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Global existence and asymptotic behavior
of solutions to systems of semilinear wave equations
in two space dimensions
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Abstract. We consider the Cauchy problem for systems of semilinear wave equations
in 2D with small initial data, and introduce a sufficient condition for global existence of
small solutions. Our condition is weaker than the null condition for 2D wave equations,
and it is motivated by Alinhac’s condition for 3D. We also show that some global solutions
under our condition are not asymptotically free.

Key words: system of nonlinear wave equations, null condition, weak null condition;
grow-up of energy.

1. Introduction

Let n = 2 or 3. We consider the Cauchy problem for a system of
semilinear wave equations of the following type:

Ou; = Fi(u, 0u) for (t, ) € (0, 00) xR" (i=1,2,..., N) (1.1)
with initial data
u; (0, x) = efi(x), (Owu;)(0, x) = eg;i(z) for x € R™ (1.2)

(i=1,..., N), where 0 = §? — A, is the d’Alembertian, u = (u;)1<j<n,
and Ou = (0auj)o<a<n,1<j<N, While € is a small positive parameter. Here
we have used the notation dy = 0; and O = 0, for 1 <k < n.

For simplicity, we suppose that each F; = Fj(u, du) (1 <i < N)is a
homogeneous polynomial of degree p in its arguments.

We say that we have small data global existence (or we say that (SDGE)
holds) if for any f = (fi)i<i<ny and g = (gi)1<i<n € CSO(R”;RN), there ex-
ists a positive constant £y such that the Cauchy problem (1.1)—(1.2) admits
a unique global solution u € C°°([0, co) x R™;RY) for any ¢ € (0, &)
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We say that a nontrivial global solution u to (1.1)—(1.2) is asymptotically
free, if there exists a function w = u(t, =) (# 0) solving u = 0 such that

Jim [u(t, ) — (e, )llp =0, (13)

where || - ||g is the energy norm, that is

lolt, 1% = / (0up(t, ) + [Vaiolt, z))d.
R’ﬂ

We say that (AF) holds when all the nontrivial global solutions to (1.1)-
(1.2) with sufficiently small £ are asymptotically free.

Let us recall the known results for the three space dimensional case
(n = 3) briefly. If the power of nonlinearity p > 3, then (SDGE) and (AF)
hold. On the other hand, if p = 2, we do not have (SDGE) in general.
Hence p = 2 is the critical power for n = 3. Klainerman [19] introduced a
sufficient condition for (SDGE), which is called the null condition (see also
Christodoulou [7]). If the null condition is satisfied, then each F; can be
written as a linear combination of Qo(u;, ur) and Qup(uj, ug), where the
null forms (Qy and Q) are defined by

Qolp, ¥) = (810) (1)) — (Vo) - (Vat)), (1.4)
Qab(0;, ¥) = (0a)(Op) — (Obp)(0atp) for 0 <a, b<m, (1.5)

respectively. It is easy to see that (AF) also holds under the null condition.

Alinhac [6] introduced a sufficient condition for (SDGE), which is
weaker than the null condition. But Katayama-Kubo [18] showed that
(AF) does not hold in general under the Alinhac condition. The simplest
example satisfying the Alinhac condition is

{Du1 = (Oru1)(O1ug — Oauy),

(1.6)
DUQ = (62U1)(61U2 — 32’&1).

(AF) does not hold for (1.6), though (SDGE) holds.

Now we turn our attention to the two space dimensional case (n = 2).
The critical power is p = 3 for n = 2. The null condition for (n, p) = (2, 3)
was also introduced, and (SDGE) under this null condition was obtained
(see Godin [8], Hoshiga [11], and the author [16, 17] for the quasi-linear
systems; see also Hoshiga—Kubo [14, 15] for the multiple propagation speeds
case). More precisely, we say that the null condition for (n, p) = (2, 3)
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holds, if each nonlinearity F; can be written as a linear combination of
(0%uj)Qo(uk, ue) and (0%uj)Qap(uk, ug) with |of < 1, 1 < 4, k, € < N,
and 0 < a < b < 2. Here and hereafter, for « = (g, a1, ag), 0% denotes
05071057, Tt is also easy to obtain (AF) under the null condition for
(n7 p) = (27 3).

This global existence result for (n, p) = (2, 3) has been extended in
various ways.

One way is to include nonlinear damping terms. Let us consider the
equation Ou = —(9u)3 in (0, co) x R2. Tt is well-known that the nonlin-
earity —(dyu)? serves as a nonlinear damping term, and that there exists a
global solution even for large data (see Lions—Strauss [26]). Since the non-
linear damping term makes the energy decrease, (AF) does not hold for this
equation. In connection to this example, for single equations of the type
Ou = F(0u) with (n, p) = (2, 3), Agemi [1] introduced a condition which
allows nonlinear damping terms as well as the terms satisfying the null con-
dition (thus his condition is weaker than the null condition for (n, p) =
(2, 3) as far as we consider the single equation of the above type). He con-
jectured that (SDGE) holds under his condition. Recently, this conjecture
turned out to be true (see Hoshiga [13] and Kubo [20]).

