=: sup
k0∈Z

H31(k0)×H32(k0).
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From the estimates of H1, we know H31(k0) ≤ C‖f1‖MK̇
n(1−1/q1),λ1
p1,q1 (Rn)

,

so we only need to show that H32(k0) ≤ C‖f2‖MK̇
n(1−1/q2),λ2
p2,q2 (Rn)

.

For H32(k0), we write

H32(k0) ≤ 2−k0λ2

{ k0∑

k=−∞

k0∑

l2=k+2

2(l2−k)( α
2−n)p2+l2n(1− 1

q 2
)p2‖fl2‖p2

Lq2 (Rn)

} 1
p2

+ 2−k0λ2

{ k0∑

k=−∞

∞∑

l2=k0+1

2(l2−k)( α
2−n)p2+l2n(1− 1

q 2
)p2‖fl2‖p2

Lq2 (Rn)

} 1
p2

:= H1
32(k0) + H2

32(k0).

Firstly, the fact 0 < α < 2n yields

H1
32(k0) ≤ 2−k0λ2

{ k0∑

l2=−∞

l2−2∑

k=−∞
2(l2−k)( α

2−n)p2+l2n(1− 1
q 2

)p2‖fl2‖p2
Lq2 (Rn)

} 1
p2

≤ 2−k0λ2

{ k0∑

l2=−∞
2l2n(1− 1

q 2
)p2‖fl2‖p2

Lq2 (Rn)

( ∞∑
s=2

2s(α/2−n)p2

)} 1
p 2

≤ C2−k0λ2

{ k0∑

l2=−∞
2l2n(1− 1

q 2
)p2‖fl2‖p2

Lq2 (Rn)

} 1
p 2

≤ C‖f2‖MK̇
n(1−1/q2),λ2
p2,q2 (Rn)

.

Secondly, one sees from the definition of Herz-Morrey space that
2l2n(1−1/q2)‖fl2‖Lq2 ≤ 2l2λ2‖f‖

MK̇
n(1−1/q2),λ2
p2,q2

and then, by the fact λ2 <

n− α/2, we get

H2
32(k0) ≤ 2−k0λ2

{ k0∑

k=−∞

∞∑

l2=k+2

2(l2−k)( α
2−n)p22l2n(1− 1

q 2
)p2‖fl2‖p2

Lq2 (Rn)

} 1
p2

≤ C‖f2‖MK̇
n(1−1/q2),λ2
p2,q2 (Rn)

× 2−k0λ2

{ k0∑

k=−∞

∞∑

l2=k+2

2(l2−k)( α
2−n)p22l2λ2p2

} 1
p 2
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≤ C‖f2‖MK̇
n(1−1/q2),λ2
p2,q2 (Rn)

× 2−k0λ2

( k0∑

k=−∞
2k(n−α

2 )p2

∞∑

l2=k+2

2l2(λ2−n+ α
2 )p2

) 1
p2

≤ C‖f2‖MK̇
n(1−1/q2),λ2
p2,q2 (Rn)

,

as desired.

(iv) To estimate the term H5, by Theorem 1.1, the weak Lq-boundedness
for I

(2)
α , we note that

∥∥I(2)
α (fl1fl2)χk

∥∥
Lq,∞(Rn)

≤ C‖fl1‖Lq1 (Rn)‖fl2‖Lq2 (Rn).

Thus, noting p > l, then the similar arguments shows that

H5 ≤ C sup
k0∈Z

2−k0λ

{ k0∑

k=−∞

2∏

i=1

(
2kn(1−1/qi)

k+1∑

li=k−1

‖fli‖Lqi (Rn)

)p} 1
p

≤ C sup
k0∈Z

2−k0λ

{ k0∑

k=−∞

2∏

i=1

(
2kn(1−1/qi)

k+1∑

li=k−1

‖fli‖Lqi (Rn)

)l} 1
l

≤ C sup
k0∈Z

2−k0λ
2∏

i=1

{ k0∑

k=−∞

(
2kn(1−1/qi)

k+1∑

li=k−1

‖fli‖Lqi (Rn)

)pi
} 1

pi

≤ C‖f1‖MK̇
n(1−1/q1),λ1
p1,q1 (Rn)

‖f2‖MK̇
n(1−1/q2),λ2
p2,q2 (Rn)

.

