Hokkaido Mathematical Journal Vol. 38 (2009) p. 233-247

Paley’s inequality of integral transform type
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Abstract. Let {ny};—,; be a sequence of positive integers with Hadamard gap.
™ in the unit disc satisfying supg.,..;
02” |F(re*®)| do < oo, the inequality (3232, \ank|2)1/2 < oo holds, which is familiar
as Paley’s inequality. In this paper, an integral transform version of this inequality is
established.

For an analytic function F(z) = Y07 anz
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1. Introduction and Results

A well-known inequality of Paley says in terms of the real Hardy space
H(T) on the torus T that there exists a constant C such that

0 1/2
{Zucmr? T |c_nk2>} < Ol ey,

k=1

for f(0) ~ Y07 cpe™ in HY(T), where {ng}32, is a Hadamard se-
quence, that is, a sequence of positive integers such that ngiq1/n; > p with
a constant p > 1.

Kanjin and Sato [3] obtained the Paley-type inequality with respect to
the Jacobi expansions, and Sato [4] proved the inequality of the same type
in the Fourier-Bessel expansions.

The main purpose of this paper is to establish Paley’s inequality with
respect to the Hankel transform for the real Hardy space on the half line
(0, 00).

The Hankel transform H, f of order v > —1 of a function f on (0, 00)
is defined by

H, f(y) = /0 O )
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where J, is the Bessel function of the first kind of order v. We remark that
the Hankel transforms H_; 5 f(y) and H; /o f(y) are the cosine and the sine
transforms:

H_1,2f(y) = \/z/o f(t)cosytdt, Hyijf(y) = \/Z/o f(t) sinyt dt.

From now on, we let the order v of the Hankel transform be greater than or
equal to —1/2 unless otherwise stated explicitly.

It is known that the Hankel transform H, f of f is continuous for f €
L'(0,00), and [H, f(y)| < CullfllLr(0,00), ¥ > 0, where C, is a constant
depending only on v. Further, the following facts are known: The Hankel
transform H,,, initially defined on L'(0,00) N L?(0,00), extends uniquely
to an isometry of L?(0,00) (Parseval’s identity for the Hankel transform),
H,H, = I (The inversion formula for the Hankel transform) where I is the
identity operator of L?(0,0c), and

/ " (0)glt) dt = / () Hag(y) dy
0 0

for f,g € L?(0,00) (Plancherel’s theorem for the Hankel transform). For
these facts, see [6, Chapter VIII], [5].

Let H'(R) be the real Hardy space on the real line R. We shall work
on the space H'(0,00) defined by

H'(0,00) = {hl(0) : h € H'(R), supph C [0,00)},

where [0,00) is the closed half line, and we endow the space with the
norm || fllg1(0,00) = I|hllm1(w), where h € H'(R), supph C [0,00) and
f = h|(0,00)- We remark that H*(0,00) = {h|(,c0) ; h € H'(R), even} and
cil|bllmavwy < N1fllar0,00) < c2||h|lar(r) With positive constants ¢; and ca,
where f = h|(g,00) and h € H'(R) is even. For this fact, see [1, Chapter III,
Lemma 7.40].

Our theorem is as follows:

Theorem Letv > —1/2. Let L > 0. Then, the Hankel transform H, f of
a function f € H(0,00) satisfies
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00 1/2
() HAWEd)  <Clflnos: ()

k=1Y"e<y<ni+L

where C' is independent of f.

As a corollary, we state here that the same type of result holds with
respect to the Fourier transform.

Corollary  Under the same assumptions of the theorem, there exists a
constant C such that

oo 1/2
(Z / |fh<s>|2ds> < Cllng
k=17 ke <|§|<np+L

for h € HY(R), where Fh is the Fourier transform of h:

Fh(€) = \/12? / h h(z)e %% dz, ¢e€R.

The corollary follows from the following simple relations between the
Fourier transform and the Hankel transforms:

Fhe) = {H_1/2(R[he})(§) +i H_1)5(R[(Hh)])(€), ae €50,

H 1o (RIB)(—€) — i H 1 p(RI(HR)))(~€), ace. € < 0.

