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Mean iterations derived from transformation formulas

for the hypergeometric function
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Abstract. From Goursat’s transformation formulas for the hypergeometric function
F(«, B,7; z), we derive several double sequences given by mean iterations and express
their common limits by the hypergeometric function. Our results are analogies of the
fact that the arithmetic-geometric mean of 1 and = € (0,1) can be expressed as the
reciprocal of F(%7 %, 1;1 — x2).
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1. Introduction

Let m1 and my be the arithmetic mean and the geometric mean:

r+y
my(z,y) = 5 ma(z,y) = /Y.

For 0 < b < a, we give a double sequence {a,} and {b,} by the iteration of
two means my and mo with initial (a,b):

(a07 bU) = (a’ b)v (an+1v bn+1) = (ml (an’ bn)’ ma (an’ bn))

This double sequence converges and has a common limit, which is called
the arithmetic-geometric mean of a and b, or the compound m; ¢ my(a, b).
It is known that the arithmetic-geometric mean can be expressed by the
hypergeometric function, that is

a
21=())

my ¢ ma(a,b) = ,

F(

N|—=

where
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&
Fladimia) = oy

We remark that the Gauss quadratic transformation formula for the hyper-
geometric function implies this fact, refer to Section 3 for details.

In this paper, from Goursat’s transformation formulas in [G] instead of
Gaussian, we induce several double sequences given by mean iterations and
express their common limits by the hypergeometric function F(«, f,7; z).
We list pairs of means and their common limits induced from quadratic
transformations in Theorem 2 and those from cubic ones in Theorem 3. It
turns out that the parameters («, 3,7) of the hypergeometric function in
Theorem 2 satisfy

1 1 1
T e — 2ok 248

and that those in Theorem 3 satisfy

1 1 1
{1—7Wv—a—MWa—m}_{Z&@'

B.C. Carlson considers in [C] the twelve double sequences given by the
iteration of means m; and m; (1 <4, j <4, i # j), where

r+y
2

T+y
my(2,y) = \Jo—g— ma(z,y) = Y-
They converge and their common limits m; ¢ m;(a,b) admit integral repre-
sentations of Euler type. Theorem 2 can be obtain by these results together
with some functional equations for the hypergeometric function in Lemma
2.

J.M. and P.B. Borwein study in [BB1] two double sequences given by

the iteration of ms and mg and by that of m7 and mg, where

T+ 2y s x24xy+y?
m5($,y) = 3 ) m6(x>y) = y#a

T+ 3y (2,1) T+
mg\T =
4 ) s\, Y Yy )

<

mr(z,y) =
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They converge and their common limits ms ¢ mg(a,b) and m7 oms(a,b) can
be expressed as

a a
F(33.51-(2)°) F(h3u1-(2))"

respectively. We remark that Theorem 3 is independent of the results in
[BB1] and [C].

The above expressions of common limits of double sequences in [BB1]
are extended to those of multiple sequences by the hypergeometric function
Fp of multi variables, refer to [KS], [KM] and [MO]. Similar extensions of
some results in Theorem 2 are studied in [M].

)

A list of transformation formulas for the generalized hypergeometric
o, ,002

function 3F5 (%, 5,7 2) is given in [K]. We attempt to find double se-
quences whose common limits can be expressed by 3F5. It turns out that
we can not get proper expressions of common limits by 3F5 because of the
reduction and the Clausen formula for 3F5, refer to Section 6.

2. Mean iterations

In this section, we formalize the notion of mean iterations, for which we
refer to Section 8 in [BB2].

Let R be the multiplicative group of positive real numbers. A mean is
a continuous function m : R} x R} — R satisfying

min(z,y) < m(z,y) < max(z,y),

m(tz, ty) = tm(z,y)
for any x,y,t € Ry. A mean m(x,y) is strict if
m(z,y) =z or m(z,y)=y = x=uy.