(v) To estimate the term H6, we note k− 1 < l1 ≤ k +1 and l2 ≥ k +2,
and then

|(x− y1, x− y2)| ≥ |x− y2| > 2l2−2, for x ∈ Ek, y1 ∈ El1 y2 ∈ El2 .

Thus, for x ∈ Ek, there is

∣∣I(2)
α (fl1 , fl2)(x)

∣∣ ≤ C2−k(n−α
2 )‖fl1‖L1(Rn)2−l2(n−α

2 )‖fl2‖L1(Rn).

Hence, we obtain
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H6 ≤ C sup
k0∈Z

2−k0λ1

{ k0∑

k=−∞
2kn(1− 1

q 1
)p1

( k+1∑

l1=k−1

2n(l1−k)(1− 1
q1

)‖fl1‖Lq1 (Rn)

)p1
}1

p 1

× 2−k0λ2

{ k0∑

k=−∞
2kn(1− 1

q 2
)p2

( ∞∑

l2=k+2

2(l2−k)( α
2− n

q2
)‖fl2‖Lq2 (Rn)

)p2
} 1

p 2

≤ C sup
k0∈Z

2−k0λ1

{ k0+1∑

k=−∞
2kn(1− 1

q 1
)p1‖f1χk‖p1

Lq1 (Rn)

} 1
p 1

× 2−k0λ2

{ k0∑

k=−∞

∞∑

l2=k+2

2(l2−k)( α
2−n)p2+l2n(1− 1

q 2
)p2‖fl2‖p2

Lq2 (Rn)

} 1
p 2

≤ C‖f1‖MK̇
n(1−1/q1),λ1
p1,q1 (Rn)

‖f2‖MK̇
n(1−1/q2),λ2
p2,q2 (Rn)

.

(vi) Finally, we have to estimate the term H9, we note li ≥ k + 2 and

|x− yi| > 2li−2, for x ∈ Ek, yi ∈ Eli i = 1, 2.

Similarly, for x ∈ Ek, there is

∣∣I(2)
α (fl1 , fl2)(x)

∣∣ ≤ C2−l1(n−α
2 )‖fl1‖L1(Rn)2−l2(n−α

2 )‖fl2‖L1(Rn).

Moreover, by Hölder inequality, it can be deduced that

H9 ≤ sup
k0∈Z

2−k0λ1

{ k0∑

k=−∞
2kn(1− 1

q 1
)p1

( ∞∑

l1=k+2

2(l1−k)( α
2− n

q1
)‖fl1‖Lq1 (Rn)

)p1
} 1

p 1

× 2−k0λ2

{ k0∑

k=−∞
2kn(1− 1

q 2
)p2

( ∞∑

l2=k+2

2(l2−k)( α
2− n

q2
)‖fl2‖Lq2 (Rn)

)p2
} 1

p 2

= sup
k0∈Z

H91(k0)×H92(k0) ≤ C‖f1‖MK̇
σ1,λ1
p1,q1 (Rn)

‖f2‖MK̇
σ2,λ2
p2,q2 (Rn)

.

Here the estimate of H91(k0) and H92(k0) is similar as that of H32(k0).
Finally, a combination for the estimates of Hi (i = 1, 2, . . . , 9) finishes

the proof of Theorem 1.3.
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4. The proof of Theorem 1.6

It is well known that the Herz type Hardy spaces have the central atomic
decomposition characterization, which make it convenient to study the boud-
edness of operators on these spaces.

Definition 4.1 Let σ ∈ R and 0 < q ≤ ∞ and s ≥ [σ − n(1 − 1/q)]. A
function a on Rn is called a central (σ, q) atom if

(1) supp(a) ⊂ B(0, r) for some r > 0;
(2) ‖a‖Lq(Rn) ≤ |B(0, r)|−σ/n;
(3)

∫
Rn a(x)xνdx = 0 for ν ≤ s.

where B(0, r) denotes a ball in Rn with center origin and radius r.

Lemma 4.2 ([8]) Let 0 < p < ∞, 1 < q < ∞ and σ ≥ n(1 − 1/q). A
function f on Rn belongs to HK̇σ,p

q (Rn) if and only if it can be written as
f =

∑∞
k=−∞ λkak in distributional sense with each ak a central (σ, q) atom

supported on Bk = B(0, 2k) and
∑∞

k=−∞ |λk|p < ∞. Moreover

‖f‖HK̇σ,p
q (Rn) ∼ inf

{( ∞∑

k=−∞
|λk|p

)1/p}

with the infimum taken over all decomposition of f .

