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Abstract. This article is a review of [6], which is concerned with the scattering theory
for the Schrodinger-improved Boussinesq system in two space dimensions.
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1. Introduction

We study the asymptotic behavior in time of solutions, (in particular,
scattering theory), for the Schrodinger-improved Boussinesq system (here-
after referred to as the Schrodinger-1Bq system) in two space dimensions:

1
0y + —Au = vu,
yu+ 5 Au=vu (1)
0?v — Av — Ad?v = Alul?,

where (¢, ) € R x R?, §; = 9/0t, A is the Laplace operator for the space
variable x, and u and v are complex-valued and real-valued unknown func-
tions of (¢, ), respectively. Following [6], we consider the existence of wave
operators for the system (1.1).

There are several results on the local and global existence of solutions
and the asymptotic behavior in time of solutions to the Schrodinger-IBq
system (1.1). Ozawa and Tsutaya [4] proved the local well-posedness for
the system (1.1) in the space L? x L? x L? 3 (u, v, Oyv), when the space
dimension n < 3 by the Strichartz estimate for the Schrodinger equation.
They also showed the global well-posedness in the energy class H' x L? x
(LN H~') when n < 2. Furthermore, in [4], when the space dimension n =
4, the local well-posedness for this system in the L?-level for small initial
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data was shown. Cho and Ozawa [2] proved the existence of a unique global
solution to the system (1.1) in the energy class for small initial data, when
the space dimension n = 3 or 4. Furthermore, in [2], when n = 4, it was
also shown that the small global solution has a free profile in L? x L? x H!
by the Strichartz estimate for the Schrédinger equation on the time interval
[0, 00). Recently, Akahori [1] proved the local well-posedness in H*! x H*®2 x
H#* for —1/4 < s;1 < 0 and —1/2 < s3 < 0 when n < 3, and the global
well-posedness in L? x L? x L? when n < 2. For investigating the large time
behavior of solutions to the system (1.1) in relatively low dimensional case,
(that is, n < 3), it seems that the method via the Strichartz estimate for the
Schrodinger equation on the time interval [0, co) in four-dimensional case in
[2] does not work, because the Strichartz estimate for the solution u on the
time interval [0, co) does not derive the optimal time decay of the solution
(u, v). In [6], the author proved that when the space dimension n = 2, for
given asymptotic data, there exists an asymptotically free solution to the
system (1.1) if the Schrodinger data is sufficiently small.

We compare the full dynamical system given by (1.1) and the free dy-
namics. We summarize properties of the free solutions. We introduce the
following operators

Ut) =2 £ =id, + %A,

Q= (1- A2, A= (—A)V2(1-A)12,
K(t) = A7l'sintA, K(t) = costA.

We note that the solution to the Cauchy problem of the free Schrodinger
equation

1
10 + iAu =0, (t,x)eRxR"
u(0, ) = ¢(z), xeR”

is given by u(t, - ) = U(t)¢, and that the solution to the Cauchy problem of
the free IBq equation

0?v — Av — Ad?v = 0, (t, x) e R x R™,
U(O7 .CC) = w()(x)a 8,511(0, IL') = 1/11(33)7 r eR"

is given by v(t, -) = K(t)iho + K(t)i1. It is well-known that the solutions
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to the free Schrodinger equation satisfy

U @)@l oo (mny < C’t’_n/ZWHLl(Rn) (1.2)

if t # 0. Cho and Ozawa [3] proved the estimate for the solution to the free
IBq equation

1K () Bl oo mmy + (1K ()] Lo (mr) 13)
< Clt 2|2 A2 gl gy |+ |2 A2 2 gy ) '
if ¢t # 0, where B%l is the homogeneous Besov space defined later. Hence it
seems that ||v(t)u(t)||2(rny, where vu is the interaction of the Schrodinger
component in the system (1.1), decays like t~™2 as t — oo, and that the
scattering problem for the system (1.1) in relatively low dimension is rather
difficult because |[v(t)u(t)||L2(rn) decays slowly in low dimension. Since the
system (1.1) has quadratic nonlinearities, according to the general theory,
the two-dimensional case is the borderline between the short range and the
long range scattering. In this article, following [6], we consider the existence
of wave operators for the system (1.1) in two space dimensions, when the
Schrodinger asymptotic data is suitably small. The three-dimensional case
is easier than the two-dimensional case, according to the decay rate of the
free solutions (see the estimates (1.2) and (1.3)), since deriving integrability
of the L?-norms of the nonlinearities in the former case is easier than in the
latter one.

