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On the Stokes operator in general unbounded domains
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Abstract. It is known that the Stokes operator is not well-defined in L?-spaces for
certain unbounded smooth domains unless ¢ = 2. In this paper, we generalize a new
approach to the Stokes resolvent problem and to maximal regularity in general un-
bounded smooth domains from the three-dimensional case, see [7], to the n-dimensional
one, n > 2, replacing the space L,1 < q < oo, by L9 where LI = LY N L? for ¢ > 2
and LY = L7 + L? for 1 < q < 2. In particular, we show that the Stokes oper-
ator is well-defined in L9 for every unbounded domain of uniform C!-type in R”,
n > 2, satisfies the classical resolvent estimate, generates an analytic semigroup and
has maximal regularity.

Key words: General unbounded domains, domains of uniform C!'!-type, Stokes oper-
ator, Stokes resolvent, Stokes semigroup, maximal regularity

1. Introduction

Let Q C R™, n > 2, denote a general unbounded domain with uniform
CYl-boundary 99 # 0, see Definition 1.1 below. As is well-known, the
analysis of the instationary Navier-Stokes equations requires L?-estimates,
q # 2, to prove the strong energy estimate, the localized energy estimate
involving also the pressure function and Leray’s Structure Theorem for weak
solutions. Unfortunately, the standard approach to the Stokes equations in
Li-spaces, 1 < g < oo, cannot be extended to general unbounded domains
unless ¢ = 2. On the one hand, the Helmholtz decomposition fails to exist
for certain unbounded smooth domains on L%, q # 2, see [4], [14]. On the
other hand, in L? the Helmholtz projection and the Stokes operator are
well-defined for every domain, the latter is self-adjoint, generates a bounded
analytic semigroup and has maximal regularity.

In order to work locally in L4-spaces, but globally, to be more pre-
cise, near space infinity, in L?, the authors introduced in [7] in the three-
dimensional case the function space

LIQ)NL3(Q), 2<g<oo

L= LIQ) + L2(Q), 1<q<2
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to define the Helmholtz decomposition and the space

; LIQNL2(Q), 2<q<oc
L)+ L2(Q), 1<qg<?2

of solenoidal vector fields in L?(f2) to define and to analyze the Stokes op-
erator. It was proved that for every unbounded domain 2 C R3 of uniform
C2-type the Stokes operator in LI (Q) satisfies the usual resolvent estimate,
generates an analytic semigroup and has maximal regularity. Moreover, for
every dimension n > 2, the Helmholtz decomposition of EQ(Q) exists for
every unbounded domain 2 C R™ of uniform C'-type, see [8].

To describe this result, we introduce the space of gradients

sy GI) NG2(Q), 2<q< oo
( )_{Gq(9>+02(9), 1<q<?2

where G1(Q2) = {Vp € LYQ) : p € L{ ()}, and recall the notion of
domains of uniform C*- and C*!-type.

Definition 1.1 A domain Q C R™, n > 2, is called a uniform C*-domain
of type (o, B, K) where k € N, a > 0, 8 >0, K > 0, if for each xo € 0
there exists a Cartesian coordinate system with origin at xg and coordinates

y=Y), ¥ = W1, Yn_1), and a C*-function h(y'), |y'| < o, with
C*-norm ||h||cx < K such that the neighborhood

Uapn(o) :={y = (¥, yn) €R™ : yn — h(y)| < B, ly'| < a}
of g implies Uy g1 (x0) N0 = {(y',h(y")) : |¥'| < a} and
Uy gn(o) ={ yn) 1 R(Y') = B < yn < h(y'), [¥| < a} = Uapn(zo) NQ.

By analogy, a domain Q C R™, n > 2, is a uniform C*'-domain of type
(o, B, K), k € NU{0}, if the functions h mentioned above may be chosen in
Ck1 such that the C*'-norm satisfies ||h||cr1 < K.

Theorem 1.2 ([8]) Let Q@ C R", n > 2, be a uniform C'—domain of
type (a, B, K) and let ¢ € (1,00). Then each u € L) has a unique
decomposition
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uw=uy+Vp, wugeLi(Q), Vpe GiQ),
satisfying the estimate
luollza + VPl ze < cllullzq, (L.1)

where ¢ = c(a, B3,K,q) > 0. In particular, the Helmholtz projection Pq
defined by Pqu = wug %5 a bounded linear projection on I:q(Q) with range
LL(Q) and kernel G9(Q). Moreover, LL(R) is the closure in LY(Q) of the
space C§%, () = {u € C§°(2) : divu = 0}, and the duality relations

(L) =LL(Q), (B) =Py,

o

where ¢' = qfql, hold.

Using the Helmholtz projection ]5q, 1 < g < 00, we define the Stokes
operator A, as the linear operator with domain

DY(Q)ND%Q), 2<g<o0

DMQ:{DMD+D%m,1<q<2

where D?(Q) = W24(Q) N W, () N LL(Q), by setting
Aju=—P,Au, ucD(A,).
By analogy, we define the Sobolev space Wg’q(Q) with norm
lullre = lullzo + [Vullze + 1Vl 2,

see also (2.3) below. Let I be the identity and S. = {0 # A € C;|arg\| <
T+eh0<e<i.
Then our first main result on the Stokes operator reads as follows:

Theorem 1.3 Let Q C R", n > 2, be a uniform CYl-domain of type
(a,8,K), and let 1 <q<o00,d>0,0<e<3.
(i) The operator

A, =-P,A:D(A,) — LL(Q), D(A,) C LLQ),
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is a densely defined closed operator.

(i) For all A € S., its resolvent (A + A,)~' = LL(Q) — LL(Q) is
well-defined. Moreover, for every f € LL(S2) the solution u € LL(S2) of the
resolvent problem (A + Ay)u = f satisfies the estimate

IMullzs + IV2ullze < Cllfllzg, 1A 26, (1.2)

where C' = C(q,e,é,g,ﬁ,[() > 0.
(iii) Given f € L1(Q)™, X\ € S., the Stokes resolvent equation

M—Au+Vp=f, diviu=0inQ, u =0 on 02

has a unique solution (u,Vp) € D(A,) x GU(Q) defined by u = (M +
AP, f and Vp = (I — P,)(f + Au) and satisfying

IMullzo + 1V2ullze + VPl 20 < Cllfllzar 1M 26, (1.3)

with a constant C' = C(q,¢,6,a, 3, K) > 0.