For two means m; and msy and two positive real numbers a and b, we
define a double sequence {a,} and {b,} with initial (ag,bo) = (a,b) by

(an+17 bn+1) = (ml (an’ bn)v m2(any bn))

This double sequence is called the (mi,ms)-sequence with initial (a,b). If
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the (mq, m2)-sequence with initial (a,b) converges and has a common limit,
this value is called the compound of m1 and ms with initial (a, b) and denoted
by mq < mg(a, b)

If a > b and two means my and mq satisfy

mi(2,y) = ma(z,y), forany (z,y) € R x RY, (1)
or
(x —y)(mi(z,y) —mo(z,y)) >0, forany (z,y) € R} xRY, (2)
then the (mq, msg)-sequence with initial (a,b) satisfies

bp <by <by<---<b,<a, <---<ay<a <ap.

If a > b and two means m; and msy satisfy
(a:—y)(m1(37,y)—m2(x,y)) §07 for any ($7y) ER:— XR*+7 (3)
then the (mq,ms)-sequence with initial (a,b) satisfies

bo < a1 <by <--- < by < agpt1 < bopgr <agp <--- <ag < by <ag.

Lemma 1 Suppose that two means my and mo satisfy (1) or (2) or (3).
If either my or mq is strict, then the (my,ms)-sequence with initial (a,b)
converges and has a common limit, and the compound my ¢ mao becomes
a mean. Moreover, the convergence is uniform on any compact subset of
R% x R%.

Proof.  For a proof of the cases (1) and (2), refer to [BB2]. Suppose that (3)
is satisfied. We may assume that a > b. Let {a,} and {b,} be the (m1,ms)-
sequence with initial (a,b). Then both of four sequences {asy,}, {a2n+1},
{ban} and {bo,,+1} are monotonous and bounded. Thus they converge; we
set

lim ag, = ag, lim agyy1 =y, lim by, = By, lim bopyy = B1.
n—oo n—oo n—oo n—oo

Let n — oo for the inequalities

a2n—1 < bap < aopy1 < bopp1 < aoy < bop—i,
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we have
a1 <fyp<ar<pi<ay <P, ie, fo=a, Bi=ay o <ap.
Let n — oo for the equalities

A2n+1 = My (a2n7b2n)’ b2n+1 = m2(a2nab2n)7

we have
o1 = m1(0407ﬂ0) = m1(0407a1), ayg =0 = m2(040,ﬁo) = m2(040,061)~

Since either mq or ms is strict, ag should be equal to ;.

Let us show that © = my ¢ mo is a mean. In order to show that p is
continuous, take any (a,b) € R} x R, any € > 0, and choose N € N such
that

lan(a,b) — u(a,b)| < e

for any n > N. We fix a natural number n satisfying 2n > N. We can
regard as, and ag,4+1 as continuous functions of the initial terms (a,b).
Thus there exists § > 0 such that

|x —a| <6, lagn (x,y) — agn(a,b)| < e,
p-b<s le@y) - e <<
If |t —a|l <§, |y —b] <d and z > y then we have
p(z,y) < agp(z,y) < agn(a,b) +¢e < p(a,b) + 2,
(@, y) > agny1(2,y) > agny1(a,b) — e > p(a,b) — 2¢;
i.e.,
\u(z,y) — p(a,b)| < 2e.
If |z —a|l <4, |y —b] <d and = <y then we have

pw(z,y) < asnt1(x,y) < aspii(a,b) +e < p(a,b) + 2,
M(xvy) 2 a2n(xvy) > a2n(aa b) —&> M(av b) - 25;
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ie.,
[z, y) — pla,b)| < 2e.
Hence p is continuous at (a, b). It is clear that

min(z,y) < p(z,y) < max(z,y),
pltr,ty) = tu(z,y)

for any x,y,t € RY.