The other way is to include quadratic nonlinearities. Alinhac [2, 3]
considered the (quasi-linear) systems for the case (n, p) = (2, 2), and proved
(SDGE) assuming that the quadratic nonlinearities (as well as the cubic
ones if we consider higher perturbations) satisfy the null condition (see also
Hoshiga [12] for the multiple speeds case). We can also show that (AF)
holds under this assumption.

In this paper, we seek extension in another direction. Our aim here is to
obtain the two space dimensional analogue to the three space dimensional
results by Alinhac [6] and Katayama—Kubo [18], which we have mentioned
above. In other words, we present a class of nonlinearity for which (SDGE)
holds, but (AF) may fail to hold because the energy may increase as opposed
to the nonlinear damping case.

In the following, for a family of functions {p)}rea and a function ),
we write ¢ = '\, ¢ if there exist some constants ¢y (A € A) such that
Y =2 reh OPA-

We introduce the following assumption:
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(H) By ertlng u = (u)i<i<n = ((vi)i<i<r, (Wi)i<i<m) = (v, w) with
some L € {1, - —1}and M = N - L (to be specific, v; = u; for
1<:<L, andwz—uZJrL for 1 <1< M), each F; (1 <1i < N) has the
form
Fi(u, 0u) = A;(w, dv, Ow) + N;(u, Ou) for 1 <i< L, (1.7)
Fi(u, Ou) = N;(u, Ou) for L+1<i <N,
where
Aiw, 0, dw) = 3 (Bavy) (@ wg) (9%wy), (1.9)
1<j<L, 1<k <M
0<a<2, |al,|8]<1
and

! e}
Ni(u, Ou) = g (0%u;j)Qo(ug, ug)
1<5,k <N
o<1

/ (63
+ ) (0%u;j)Qap(ug, ug). (1.10)
1<5,k <N
|a|<1,0<a<b<2

In other words, (H) means that (1.1) can be written as

(1.11)

{Dvi = A;(w, Ov, Ow) + N;((v, w), (dv, dw)) (1<i< L),
Ow; = Niy . ((v, w), (v, dw)) (1<i<M).

Remark The assumption (H) with A; =0 for alli € {1, ..., L} coincides
with the null condition for (n, p) = (2, 3).

Theorem 1.1 Let n =2 and p = 3. Assume that (H) is fulfilled.
Then (SDGE) holds for the Cauchy problem (1.1)—(1.2).
Moreover, there exists (v, w) solving

Ov; = Aj(w, 0v, ow) for1 <i <L, (1.12)
Ow; =0 forl1<i<M (1.13)
such that

Jin ([[o(t, ) = o(t, -)lle + [w(t, ) =0, -)]e) =0,

where u = (v, w) is the global solution to (1.1)—(1.2).
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There is a certain class of system which does not satisfy (H) explicitly,
but can be reduced to other system satisfying (H). For example, consider

Ouy = (0 O1us — O 2
uy = (O1uy)(Oruz 2u1)2 (1.14)
DUQ = (821“)(811@ - 82U1) ,
which does not satisfy (H). Setting
v = U1, V2 =u, and w = dus — druq,
we find that solving (1.14) is equivalent to solving
|:|Ul == (811}1)11)2, D’Uz == (82’01)21)2, (115)
Dw = 2wQ12(w, v1),

which satisfies the assumption (H). Observe that this example corresponds
o (1.6) for n = 3.

More precisely, we can get a two dimensional analogue to the Alinhac
condition in the following way: Suppose that each F; (1 <i < N) in (1.1)
depends only on Ou, i.e., F; = F;(0u) = E((@auj)0§a§271§j§]v). For w =
(w1, wa) € ST and X = (X;)1<j<n, we define the reduced nonlinearity

Fi*Y(w, X) = Fi((~waXj)oca<2,1<j<n) (1< i< N),

whose right-hand side means that —w,X; is substituted in place of d,u;
(“red” in Frd stands for “reduced”). Here and hereafter we put wy = —1.
Now we introduce an alternative assumption as follows:

(H’) There exist 3(w) = (Bi(w))

number of bilinear forms

1<i<n € RV, a function P(w, X), some

hj=hj(w, X)= Y h'w.Xp (1<j<M) (1.16)

0<a<2,1<k<N

in (w, X) (with real constants h;?a), and linear forms ggk(w, X) in X (with
smooth coefficients in w), satisfying
Fred(w, X) = Bi(w)P(w, X) (1<i< N, we S, X eRM),(1.17)

Fsired(w7 X) — Z ggk(w, X)hj(w, X)hk<w7 X)
1<j,k<M

(1<i<NweShXeRY), (118)
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hi(w, Bw)) =0 (1<j<M, wesh). (1.19)
We can easily check that the system (1.14) satisfies (H’).
Remark (1.17), (1.18) and (1.19) yield
Plo, @) =0 (we S (1.20)

if B(w) # 0, while (1.20) is triviality when 5(w) = 0, because we can choose
P(w, X) = 0 for such w. The condition (AA) in [6] exactly coincides with
(1.17) and (1.20), while the condition (AA) in [6] corresponds to (1.18) and
(1.19). In [6], as we have mentioned, it is proved that the Alinhac condition,
which consists of (AA) and (AA), implies (SDGE) for (n, p) = (3, 2), but
Alinhac conjectures that (AA) would suffice for (SDGE) when (n, p) =
(3, 2).