(iv) The Stokes operator A, satisfies the duality relation (A,) = Ay, in
particular, (Ayu,v) = (u, Ayv) for allu € D(A,), v € D(Ay) and generates
an analytic semigroup e=*Aa ¢ >0, in LI(Q) with bound

le=* 0 fllze < M ||fllze, fe€ Ll t>0, (1.4)

where M = M(q,d, o, 3, K) > 0.

Note that the bound é > 0 in Theorem 1.3 may be chosen arbitrarily
small, but that it is not clear whether § = 0 is allowed for a general un-
bounded domain and whether the semigroup e~*4
Li(Q) for 0 < t < 0.

Our second main result concerns the instationary Stokes system

a is uniformly bounded in

uw—Au+Vp=f, divu=0 in Qx(0,7T)
u(0) = ug, ulon =0. (1.5)
Theorem 1.4 Let Q C R, n > 2, be a uniform CY'-domain of type

(a, B, K), and let 0 < T < 00, 1 < q, s < 00.
Then for each f € L*(0,T;LL(2)) and each ug € D(A,) there exists a
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unique solution u € L*(0,T; D(A,)) with u, € L*(0,T; LL(Q)) of the system
(1.5) satisfying the estimates

e Le(o,m:E2) T ||uHLS(07T;E?,) + HALIUHLS(O,T;ig)
< C(HUOHD(Aq) + || f] LS(O,T;E‘;)) (1.6)
and
luell s 07,82y + 1ll ps 0,20y < C(HUOHD(AQ) 1l o,m2e))  (17)

with C = C(q,s,T,a,3,K) > 0.

Remark 1.5 (i) The assumption uy € D(A4,) in Theorem 1.4 is used for
simplicity and is not optimal. Actually, it may be replaced by the weaker
properties uy € LZ(Q) and fOTHflqe_tAwOH%q dt < oo. Then the term
l[uollpa,) in (1.6), (1.7) can be substituted by the weaker norm

ro :
( | A5 dt> 1<g<c (1.8)
0 o

(ii) Let f e L*(0,T;L%()) in Theorem 1.4 be replaced by f €
L*(0,T;L9(S)). Then u € L*(0,T;D(A,)), defined by u;, + Au = P,f,
u(0) = ug, and Vp, defined by Vp(t) = (I — P,)(f + Au)(t), is a unique
solution pair of the system

w — Au+ Vp = f, u(0) = uo,

satisfying

[Jwell s o,1:2) T llull s 0,7 W2a) T IVp|
( ) ( )

< C(lluoll pea,y + 11

Ls(0,T;L9)

Ls(o,T;Eq)) (1-9)

with C = C(q,s, T, o, 3, K) > 0.

Using (2.1) below we see that in the case 1 < ¢ < 2 the solution pair
u, Vp possesses a decomposition v = u() +u®, Vp = VpH) + Vp®@ such
that
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u® € L*(0, s W?2(Q), u! € L*(0,T; L2(Q)),
u® e L0, T;W29(Q)), u'® e L0, T; LL(R)), (1.10)

vp € L°(0, T; 12()),  Vp®) € L*(0,T; L)),

and

e Le(o,1;09) 1 [[ul Le(o,309) HVQU‘ Lso,r;La) T Vo

1)‘

Ls(0,T;La)

pe2 4 [[uM] ez + V2D pee + VP || e

= |uf

2
+[ud [ per + 0@ | o + V2P| o + VPP

Lsa

where L>2 = L(0, T; L2(Q)), L9 = L*(0,T; L()).

(iii) Note that the constant C' in (1.6), (1.7), (1.9) could depend on the
given interval (0,7]. We do not know whether C' can be chosen indepen-
dently of T" as in the usual L9-theory in bounded and exterior domains, see
[12].

2. Preliminaries

Let us recall some properties of sum and intersection spaces known from
interpolation theory, cf. [3], [18].

Consider two (complex) Banach spaces X1, Xo with norms ||| x,, |||l x.,
respectively, and assume that both X; and X5 are subspaces of a topological
vector space V' with continuous embeddings. Further, we assume that X; N
X5 is a dense subspace of both X; and X5. Then the intersection space
X1 N X5 is a Banach space with norm

lullxinx, = max (lullx,, ullx,)-
The sum space
X1+ Xo :={us +ug;u; € Xy, ug € X5} CV
is a well-defined Banach space with the norm

HUHXH-Xz = inf{Hulel + HU/QHXQ;U = U] + U2, U] € Xl, Ug € Xg}.
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If X7 and X, are reflexive Banach spaces, an argument using weakly
convergent subsequences yields the following property:

u€ X1+Xe =du € Xy, us € Xo: Hu||X1+X2:HulHXI—i—HuQHXz.
(2.1)

Concerning dual spaces we have
(X1NXy) =X+ X,

with the natural pairing (u, fi + f2) = (u, f1) + (u, f2) for u € X; N Xy and
f=fi+foe X+ X, and

(Xl + Xz)/ = X{ N Xé

with the natural pairing (u, f) = (u1, f) + (ug, f) for all u = u; + ug €
X1 + Xo, f € X{ N X5 Thus it holds

|(u1, f) + (ua, f)

llullx, +x, :Sup{ ;O#fEX{ﬂXé}

£l x;nx;
and
) + 9
1£llx: s _Sup{Kul f) 4 (ug f>|;07éu:u1 e X +X2};
Hu||X1+X2
see [3], [18].
Consider closed subspaces L1 C X3, Ly € X5 with norms |||z, = ||-||x,,
Il [z, = |l - || x, and assume that Ly N Lo is dense in both L; and Ls. Then
lullLynrs = lJullx,nx,, w € L1 N Lo, and an elementary argument using the