Here, Hh is the Hilbert transform of h, and R[h| is the restriction of h to
the half interval (0, ), and h, is the even part of h. If h € H*(R), then
Hh € HY(R) and R[(Hh).] € H'(0,00). Therefore, the inequality (1) with
v = —1/2 implies the corollary.

Applying an interpolation method to the theorem, we have the LP,1 <
p < 2 case which is an integral transform version of Zygmund’s Fourier series
case [8, (7.6)]. Further, we obtain that in the theorem we can not replace the
space H'(0, 00) with L'(0,00). We precisely state these as a proposition.

Proposition Under the same assumptions of the theorem, the following
(i) and (ii) hold.

(i) Let 1 < p < 2. Then, the Hankel transform H,f of a function
f € LP(0,00) satisfies
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o 1/2
() swra) <Clflvow. @
k=1Y"e<y<ng+L

where C' is independent of f.
(ii) There exists a function f € L'(0,00) such that

>/ (H, £(y)? dy = oo.

k—1Ye<y<ng+L

A proof of the theorem will be given in the next section. The
(H', BMO)-duality will play an essential role in our proof. In the last
section, we shall give a proof of the proposition.

2. Proof of the theorem

We shall prove the theorem. The letter C' will be used to denote positive
constants not necessarily the same at each occurrence.

Let {ny}32, be a Hadamard sequence, that is, ng41/nk > p > 1. Let
L > 0 and let x%(y) be the characteristic function of the interval [ny, nj + L]
for every positive integer k. If we show the following inequality

/0 Zmymyf(y)g(y)dy‘s0||f|rH1<o,oo>||g||L2(o,oo) 3)

k=1

for N =1,2,..., f € H'(0,00) N L?(0,00) and g € L?(0,0), where C is
independent of N, f and g, then we have

r

Since {nj}32, is a Hadamard sequence, we may suppose that the intervals

N

> xkW)Hy f(y)

k=1

2
dy < O f11H1.(0.00)- (4)

[nk, ng + L] are non-overlapping. Letting N — oo in (4), we have

3 / H £ dy < Ol 2 om0

k=1 Y e<y<ngp+L
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for f € H'(0,00)NL3(0,00). Since H'(0,00)NL?(0, 00) is dense in H' (0, c0),
the standard density argument allows us to obtain the theorem. Therefore,
it is enough to prove the inequality (3).

Let f € H'(0,00) N L?(0,00) and g € L?(0,00). We set

N N
= H,,<Zxkg) = H,(xx9)(
k=1 k=1

/k<t<nk+L OVt (yt) dt

for N =1,2,.... Then, by Plancherel’s theorem we have

/OOOZN:xk(y)HV dy—/ fy)Gn(y
k=1

=2/_00Em< ¥ EG](x) da.

=1

where we denote by Eg] the even extension of a function g on (0, c0) to the
whole line (—oo, c0). By the (H!, BMO)-duality, we have

‘ /_O; E[f](x)EGn](x) dx

where || - |« is the BMO-norm. By the inequality ||E[f]||m(m) <
C||fllz1(0,00) and the definition of BMO-norm, we see that to show (3)
it is enough to prove that for every interval I of (—oo,00) there exists a
constant ¢ such that

< CIE[fllm @) I EIGN]+,

1
T / E[Gn](x) — ¢l dz < Clgll12(0.00), (5)

where C'is independent of N, g and I. We may assume that I C [0, 00), and
it suffices to show that there exists a constant ¢ such that

1
m / G (y) — el dy < Clgllzzo.0). (6)
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For, if I C (—o0,0], then (5) follows from (6) since we treat the even exten-
sion. If I = [—a1,as], a1,a2 > 0, then

|}|/IE[GN](SU)—C| dz = ﬁm{/o G (y) — ¢ dy+/0a2|GN(y)_C|dy}
<2 [M16nt) ~cldy

for any constant ¢, where a = max{ay,az}. Thus, if we can prove (6), then
(5) is obtained.

Now we turn to a proof of (6). Let I = [yo,v1], v1 > yo > 0. If

|I| > 1/nq, then we have by Scwarz’s inequality and Parseval’s identity for
the Hankel transform that

i1 o (i flesora)
<nt ([ ivrar)

N
1/2
=% > xig
k=1

11219 12 (0.00);

L2(0,00)

that is, we have (6) with ¢ = 0.