Let K be any compact subset of R} xR* , and K and K_ be closed sub-
sets of K given as {(z,y) € K | £(x —y) > 0}, respectively. Since p is con-
tinuous on R* x R* and the sequences {az,41} and {az,} are monotonous
on Ky (resp. K_), they uniformly converge to p on the compact subset K
(resp. K_) by Dini’s theorem. Thus {a,} uniformly converges to x on the
compact subset K. Il

The key observation about m; ¢ mq is the following fact in [BB2].

Fact 1 (Invariant principle) Suppose that the compound my © mo of two
means my and mo exists. Then my © moy is the unique mean u satisfying

U(ml (a7 b): mQ(av b)) = M(av b)

for any a,b € R

3. The hypergeometric function and mean iterations

The hypergeometric function F(«, 3,7;z) with parameters (o, 3,7) is
defined as

F(a7577;z) = Z (72:

n=0

where the variable z isin {z € C | |2| < 1}, v #0,—1,-2,..., and (a), =

ala+1)---(a+n—1)=I'(a+n)/I'(«). This function admits an integral
representation of Euler type
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[‘(7) ! (] )T — o -8
R a , T

and satisfies the hypergeometric differential equation

F(o, B,7v;2) =

F dF

Theorem 1 Suppose that the compound mi ¢ mo of two means my and
my exists. If my and my satisfy mo(a,b)P < 2mq(a,b)? and

m1(a,b) _ a "
Flapyt - (mfa)’) Flesat= (@Y

for some a, 3,7,p,q € R and for any a,b € R with bP < 2aP, then we have

a

F(OéHB,")/, 11— (%)p)q.

my oma(a,b) =

()

Proof. Let {a,} and {b,} be the (m, ms)-sequence with initial (a,b). The
equality (4) implies that

ag _ a;
F(a,ﬂ7'y;1 - (%)p)q N F(a,ﬁ7fy;1 — (%)p)q
— a2 _ B a
F(a,@f}/;l_(%)p)q_ _F(a,ﬁ,y;l—(%)p)q'

Let n — oo, then we have

a nhi%o On (a,b)
— =mi o mala, )
Flaforil = (2" Fa,8,71- lim (42)7)'

Qn

since lim a, = lim b, = m; ¢ ma(a,b) and F(a, 3,7;0) = 1. O

n—oo n—oo
Corollary 1  Suppose that the compound my © mo of two means m1 and

my exists and that it satisfies (5) for a,b € R% such that b/a is sufficiently
near to 1. If
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m(z,y) = ma (2", y") T Tmg (a7, y ) Tt oy,

(t+1)/r  1=s+t, —t

ml2($7y) = ml(a’j?yr)(s_t_l)/TmQ(xTayr) Yy

are means for given r(# 0),s,t € R, and the compound m o m/, exists for
such a,b € R*, then we have

at+1

my omb(a,b) = :
T eE(as- ()"

Proof. By Fact 1, we have the equality (4). Since

mh(a,b)  ma(a”,b")M/"
t(a,b)  mq(ar, b))t/

m

we can easily obtain

m/ (a, b)t+! B att!
, pry qs/r prygs/r’
mh(a,b)' F (8,731 - (25e3) ) bF(a, 8,71 = (5)")
Fact 1 implies this theorem. O

Remark 1 Though m/(z,y) and mj(z,y) do not satisfy the condition
min(z, y) < mj(z,y) < max(z,y) (i=1,2)

for some r,s,t in Corollary 1, it occurs that the double sequence {a,} and
{bn} obtained by m/(z,y) and m5(x,y) has a non-zero common limit ex-
pressed by the hypergeometric function.