Hahn-Banach theorem shows that also
lullz,+2, = lullx,+ x5, w € L1+ La. (2.2)

In particular, we need the following special case. Let By : D(By) — Xi,
Bs : D(By) — X3 be closed linear operators with dense domains D(B;) C
X1, D(B2) C X, equipped with graph norms

lullps,) = llullx, + [1Brullx,,  lullp,) = llullx, + [ Baullx,
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respectively. Obviously each functional F' € D(B;)’, i = 1,2, is given by
some pair f,g € X/ in the form (u,F) = (u, f) + (Bju,g). We assume
that the intersection D(Bj) N D(Bs) is dense in both D(B;) and D(Bs)
in the corresponding graph norms. Then (2.2) with L; = {(u, Byu);u €
D(B;)} € X x X, 1= 1,2, and the equality of norms || - || x, x x;)+(x2x X2)
and || || x, +x5) x (X1 4X5) o0 (X1 x X1)+ (X2 x X3) yield the following result:
For each u € D(B1) + D(B2) with decomposition u = uy + ug, u; € D(By),
uz € D(Bs), to be more precise, for an element (uy, Biui) + (ugz, Baug) €
Ly x Ly C (Xl X Xl) + (XQ X Xg),

ullp(B,)+D(B) = llur + uallx, +x, + [|Bru1 + Baual|x, + x,- (2.3)

For instationary problems we need, given a Banach space X, the usual
Banach space L*(0,7T;X), 0 < T < 0o, of measurable X-valued (classes of)
functions v with norm

T H
uu|Ls<o,T;x>=< / ||u<t>|r§dt), <5<
0

If X is reflexive and 1 < s < oo, then

L*(0,T; X) = L¥ (0, T; X'), & =

s—1’

with the natural pairing (u, f)r = fOT(u(t), f(t)) dt, where (-,-) denotes the
pairing between X and its dual X'.
Let X = L4(2), 1 < g < co. Then we use the notation

T 1/s
L>9:= L*(L9(Q)) = L*(0,T; L)),  [lullLea = </ HUVZdt)
0

The pairing of L*(0,T;L4(Q)) with its dual L* (0,T; L% (Q)) is given by
(u, fir = (u, flor = fUT (Jqu- fdx)dt. Moreover, we see that

LML =[50, T; LN L*) and L*?+L*?=1°0,T;L?+ L?)

since
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(L + L¥2) = (L>9) N (L*?) = L*(0,T; LY N L?) = L*(0, T; LY + L?)';

the pairing between L*9+L*? and (L*9)'N(L*?2)" is given by (uj+us, f)r =
<U1,f>T + <UQ, f>T for uy € L9, uy € LS’2, fe (Ls’q)/ N (LS’Q)/. Further-
more, we can choose the decomposition v = u; + ug € L*(0,T; LY + L?) in
such a way that

lullpeayrsz = uillea + [luz s

We conclude that

[(ur +ua, f)r|| 04 feL*0,T; L7 mLQ)}.

|lur 4+ uz2||psaq sz = sup {
Hf||(Ls,q)/m(Ls,2)/

Let us introduce the short notation

foa LS9 L%2, 2<q<o0
L L2, 1<g<?

and note the duality relation (Es’q)/ =[5,

Concerning domains of uniform C1!-type (o, 3, K), see Definition 1.1,
we have to introduce further notations. Obviously, the axese;, i = 1,...,n,
of the new coordinate system (y',y,) may be chosen in such a way that
€1,...,en_1 are tangential to 9 at xg. Hence at y' = 0 the function
h € C11 satisfies h(y') = 0 and V'h(y') = (0h/0y1,...,0h/0yn_1)(y') = 0.
By a continuity argument, for any given constant My > 0, we may choose
a > 0 sufficiently small such that ||| o1 < My is satisfied.

It is easily shown that there exists a covering of Q by open balls B; =
B, (z;) of fixed radius r > 0 with centers z; € Q, such that with suitable
functions h; € C! of type (o, 3, K)

Ej C Ua,ﬂ,hj (37]) if T; € o0, Ej cQ if T; € Q. (24)

Here j runs from 1 to a finite number N = N(Q) € N if Q is bounded,
and j € N if Q is unbounded. Moreover, as an important consequence,
the covering {B;} of { may be constructed in such a way that not more
than a fixed number Ny = Ny(«, 3, K) € N of these balls have a nonempty
intersection:
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N
If 1<ji<jy<--<jy and N >Ny, then [)Bj, =0. (2.5)
k=1

Related to the covering {B;}, there exists a partition of unity {¢;}, ¢; €
C5°(R™), such that

N 0o

0<¢; <1, suppp; C B;, and Zgoj =1lor Zgoj =1on Q. (2.6)
j=1 j=1

The functions ¢, may be chosen so that |[V;(z)|4+|VZ¢;(x)| < C uniformly
in j and z € Q with C = C(«, 8, K).

If © is unbounded, then €2 can be represented as the union of an in-
creasing sequence of bounded uniform C*!'-domains Q;, C , k € N,

HC---C T C-- QZUQk, (2.7)
k=1

where each €y, is of the same type (o, ', K'), see [13, p. 652]. Without loss
of generality we assume that a = o/, 3 =03, K = K'.

Using the partition of unity {¢;} we will perform the analysis of the
Stokes operator by starting from well-known results for certain bounded
and unbounded domains. For this reason, given h € CHH(R™™1) satisfying
h(0) = 0, V'h(0) = 0 and with compact support contained in the (n — 1)-
dimensional ball of radius r,0 < r = r(a,,K) < «a, and center 0, we
introduce the bounded domain

H = Ha7ﬁ7h§""

={y= (' yn) ER" 1 h(y) — B < yn < WY, [¥| < a} N B,.(0);

here we assume that B,.(0) C {y € R™: |y, — h(y')| < B, |¥'| < a}.
On H we consider the classical Sobolev spaces W*4(H) and W (H),
k € N, the dual space W—14(H) = (Wol’q (H))/ and the space

Lg(H):{ueLq(H):/Hudx:O}
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of L4-functions with vanishing mean on H.