Theorem 1.2 Letn =2, p=3 and F; = F;(0u) for 1 <i < N in (1.1).
Assume that (H’) is fulfilled.
Then (SDGE) holds for the Cauchy problem (1.1)—(1.2).

Concerning the asymptotic behavior of the solutions, we have the fol-
lowing:

Theorem 1.3 Let n =2, and consider (1.14) or (1.15).
Then, there exist f, g € CSO(R2) and two positive constants Cy and €1
such that we have

u(t, )||ls > Coe(1 + )0’

for all t > 0 provided that ¢ € (0, 1], where u = (u1, ug) (resp. u =
(v1, v2, w)) is the global solution to (1.14) (resp. (1.15)) with initial data
u=cf and Oyu =¢eg att =0.

If (AF) holds, then supge;. ||u(t, - )||g must be finite. Hence Theo-
rem 1.3 shows that (AF) does not hold in general under the assumptions
(H) or (H’), though Theorem 1.1 (resp. Theorem 1.2) ensures (SDGE) under
(H) (resp. (H)).

Theorems 1.1, 1.2, and 1.3 will be proved in Sections 4, 5, and 6, re-
spectively.

Throughout this paper, as usual, the letter C' stands for a positive
constant, which may change line by line.
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2. Notation

We will use the notation given in this section throughout this paper.
Consider the Cauchy problem for the linear wave equation

{D(p(t, r) = O(t, =) in (0, 00) x R?, (2.1)

©(0, ©) = po(z), (Op)(0, x) = p1(z) forx € R2.

We write Up[po, ¢1] for the classical solution to (2.1) with ® = 0, and U[®]
for the classical solution to (2.1) with ¢y = ¢1 = 0, respectively.

For p > 0 and y € R?, B,(y) denotes an open ball with radius p centered
at y.

We define

Walt, z) = (t+|z|) for (¢, x) € [0, 00) x R, (2.2)

where (a) = /1 + |a|? for a € R.

We introduce vector fields
S =10y +x-Vy, Lj =20, +1t0; (j =1,2), Q12 = 2102 — 2201,
and we set
IFo=5T;=L; (j=1,2), I's =2, I'iyu =0, (0<a <2).

It is well-known that we have [S, O] = —20, [I';, O] =0 for 1 <i < 6. We
also have

/
FZ: F Z Fka aaa Fl] - Z 81)
0<k<6 0<b<2

for 0 <i,j <6 and 0 < a < 2. With a multi-index a = (ap, a1, ..., ag),
we write 'Y = I'j°T'{" - - - T'g®. For a nonnegative integer s, and a scalar or
vector-valued smooth function ¢ = ¢(¢, x), we define

lp(t, @)ls = Y IP%(¢, 2),
la|<s
It Mo = [0t ell sy (1< 0 < 00).

We also introduce

€T, .
Z; = ’ J|at+a (j=1,2). (2.3)
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Then we have

Lag(t, 2)| < C(J2]|Ze(t, @) + (t — |2)]0e(t, 2)]) (2.4)

for 0 < a < 6 and any smooth function ¢, where Zy = (Z1p, Zap). In fact,
we have

2
S=Y ajZi+(t—|a))oh, Lj = |2|Z;+ (t—|z))d; (j=1,2),
j=1
Qo =112 — 1277,
while (2.4) is trivial for 4 < a < 6.
On the other hand, we also have |Zo(t, z)| < C|0p(t, x)|,

7=, ‘(at+a> " |2912, Zy = j(aﬁar) " ,2912,
and
2 T
(t+ [2]) (0 + ;) = 5+;(‘3;|)Lj,
where 0, = Y°7_, (x;/|z])9; as usual. Hence we get
|Ze(t, @) < Clla)™! D M (¢, o). (2.5)

|laf=1

For a nonnegative integer s, and a scalar or vector-valued smooth func-
tion ¢ = ¢(t, ), we define

o (t, x\ZS_ZZwr

laf<s j=1

3. Preliminary Results

In this section, we state known estimates for linear wave equations, and
we make some necessary estimates. In what follows, we always suppose
that g, p1 € C§°(R?), and that ® = ®(¢, ) is a smooth function decaying
sufficiently fast at spatial infinity.

First of all, we introduce the improved energy estimate by Alinhac [5]
(see also Alinhac [4, 6] and Lindblad-Rodnianski [25]).
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Lemma 3.1 Let ¢ = Up[po, 1] + U[P].
Then, for A > 0 and p > 0, there exists a constant C' depending only
on p such that

\ 1Zjp(r, )2 1/2
O e(t, e + 2/ / T dadr)

< C(|IVapollz2 + lorllz2 + / (@, -l gadr ) (3.1)

fort >0.

Outline of the proof. We set n(s) = [*_(7)~("*1dr for s € R. Then fol-
lowing similar lines to the proof of the standard energy inequality, however
multiplying Oy by (t)~22en121=4)(9,) instead of d;p, we obtain

2 / ()~ Pen121=0) (9, 0) D da:
R2

d
o R R O RTE
en(lz|—t) ]Z ©|?
+ Z/ V2 (|| — t>1+pdx
£ 72 [ (00 + (), (32)

which implies Lemma 3.1 (observe that we have 1 < es) < C,forallscR
with a constant C, depending on p, and that the last term on the right-hand
side of (3.2) is nonnegative). O

The following estimate is due to Hormander [9] (see also the proof of
Lemma 3.1 in the author [16]).