Suppose that 1/nyr41 < |[I| < 1/np with a positive integer M. We first
deal with the case N < M. In this case, we shall show (6) with ¢ = Gn(y0).
It follows that

2

Gut) ~ G = | [ ol {Zm (@0(0t) — dulunt)

<mem2/ 160 (5t) — 64 (yot) 2 dt,

r<t<ng+L
(7)

where ¢, (u) = uJ,(u).
We need to estimate the quantity |¢, (yt) — &, (yot)|. We shall show that
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there exists a constant C' depending only on v such that
|60 (u2) — ¢ (w1)] < Clug — ua |’ (8)

for ug,u; > 0, where § = v+1/2for —1/2 <v <1/2,and§ =1forv =—1/2
or 1/2 < v. The case v = —1/2 is obvious since ¢_; jo(u) = (2/m)'/? cosu is
a smooth function. We assume v > —1/2. By the facts J,(z) ~ z¥ (z — +0)
and J,(z) = O(z7/2) (z — +00), we have sup,~, |¢,(u)| < C. Thus, it
suffices to show (8) for 0 < wu; < ug and ug — uy < 1. The formula J(z) =
(v/2)J,(2) — Jy41(2) leads to (d/du)¢,(u) = (v + (1/2))u=2J,(u) —
u'/2.J, 1 (u), and sup;,, |(d/du)¢,(u)] < C. It follows from this that (8)
holds when 1 < wu < us and ug — u; < 1. Since we can divide the
matter into two parts at the point 1, it is enough to deal with the case

0<u; <ug <1. It follows from the series definition of the Bessel function
that ¢, (u) = u’*/2h, (u), where

= (D)™ (u/2)*
) =2 Z?”E!F(z)/—f—'r/zj—l)’

n=0

which is an entire function. We have

|60 (ua) — G (ur)] < us ™| Ry (ug) = ho (un)| + Juy ™2 = a2y (u)|

< Juz — | sup B (w)] + Cluz — ua|* sup [k ()]
0<u<1 0<u<1

< Clug —uy|°,

and obtain the inequality (8).
Let us go back to estimating (7). It follows from (8) that |¢, (yt) —
b, (yot)| < Culy — yo|°t°, with which (7) leads to

N
IGn(y) — Gn(wo)* < Cllglliz(0.00) ¥ — %0l ® Z/ t2° dt
k=17"

k<t<ni+L

N

) )
< K llglf22(0 001y — 90l Y 0,
k=1
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where K, depends only on v and L. Since the sequence {n;}72; has a
Hadamard gap, ngi1/nr > p > 1, it follows that Zgzl n%‘s < Cn%\‘f with
a constant C' depending only on v and p. For y € I = [yo,y1], we have
ly — yolnn < |Ilny < 1 for N < M by the choice of M. Thus, we have
|GN(y) — Gn(yo)|? < CHgH%Q(Om) for y € I and N < M with C depending
only on v,p and L. Applying Schwarz’s inequality to the left-hand side of
the inequality (6) and using this inequality, we see that (6) with ¢ = Gn(yo)
holds in the case N < M.

Remark The constant K satisfies CL < K, where C' depends only on
v. It is crucial for our proof to take the lengths of the intervals [ng, ng + L]
so as to be constant L. In other words, our proof do not allow to treat the
intervals [ng, ng + Li| with Ly — oo as k — oc.

Let us deal with the case M < N. We write

N

Gxt) =Gu+ > | O (o) dt
k=M+17 e St<ng+L

=Gu(y) + Run(y), say.

In this case, for I = [yo,y1] we shall show that (6) with ¢ = Gs(yo) holds.
We have that

|}| / G () — Gonr (90)] dy

1 1
<1 / 1Gar(y) — Gar (o)l dy + — / Rarn ()] dy.
), 7/,

By the case N < M we just proved, we see that the first term on the right-
hand side of the above inequality is bounded by C||g|12(0,0c)- Thus, it is
enough to show that the second term on the right-hand side is bounded by
CHgHLQ(O,oo)a that iS,

1
m / Rasn (@) dy < Cligllizo.mo)- (9)

Let us estimate ((1/|1]) [, [Ra,n(y)| dy)?. It follows that
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L B @ldy) < [ 1Ra )P dy
7 /), 1 /),

N

/ / Ollo) Y e (8)Ki(t, ) dtds,

k G=M+1

where

Kilt,s) = H [ ) ) dy‘ - fﬂ\ [ outtontus) dy‘.