The proof of Theorem 1.6. In order to simplify the proof, we also only
consider the situation when m = 2. Without loss of generality, by Lemma
4.2, we can write

fi =
∞∑

li=−∞
λliali , i = 1, 2,

where ali are central (σi, qi)-atoms supported on Bli = B(0, 2li). Also, for
fixed constant N such that N > σ − n(2− 1/g), we assume that ali satisfy
the cancellation conditions up to order N . We can find s1 and s2 such that
s1 > σ1 − n(1 − 1/q1), s2 > σ2 − n(1 − 1/q2) and s1 + s2 = N . Then we
have following decomposition,
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∥∥I(2)
α (f)

∥∥
K̇σ,p

q (Rn)
≤ C(J1 + J2 + J3 + J4)

=: C

{ ∞∑

k=−∞
2kσp

( k−2∑

l1=−∞

k−2∑

l2=−∞
|λl1 ||λl2 |

∥∥I(2)
α (al1 , al2)χk

∥∥
Lq(Rn)

)p} 1
p

+ C

{ ∞∑

k=−∞
2kσp

( k−2∑

l1=−∞

∞∑

l2=k−1

|λl1 ||λl2 |
∥∥I(2)

α (al1 , al2)χk

∥∥
Lq(Rn)

)p} 1
p

+ C

{ ∞∑

k=−∞
2kσp

( ∞∑

l1=k−1

k−2∑

l2=−∞
|λl1 ||λl2 |

∥∥I(2)
α (al1 , al2)χk

∥∥
Lq(Rn)

)p} 1
p

+ C

{ ∞∑

k=−∞
2kσp

( ∞∑

l1=k−1

∞∑

l2=k−1

|λl1 ||λl2 |
∥∥I(2)

α (al1 , al2)χk

∥∥
Lq(Rn)

)p} 1
p

.

For J1, we use the fact that l1 ≤ k− 2, l2 ≤ k− 2 and x ∈ Ek. Without
loss of generality, for fixed l1 and l2, we assume l1 ≤ l2. Since al1 has zero
vanishing moments up to order N , we can subtract the Taylor polynomial
PN

0 (x, ·, y2) of the function K(x, y1, y2) = |(x − y1, x − y2)|−2n+α at the
origin to obtain that

∥∥I(2)
α (al1 , al2)χk

∥∥
Lq(Rn)

≤
{∫

Ek

∣∣∣∣
∫

Bl2

al2(y2)
∫

Bl1

al1(y1)
(
K(x, y1, y2)− PN

0 (x, ·, y2)
)
dy1dy2

∣∣∣∣
q

dx

} 1
q

≤
{ ∫

Ek

( ∫

Bl2

|al2(y2)|
∫

Bl1

|al1(y1)|

×
∑

|β|=N+1

∣∣(∂β
y1

K
)
(x, ξ, y2)

∣∣ |y1||β|
β!

dy1dy2

)q

dx

} 1
q

for some ξ on the line segment joining y1 to the origin by Taylor’s theorem.
We remark that |ξ| ≤ |y1| ≤ 2l1 ≤ 2k−2 < 1

2 |x| and so |x − ξ| ≥ |x| − |ξ| ≥
1
2 |x|. Similarly we have |x− y2| ≥ 1

2 |x|. Hence

∣∣(∂β
y1

K
)
(x, y1, y2)

∣∣ ≤ Cβ

|(x− ξ, x− y2)|2n−α+|β| ≤
Cβ

|x|2n−α+|β| . (4.1)
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From this and the size of atom ali , by the Minkowski inequality and the
Hölder inequality, we give the following estimates for the expression above:

{ ∫

Ek

[ ∫

Bl2

|al2(y2)|
∫

Bl1

|al1(y1)| |y1|N+1

|x|2n−α+N+1
dy1dy2

]q

dx

} 1
q

≤ C

∫

Bl2

|al2(y2)|
∫

Bl1

|al1(y1)||y1|N+1

{ ∫

Ek

1
|x|(2n−α+N+1)q

dx

} 1
q

dy1dy2

≤ C2−k(2n−α+N−n
q )+l1N

∫

Bl2

|al2(y2)|
∫

Bl1

|al1(y1)|dy1dy2

≤ C2−k(2n−α+s1+s2−n
q )+l1s1+l2s22l1n(1− 1

q 1
)2l2n(1− 1

q 2
)