Lemma 3.2 Fork € [0, 1/2], there exists a constant C depending only on
K such that we have

1/2 4 (7, ¥l
-+ [2)V2t — |2)) " U@ tx]<C//RQ st

for (t, z) € [0, 00) x R2,

The following L?-estimate will be used in the proof of Theorem 1.3.
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Lemma 3.3 For 0 < p <1, there exists a constant C depending only on
p such that we have

[Tolpo, e1](t, )l L2 re)
< C(ll¢ollzzmey + 27/ TP o1 || 1vogy),  (3.3)

t
[U1@](E, )l 2 (r2) < Ct2p/(1+”)/0 [@(7, I Lr+em2ydr (3.4)

fort > 0.

For the proof, see Li-Zhou [23, Lemma 2.8], or the author [16, Proposi-
tion 3.2] for instance (see also Strichartz [29], Peral [28], Marshall-Strauss-
Wainger [27], and Li-Yu-Zhou [22] for related results). Note that Lemma
3.3 fails to hold for p = 0 (see [16, Remark 3] for the counterexample).

To treat the null forms, we use the following:

Lemma 3.4 Let s be a nonnegative integer, u = (uj)1<j<n be a smooth
function, and N; be given by (1.10). Then we have

[Ni(u, Ou)|s < Co(t + |2]) " uls /241
X (ulfs/214110uls + |0u(s o) |uls+1),  (3.5)

and

[Ni(u, Ou)|s < Cs(t + |2]) " uls /241
X ([ulfs /g1 + (t = |2)[Oul}s/2) |0uls
+ Clulisjo14110ul[s/lulzs  (3.6)

at (t, z) € [0, 00) x R?, where Cy is a positive constant depending only on
s.

Proof. For a null form @), it is well known that we have
|Qug, ug)ls < O+ [al) ™ (|ulsz41|0uls + [Duljggulsrr)  (3.7)

(see Klainerman [19]), which immediately yields (3.5) (see also the author
[16, 17]). Since we have [u[s41 < [uf + 321 <jq)<sq1 [Tul, by using (2.4) to
evaluate |[I'“u| for 1 < |a| < s+ 1, we obtain (3.6) from (3.5) (see also
Alinhac [6]). O

For the proof of Theorem 1.3 we need the following;:
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Lemma 3.5 There exists a positive constant C such that
53/2

/%45 0)NB¢(x) \/ |$ — |2 o 25 +t 1/2

for any 6 > 0 and any (t, ) € [0, 00) x R? satisfying

45 <t+0<|x| <t+26
Proof. By setting a = |z| — t, (3.9) implies
t>30 and 0 <a <24

Switching to the polar coordinates centered at x, we obtain

¢ A
/ > 20, / B
B45 ﬁBt x) \/ ‘.’I} - ‘2 t2 - >\2
— 20072t — b2,

where b = (40 — a)/2, and 6y € (0, 7/2) is determined by
(t —b)?sin®fy + (t +a — (t — b) cosfy)? = (40)%.
From (3.12), we find

(46 — a)(126 + a)) (46 — a)(126 + a)

62 > sin®fy = (2 —
0 = S0 ( 8(t+a)t—b) ) 8(t+a)t—0b)
By (3.10), we obtain

1362 _ (40— a)(126 + a)
426 +t)(t—b) = 8(t+a)(t—b)

On the other hand, (3.10) also leads to

7
< -.
-8

2t — b b?
=2b
t—0b Jrt—b

Now (3.11)—(3.15) imply

/ dy _3V13_ 8P
Bis(0)nBi(z) V12 — [z —y[2 — 2 (20+1t)1/2

This completes the proof.

> 2b > 2.

699

(3.11)

(3.12)

(3.13)

(3.14)

(3.15)
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Since it is well known that we have

Uol0, ¢1](t, z) = 2177/]3 e1(y)

—dy,
@ V12 — |z —y|?

Lemma 3.5 immediately implies the following:
Corollary 3.6 Fiz w* € S' and a neighborhood A of w* on S'. Set
Qp = {y € R%; there exists n € A such that y-n > 0}. (3.16)
If 1 € C°(R?) satisfies
p1(y) > 0 for y € Qp, and p1(y) > Go fory € Qa N Bys(0) (3.17)
with some positive constants § and (y, then we have

53/2(0

> 7 59
UO[07 Qol](ta JZ‘) = or (2(5+t)1/2

(3.18)
for any (t, x) satisfying (3.9) and x/|z| € A, where C is the same constant
as in (3.8).

To prove Corollary 3.6, we only have to notice that (3.9) and z/|z| € A
imply Bi(x) C Qa.
Finally we recall the following Hardy type inequality.

Lemma 3.7 Let R > 0 be given. Then we have

[t 5 ey < CrlOts i (3.19)

for any smooth function ¢ satisfying supp ¢(t, -) C By1r(0), where the
constant Cr depends only on R.

L2(R2)

For the proof, see Lindblad [24] and the author [17].

4. Proof of Theorem 1.1

Suppose that all the assumptions in Theorem 1.1 are fulfilled.