We state an estimate for K;(t,s) as a lemma, which will be proved after
finishing the proof of the theorem.

Lemma Let I be a subinterval of [0,00), and let M be a positive integer
such that 1/npyr11 < |I| < 1/nar. Then the inequalities

Ki(t,s) < Cy" 1t e ng,mie + L], s € [ny,n; + L] (10)

hold for k,j =M +1,M +2,..., where C is a positive constant depending
only on v,p and L, and vy is a constant with 0 < v < 1 depending only on v
and p.

By the lemma, we have
2 oo
(7 [1ruselar) <¢ S BBl m= [T lawhatoa
k,j=M+1 0
By using Schwarz’s inequality, we see that

> BByt

kj=M+1

> Bi+2y Y BraBrt+29™ > BiymBpt -
k=M+1 k=M+1 k=M+1

<427+ 4+29"+-) Y B
k=M+1



242 Y. Kangin and K. Sato

This leads to
1 2 [e’e)
(m / |Ru v ()] dy) <C Z Bj,
1 k=M+1

<y [ 9D dt < Cllgll3 (0 00
k=M+17 ne<t<np+L

with a constant C' not depending on M, N, I and g, which implies (9). There-
fore, we complete the proof of the theorem.

We turn to the proof of the lemma. Let t € [ng,ng + L] and s €
[nj,n; + L] be fixed, and let I = [yo,y1]. We may assume that j > k.
Denote by K the greatest non-negative integer such that 27K /s < y; — yo,
and put a, = yo+2np/s forp=10,1,2,..., K and ax+1 = y1. We note that
apt1 — ap < 2m/n; for p=10,1,..., K. We write

K
/I bu(yt)pu(ys)dy =3 {AD + AP,

p=0

where
ap+1

AW = / " Buyt) — b0 (apt)) b (ys) dy, AR = &, (ayt) / b0 (y5) dy.

P ap

Combining (8) and the fact |¢,(ys)| < C for v > —1/2, we have that

5 s
‘Az(al)’ < Cﬁ(n) (apt1 —ap) < C(n-) (aps1 — ap),
J J
which leads to
Slagiso(®)m=e(5) (1)
since 1 < p < niqp1/n;, i = 1,2,.... Let us estimate A;(,Q). For Aéz) and

Ag),we see by ng|I| > 1, k=M +1,... that
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C C ng

nj  ngngll|

j—k
IIISCC) 1, p=0K (1)

[457] <
We deal with A,(,Q), p=1,2,..., K—1. We may assume K > 2. We use the
following well-known asymptotic formula:
J,(2) = /2/(m2) cos(z — Qv+ 1)m/4) + O(z7%/%), 2z — +o0.  (13)
For y € [ap,ap+1], p=1,2,..., K — 1, it follows from ys > 27 that
u(ys) = V/2/mcos(ys — (2v + L)m/4) + R(ys), |R(ys)| < Clys)™",

where C depends only on v. This leads to

4D < C’ / " (V2T cos(ys — (2 + 1)m/4) + R(ys)} dy

forp=1,2,..., K — 1. Since faa:“ cos(ys — (2v + 1)w/4) dy = 0, it follows
that

C (o C
AP < / y = (og @y —logay),

S S
P

and 25;11 ]Aéz)\ < (C/s)log K. By the choice of K, we have log K <
log(s|I|). Let a constant ) be fixed such that 0 < 7 < 1. Then there exists
a positive constant C' depending only on 7 satisfying (1/x)logz < Cz~" for
x > 2. Thus we have

K-1 1 n
> 14 SCW(Sm) :

p=1

We note that ng || > 1 since k > M + 1. It follows that

Thus we have
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K-1 1\7Fk
> AR <ol <> . (14)
p=1 P

Combining (11), (12) and (14), we have the desired inequality (10), which
completes the proof of the lemma.