× ‖al1‖Lq1 (Rn)‖al2‖Lq2 (Rn)

≤ C2−k(2n−α+s1+s2−n
q )2l1[n(1− 1

q 1
)−σ1+s1]2l2[n(1− 1

q 2
)−σ2+s2]

≤ C2−kσ2(l1−k)[n(1− 1
q 1

)−σ1+s1]2(l2−k)[n(1− 1
q 2

)−σ2+s2].

Thus, since l ≤ p and 1/l = 1/p1 + 1/p2, by the Cauchy inequality we
have

J1 ≤ C

{ ∞∑

k=−∞
2kσl

( k−2∑

l1=−∞

k−2∑

l2=−∞
|λl1 ||λl2 |

∥∥I(2)
α (al1 , al2)χk

∥∥
Lq(Rn)

)l} 1
l

≤ C

{ ∞∑

k=−∞

2∏

i=1

( k−2∑

li=−∞
|λli |2(li−k)

[
n(1− 1

q i
)−σi+si

])l} 1
l

≤ C

2∏

i=1

{ ∞∑

k=−∞

( k−2∑

li=−∞
|λli |2(li−k)

[
n(1− 1

q i
)−σi+si

])pi
} 1

pi

:= C(J11 × J12).

Notice that n(1− 1/qi)− σi + si > 0 for i = 1, 2. If 0 < pi ≤ 1, then

J1i ≤
{ ∞∑

k=−∞

k−2∑

li=−∞
|λli |pi2(li−k)pi

[
n(1− 1

q i
)−σi+si

]} 1
p i
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≤
{ ∞∑

li=−∞
|λli |pi

∞∑

k=li+2

2(li−k)pi

[
n(1− 1

q i
)−σi+si

]} 1
p i

≤ C

( ∞∑

li=−∞
|λli |pi

) 1
p i ≤ C‖fi‖HK̇

σi,pi
qi

(Rn).

If 1 < pi < ∞, by the Hölder inequality with exponents pi, we obtain

J1i ≤
{ ∞∑

k=−∞

( k−2∑

li=−∞
|λli |pi2(li−k)

[
n(1− 1

q i
)−σi+si

])

×
( k−2∑

li=−∞
2(li−k)

[
n(1− 1

q i
)−σi+si

])pi−1} 1
p i

≤
{ ∞∑

k=−∞
|λli |pi

( k−2∑

li=−∞
2(li−k)

[
n(1− 1

q i
)−σi+si

])} 1
p i

≤ C

( ∞∑

li=−∞
|λli |pi

) 1
p i ≤ C‖fi‖HK̇

σi,pi
qi

(Rn).

A combination of the estimates above for J1i finish the estimates of J1.
Thus,

J1 ≤ C‖f1‖HK̇
σ1,p1
q1 (Rn)‖f2‖HK̇

σ2,p2
q2 (Rn).

Now we treat term J2. Observing that l1 ≤ k−2, l2 ≥ k−1 and x ∈ Ek.
Similar to the estimates for J1

∥∥I(2)
α (al1 , al2)χk

∥∥
Lq(Rn)

≤ C2−k(2n−α+N−n
q )+l1N

∫

Bl2

|al2(y2)|
∫

Bl1

|al1(y1)|dy1dy2

≤ C2−k(2n−α+s1+s2−n
q )+l1s1+l1s22l1n(1− 1

q 1
)2l2n(1− 1

q 2
)

× ‖al1‖Lq1 (Rn)‖al2‖Lq2 (Rn)

≤ C2−k(2n−α+s1−n
q )2l1[n(1− 1

q 1
)−σ1+s1]2l2[n(1− 1

q 2
)−σ2]

≤ C2−kσ2(l1−k)[n(1− 1
q 1

)−σ1+s1]2(l2−k)[n(1− 1
q 2

)−σ2].
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By the fact l/p < 1 and the Cauchy inequality with exponents l,

J2 ≤ C

{ ∞∑

k=−∞
2kσl

( k−2∑

l1=−∞

∞∑

l2=k−1

|λl1 ||λl2 |
∥∥I(2)