Lemma 2.1 Letl <g<oo and H = Hg,gp;r
(i) There exists a bounded linear operator

R:LY(H) — W (H)

such that div o R = I on Li(H) and R(L(H) N Wy*(H)) ¢ Wy(H).
Moreover, there exists a constant C = C(«, 3, K, q) > 0 such that

[Rflwre < ClifllLe forall f e Li(H)

(2.8)
IRfwza < Cllfllwre  for all f € L{(H) N Wy (H).

(ii) There exists C = C(a, 8, K, q) > 0 such that for every p € L{(H)

[(p, div v)|

Ipll, < Cp] -1,q=0sup{
‘ W Vol

L0#£veWh? (H)}. (2.9)

(iti) For given f € LI(H) let w € LL(H) N Wy (H) N W2>9(H), p €
WL4(H) satisfy the Stokes resolvent equation \u—Au+Vp = f with A € S.,
0 < e < 5. Moreover, assume that suppuUsuppp C B.(0). Then there are
constants \g = Ao(q, o, 5, K) >0, C = C(q,&,,8,K) > 0 such that

[ Aul|Lacrry + [Jullw2amy + 1VPllLaay < Cllfllpacm (2.10)

if I\l > Xo.

Proof. (i) It is well-known that there exists a bounded linear operator
R : LY(H) — Wy %H) such that u = Rf solves the divergence problem
divu = f. Moreover, the estimate (2.8); holds with C' = C(«, 3, K, q) > 0,
see [10, III, Theorem 3.1]. The second part follows from [10, III, Theorem
3.2].

(ii) A duality argument and (i) yield (ii), see [8], [16, II.2.1].

(iii) We extend u,p by zero so that (u, Vp) may be considered as a
solution of the Stokes resolvent system in a bent half space; then we refer to
[6, Theorem 3.1, (i)]. O

The next lemma concerns the instationary Stokes systems
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u—Au+Vp=f, u0)=u or —wu—Au+Vp=/f, u(Tl)=uo,
(2.11)

in the domain H. To describe this crucial result we define the Stokes op-
erator as usual by A, = —P,A with domain D(A,) = LL(H) N Wy (H) N
W24(H).

Lemma 2.2 Let 0 < T < o0, up € D(Ay) and f € LY0,T;LY(H)) be
given. Assume that u € L4(0,T,D(A,)), p € LI(0,T; WH49(H)) solve one of
the systems in (2.11) and satisfy supp uog Usupp u(t) Usupp p(t) C B,(0) for
a.a. t €10,7T).

Then there is a constant C = C(q,a, 3, K,T) > 0 such that

lwtl| ao,rsna ey + lullLaorswzacmy) + 1Vpll oo,y

< C(”UOHWM(H) + ||f||L‘1(O,T;LQ(H)))~ (2.12)

Proof. In the case u(0) = ug this estimate follows from [17, Theorem 4.1,
(4.2) and (4.217)], see also [15]. A careful inspection of the proofs shows that
the constant C' in (2.12) depends only on the type (o, 3, K) and on ¢, T}
actually, it suffices to assume the boundary regularity C':! since only the
boundedness of second order derivatives of functions locally describing the
boundary is used.

The second case —u; — Au + Vp = f, u(T) = wug, can be reduced
to the first one by the transformation @(t) = u(T —t), f(t) = f(T —t),

p(t) = p(T —1). O

We note that the assumption uy € D(A,) is used for simplicity and can
be weakened as in Remark 1.5 (i). Since u; € L9(0,T; L2), the conditions
u(0) = ug or u(T") = ug, resp., are well defined.

Next we collect several results on Sobolev embedding estimates and on
the Stokes operator A,, 1 < ¢ < oo, on bounded C''!'-domains.

Lemma 2.3 Let Q CR" be a bounded Ct1-domain of type (a, 3, K).
(i) Let 1 < g < co. Then for every M € (0,1) there exists some constant
C=0C(q,M,a,3,K) >0 such that

|Vullza < M|Vl e + Cllul|za, u€ W>4(Q). (2.13)
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(ii) Let 2 < g < co. Then for every M € (0,1) there exists a constant
C=0C(q,M,a,p,K) >0 such that

[ullze < M||V?ullpa + C(|Vullz2 + |lullrz), we W>9(Q).  (2.14)

Proof. The proofs of (i), (ii) are easily reduced to the case u € W24(R"),
using an extension operator on Sobolev spaces the norm of which is shown
to depend only on g and (o, 3, K). In (ii) we choose an r € [2,q) such that
llullLe < M||V2u||L- + C|lu||L- and use the interpolation inequality

1 1/~
ol <9(2) " ol + 0= ol (215)

with v € (0,1), % =314 1—777 for v = u and v = V?u for suitable ¢ > 0 to
get (2.14). For basic details see [1, IV, Theorem 4.28], [9] and [16, I1.1.3]. O

Lemma 2.4 Let1 < g < oo and let Q CR™ be a bounded C*'-domain.
(i) The Stokes operator Ay = —P,A : D(Ay) — L1(QY), where D(A,) =
LL(Q) N Wy U(Q) N W29(Q), satisfies the resolvent estimate

Aullza +[[AqullLe < ClfllLe, €= Cle,q,2) >0, (2.16)

where uw € D(Ay), A\u+ Agu= f e LL(N), A€ S, 0<e < %, and it holds

P
the estimate

[ullw2e < CllAgullLe,  C = Clg, ).

Moreover, (Aqu,v) = (u, Agv) for allu € D(A,), v € D(Ay) and A, = Ay
(i) If g = 2, then the resolvent problem M+ Asu = f € L2(Q), A € S,
has a unique solution u € D(As) satisfying the estimate

[AullL2 + [[Azull 2 < C|f|z2 (2.17)

with the constant C' =1+ 2/ cose independent of Q2. Moreover, As is self-
1
adjoint and (Asu,u) = ||A3ul|3, = ||Vul]2, for all u € D(A,).