Let u = (v, w) € C*([0, Tp) x R%;RY) be the local solution to (1.1)-
(1.2) with some T > 0. Assume that supp f Usuppg C Bgr(0) with some
R > 0. Then it is well-known that we have suppu(t, -) C Biy+r(0) for
t € [0, Tp). Accordingly, we also find that I'*u is uniformly continuous on
[0, T] x R? for any T € (0, Tp), and any multi-index a.
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We define

dy[u](t, z) = (t +1)'/?

X (¢ 1) 7 0l lgr + (= )t 2)li),
where r = |z|, k is a nonnegative integer, 1/4 < v < 1/2 and v > 0. Since
we have

(t =r)|0p(t, 2)| < Cle(t, x)ly (4.1)

for any smooth function ¢ (for the proof, see Lindblad [24] and the author
[17]), we obtain

t+ YD oo, @) + &+ )Y — 1) ow(t, )|k
< Cdy[u)(t, z) for any (¢, z) € [0, Tp) x R?,

where C' is a positive constant independent of Ty. We set
BEailu)(t) = (1) [00(t, -2k + [9w(t, )22
t g2 _ 1/2
([ Lo = et ) ader)

We fix some v € (1/4, 1/2) and k > 5. We assume that we have

sup {[|di[ul(t, )|l Lo (m2) + Barlul(t)} < Ke (4.2)
0<t<T

for some K > 0 and some 7' > 0 (note that we have ||d[u](0, - )| o0 ®2) +
Eoi[u](0) < Ke/2 for sufficiently large K and consequently (4.2) is true for
small T, because of the uniform continuity of |u(t, z)|x+1 on [0, T] x R?).
We are going to prove that, if we choose sufficiently large K and ~, then
(4.2) implies

%5 (4.3)

sup {[ldfu](t, <)l oo (r2) + Earlu](t)} <
0<t<T
for sufficiently small €. Omnce such an estimate is established, then by
the well-known continuity argument (see the proof of Theorem 6.5.2 in
Hormander [10] for example), we obtain the global existence of the solution
immediately.

Now we start the proof of (4.3). In the following, we always assume
that K is large enough and ¢ is small enough.
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By (3.6) in Lemma 3.4, we get

[Ni(u, 0u)ls < CWE ulfgpagen (lulfs 21 + W[l ) 0l

|ulz,s
+ Clulis /2141 (W-|0ul (5 /9) W (4.4)
for 1 <¢ < N and a nonnegative integer s.
From (4.2) and (4.4), we get

t
I, 2u)(r, )

0

t t 1/2
< OK3* / (r) "2 ar 1 KO / (r) =2+ ar )
0 0

< CK3&3 (4.5)

for 1 <i < N, provided that 8ye? < 1/4, say. Here we have evaluated the
term coming from the last term on the right-hand side of (4.4) by

/H|u|k+1 W fouly) 22|y

< K2 2/ —142ve2 ‘“|Z,2k‘
< K*e ; (1) W e
t 1/2 t 2 1/2
< K262 (/ <T>—2+8’Y82d7_> / (/ <T>—4'y£2 ‘U|Z,2k‘ dT) / )
0 0 W_ iz

On the other hand, since we have

|A;(w, Ov, Ow)|s < C|w\[2s/2]+1\3@\s + Clw(s /21411005 21 [Ow] s

+ Ol V- [00l ) e (46)

for 1 <+¢ < L and a nonnegative integer s, we obtain

2

K
/ JAi(r, sk 2dr < CE3 / (7 tdr < CT Ky
0

2

(4.7)

with the help of (3.19). Therefore, (4.5) and (4.7) with the standard energy
inequality lead to

K2
(077 000t o + 10w, Ylawz < O(= + - Ke + K'e?).
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Similarly to (4.7), we get
! 2 K?
[ A llawadr < 05K (48)
0
From Lemma 3.1, (4.5) and (4.8), we find

u(T, x 1/2 K2
/ / |4 ’Z% dmdr) §C<5+—K5+K353>.
Rz 1)V (1 — |z)? gl

Summing up, we have shovvn

K2
Eorlu](t) < C(s Ko+ K3e3> (4.9)
for0<t<T.
Now we turn our attention to di[u]. It is well-known that we have
(t+ )2t — ) P |Uslefi, egil(t, @)|s < Cse (4.10)

for a nonnegative integer s (see Kubota [21] for instance). Since (3.5) of
Lemma 3.4 implies

[Ni(u, Ou)|s < CW;1|U’[23/2]+1’8U|8

—_ U|s+1
+CW—}-l‘u’[s/Q}Jrl(W—|au‘[s/2])(|V’Vi_ ) (4.11)

for a nonnegative integer s, we get
H | Vit |2k 1 ‘

< C K22 HW;(5/2)+2752+V

. L2 19ull2e2

< CK33 (1)~ B/ 3 +v (4.12)
for 1 <4 < N. Hence by Lemma 3.2 we obtain
(t+ )2t — ) w(t, 2)|oe2 < Ce + CK%®) < CKe,  (4.13)

provided that 3ve? < (1/2) — v.
On the other hand, since we have k+3 < 2k — 2, (4.6) and (4.13) yield