α (al1 , al2)χk

∥∥
Lq(Rn)

)l} 1
l

≤ C

{ ∞∑

k=−∞

( k−2∑

l1=−∞
|λl1 |2(l1−k)[n(1− 1

q 1
)−σ1+s1]

)l

×
( ∞∑

l2=k−1

|λl2 |2(l2−k)[n(1− 1
q 2

)−σ2]

)l} 1
l

≤ C

{ ∞∑

k=−∞

( k−2∑

l1=−∞
|λl1 |2(l1−k)[n(1− 1

q 1
)−σ1+s1]

)p1
} 1

p1

×
{ ∞∑

k=−∞

( ∞∑

l2=k−1

|λl2 |2(l2−k)[n(1− 1
q 2

)−σ2]

)p2
} 1

p2

=: J21 × J22.

We observe that J21 is equal to J11, and so we have J21 ≤
C‖f1‖HK̇

σ1,p1
q1 (Rn) with constant C independent of f1.

Noting n(1 − 1/q2) − σ2 < 0. Then, similar with the estimates of J1i,
we obtain

J22 ≤ C

{ ∞∑

k=−∞

( ∞∑

l2=k−1

|λl2 |2(l2−k)[n(1− 1
q 2

)−σ2]

)p2
} 1

p2

≤ C





{ ∞∑

l2=−∞
|λl2 |p2

l2+1∑

k=−∞
2(l2−k)p2

[
n(1− 1

q 2
)−σ2

]} 1
p 2

for 0 < p2 ≤ 1,

{ ∞∑

l2=−∞
|λl2 |p2

( l2+1∑

k=−∞
2(l2−k)

[
n(1− 1

q 2
)−σ2

])} 1
p 2

for 1 < p2 < ∞,

≤ C

( ∞∑

l2=−∞
|λl2 |p2

) 1
p 2 ≤ C‖f2‖HK̇

σ2,p2
q2 (Rn).
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Thus,

J2 ≤ C‖f1‖HK̇
σ1,p1
q1 (Rn)‖f2‖HK̇

σ2,p2
q2 (Rn).

From the analogous argumentation of J2, we will get the estimate of J3,
at the same time, it is should be pointed that we should use the cancella-
tion condition of al2 subtracting the Taylor polynomial PN

0 (x, y1, ·) of the
function K(x, y1, y2) = |x− y1, x− y2|−2n+α at the origin.

As for J4, by Theorem 1.1, we have

∥∥I(2)
α (al1 , al2)χk

∥∥
Lq(Rn)

≤ C‖al1‖Lq1 (Rn)‖al2‖Lq2 (Rn)

≤ C2−kσ2(k−l1)σ12(k−l2)σ2 .

Then by the Hölder inequality, the fact l/p < 1 and σi > 0, we get

J4 ≤ C

{ ∞∑

k=−∞
2kσl

( ∞∑

l1=k−1

∞∑

l2=k−1

|λl1 ||λl2 |
∥∥I(2)

α (al1 , al2)χk

∥∥
Lq(Rn)

)l} 1
l

≤ C

{ ∞∑

k=−∞

( ∞∑

l1=k−1

∞∑

l2=k−1

|λl1 ||λl2 |2(k−l1)σ12(k−l2)σ2

)l} 1
l

≤ C
2∏

i=1

{ ∞∑

k=−∞

( ∞∑

li=k−1

|λli |2(k−li)σi

)pi
} 1

pi

≤ C





2∏

i=1

{ ∞∑

k=−∞
|λli |

( ∞∑

li=k−1

2(k−li)σipi

)} 1
pi

for 0 < pi ≤ 1,

2∏

i=1

{ ∞∑

k=−∞
|λli |pi

( ∞∑

li=k−1

2(k−li)σi

)} 1
pi

for 1 < pi < ∞,

≤ C
2∏

i=1

( ∞∑

li=−∞
|λli |pi

) 1
p i ≤ C‖f1‖HK̇

σ1,p1
q1 (Rn)‖f2‖HK̇

σ2,p2
q2 (Rn).

This finishes the proof of the Theorem 1.6.
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5. The proof of Theorem 1.8

Let us begin with the definition of the generalized Morrey space.