Proof.  For (i) see [6], [11], [17]. For (ii) — including even general unbounded
domains — we refer to [16]. O
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Finally we return to the instationary Stokes system for a bounded C1:1-
domain 2 C R"™, written in the form of the abstract evolution problem

u + Aqu=f, u(0) = uo, (2.18)

with initial value ug € D(A,) and f € L*(0,T;L%(Q)), 1 < g, s < co. In
view of the variation of constants formula we define the operators Js 4, J; ,
by

t T
Toal (1) = / DA f(rydr, T f() = / e DA f(r)dr. (2.19)

Lemma 2.5 Let Q CR” be a bounded C''-domain.

(i) Let 1 < g, s < 00 and 0 < T < oo. Then for every initial value
uy € D(Ay) and external force f € L*(0,T; LL(Q)) the nonstationary Stokes
system (2.18) has a unique solution uw € L*(0,T;D(Ay)) given by

u(t) = e Maug + T o f (1)

satisfying the estimate

Ls»a + ||’LL|

Lsa + ||Aqu|

Lo < C(|luollpeay) + IIf]

| | o) (2.20)
with a constant C = C(q,s,T,Q). Analogously, the nonstationary Stokes
system —uy + Aqu = f, w(T) = wup, has a unique solution u €
L0, T;D(Ay)), namely, u(t) = e~ TNy, + (J7  f)(t); this solution sat-
isfies (2.20) with the same constant C. Moreover, there holds the duality
relation (Jsq) = T -

(ii) In the case ¢ = 2 the constant C = C(2,s,T,Q) = C(s,T) in (2.20)
does not depend on the domain ().

Proof.  For (i) see [12], [17]. The assertions on J; , follow from the trans-
formation @(t) = u(T —t), f(t) = f(T —t) and by duality arguments. For
(ii) — including even general unbounded domains — we refer to [16, IV.1.6].

g

Note that in (2.16) and (2.20) it is not clear up to now how the constant
C will depend on the underlying bounded domain €2 except for ¢ = 2.
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3. Proofs

After a preliminary result on the norm |u|y2+ and the graph norm
lullpea,) = llullpe + | AqullLe, u € D(Ay), for bounded domains 2 C R"™ we
turn to the proofs of Theorem 1.3, see Subsection 3.1, and of Theorem 1.4,
see Subsection 3.2. In both cases we consider first of all bounded domains
for ¢ > 2, then for 1 < ¢ < 2, and finally unbounded domains.

Lemma 3.1 Let Q@ C R" be a bounded CYt-domain of type (o, 3, K).
Then there exists a constant C = C(q, a, 3, K) > 0 such that

Cllullw2s < |lullpa,), u€D(Ag). (3.1)

Proof.  We use the system of functions {h;}, 1 < j < N, parametrizing 02,
the covering of 2 by balls {B;}, and the partition of unity {¢;} as described
in Section 2. Let

Uj=Uqpp,(xj)NBjifx; € 02 and Uj = B;ifz; € Q, 1 <j< N. (3.2)

Given f € L1(Q) and u € D(A,) satisfying A,u = f,ie. —Au+Vp = f,
divu = 0 in Q, let w; = R((Vyp;) - u) € W (U;) be the solution of the
divergence equation divw; = div(p;u) = (Vy;) -w in U;, 1 < j < N.
Moreover, let M; = M;(p) be the constant such that p — M; € L{(U;).
By Lemma 2.1 (i), (ii) and the equation Vp = f 4+ Au we conclude that
lwjllwraw;) < Cllullpaw,)s [lwillwzew,) < Cllullwraw,) as well as

1P — Mjll Lo,y < C(If Loy + IVUll Laqu,))

with C' = C(q,, 3, K) > 0 independent of j. Finally, let A\g > 0 denote
the constant in Lemma 2.1 (iii). Then ¢;u — w; satisfies the local resolvent
equation
No(psu—ws) = Alpju—ws) + V(i (p — My))

= ¢if + Aw; = 2Vg; - Vu — (Ap;)u + (Vi) (p — Mj) + Aolpju — wy)

in U;. By (2.10) with A = Ao and the previous a priori estimates we get the
local inequalities
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H‘PjvzuH%q(Uj) + ”SOjVPH%q(Uj) < C(Hf”%q(Uj) =+ Hu”%vl,q(yj))a (3-3)

1 < 5 < N. Taking the sum over 5 = 1,..., N and exploiting the crucial
property of the number Ny, see (2.5), we are led to the estimate

q q
90l + 1910 = [ (Zeitv?ul) + (Eealva) ) as
J J
< [N (Sl + S lesvt) ao
J J

<O (S + X il )
7 J

(3.4)

Next we use (2.13) for the term ||ully1.4(p,). Choosing M > 0 sufficiently
small in (2.13), exploiting the absorption principle and again the property
of the number Ny, (3.4) may be simplified to the estimate

IV2ull Loy < C(IIfllza) + lullpa) (3.5)

where C' = C(q, o, 3, K) > 0. Since f = Aju, the proof is complete. O

3.1. Proof of Theorem 1.3
3.1.1 The Stokes resolvent in a bounded domain ) when ¢ > 2
We consider for A € S, 0 < e < 7, the resolvent equation

M+Au= —-Au+Vp=f in Q

with f € L1(2), where 2 < ¢ < co. Our aim is to prove for its solution
u € D(A,) and Vp = (I — P;)Au the estimate