Corollary 2  Suppose that the compound m1 © mso of two means my and
mo exists and that it satisfies (5) for a,b € R% such that b/a is sufficiently
near to 1. If the compound m) o mlb of m|(x,y) = ma(y,x) and mh(x,y) =
my(y, ) exists for such a,b € R, then we have

a
()" F (= Biomi1 = (2)7)
a

my omb(a,b) =

()" Py == (2))"
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Proof. Tt is shown in [IKSY], p. 38 that

F(o,B,7;2) = (1— Z)_QF<V — B, a,7; z2—1>

= (1—z)_ﬁF<v—a,ﬁ,7; Zi1>

for z € C satisfying |z|] < 1 and Re(z) < % By the first equality for

z=1—=0bP/aP and for z =1 — ma(a,b)?/m1(a,b)?, we rewrite (4) as

m2(CL,b)
o PN g
- a’b X m a,b
(B8] i (858
b

(1) (Y = Bayl— (8)7)"

Recall that we give m} and m} by changing the role of z,y and that of
mi,me. Fact 1 for m} and m), implies

my omb(a,b) = a
1 2\ - —1 .
()™ PO =1 = (5))
Similarly we can get the second expression of m) ¢ m4(a,b). O

Let us explain how to utilize Theorem 1 and Corollary 1. The Gauss
quadratic transformation formula is as follows:

1 1 4z
1+ 2)*F —B+= =22 ) =F 26; ———
( +Z) <a,0[ ,8+2,5+27Z> <a7/87 /87 (1+Z)2>’ (6)
where 2 is in a small neighbourhood of 0, and the value of (1 + 2)2* is 1 at

z = 0. By substituting

b 11—z 1

a 142

into the equality (6), we have
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(a+0)/2 B a
AV PN
F(3551- (397 FGoL1-())

Let my be the arithmetic mean and mo the geometric mean. It is easy to
show that the double sequence {a,} and {b,} defined by (ag,by) = (a,b),
and

an + by,
(an—l—labn—l—l) = (ml(anybn)me(anybn)) = <27 V anbn>

has a common limit u(a,b), which is called the arithmetic-geometric mean
of a and b. Theorem 1 implies a well-known formula

p(a,b) = (7)

for 0 < b < a. By applying Corollary 1 for (r,s,t) = (2,1,0) to (7), we have

a

VPGS 51— ()Y

my omb(a,b) =

for a > b > 0 and two means

$2+y2
mll(xﬂy) = 9 ) mlz(xay) = VY.

,0) to (7), we have

By applying Corollary 1 for (r,s,t) = (1,%

my omb(a,b) =
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4. Compounds of means by quadratic transformation formulas

In 1881 Goursat gave a list of transformation formulas of the form
F(a, 8,7:2) = p(2)F (', B/, 93 9(2)),

in [G], where ¢(z) and (z) are algebraic functions with values 1 and 0
at z = 0, respectively. In this section, we give a list of the compound
means expressed by the hypergeometric function derived from Theorem 1
and quadratic transformation formulas G(25),...,G(52) in [G].

It turns out that parameters (o, 3,7) of the hypergeometric function
satisfy

1 1 1
) ) = {272700}5 or {2’4’4}’ or {O0,00,00},
{H—ﬂlv—a—ﬁla—m}

for our consideration. We classify our results by these data. For the case
{00, 00,0}, we have the classical arithmetic-geometric mean explained in
the previous section.

Theorem 2  We have the following tables.

{2,2, 00}
No. | my(a,b) ma(a,b) | type mi o ma(a, b)
Q) | Vab | PERRE () a/F(1,1,3:1- 1)
Q(2) | YA Vab | (M) a/F(1,1, 31— 1)

QE) | /s atb | (M) ao/F(4,4,31-(2)%)

Q) | {Zha | yeftar | a0 | o/F( L B (8 = Vab
QB) | 2% o (M) | a/F(31,11- %) = Vab
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{2,4,4}
No. my (a’ b) mQ(a7 b) type mip < T)’LQ(CL7 b)
Q) | OFE| Vab | () | a/F(LE 51 Y)
Q(7) Vab Valvaivh) | (4) a/F(1,3,2;1-2)
2

Q) | VU | et @ | PG
Qo) | =t | e ) | R - (2
Q(O) | {f/25ar2 | y/=5tan | () | a/P(3 431 (2)7) = Vab

Vab

Q1) | ¢fottar | /22202 | (4) | o/F(L,2, 31— (2)7)? =

Here b/a is sufficiently near to 1, the type (M) means the (mq, ms)-sequence
is monotonous, i.e., they satisfy

bn S bn+1 S Ap+1 S (079 or bn 2 bn+1 Z Ap+1 Z (7
the type (A) means the (mq, m2)-sequence is alternative, i.e., they satisfy
bo <ap <by < - < by < agnt1 <bopt1 <agp <--- <ag < by <aop.