We introduce several notations. For ¢ € &', we denote the Fourier
transform of ¢ by 1& or Fy. For m, s € R, we introduce the weighted
Sobolev space:

H™ = (¢ € S5 [$llgrms = (L +[2)*2(1 = A)™2] 12 < o0}
H™ denotes H™Y. H™ is the homogeneous Sobolev space:
H™ = {4 € 85|19l gm = (=2)"] 2 < oo}

For m €e R and 1 < ¢, » < oo, the homogeneous Besov space Bg:‘r is defined

as follows:

By = {v € 5 ¥llgy, = {2 s * ¥llLa}sllisczy < o0},
p(2779¢) — p(270¢g) and ¢ € S is a function such that
<

where ¢;(¢) ) = S
¢ <1, ¢(§) =1 when [£] <1 and ¢(§) = 0 when [£| > 2.

¢ € Cg° with 0
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The following theorem is essentially obtained in [6].

Theorem 1.1 Let the space dimension n = 2, and let (uy, vy, v+1) be
asymptotic data such that uy is complex valued, vig and v41 are real valued,
uy € L2, (1 + |z))uy € L', vyg € HO'NH 2N Q*A‘B(l),l, zvyg € H,
Ay € PN H 2N Q_4B?,1 and xvyy € H™' N H3. Assume that
|utllzy ds sufficiently small. Then the system (1.1) has a unique solution
(u, v) satisfying

uweC(R;L3), veCH(R;L3), (1.4)
sup t*[[u(t) = U(t)u | 2 < oo,
t>1

iglftkHu = U()usllpao0)zt) < 00, (1.6)

sup t*(J|lv(t) — (K (t)vio + K (t)vi1)ll 2
t21 ‘ (1.7)
+ |00 (t) — O (K (t)vo + K(t)v41)|2) < o0,

where 1/2 < k < 3/4. Furthermore the wave operator
Wit (s, 05, vi4) = (u(0), 0(0), (3r0)(0))

is well-defined.
A similar result holds for the negative time.

Remark 1.1 In [6], the existence and uniqueness of an asymptotically free
solution to the system (1.1) are proved by solving the local Cauchy problem
at t = 400 on the interval [T, co) for sufficiently large T' > 1. According to
the result on the global well-posedness for that system in L? x L? x L? by
Akahori [1], we can extend the (local) asymptotically free solution obtained
in [6] to the whole time interval R so that (1.4)—(1.7) hold.

2. Strategy of the proof of Theorem 1.1

We introduce the strategy of the proof of Theorem 1.1. For the detailed
proof of it, see [6].
The proof consists of the following three steps.
(1) Solving the Cauchy problem at infinite initial time. We introduce
the following function space:
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X([Tv OO)) = {<w7 Z) S C([Tv OO),L:%) D Cl([T7 OO);L?E)§
1w, 2) || x(1T, 00)) < 00},

1w, 2)l[x (7, 00)) Z?gg(tkllw(t)lng + 7wl g 00y 2)

+ (120 2 + 110:2(8) ] £2)),

where k& > 1/2. By the contraction argument, for any functions
(uq, vg) satisfying

[ua(t)] e < at™t, (2.1)

[va ()|l zee < b7, (2.2)

[ R1(tua, va)llLr(t,o0)z) < m1t™ 7, (2.3)
where

Ri(ug, vg) = Lug — Valg, (2.5)

Ro(tg, va) = (0} — A — A} )vg — Alugl?,

a >k and § > k, we prove the existence and uniqueness of a solution
(u, v) to the system (1.1) such that (u—ug, v —v,) € X ([T, 00)) for
sufficiently large 7' > 1 and sufficiently small a > 0. (For the proof,
see Section 3 in [6].) The condition k£ > 1/2 comes from the following
reason. We put (w, z) = (u — ug, v — vg) and intend to solve the
integral equation

(w(t) = z‘/too U(t — 8){2(s)w(s) + va(s)w(s)
. + 2(s)uq(s) + Ri(ug, vq)(s)}ds,
z(t) = /t K(t — s){A*(Jw(s)[* + 2 Re(w(s)ua(s)))
+ (1 = A) 'Ry (uq, va)(s)}ds

in X([7T, o0)). To show the existence and uniqueness of a solution
(w, z) € X([T, 00)) to the above system, by the Strichartz esti-
mate for the Schrodinger equation, we estimate ||2wl|;4/3((1 00 14/3)
for (w, z) € X([T, o0)). Fort > T,