Definition 5.1 ([4]) Let 1 ≤ p < ∞ and φ be a function from Rn × R+

to R+, then the generalized Morrey space, Lp,φ = Lp,φ(Rn), is defined by

Lp,φ(Rn) =
{

f ∈ Lp
loc(R

n) : sup
Q

(
1

φ(Q)

∫

Q

|f(x)|pdx

) 1
p

< ∞
}

,

with norm ‖f‖Lp,φ(Rn) is given by

‖f‖Lp,φ(Rn) = sup
Q

(
1

φ(Q)

∫

Q

|f(x)|pdx

) 1
p

,

where φ(Q) = φ(x, r) if the cube Q centers at x and has side length r.

It is well known that if φ(Q) = 1, Lp,φ(Rn) is the space Lp(Rn). If
φ(Q) = |Q|, then Lp,φ(Rn) = L∞(Rn). And if φ(Q) = |Q|µ/n with µ ≥ 0,
then Lp,φ(Rn) is the classical Morrey space Lp,µ(Rn).

Let M(f)(x) denote the Hardy-Littlewood maximal function, we will
use the following lemmas.

Lemma 5.2 ([4]) Let 0 < δ ≤ 1, assume that there are constants C1, C2

and C3 such that φ satisfies the condition (1.1) and the following condition

∫ +∞

r

φ(x0, t)
tnδ+1

dt ≤ C3
φ(x0, r)

rnδ
. (5.1)

Then, for 1 ≤ p < ∞ and any cube Q,
∫

Rn

|f(x)|p(MχQ(x))δdx ≤ Cφ(Q)‖f‖p
Lp,φ ,

where the constant C depends only on C1, C2 and C3.

Using integration by part, see Lemma 2 in [4], we have that

Lemma 5.3 Let β ≥ 0, if there is a constant C0 > 0 such that

∫ +∞

r

φ(x0, t)
tβ+1

dt ≤ C
φ(x0, r)

rβ
,
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then we can take C ′ = C/(1− Cε) for small real ε > 0 such that

∫ +∞

r

φ(x0, t)
tβ+1−ε

dt ≤ C ′
φ(x0, r)
rβ−ε

.

Now, we are ready to

The proof of Theorem 1.8. We will also only do, for simplicity, the m = 2
case, the similar procedure will work for all m ∈ N.

Recall that, when m = 2, we have

∣∣I(2)
α (f)(x)

∣∣ ≤
∫

Rn

∫

Rn

|f1(y1)||f2(y2)|
|(x− y1, x− y2)|2n−α

dy1dy2.

Fix any cube Q in Rn, we write

fi(x) = fi(x)χ2Q(x) + fi(x)χ(2Q)c(x), i = 1, 2.

Thus we have
∣∣I(2)

α (f)(x)
∣∣ ≤ ∣∣I(2)

α (f1χ2Q, f2χ2Q)(x)
∣∣ +

∣∣I(2)
α (f1χ(2Q)c , f2χ(2Q)c)(x)

∣∣

+
∣∣I(2)

α (f1χ(2Q)c , f2χ2Q)(x)
∣∣ +

∣∣I(2)
α (f1χ2Q, f2χ(2Q)c)(x)

∣∣

:= V1(x) + V2(x) + V3(x) + V4(x).

We first limit the assumption pi > 1, i = 1, 2, and estimate the terms
of V1, V2 and V3. The estimation of V4 is analogous to that of V3.

(i) As for V1, by the Lq-boundedness for I
(2)
α and the condition (1.1),

we obtain
( ∫

Q

∣∣I(2)
α (f1χ2Q, f2χ2Q)(x)

∣∣q
) 1

q

≤ C‖f1χ2Q‖Lp1 (Rn)‖f2χ2Q‖Lp2 (Rn)

≤ Cφ
1/p1
1 (2Q)φ1/p2

2 (2Q)‖f1‖Lp1,φ1 (Rn)‖f2‖Lp2,φ2 (Rn)

≤ Cϕ1/q(Q)‖f1‖Lp1,φ1 (Rn)‖f2‖Lp2,φ2 (Rn),

and so
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‖V1‖Lq,ϕ(Rn) ≤ C‖f1‖Lp1,φ1 (Rn)‖f2‖Lp2,φ2 (Rn). (5.2)

(ii) As for V2, noting (1/|x − yi|)n−α/2 ≤ C(MχQ(yi)/|Q|)1−α/2n for
x ∈ Q and yi ∈ (2Q)c. Hence, we get