Proof. We show Q(3). The quadratic transformation formula G(41) in [G]

1S

. 1
Flat=ami9) = (1= 277 P (152, T8 s - )

2 7 2
=(1-2)7(1 _Qz)F(V;a,wr;_a,v;zlz(l —z)).
Substitute
a:17 fy:g, 221—2,2

into the first row of this formula, then we have
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m1(a,b) B a
P33 50— (228)) FGas-())
where
mq(a,b) = a(a;—b)’ ma(a,b) = a—2|—b‘

We can easily show that the (m,ms)-sequence converges and has a common
limit by Lemma 1. Theorem 1 implies that

my oma(a,b) =

We list used formulas in [G] and substitutions to prove this proposition.

Q(1) a=p=1,bla=(1-2z2)2

G(38):  F(a,B, 2L 2) = (1 — 22) F(ofL, B5F 20 a5(1 — 2))
Q(2) a=1/2, v=3/2, bla=1-z,

G(35): Fla,a+ 3,7;2) = (H#m)*zaF(Qa,Qa +1—7,7; E_E)
Q(3) a=1/2, v=3/2, bla=1-2z,

G(4l):  F(a,1—a,v;2) = (1 —2)771F(352, 201 4i42(1 — 2))
Q(4) a=1/2, v=1/2, bla=1-2z,

G(41):  Fla,l—a,y;2) = e F (5, 752 vi42(1 - 2))
Q(5) a=1,6=1/2 ba=1-z

Gd):  F(a,0,26;2) = o P (B + 152, 5%, 6+ 5 )
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Q(6) a=1, §=3/4 bla=(1+2)?/(1-2)?

G49): Fla,f,a=0+1;2) = g2 (%4, § +1-0,a—=0+1; 7=55)
Q(7) a=1, =1/2, bla=1/(1-22)2

G<39) F(Ct,ﬂ, %ﬁﬂ; Z) - (1 - 22) aF(a’ a;rlv a+§+17 ?QZz(Z 1)12))
Q(8) a=3/4, y=5/4, bla=1/(1-22),

G(42): Flo,1-a,7;2) = 5= F (252, 12 y; 72053))
Q(9) a=1/2, =1/4, bla=(1+2)/(1-2),

G8): F(a,B,a—B+1;2) = (1—2)*F(§, 522 0 - B+ 15 7=253)
Q(lO) o= 1/47 v =3/4, b/a:1/(1—22)7

G2 Flat- a2 = b r(5e, e o 35
Q(11) a=1/2, 3=3/4, bla=(1+2)/(1- 2),

G(49): Fla,f,a=0+1;2) = g2 F (4, § +1-0,a=0+1; 7=57)

Here we remark that the formulas (G38), (G41) and (G42) consist of some
equalities. O

Lemma 2 We have

_ -1 1—
F<fy a v+ o ’7;1_1&2) :tF<’Y+O¢ v+ a’%l—t2>,

2 72 2 72

1 1
F<§7a+ 7ﬁ+1_t2) t2(ﬁ a)F(ﬂ_7ﬂ+ 7/8+1_t2>

for t in a small neighbourhood of 1. Especially,
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Proof. By substituting t = 1 — 2z into the formula (G41), and t = 22” i;z
into (G45), we obtain the first and second equalities in this lemma, respec-
tively. In order to get the rest, put (o, v) = (1/2,3/2) and (o, y) = (1/4,5/4)

in the first equality, and (o, ) = (1/2,3/4), v/t = t' in the second. O

Remark 2 Carlson studied in [C] compound means of two means taken
from the following four means:

T4y
9 mQ(xay) = VY,

T+y r+y
ma(z,y) =/ 5 my(z,y) = 5 Y-

Refer also to Section 8.5 in [BB2] for these results. Note that the compound
mean mj © mo is the classical arithmetic-geometric mean. It is shown that

m1($,y) =

the compound means mg ¢ my(a,b) and my ¢ ms(a,b) are expressed as

(12 _ b2
2log(a/b)’

which is called Carlson’s log expression. The other compound means m;om;
can be expressed by the hypergeometric function by Theorem 2, Corollary
1 and Lemma 2.

For example, Q(3) in Theorem 2 coincides with the expression of mgomy
shown in [BB2] and [C]. The compound mean mgy ¢ my is expressed as

a

R 3 - ()7

by Exercises 1 of Section 8.5 in [BB2|. This result is obtained by Q(1) in
Theorem 2, Corollary 1 for (r,s,t) = (2,1,0) and Lemma 2.

Carlson’s log expression can be obtained by the following functional
equation for the hypergeometric function.

Lemma 3 For a,n € C and x in a small neighbourhood of 1, we have

l,(l—a)n -1
n(l—z)F(n(a—-1)+1,1,2;1—2) = (1—-2")F(a,1,2;1—2") = — T
a—
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where the value of x™ is 1 at x = 1. FEspecially, if « =1 and n € N then it
reduces

l+z+a®+-- +a"!
n

1
)F(1,1,2;1 — ") = Og”@l.
x_

F(1,1,2;1—x)—<

Proof. Tt is easy to show that the functions n(1—z)F(n(a—1)+1,1,2;1—x)
and (1 —2")F(«,1,2;1 — ™) satisfy the differential equation

o nla—1)+1dp
dx? x dx

with initial conditions ¢(1) = 0 and %(1) = —n. Thus these functions
coincide with (z(!=®)" —1)/(a — 1). Note that this function converges to
—nlogx as a — 1. O

By Lemma 3 for « = 1, n = 2 and b/a = x, we have

a B m3(a,b)
\/F(1,1,2;1— (2)?) \/F(1,1,2;1— (2‘;%318)3
mq4(a,b)

—
: ms(a;b)
\/F(l’l’Q’l‘ (763) )
Theorem 1 implies Carlson’s log expression.

5. Compounds of means by cubic transformation formulas

We give a list of the compound means expressed by the hypergeometric
function derived from cubic transformation formulas (G78),...,(G125) in
[G], Theorem 1 and Corollary 2.

Theorem 3  We have the following table:
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No. mq(a,b) | ma(a,b) | type my o ma(a, b)
W [ vixi | i [ (4
(2) X1 X3 X3 (A)
3) | X1X3 X2X5 | (A)
(4) | b3X1 Xy | b5 X2 X3 | (A) b
C) | v | vy | () [o/F(G g1 ()) = Ve
(6) a3y, a3y (A) a/
@) (4)
®) (4)
©) (4)
(4)

C(6 F(g 361 ()
cm | Y5 nyg | (@A) | o/[tFGLEL- ()]
CE) | Yo¥s | WYy | (4 a/F (3.8 31~ (2)°)
C(9) | asVal3 | asV1Ys | (4 ao/F(2,1,3:1— (b))
C(10) | afYs | af¥i | (4) | o/P(§.5,5:1-(2)") = Vo

where b/a is sufficiently near to 1,

2 11 2
X, L Xs=eb —eleh v el

1 1 2 11 2
_SG Ty _\/§f+€f’§§+§5
=T 9 2 = 3

(&1,&2) is the preimage of (a,b) under the arithmetic and geometric means:

SEE o VaB-b {66} = etV R),

2

™ 1 T . 1 l 2 %
and 6 < arg(gis) < 6 (Z = 172)7 513523 = b3 S RJr;