1200 s 1 00y 82y < N2 lz2(t00)22) [0 Lo((2,00):24)

so z € L?((t, 00); L2) is required. To realize z € L2((t, co); L2), we
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assume k > 1/2. Furthermore, roughly speaking, we assume the
smallness condition only on a and do not need the smallness of b,
because the nonlinearities vu and Alu|? of the system (1.1) involve
the Schrodinger component u of the solution, but the nonlinearity
Alul? in the IBq component does not contain the IBq component v.
Constructing an approximate solution for large time. Let (uy, vio,
v4+1) be given asymptotic data. We construct an approximate so-
lution (ug, v4) satisfying the estimates (2.1)—(2.4) explicitly. It is
natural to define the principal terms u; and v; by

ur(t, -) =U()uy (2.6)
and
vi(t, -) = K(t)opo + K(t)vy, (2.7)

which are free solutions to the Schrodinger and the IBq equations,
respectively. But [lvy(t)ui(t)|z2 ~ ¢!, and hence [lv1(t)us(t)| 12
is not integrable over the interval [1, co). Therefore we see that if
we choose an asymptotics as (uq, vq) = (u1, v1), then the estimate
(2.3) is not satisfied. So we determine our asymptotics of the form
(Uq, vq) = (u1 + u2, v1) and choose a second correcting term uy such
that (ug, v,) satisfies the estimates (2.1)—(2.4) with a = ||u4||;1 and
a = 3 = 1. For the explicit representation of the correcting term wo
and how to find it, see Section 3. Combining with Part (I), we have
the unique existence of a solution (u, v) to the system (1.1) such that
(u—1uq, v—214) = (u—ug —ug2, v—21) € X([T, 00)) with 1/2 < k <
1, when |luy| 1 is sufficiently small and T is sufficiently large. The
condition k£ < 3/4 in Theorem 1.1 comes from the following reason.
Since |uzl|za((¢t,00);z4) only decays as t=3/4 (see the estimate (3.17)
below), we see that (v —uy, v—v1) € X ([T, 00)) under the condition
1/2 < k < 3/4.

Extending the solution globally. As in Remark 1.1, by Akahori’s re-
sult [1] on the global well-posedness in L? x L? x L2 we extend the
local solution of the system (1.1) on [T, co) obtained in the above
two steps to whole time interval.

These three steps imply Theorem 1.1.
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3. Construction of an approximate solution

For convenience for readers, we illustrate construction of an asymptotics
(Ua, vq) mentioned in Part (II) in Section 2, though the construction of it
in this section is the same as in [6].

Let (u4, vy, v41) be asymptotic data satisfying the assumptions of
the theorem. We construct an approximate solution (ug, v,) satisfying the
estimates (2.1)—(2.4) explicitly. We determine the asymptotics (uq, v4) of
the form

(uav Ua) = (ul + ug, Ul)a

where u1 and vy are the free solutions defined by (2.6) and (2.7), respectively.
As we mentioned in Part (II) in Section 2, [jvy(t)uy(t)|[z2 ~ t~1, and hence
[v1(t)ua ()] 12 is not integrable over the interval [1, 00). So we find a second
correcting term usy such that (uq, vg) satisfies the estimates (2.1)—(2.4). We
consider the error term Rj(uq, v,) defined by (2.5). Since Lu; = 0, we
obtain

Ri(ug, vq) = (Lug — viug) — viug.

Therefore, roughly speaking, it is sufficient to find wy such that Lus —
viul and ue decay faster than viu; and wq, respectively. We remark that
the nonlinearity Alu|? in the IBq equation does not cause such difficulty,
because derivatives of |uy(t)|? decay faster than |u;(¢)|%. (See Lemma 2.3
in [6].) Hence we do not need a correction term for the IBq component.
Hereafter we concentrate on the Schrodinger component.

Construction of us is as follows. We find uy of the form

ug = Vul, (31)
where wu; is the free solution for the Schrédinger equation defined by (2.6),
V(t, ) = K(t)do+ K(t)¢1 (3:2)

is a solution to the free IBq equation, and ¢¢ and ¢; are complex-valued
functions of x € R? which will be determined later. We determine V
(namely ¢o and ¢1) so that Lus — viu; and ug decay faster than vjug
and uq, respectively. We compute Lus. Since Lu; = 0, we have
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, . .
Luy = —u AV + %ulPV - %(Jul) YV + VL

2

2
where J and P are the operators defined by

J=x+itV, P=td+x-V.

1 . .

(3.3)

Noting that u; and VV are solutions to the free Schrodinger and the free
IBq equations, respectively, we see that the third term in the right hand

side of (3.3) is a remainder term. We consider the first and the second
terms in the right hand side of (3.3). We calculate PV in the second term
as follows. Since (0?2 — A — Ad?)P = (P +2)(0? — A — Ad?) — 2A0? and

(0?2 — A — AG?)V =0, PV satisfies
(0} — A — AD})PV = —2A02V.
It is easy to check that
(PV)(0, z) = - Vo(),
(0:(PV))(0, z) = ¢1(z) + x - V().
By the equalities (3.4)-(3.6), we obtain
PV(t) =K(t)(x - Vo) + K(t)(¢1 + - V)
+2 / K(t — 5)A%0%V (s)ds
K(t)(x- Vo) + K(t)(¢1 + 2 - V)
— 241 / K(t —s)V(s)ds.