∣∣I(2)
α (f1χ(2Q)c , f2χ(2Q)c)(x)

∣∣ ≤ C

2∏

i=1

∫

Rn

|fi(yi)|χ(2Q)c(yi)
|x− yi|n−α/2

dyi

≤ C

2∏

i=1

|Q|−1+α/2n

∫

(2Q)c

|fi(yi)|(MχQ(yi))1−α/2ndyi. (5.3)

By the condition (1.3) and Lemma 5.3, we take 0 < ε < min{n−αpi/2}
such that

∫ +∞

r

φi(x0, t)
tn−αpi/2+1−ε

dt ≤ C
φi(x0, r)

rn−αpi/2−ε
,

and let δi = n−αpi/2−ε
n , obviously, 0 < δi ≤ 1. The Hölder inequality implies

∫

(2Q)c

|fi(yi)|(MχQ(yi))δi/pi(MχQ(yi))
1− α

2n−
δi
pi dyi

≤
(∫

(2Q)c

|fi(yi)|pi(MχQ(yi))δidyi

) 1
pi

(∫

(2Q)c

(MχQ(yi))
(1− α

2n−
δi
pi

)p′idyi

) 1
p′

i
.

Since MχQ(yi) ∼ 2−kn for yi ∈ 2k+1Q\2kQ, then we get

∫

(2Q)c

(MχQ(yi))
(1− α

2n−
δi
pi

)p′idyi

≤ C
∞∑

k=1

∫

2k+1Q\2kQ

(MχQ(yi))
(1− α

2n−
δi
pi

)p′idyi

≤ C

∞∑

k=1

2−knp′i(1− α
2n−

δi
pi

)|2k+1Q|

≤ C|Q|
∞∑

k=0

2
−kε
pi−1 ≤ C|Q|.
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By these estimates and the inequality (5.3), using Lemma 5.2 and the con-
dition (1.1), we have

∣∣I(2)
α (f1χ(2Q)c , f2χ(2Q)c)(x)

∣∣

≤ C

2∏

i=1

|Q|−1/pi+α/2n

( ∫

(2Q)c

|fi(yi)|pi(MχQ(yi))δidyi

) 1
pi

≤ C|Q|−1/q
2∏

i=1

( ∫

(2Q)c

|fi(yi)|pi(MχQ(yi))δidyi

) 1
pi

≤ C|Q|−1/qφ
1/p1
1 (Q)φ1/p2

2 (Q)‖f1‖Lp1,φ1 (Rn)‖f2‖Lp2,φ2 (Rn)

= C|Q|−1/qϕ1/q(Q)‖f1‖Lp1,φ1 (Rn)‖f2‖Lp2,φ2 (Rn).

This implies that

‖V2‖Lq,ϕ(Rn) ≤ C‖f1‖Lp1,φ1 (Rn)‖f2‖Lp2,φ2 (Rn). (5.4)

(iii) As for V3, applying partly the technique used in the estimate of V2,
we get

∣∣I(2)
α (f1χ2Q, f2χ(2Q)c)(x)

∣∣

≤ C

∫

Rn

|f1(y1)|χ2Q(y1)dy1

∫

Rn

|f2(y2)|χ(2Q)c(y2)
|x− y2|2n−α

dy2

≤ C

∫

2Q

|f1(y1)|dy1

∫

Rn

|f2(y2)|χ(2Q)c(y2)
|x− y2|n−α/2|x− y2|n−α/2

dy2

≤ C|Q|−1/p1+α/2n

( ∫

2Q

|f1(y1)|p1dy1

)1/p1 ∫

Rn

|f2(y2)|χ(2Q)c(y2)
|x− y2|n−α/2

dy2

≤ C|Q|−1/p1+α/2nφ
1/p1
1 (x0, r)‖f1‖Lp1,φ1 (Rn)

∫

Rn

|f2(y2)|χ(2Q)c(y2)
|x− y2|n−α/2

dy2

≤ C|Q|−1/qφ
1/p1
1 (x0, r)φ

1/p2
2 (x0, r)‖f1‖Lp1,φ1 (Rn)‖f2‖Lp2,φ2 (Rn)

= C|Q|−1/qϕ1/q(x0, r)‖f1‖Lp1,φ1 (Rn)‖f2‖Lp2,φ2 (Rn).
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Hence, we have