\/g 11 2
5 3 s Ys=n/ni —ning +n3,

b 3. b3 2
Yl:m +772’ Y, = NNy T
(m,m2) is the preimage of (a,b) under the geometric and arithmetic means:

m + N2

m:a’ 9 :b7 {U17U2}:{biM}a

C Wl

- - 11 N i}
(md—g<arg( )<6(Z:1’2);77137723:a3 e Ry,

(2
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Remark 3 Parameters (o, 3,7) of the hypergeometric function in Theo-
rem 3 satisfy

1 1 1
{1—»y’w—a—m’|a—m}‘{2’3’6}'

We give two lemmas in order to prove Theorem 3.
Lemma 4 Ifb < a then
b<biX; <biX,<biXs< X2X;3<a,

b< Y2Ys<adYs<aiYy, <ady; <a
if a < b then

a< X2X5 < b3Xs5<b3X, <b3X; <b,

2 2 2
a<a’Y) <a3Yy <a3Ys < Y7Ys < b.

53, 2543
Proof. Suppose that b < a. Since &1, &> are real and a = %, it is

easy to show that
b<b5X; < b5 Xy <b3Xs < X2X3

and

1

2 432
— XoX: =
a 243 36

(sef + nefef +5ef) (ef —eled +d) (el —¢f) >0

In order to show the other inequalities, we assume that a = 1 by the homo-
geneity. Note that n; do not belong to R and that

T Y
‘771" = 17 Re(ni) = b: _5 < arg(m) < 5

Wl

1
If we take branches of 7’ so that —% < arg ( ) < %, then we have

%

1 1
1 1 3 §_|__ 3
ning =1, \2f<7712772:Y1<1.
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Since
3 4v? — 1 2
b=4Yy —3V1, Y=/ ——, Y3 = 4/4Y? -3,
we have
2 2 1 2
Y=Y, :5(1—Y1)>0,
2 2 8 2
Y7 =V = 2(1-Y7) >0,
Yz — Y5V = Y3(1 - Y3) > Y3 (Y2 - Y5) >0,
1
Y5 V2 — b = 51— Y2) (14 20Y2)(4Y2 —3) > 0
for § <Y <1 O

Lemma 5 For any a,b € R* | we have

2v2 X 2 X Y; 2 1
7\/;<72<£7 0<73<27 §<71<£7 —_
3 X1 3 X 2 Y 4 2 Y

Proof. By the homogeneity of X;, we normalize b = 1. Note that

3
£ < X1 < o0,
2

and that

Xy 4X2 -1 X3 4X2 -3

X, 32 T OXy X3
are monotonous as functions of X;. Consider their limits as X; — § and
as X7 — oo. Normalize a = 1 to show the inequalities for Y;/Y;. U

Proof of Theorem 3. Lemmas 1 and 4 imply that the (mq, mo)-sequence
alternatively converges for (m,ms) in Theorem 3 and for any a,b € RY.
We show C(1). Substitute v = 1/6 into the formula G(112):
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1 D 1 ) 5)
F<Oé,a+,2a—|—6;z) :(1_'2);‘F<04+37a+6,204+6§2>

1 5
=(1- 9t)20‘F<304,30¢ + 5,20[ + 6;t>,
where 27t(1 — t)? 4+ (1 — 9t)?z = 0. We have

3
Pl D) o3tk T CEAY
276 1—9t

2767 (1—9t)2
Put u= (3t+1)/(1 —9¢t), then t = (u —1)/(3(1 + 3u)) and

1 4(1 1 43
F ,71,21_& —uF ,71,Z;1_ u )
2776 3(1 4 3u) 2776 1+ 3u

Solve the equation

9 2_ 4u3
a 1+ 3u

with the variable u for given a,b > 0. Then we have

1,2 1 X3
u:alﬁXl, sz‘o’,
4 1+2u_<b>211/u+2_1X§+2b§_X22
143u 3  \a) w* 3 X2 3  X¥
and
m1(a,b) _ a
P31 50— (mlen)y P LEL-(2))
for

mi(a,b) = b3 Xy, ma(a,b) = b3 Xo.