By a direct calculation, we have

/ K(t — s)(K(s)¢o)ds tK@)Gﬁo,

/ K(t—s)(K(s)p1)ds = —%A_zk(t)@ - %A_QK(t)@.

The above identities and the equality (3.7) imply

(3.4)
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PV (t) =tK(t)(A*¢1) — tK(t)(A" )
+ K(t)(2 - Vo) + K(t)(¢1 + - Vo — A%¢y)
=tK (1)(A%¢1) — tK (t)(A" o)
+ K(t)(z- Vo) + K(t)(x- V1 + (1 — A) o).
By the equalities (3.3) and (3.8), and the representation (3.2) of V', we have

(3.8)

Cus :%ul{K(t)(Aqﬁo +2iA%01) + K (£)(—2iA%0 + A1)}
+ K (1) Voo) + K1) Vo1 + (1- 4) 1))} (39)

- %(Jul) YV,

Note that the most slowly decaying term in the right hand side of (3.9) is
the first one. Now we define functions ¢g = F~1¢g and ¢; = F~1¢1 by

Do 20+ [¢)°
D) = e s — e
1. 2i .
X (@vw(é) + m”ﬂ(@), (3.10)
2(1 + [¢*)?
€10 + 3|€[* — €2 + 1
21 R 1 .
% (W”O@ - @UH(&))- (3.11)
Namely, we determine the second correcting term wus by (3.1), (3.2), (3.10)
and (3.11). Then we see that

$1(8) =

- 1|§’2<?>0 +1 ° $1 = by
2 1 2 ’
g o S (3.12)
iy g ~ 5l = e

By the definition (2.7) of v1, we have
1 .
5ul{K(t)(AqsO —2iA%p) + K(t)(—2iA%pg + A1)} = viuy.(3.13)

In fact, we have constructed the functions qgo and (;31 by solving the system
(3.12). We note that the factor 2(1+ |£[%)3/(€]¢ + 3|¢[* — €2 + 1) in (3.10)
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and (3.11) is a smooth and bounded function on R?, since |£|® + 3|¢[* —
1€12 +1 = |€]% + 3(|¢|> — 1/6)% + 11/12 > 11/12 for any & € R2. Therefore
it follows from the equalities (3.9) and (3.13) that

Lus — v1ug :Eul{K(t)(a: - Vo)
t . (3.14)
+ K@) (z-Vor+ (1 —A) 1o} — g(Jul) -VV.

The equality (3.14) yields that Lug — v1u; decays faster than viup. In fact,
we have the following estimates related to us. There exists a constant C > 0
such that for ¢t > 1,

luz ()12 < Ct Hlurllzy (looll g2 + 1A 041l jg-2),  (3.15)
lua(®)llzge <Oty

(3.16)
x ([vsoll pzmgr—2 + AT 01l p2ngg—2),
luzll o 0028) SO Jfu | .
X (lvtoll 22 + HA_1“+1HL20H*2)7 ‘
lor (E)uz (8)]| 2 <CE2|lut
X ([lvroll 2ng-2 + HA71U+1HL20H_2) (3.18)

X (||Q4v+0||3?‘1 + ||Q4A_1U+1||Bg1),
[Lua(t) — v1(t)ui(t)| 2
<Ct2(|lutllzs + leusllzn)(loroll goang—2 + lzvroll g1 (3.19)
1A vl gang e + llEvall going-s)-

Remark 3.1 The estimates (3.15)—(3.19) were obtained in Lemma 4.2 in
[6]. The author found a misprint in the statement of that lemma in [6],
and he would like to revise it. In the estimate (4.18) for [luz||p4((t,00);z4) in
Lemma 4.2 of [6], there is the factor t~!. But the factor ¢~! is a misprint,
and it should be substituted by ¢~3/% as the above estimate (3.17). (The
above estimate (3.17) is correct.) The proof of (4.18) in [6] is described
correctly, and this misprint does not bring any trouble for the rest of [6].

As we mentioned above, we put (ug, vq) = (u1 + u2, v1). Then by the
estimates (1.2), (1.3) and (3.15)—(3.19), we see that the estimates (2.1)-
(2.4) are satisfied with @ = ||ut||;1 and a = § = 1. (For the proof, see
Proposition 4.1 in [6].) We complete the construction of (ug, v4).
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