3. Proof of the proposition

Let us prove (i) of the proposition. We first note that the Hankel trans-
form H,f is well-defined for a function f € LP(0,00) with 1 < p < 2.
For, if 1 < p < 2, then the Hausdorff-Young inequality ||H, f||£s(0,00) <
C|| fllLr(0,00) of the Hankel transform holds, where 1/p +1/q = 1.

The case p = 2 is trivial. Let 1 < p < 2 and let f € LP(0,00). We
denote by E[f] the even extension of f to (—oo,00). We use the result |7,
XIV, Proposition 5.1], which says that given A > 0, there exist functions
E[f]* € HY(R) and E[f]) € L?(R) such that E[f] = E[f]* + E[f]x and

HE[f])\HHl(R) S C)‘l_p”E[f]HI[),p(R)?

1By < OB

with C independent of E[f] and A. Let x4+ be the characteristic func-
tion of (0,00). Then we have that f = E[f].x+, where E|[f]. is the even

part of E[f]. This leads to f = (E[f]Mex+ + (E[f]x)exs. By apply-
ing the result [1, III, Lemma 7.39], we see that (E[f]*).x. € H'(R) and

IBLf ) ex+lmm) < CIE[fIM a1y, which implies that (E[f]*)ex+ €
H'(0,00) and
H(E[f]A)GXJrHHl(O,OO) S CHE[f]AHHl(R) S CAl_prHZ[),p(O,OO)' (15)

Also, we have
. 2
BN | 20,00y < CHEI oy < CACTP2| 1550 0oy (16)
The left-hand side of (2) is equal to || >°.7; xxHo fll22(0,00), Where xy is

the characteristic function of [nj,n; + L], since we may assume that the
intervals [ng,ny + L] are non-overlapping. By the theorem and Parseval’s
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identity, we have

Z XkHuf
k=1 Lz(0,00)
< ZXkHV((E[f]/\)eX—i-) + ZXk:HV((E[f])\)eX-F)
k=1 L2(0,00) k=1 L2(0,00)

< CH(E[.ﬂA)GX‘f‘HHl(O,oo) —+ H(E[f]/\)ex'i‘HL%Opo)
< OS2 gy + ACP2FIE2 ).

The last inequality follows from (15) and (16). Choosing A so as A =
| fll#(0,00), We obtain the desired inequality (2), which completes the proof
of (i).

We now turn to proving (ii) of the proposition. Suppose that the series
on the left-hand side of (2) converges for every f € L*(0,00). Then, by the
closed graph theorem we have

> 1/2
<Z/ ’va<y>\2dy) < Ollfllzr 000
k—=1Y"e<y<ni+L

for f € L'(0,00) with C independent of f. Let t; be a fixed positive
number. For every j = 1,2,..., we define the function f; by f;(t) = j
(to <t < to+1/j) and f;(t) = 0 (otherwise). Then, | fjllz1(0,00) = 1
for every j and lim;_.o H, f;(y) = VytoJ,(yto). The above inequality and
Fatou’s lemma lead to

Z/ |Vytou (yto)|” dy
k=1Y"e<y<ng+L

<tminty" [ [, £3(y) 2 dy < C.

I T Y ne<y<np+L

By the asymptotic formula (13), we have

[VEoyu (yto)|” > Ci| cos(yto — (20 + 1) /4)[> — Cay ™
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for y > 1, where positive constants C7 and C5 are independent of k£, but may
depend on ¢y and v. It follows that > .-, fn’”LL yldy < LY 32 m ' <

Nk

Ln;p(p —1)~1. Thus we have the inequality

Z/ | cos(yto — (2v + 1)m/4)|* dy < C (17)

k=17 e <y<np+L

with a positive constant C.

On the other hand, there exists a point tg such that the set of points
{{nxto/m)}32, is dense in (0,1) (cf. [2, Theorem 1.40]), where (t) denotes
the fractional part of t. For such a ¢¢, the integral in the sum of (17) is larger

than fOL/ 2(cos toy)? dy for infinitely many k’s and hence (17) is impossible.
We complete the proof of (ii), and the proof of the proposition.

The authors would like to thank the referee for his/her careful reading
of the paper and his/her comments which have clarified the proofs.
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