Theorem 1 implies
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my ¢ mao(a,b) =

In order to get (C2),...,(C5), we use the following.

C(2) a=1/6, u=2(1+32)/(1-92), (b/a)? =u3/(3u+2)
G(119): (1—2)%_40“F(1— S —a,20+ 352)
= (1-92)F(a,a + §,20 + §; “22(0-2"
C(3) a=0, t=1-4/(1+3u), (b/a)? =4u3/(1+ 3u),
GE7): Fla+12—a,32) =20 0" p3a 41 a+2 3:4)
(t—9)2%t+27(1—-1t)%2=0
C(4) a=1/6, t=1-—4/(1+3u), (b/a)? = 4u/(1 + 3u),
G87): (1—2)iF(1—a,a+2,3;2) = 0D p(3a+ L a+ 2, 8:¢)
(t—9)2t+27(1 - )22 =0
C(5) a= 1/6 t=1—-4/(1+3u), (b/a)? = 4u/(1 + 3u),
(1-
(t

z)3 F(-—aa+3,12)=1-0)*F(Ba,a+ g, 3;t)

—9)2t+27(1 — )22 =0

We remark that the formulas G(86), G(87) and G(119) consist of some
equalities. The equality C(5 + k) is obtained by Corollary 2 for C(k) (k =
1,...,5). O

6. Compounds of means by transformation formulas for 3F5

The generalized hypergeometric function gF3 is defined as

@0, A1, 2\ = (ao)n(al)n(%)nzn
3F2( B, B2 ) = (DalB)n(B2)n

where 1,02 # 0,—1,—2,..., and |z| < 1. Note that this function reduces to
the hypergeometric function F(ag, a1, 1;2) when ay = (2. In this section,
we attempt to find pairs of means whose compounds can be expressed by
3F5 by using transformation formulas for 5F5 in [K].
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Proposition 1  We have functional equations of the form

&, 01, 02 _ Qp, 1, Q2.
o (01 %5) = () B (M 00 ) (5)

where {ag, a1, s}, {P1, B2}, ¢(2) and ¥(z) are given as follows.

No. | {ag,a1, a2} | {51,082} | ¢(2) U(z2)

KO | {550 [ {53 | & | -0
K@ | {ihed) | B8 | a= | -0
K@) | {5310 | (53 | o |1 S
KO | (&35 | 38 | ot |- 05

Proof.  We can easily show these functional equations by the formulas (2.1)
and (2.2) in [K]. O

Remark 4 Non-trivial functional equations of the form (8) can not di-
rectly obtained any more by the formulas (2.1),...,(2.5) in [K].

Note that each 3 F5 in the functional equations K(2) and K(4) has a com-
mon parameter in the sets {ag, a1, @2} and {41, B2}. Thus these functional
equations reduce to

115 1 115 1+2)\2

F<4 4Z>_ 1—2F<4’27471_<1—z> >7 (9)
117 1 117 (1—2)(1+82)

F loy)=—— |z 2 Lo EAn o) 10
<6 6Z> N (6’2’6’ a—wp ) 10

which appear when we study Q(9) and C(6), respectively.
By the Clausen formula

20,28, + 5\ L
3F2(2a+2ﬁ,a+ﬁ+1/2’z> = F(a,B,a+ B+1/2;2)",

we have
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1/2,3/4,1 15 \°
F. ) =F (=, 2,
’ ( 5/4,3/2 ) ( ’2’4’Z> ’

() = (5 257)

=

9 9

(SN

D=
N | —

Thus the functional equations K(1) and K(3) reduce to (9) and (10), respec-

tively.

Hence we conclude that proper expressions of compounds of means by

3F5 can not directly obtained by transformation formulas for 3F5 in [K].
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Kato for informing them of his results in [K].
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