[Xull Lanrz + VUl Lanrz + VPl Lanre < ClfllLanrz,  [A1 >8>0 (3.6)

with a constant C' = C(q, ¢, 0, a, 3, K) > 0. Note that this estimate is well-
known for bounded domains with a constant C' = C(q,¢,6,Q2) > 0. As in
Subsection 3.1 let w; = R((Vep;) - u) € Wg4(U;) and choose a constant
M; = M,(p) such that p— M; € L{(U;). Then we obtain the local equation
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Apju —w;) — Alpju —w;) + V(o5 (p — Mj))
= @if + Aw; = 2Vp; - Vu — (Apj)u — Aw; + (V;)(p = M;) - (3.7)
Concerning the term Aw;, we apply the embedding W7 (U;) C L1(U;)

for some r € [2,¢), then Lemma 2.1(i) and use the interpolation estimate
(2.15) for v = u to get for M € (0,1) that

|willzaw,y < Cillwjllwirw,) < MllullLow,) + CollullLzw,);

here C; = C3(M,q,7,a,3,K) > 0 (i = 1,2). Moreover, |[V?wjl|paw,) <
C||Vul|La(u,)- For p—M; we use (2.9) and the equation Vp = —Au+Au+ f
to see that

lp — Mjl|La(v;)

[(Au, v)|
Vllg

< C(Hf\Lq(Uj) + [IVull Lo,y + Sup{ 0#ve W&’q/(Uj)D,

where C = C(q,a, 3, K) > 0. Again we choose r € [2,q), use the embedding
W' (U;) € L™ (Uj), then (2.15) for v = Au to get that

lp— Ml Lo,y < CIf e,y + IVull Lo,y + 1Aull L2 u;)) + M| Al Laqo,)-

Finally, we apply to the local resolvent equation (3.7) the estimate (2.10)
with A replaced by A + A where A > 0 is sufficiently large such that
AN+ Ay| = Ao for [A| >0, Ao as in (2.10).

Now we combine these estimates and are led to the local inequality

IA;ullLaqu,y + le; VUl Lo,y + 10 VPl Law;)

< C(Iflpaq,) + lullLaw,) + IVull ;) + 1Ml L2w,)) + M[Aull Lo,
(3.8)
with C = C(M,q,d,e,a, 3, K) > 0. Raising each term in (3.8) to the gth

power, taking the sum over j = 1,..., N in the same way as in (3.3)—(3.5)
and using the crucial property (2.5) of the integer Ny we get the inequality
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I\l Lagoy + [|V?ul| Loy + VPl L

< C(IfllLaqo) + llullLa) + IVul Lag) + Ml 2 ) + M[Aul| Lo
(3.9)

with C = C(M,q,0,e,a,3,K) > 0, |\| > 4. For the proof of (3.9) we also
used the reverse Holder inequality (3 ; ag)l/ < (2;a ; a?) 2 for the real
numbers a; = |[Au||p2y;) valid for ¢ > 2. Applying (2.13) and choosing M
sufficiently small we remove the terms ||Vul|fq() and [[Au Le(q) from the
right-hand side in (3.9) by the absorption principle. The term |jul|fq(q) is

removed with the help of (2.14). Hence we get that
Iully + IV2ullg + 1Vplly < C(I1Fllg + [Mullz + [lullz + [Vull2).

Now we combine this inequality with the estimate (2.17) for |A| > § and we
apply (3.1) with ¢ = 2. This proves the desired estimate (3.6) for 2 < ¢ < oc.

3.1.2 The case (2 bounded, 1 < g < 2

We consider for f € L2 + L4 = LZ and X € S., |\| > 6, the equation
Au— Au+ Vp = f and its unique solution u € D(A ) + D(Az) = D(A4,),
Vp = (I — P,)Au. Note that A, = A,, P, = P, and that C65,(Q) is
dense in LY (Q) N L2(Q) = LY (Q) Using f = Au — P,Au, the density of
D(Ay) ND(Ay) = D(Ay) in LE N L2, (3.6) with ¢ replaced by ¢ > 2, and
setting g = Av 4 A v for v € D(A,) ND(Ag) we obtain that

[(Au+ Aqu, v)|

||,U”LglﬂL§

1Fllszsss = sup{ .04 v e D(Ay) mD<A2>}

— sup { [, dv + Aq’””;o £veD(Ay) OD(AQ)}

||’UHLZ/0L(27
:sup{ ~‘<“’g>l| ;o¢geLg’mL§}
H(AI - PQIA)_ g”Lg'ng
> [A|C~L sup {|<“9>| 0#£ge Ll N L2} (3.10)
90l 0" r2

By Section 2 the last term sup{. ..} in (3.10) defines a norm on L2+ L2 which
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is equivalent to the norm || - || 272 the constants in this norm equivalence

are related to the norm of ]5q, and depend only on ¢ and (a, 3, K), cf.
Theorem 1.2. Hence we proved the estimate ||[Au s yr2 < C|[f[/pa4 2 and
even

INull gz + lullzay iz + 1Agulligsrs < Cllflgsrs, A€ Se A2 6.
(3.11)

By virtue of Lemma 3.1 and (2.3) with By = A, By = Ay, we conclude
that [[ullw2apw22 < c(ullpayrz + |Aqullzir2) with a constant ¢ > 0
depending only on ¢ and («, 3, K). Then (3.11) and the identity Vp =
f — Au+ Au lead to the estimate

[Aullpayre + llullwzaywee + [[Vpllparre < O fllayze

with C = C(q,0,¢,a, 3, K) > 0. Hence we proved for every ¢ € (1,00) the
inequality

INull g + Nl + 1VPl 20 < Clifllzg, w e D(A), (3.12)

with C = C(q,0,¢,a,5,K) > 0 when |[A\| > 6 > 0. Now the proof of
Theorem 1.3 (i) — (iii) is complete for bounded domains.