H | Ai(t) |12 ‘

—3/2\4y—2v
W < CK*3|WPW | 12100 ok 2

Ll
+ K33 W AW -
< CK33 ()1, (4.14)
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because we have
—3/2 oy _ _1—9y _
W OWZ2 ()| 2 + W2 W2 (1) < O~
for 1/4 < v < 1/2. By (4.12), (4.14), and Lemma 3.2 with x = 0, we obtain

K2
(t+ 2ot 2)|es < C’(e + 7Kewff"’ + K3e3). (4.15)
Finally (4.9), (4.13) and (4.15) yield
K? 3.3
sup {[|dyful(t, )| (ee) + Eanlul(t)} < Co(e + ——Ke + K%%),
o<t<T vy
with some positive constant Cy. This inequality leads to (4.3), if we assume

1
K >6Cy, v> 6C()K2, C()K2€2 < 5

This completes the proof for global existence of the solution.
Now we have

ldu[u)(t, )| ooy + Earlu)(t) < Ce for all t € 0, 00),  (4.16)

and a similar argument to the proof of Theorem 1.1 in [18] implies the
existence of v and w. We omit the details here.

5. Proof of Theorem 1.2

We are going to show that the proof of Theorem 1.2 can be essentially
reduced to that of Theorem 1.1, by following the arguments in [6].

Assume that all the assumptions in Theorem 1.2 are fulfilled, and let u
be the solution to (1.1)-(1.2). Since F;(0u) (1 < i < N) are homogeneous
polynomials of degree 3 with respect to du, we can write them as

Fiou)y = > Cul¥(04u;)(Oyur) (Oeu) (5.1)

1<j<k<l<N

0<a,b,c<2
with appropriate constants C’;’gck ‘. We set
wj = — Z h?“@auk (5.2)
0<a<2,1<k<N

for 1 < j < M, where the constants h?“ and M are from (1.16). We define

u* = (v, w), where v = (u, Ou) and w = (w;)i1<j<m. Then u* satisfies the
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system
Ou; = F;(0u),
O(0aus) = Fya(0v) (= 0o (F3(0u))), (5.3)
Quy = Gyo)(= = > nau(F(ou)).

0<a<2, 1<k<N

In the following, we put r = |z|, and w; = z;/|z| for j = 1, 2. We also set
wp = —1, as before.

We assume that (4.2) with u replaced by u* = (v, w) holds. When
r < (1+1t)/2, since we have (t +r) < C(t —r), (4.1) and (4.2) yield

|Fils + [Fials +1Gjls < C]@’U!%S/Q]]av\s

< OM2E2(t + r) =322 | 9o, (5.4)

for r < (1+1)/2,if s < 2k.
From now on, we suppose r > (1+t)/2. Note that we have (t+7r) < Cr.
Set Zg = 0. Then, using Z; (j = 1, 2) defined in (2.3), we have

Oy =Zy —wa0r for 0<a<2. (5.5)
We set
Hi(w, Ou) = Fy(0u) — FF*Y(w, dyu)
= > Gyl Eihelw, ow), (5.6)

1<j<k<(<N
0<a,b,c<2

B (w, Ou) = (Dauj) (Dpur) (Oeur) + wawpwe(Dpuy) (Byur) (Bpur). (5.7)

By replacing d,, 0y and 9, in (5.7) with (5.5), and remembering the defini-
tion of Z, (0 < a < 2), we obtain

—ijkl /
=5 (W, du)| = Z Warwyy (%) (8P upr ) (Zerup). (5.8)
1<j' k' 4'<N
0<a’ b’ ,c'<2
la|=|8|=1

Observing that [I'y, Z;] (0 < a < 6, j = 1, 2) can be written as linear
combinations of wyZy, (wrwe/r)0 and (wkwg(t—r)/r) Oy with 0 < b < 2 and
1<k, £ <2, we obtain
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|Hils < C((t+ )7t — r)|ulsjo41|0ul(s /o |Oul s
+|0ulf, jylulzs)  (5.9)

in view of (2.5).
We define

Ai(w, w, Ou) = Z ggk(w, Oyu)wjwg, (5.10)
1<j,k<M

where gfk’s are from (1.18). (5.5) leads to

hj(w, ) — w; = Z h?aZauk.
0<a<2
1<k<N
Hence, similarly to (5.9), by (1.18) we obtain

|EFd(w, dpu) — As(w, w, Ou)ls
< C((t+ 7)1t = 1) |ulfsjo1|0ulis g Ouls + |Oul?, jglulzs). (5.11)
From now on, for ® = ®(w, du*) and ¥ = ¥(w, du*), we write & ~ ¥

if for any nonnegative integer s, there exists a positive constant Cs such
that

* * t—r * *
|® — Wl < Cslu™js/9141]0u ’[S/ﬂ(Mmu |s + |u ’Z,s)- (5.12)

Thanks to (2.5), if & ~ U, we get

| — Wl < Colt + r) |21 10052
X (<t —r)|ou®|s + \u*\sH)
<Ot +7) 7 ut| /241
X (‘U*|[s/2}+1|81‘*|5 + ‘aU*‘[s/Q]‘U*’sH), (5.13)

where we have used (4.1) to obtain the last inequality.
Since we have

&zhj(w, 815’11,) — &zwj = Z hfb((aawb)atuk + Zb(é?auk))