‖V3‖Lq,ϕ(Rn) ≤ C‖f1‖Lp1,φ1 (Rn)‖f2‖Lp2,φ2 (Rn), (5.5)

and similarly we have

‖V4‖Lq,ϕ(Rn) ≤ C‖f1‖Lp1,φ1 (Rn)‖f2‖Lp2,φ2 (Rn). (5.6)

Combing all the estimates for Vi together, i = 1, 2, 3, 4, we get

∥∥I(2)
α (f1, f2)

∥∥
Lq,ϕ(Rn)

≤ C‖f1‖Lp1,φ1 (Rn)‖f2‖Lp2,φ2 (Rn).

This is the desired inequality when pi > 1 of Theorem 1.8.
We now turn our attention to the case p1 ≥ 1. Without loss of the

generality, we assume that p1 = 1 and p2 > 1. It’s enough to show for any
λ > 0 that

|{x ∈ Q : |Vi(x)| > λ}|
ϕ(Q)

≤ C

λq

( 2∏

i=1

‖fi‖Lpi,φi (Rn)

)q

, for i = 1, 2, 3, 4.

(5.7)

(a) By the weak Lq-boundedness for I
(2)
α and the condition (1.1), we

obtain
∣∣{x ∈ Q :

∣∣I(2)
α (f1χ2Q, f2χ2Q)(x)

∣∣ > λ
}∣∣

≤ C

λq

(‖f1χ2Q‖Lp1 (Rn)‖f2χ2Q‖Lp2 (Rn)

)q

=
C

λq

(∫

2Q

|f1(x)|p1

)q/p1
( ∫

2Q

|f2(x)|p2

)q/p2

≤ C

λq
φ

q/p1
1 (2Q)φq/p2

2 (2Q)
(‖f1‖Lp1,φ1 (Rn)‖f2‖Lp2,φ2 (Rn)

)q

≤ C

λq
ϕ(Q)

(‖f1‖Lp1,φ1 (Rn)‖f2‖Lp2,φ2 (Rn)

)q
,

which implies (5.7) for i = 1.

(b) Recall the inequality (5.3),
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|V2(x)| ≤ C
2∏

i=1

|Q|−1+α/2n

∫

Rn

|fi(yi)|(MχQ(yi))1−α/2ndyi.

For f1, we choose δ1 = 1− α/2n, then Lemma 5.2 show that

|Q|−1+α/2n

∫

Rn

|f1(y1)|(MχQ(y1))1−α/2ndy1

≤ C|Q|−1+α/2nφ1(Q)‖f1‖Lp1,φ1 (Rn).

For f2, we take δ2 = n−αp2/2−ε
n , by similar argument as that in (ii), we have

|Q|−1+α/2n

∫

Rn

|f2(y2)|(MχQ(y2))1−α/2ndy2

≤ C|Q|−1/p2+α/2nφ
1/p2
2 (Q)‖f2‖Lp2,φ2 (Rn).

Thus, we derive that

|V2(x)| ≤ C|Q|−1/qφ1(Q)φ1/p2
2 (Q)‖f1‖Lp1,φ1 (Rn)‖f2‖Lp2,φ2 (Rn).

The Chebychev’s inequality yields that

|{x ∈ Q : |V2(x)| > λ}| ≤ C

∫

Q

∣∣∣∣
V2(x)

λ

∣∣∣∣
q

dx

≤ C

λq
φq

1(Q)φq/p2
2 (Q)

(‖f1‖Lp1,φ1 (Rn)‖f2‖Lp2,φ2 (Rn)

)q

=
C

λq
ϕ(Q)

(‖f1‖Lp1,φ1 (Rn)‖f2‖Lp2,φ2 (Rn)

)q
,

because of p1 = 1. We then obtain (5.7) for i = 2.

(c) For V3 and V4, similar arguments show get

|V3(x)|+ |V4(x)| ≤ C|Q|−1/qϕ1/q(Q)‖f1‖Lp1,φ1 (Rn)‖f2‖Lp2,φ2 (Rn).

Then we immediately obtain the desired inequality (5.7) for i = 3, 4.
Finally, when p1 = p2 = 1. We only need take δ1 = δ2 = 1− α/2n and

use Lemma 5.2, the similar argument as that above will imply the desired
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inequality (5.7). This completes the proof of the Theorem 1.8.
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