3.1.3 The case (2 unbounded

Consider the sequence of bounded subdomains §2; C €, j € N, of uni-
form Cl:l-type as in (2.7), let f € LL(Q) and f; := P,f|q,. Then consider
the solution (u;, Vp;) of the Stokes resolvent equation

Auj — quUj = A\uj — AU]‘ + Vp; = fj, Vp; = (I — Pq)Auj in Qj.
From (3.12) we obtain the uniform estimate
1Ml 2 ) + Nuilliea,y + VPl e,y < CllfIIEg @) (3.13)

with [A| >0 >0, C =C(q,9,¢,,3,K) > 0. Extending u; and Vp; by 0 to
vector fields on 2 we find, suppressing subsequences, weak limits

u=w-lim u; in L4(Q), Vp=w lim Vp; in LI(Q)"
j—00

Jj—00
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satisfying u € D([lq), Au—Au+Vp = du— ]5un = fin Q and the a priori
estimates (1.2), (1.3). Note that each Vp; when extended by 0 need not be
a gradient field on 2; however, by de Rham’s argument, the weak limit of
the sequence {Vp;} is a gradient field on 2. Hence we solved the Stokes
resolvent problem Au + jlqu =Xlu—Au+Vp=f in

Finally, to prove uniqueness of u we assume that there is some v € D([lq)
and A € S. satisfying A\v — P,Av = 0. Given f' € L7 (Q)" let u € D(Ay)
be a solution of Au — PyAu = P, f'. Then

0= (\v— P,Av,u) = (v, (A = Py A)u) = (v, Py f') = (v, f')

for all f € L7 (Q)"; hence, v = 0.
Now Theorem 1.3 (i) — (iii) is proved. The assertions (iv) of this Theo-
rem are proved by standard duality arguments and semigroup theory. [

3.2. Proof of Theorem 1.4

Let 0 < T < o0, 1 < s,q < oo, and consider a domain  C
R"™, n > 2, of uniform Ct!-type (o, 3, K). Then we define the subspace
L = L*(0,T; L9(Q)) of L9 := L*(0,T; L)) with norm || - |
-]

mains, see Lemma 2.4, we define J; 4, J; , by

e =
Lo(0,T3L9(Q),)" In addition to the operators J; 4, j;q for bounded do-

~ t 3 ~ T .
Fual (1) = / CDAaprydr,  Ff() = / D4 f(7) dr,

for f € L%% and 0 < t < T. Since (4,)" = Ay, we obtain for all f € L9,
g€ L9 that

(Tsals9)r = (£, T 9 9)7-

3.2.1 Maximal regularity in a bounded domain €2 when s = ¢ > 2

First we consider the case ug = 0 and s = ¢q. Then u = jq,q f solves
the equation wu; + flqu = f, u(0) =0, and u = jq’vqf is the solution of
the system —u; + /quu = f, uw(T) = 0. Our aim is to prove in both cases
the estimate (1.7) with a constant C' = C(T,q,«, 3, K) > 0. Obviously it
suffices to consider the case u = quq f since the other case follows using the

transformation a(t) = uw(T —t), f(t) = f(T —t). By Lemma 2.5 we know
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that u = J,,, solves the equation
up + Agu = uy — Au+ Vp = f € L90,T; LL), u(0) =0,

with Vp = (I — P,)Au, and that u satisfies (2.20) with a constant C' =
C(Q,q) > 0; note that the norms |ul[yw2. and [lullpca,) are equivalent.
Thus it remains to prove that C' in (2.20) can be chosen depending only on
T,q and (o, 3, K).

For this reason, we use the system of functions {h;}, 1 < j < N, the
covering of Q by balls {B;}, and the partition of unity {¢,} as described
in Section 2 as well as the bounded sets U; C Bj, cf. (3.2). On U; define
w= R((Vg,;)-u) € L0, T; We9(Uy;)), and let M; = M;(p) be the constant
depending on t € (0,T) such that p — M; € L9(0,T; L{(U;)), see Lemma
2.1. Since divw = (V¢;) - v and divw, = (Vy;) - u; for a.a. t € (0,7), the
term (¢;u — w) solves in U; the local equation

(pju—w)t — Alpju —w) + V(p;(p — M;))
=pif —wi+ Aw —2Vp; - Vu— (Agj)u+ (V;)(p — M;).  (3.14)

From (2.8), (2.9) using wy = R((Vy;) - u¢) and Vp = f —u; + Au we
will prove for all € € (0, 1) the estimates
lwellpazawy)) < Clluellaze(w,)) + elluellLawaw,),
V20| La(raqw,y) < C(ullpacraw,)) + IVullLacraw,))), (3.15)
Ip = Mjl paczaw,y) < O lbawaws)) + el o2,y + 1Vl Lowaw, )
+elluellLacnaw,))
with C = C(q,T,¢e,, 3, K) > 0. In fact, for the proof of (3.15),, choose r €

2, ¢) such that the embedding W' (U;) C L9(U;) holds with an embedding
constant ¢ = ¢(q,r, a, #, K) > 0 independent of j. Moreover,

|wellLaqw;) < ellwillwrr@,y < ellullr ;)

for a.a. t € (0,t). Then the interpolation inequality (2.15) proves (3.15),,
and (2.8), implies (3.15),. For the proof of (3.15), we use (2.9), the embed-
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ding Wl’q/(Uj) C LT/(Uj) with an embedding constant ¢ = ¢(q,r, o, 5, K) >
0 independent of j and apply the previous interpolation argument to u;.
Applying the local estimate (2.12) to (3.14) and using (3.15) we get that

lojuell Laraqw,y) + lesull Lawew,y) + 1; V2l Lapaq;)) + 105 VDll Lacrau;))
< C(Ifllzazaqyy + lullpagrawyy + lludllpoz2 @) + elluellLaza,y)
with C = C(T,q,e,,3,K) > 0. Raising this inequality to its gth power,

taking the sum over j = 1,..., N and exploiting the crucial property of the
number Ny, see (2.5), we are led to the estimate

HutH%qvq + HuH%qq + Hv2uH%qq + ”va%qq

T q
—/ / ( ngjut —i—‘Zgoju Z(ijQu
0 Ja Ny j j
T a
s/o AN;'(Zycpjut\q+Zy¢ju\q+21¢jv2uyq+Z|¢jvp\q> dz dt
J J J J

q

q
+ +

q
Z cijp‘ > dx dt
J

= ONg <Z Hf‘|qL"(07T;L"(Uj)) + Z HquLq(O,T;Wl"’(Uj))
J J

a
+ ‘“t”quI(o,T;LQ(Uj))) +eNg Y el 20,70y - (3-16)
j j

Choosing ¢ > 0 sufficiently small, exploiting the absorption principle
and again the property of the number Ny, we may simplify (3.16) to the
estimate

”UtHLmq + HUHL(M; + ”VZU”L(Lq + vaHLmq
S C(HfHLq,q + ||U||Lq,q + HutHLq,2) (317)

where C' = C(q, a, 3, K) > 0; note that in order to deal with the sum of the
terms [|utl|La(o,1;22(v,)) We also used the reverse Holder inequality. Now,
concerning the term ||u||pq.a, we use (2.14) with € > 0 sufficiently small and
exploit the absorption principle. Finally we apply Lemma 2.5 (ii), i.e., we
add the estimate (2.20) with ¢ = 2 to (3.17), to prove the estimate (1.7) for
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bounded domains when s = ¢ > 2, u(0) = 0. Since the operator norm of
]5q is bounded by a constant ¢ = ¢(q,«, 5, K) > 0 we get (1.6) for s = g,
u(0) = 0.