0<a<2
1<k<N

and Oqwp = leéj,k§2 wjwy /7, following similar lines to (5.6)—(5.11), we
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can also obtain
9 (Fy(0u)) = 9, (Ai(w, w, Ou)). (5.14)
Writing P(w, X) = > <jcp<pan PI* (W) X; X1, Xy, we define

Fifw, X, YV)== > Ol wnwnel X, X, Ve,
1<j<k<t<N
0<a,b,c<2
P X, V)= > PMWIX, X, Y]k
1<j<k<t<N

for X, Y € RN and w € S', where the constants C’ébc are from (5.1), and
(X, X, Y]jre=Y;Xp X¢ + X,V Xy + X; XYy Since (1.17) implies

- Y M uwwe = Bi(w) PP ()

0<a,b,c<2
forany 1 <i< Nand1<j<k</{<N, we find
Frd(w, X, Y) = Bi(w)P(w, X, Y) (5.15)

for any X, Y € RN and w € S*.
By (5.5) we have

0aObp = (ZaZbp) — Za(wiOrp) — waZuOrp + wawO; @,
which yields
9 (Fy(0u)) ~ —wo FF*Yw, dyu, 02u)
as before. Hence, by (5.15) and (1.19), we obtain
Gj=- Z hﬁaaa (Fk(au)) ~ Z h?“waﬁéed(w, Oru, afu)
k,a

k,a
= Zh?“waﬁk(w)ﬁ(w, Ou, O2u) = h; (w, ﬁ(w))ﬁ(w, Oyu, 0u)
k,a

=0.
Summing up, we have proved
Dui = Fz((?u) ~ Ai(w, w, 8u),
D(aaui) = Fi,a(av) ~ aa(Ai(wa w, 6“))7 (516)
Ow; = Gj(0v) = 0
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for r > (1 4 ¢)/2. Observe that (5.16) has a similar structure to that in
(H). The only difference between these structures is dependence on w, which
causes no difficulty. Now, using (5.12) and (5.13) in place of Lemma 3.5,
we can follow the proof of Theorem 1.1 to treat the nonlinearity in (5.16)
for » > (1 +t)/2, while (5.4) provides a far better estimate than we need
for r < (14 t)/2. In this way, we obtain (4.3) with u replaced by u*. This
completes the proof.

6. Proof of Theorem 1.3

Suppose that all the assumptions in Theorem 1.3 are fulfilled. First we
consider (1.15).

Let A be a small neighborhood of (-1, 0) on S', and Q4 be given
by (3.16). Choosing some positive constants ¢, d and dyg (< §), we give the
following assumption on f = (f1, f2, f3) and g = (g1, g2, g3) € C°(R%; R3):
(i) f3=0. g3>0o0n Qy, and g3 > 2¢ on Q N Bys(0).

(ii) f1 =0. g1 is radially symmetric,

supp g1 C Xs, = {7 € R% 6 < |z| < 6 + do(< 26)},

and |g1]/z2(e,) > 0, where
0 = {xER2;5§ 2| < 26, % eA}.
x
Let u = (v1, v2, w) be the global solution to (1.15) with initial data
u=cf and Oyu =eg at t = 0.
We fix some ( and § from now on, while §y (< J) will be chosen later. In
the following, C' indicates a positive constant which may depend on some

norms of gi, while C' is a constant independent of ¢g; and dg.
By the assumption (i) and Corollary 3.6, we have

Uo[0, gs](t, @) > 2C1¢(1 + )71/ (6.1)

for t > 36 and x € ©4, where C is a positive constant depending only on
d, and Oy is defined by

@tz{xeR2;t+5§|x| <t+ 26, %eA} for ¢t > 0. (6.2)

Hence, by (4.12) and Lemma 3.2, we obtain
w(t, ) >2C1Ce(14+1)7Y2 — CLe3(1 + 1) ~1/?
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> Oy Ce(1+t)71/? (6.3)

for t > 38 and x € Oy, provided that ¢ is sufficiently small to satisfy C,e? <
Cq¢.

We can decompose v; as
vi(t, z) = Upl0, eg1](t, =) + Ulw?dyv1](t, z). (6.4)
By (4.16), we have

| (w201v1) (1)]|2,14p < CLe® (W W || L2040 /-0 |00 () || 2,2
< 0*53 <t>C*5271+(17p)(2+2p)_1 (65)

for p € (0, 1). Therefore, Lemma 3.3 leads to

UT(w?Drv1)](#) |22 < Cu® (i) =+ 430 22007
< CLe3 ()34, (6.6)
if £ and p are sufficiently small.
On the other hand, Lemma 3.3 also implies
1T6[0, eg1](®)ll2 < Ce()*/U | g1| 1o < Ce(t)|gnll 140, (6.7)
123:U0[0, £g1](t)l| 2 =0,
1T0[0, eg1](t)[l1,2 < Cue )/ 040 < Cue(t)/*
for small p € (0, 1/7), where we have used the assumption (ii).

We define Dy = 9; & 8,, and set V(t, r, w) = r'/2v,(t, rw) for (t, r) €
[0, 00) % [0, 00) and w = (w1, w2) € St. We also define

t+26

E(t) = </t+6 /Ay(DV)(t, . w)Pasdr)

where dS,, is the surface measure on S'. We have
O=0?-0%>—r19, —r 203,

w9 w1 w2
61 = wlar — 7912 = ?(D_;,_ — D_) — 7Q12.