To prove (1.6) with ug € D(A,) we solve the system i; + A i = f,
@(0) = 0, with f = f — Ayug. Then u(t) = a(t) + ug yields the desired

solution with uwy € D(A,). This proves Theorem 1.4 for bounded © and
§s=q>2.

3.2.2 The case (2 bounded, 1 <s=¢g< 2

In this case we consider for f € L%9 + L%? = L2 and the initial value
uy = 0 the Stokes system u; +A,u = f, u(0) = 0. By Lemma 2.5 there exists
a unique solution u(t) = J, of(t) = J4.4f(t); here we used that P, = P,
and flq = A,. For the following duality argument we need that the space

C(C5%) = {v e C* (2 x (0,T)); divo(z,t) =0 Vt e (0,T)}
is dense in Lg/’ql N Lg/’2 = (ngq + Lg_’z)l. Then the identity
(ug + Agu, Agv) = (u, (=0, + Ay)Ayv) = (Agu, (=8, + Ay)v)
holds for u = J; ,f and every v € flq_,l (C5°(C5%,)), since (jq’,ﬂ,)’ = Joa-

Let ¢ = —v; + flq/v. Then we obtain by (1.6) with s = ¢ replaced by
s’ = ¢ > 2 and u replaced by v that

B |{us + Aq“a Aq’U>T|
17l gy ze =

L 0#0ve !1,1(000(002,))}
| Agv] @ A0

’ ’ /
q',q q’,2
Ls NLg’

— up { Lol

_ 0#0v€ ATI(COO(COOJ))}
| Aol @ A0

L?9'npe?

1 -
>~ Agul g g, (3.18)
where C' = C(T,q',, 3, K) > 0. Here we used that the estimate (1.6) with
q, s replaced by ¢’, s" also holds with u, ug, f replaced by v, v(T') = 0, g due
to the transformation in time in the proof of Lemma 2.5, and exploited the

norm equivalence
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- h ,
I lgezs ~sup{ 20 2 ne 022
7 ||h||Lg/ﬂL§

with constants depending only on ¢ and (a, 3, K), cf. Theorem 1.2. Hence
we obtain the estimate [|Aqull a0, pa2 < C[|f| L0, pa2, and it follows

||Ut”Lqu_|_Lg12 + HAqUHLqu_;_Lg’Z < CHfHLg>‘Z+Lg’2- (3.19)

Since ||lu|lw2aiwz2 < C(HU||L2+L?, + ||/~1qu||Lg+Lg) with a constant ¢ > 0
depending only on ¢ and (o, 3, K), (3.19) and the identity Vp = f —u;+ Au
lead to the estimate

lwell paaypae + lullao,rwzarwe2y + [IVpllLaarraz < CIfllpaay pa
(3.20)

with C = C(q,¢,, 3, K) > 0.
Now the proof of Theorem 1.4 is complete for bounded domains in the

case s = ¢, u(0) = 0. The case ug € D(4,) is treated as in 3.3.1.

3.2.3 The case 2 unbounded
Consider the sequence of bounded subdomains €2; C €, j € N, of uni-

form Cl'-type as in (2.7), let f € LZ7 and f; := Péj)f‘gj where ]3q(j)
denotes the Helmholtz projection in Eq(Qj). Then consider the solution
(uj, Vp;) of the instationary Stokes equation

8t’LLj—PqAUj = 8tUj—A’LLj+ij = fj, ij = (I—ﬁq)Au]' n QjX(O,T)

with initial condition u;(0) = 0. From (1.6) with s = ¢ we obtain the
estimate

100 0 + 105 oo riveacer ) + 1VPill pos < Cllflzgn (3:21)

on Q; with C = C(T,q,a, 3, K) > 0 independent of j € N. Extending u;
and Vp; for a.a. ¢t € (0,7) from Q; by 0 to vector fields on Q we find,
suppressing subsequences, weak limits

u=w-lim u; in I:g’q(Q), Vp =w-lim Vp; in j;q,q(Q)
j—oo

Jj—o00
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satisfying u € L9(0,T; LL(Q), dyu — Au+ Vp = dyu+ Agu = f in Qx (0,T)
and the a priori estimate (1.6) with ug = 0; it follows (1.7) for this case.
Hence we solved the instationary Stokes equation Oyu + flqu = — Au +
Vp=f,u0)=0,in Q x (0,7) and proved (1.6), (1.7).

Up to now we considered only the case when s = ¢, u(0) = 0. However,
an abstract extrapolation argument shows that the validity of (1.6) with
s = ¢ immediately extends to all s € (1,00), see [2, p.191] and [5, (1.12)],
where A has to be replaced by —A, — 61 with § > 0 as in (1.4). The case
u(0) = ug # 0 can be reduced to the case uyp = 0 in the same way as before.

Finally, to prove uniqueness let v € L*(0,T; W249) satisfy ;v + flqv =0
and v(0) = 0. Given f’ € L9 let u € L¥(0,T;W27') be a solution of
—uy + Agu = Py f', u(T) = 0. Then

0= (v + Aqu,u)r = (v, (=9 + Ag)u)r = (v, Py f))r = (v, f')1

for all f' € L*+¢'; hence, v = 0.
Now Theorem 1.4 is proved. O
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