Therefore we find

1/2

D.D_V = —%uﬁD,V + ""7(131 + PR, (6.10)
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where

V1 +4QQ U1
P1 = Tzlz, P2 = UJ2 <W1D+’Ul —

By integrating (6.10) multiplied by D_V, we get

2&}29121}1 w1v1
2r

). (6.11)

t+26
E2 t) _/ /(—w1w2|DV\2 +r12(Py + P)D_V)dS,dr.
A

Since we may assume wy < —1/2 for w € A, by (6.3) we obtain

d ~ C2C262
2—E(t !
dt ()= 2

(1+t) 7 E(®)
= 1Pz, — P2l 220,y (6.12)
for t > 35. We also have

d ~
22 B(t) 2 =1P1(t)l 2200 — [IP2(t) ]l 22(e0) (6.13)

for t > 0.
Observing that » > C(t) in ©y, from (6.6), (6.7) and (6.8), we obtain

1P1 ()| 20, < Ce(t)™ " llgillpio + Cu®(t) =%, (6.14)

in view of (6.4). Since Dy = (t +7r)"1(S + w1l + waLs), by (4.16), (6.6)
and (6.9) we obtain

1P2(t) ]| 2o,y < €O lw(t)l|Zoe v (2)
Now (6.12), (6.14) and (6.15) lead to

3(1y=5/4. (6.15)

2B > Coc2(L+ ) LE(t) — Ce(1+ )74\ g1 || pr+o
—Ce(1+ )7 (6.16)

for t > 36 with Cy = C#¢?/4, which yields

- e,
(1 4+ 075 B(r) > B(36)(1+ 39) 0% — %5 [gal sy — 4Ce?
30 4Ce
> 269 _ gl — 402

for t > 39, provided that § < 1 and Cpe? < 1.
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Similarly, using (6.13) instead of (6.12), we get

4Ce

E(36) > E(0) — —~

lgillprer — 4Cie.

Hence we obtain
- E(0
(1 + t)_00€2E(7f) Z l(l> — C€||gl||L1+p(R2) — 0*53 (6.17)

for ¢t > 39 with appropriate positive constants C' and Ci.
Since ¢ is radially symmetric and supported on Xs,(C Op), we have

lg1ll2®2y = Cllgrll2(00)

with some constant C' determined only by the size of A. Now it follows from
the support condition on ¢g; and Hoélder’s inequality that

g1l r+n @2y < CL(G + 80)% = 7Y/ CE20) gy || o o)
< 088 g1 | 2 e)- (6.18)

Since we have E(0) = ellg1llz2(ey) > 0, We obtain

E(0 1 1-p)/(2+2
Z(l) — Cellgrl|pr+o(m2y > (Z - 05(() PI@EE p)>5HngL2(@o)
€
>~ g1l z2(e0)s (6.19)

provided that dy was chosen to be sufficiently small.
Now, by (6.17) and (6.19), we get

~ 9 2
E(t) > (Sllgullzzon — Cue®) (1 4+ 1)
€ 2
> e llgllzaen) (1 + 1) (6.20)
for ¢ > 34, provided that ¢ satisfies 16C.e? < [|g1]12(0,)-

Switching to the polar coordinates, and then by direct calculations, we
have

t+26
s ()] > / / (002 + [Vor ) (£, re)rdS.udr
t+46 A

1~ t+26
= _FE*(t) + / / Ps(t, v, w)rdS,dr, (6.21)
2 t+6  JA
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where
(Dyv1)? n vi(D-v1)  vi n (Q12v1)?
2 2r 82 rz

As before, from (4.16), (6.6) and (6.9), we get

P =

t+20 5
/ /|P3t vy @) |rdSudr < CLe2(f)~1/1+Cx

< CLe2(t)y~V8 (6.22)

for small e
Finally, (6.20), (6.21) and (6.22) yield

2
lor (93 2 512||gl||L2 oy (14 120" — (14 )7 1/8
> 291122 0 (1 + 2 (6.23)

for large ¢t. This completes the proof for the system (1.15).

We turn our attention to the system (1.14). As we have mentioned, it
is equivalent to (1.15) with f3 = 01 fo — 02 f1 and g3 = 0192 — 0291.-

Let fi = fo = 0. Then we have f3 = 0. Let g; satisfy the assumption
(ii), and we choose ¢ € C§°(R?) satisfying ¢ > 0 on Qy, and ¥ > 2( on
Qa N Bys(0), like g3 in the assumption (i).

Since g; and ¥ are compactly supported, there exists Ry > 0 such that
supp g1 Usupp ¢ C Bpg,(0). We define

Qr = QN {(z1, 22) € R% 2y > —(R2 — 22)'/2, |29 < Ro}.

Then we see that Q, is a compact set. We choose some nonnegative C§° (R?)
function y satisfying x = 1 on an open neighborhood of 2. Now we define
g2 € C3°(R?) by

42(2) = x(@) / (4 Bag1) (y, 22)dy. (6.24)

It is easy to see

g3(z) = 1g2(x) — 201 (z) = ¥() (6.25)

for x € Q. Hence the assumption (i) is fulfilled for this g3. Now we find
that (6.23) with v; = uy is valid for (1.14). This completes the proof. O
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