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Abstract. We calculate the twisted Alexander polynomials of ð�2; 3; 2nþ 1Þ-pretzel
knots associated to the family of their SL2ðCÞ-representations which contains their

holonomy representations.

1. Introduction

1.1. Motivations. The twisted Alexander polynomial is a generalization of

the Alexander polynomial, and it is defined for the pair of a group and its

representations. The notion of twisted Alexander polynomials was introduced

by Wada [W] and Lin [L] independently in 1990s. The definition of Lin is

for knots in S3 and the definition of Wada is for finitely presented groups.

By Kitano and Morifuji [KM], it is known that Wada’s twisted Alexander

polynomials of the knot groups for any nonabelian representations into SL2ðFÞ
over a field F are polynomials. As a corollary of the claim, they also showed

that if K is a fibered knot of genus g, then its twisted Alexander poly-

nomials are monic polynomials of degree 4g� 2 for any nonabelian SL2ðFÞ-
representations. They also showed that there exists a nonfibered knot which

has an SL2ðCÞ-representation such that the twisted Alexander polynomial of

the representation is monic (see [GoMo]).

If K is hyperbolic, i.e. the complement S3nK admits a complete hyperbolic

metric of finite volume, the most important representation is its holonomy

representation into SL2ðCÞ which is a lift of the representation into the group

of orientation-preserving isometries of the hyperbolic 3-space H3. Dunfield,

Friedl and Jackson [DFJ] conjectured that the twisted Alexander polynomials

of hyperbolic knots associated to their holonomy representations (so-called

hyperbolic torsion polynomials) determine the genus and fiberedness of the

knots. In fact, they computed the twisted Alexander polynomials of all hyper-

bolic knots of 15 or fewer crossings associated to their holonomy representa-

tions, and the conjecture is verified for these hyperbolic knots. Recently, the

twisted Alexander polynomials of some infinite families of knots, twist knots
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and genus one two-bridge knots associated to their holonomy representations,

are computed by Morifuji [Mo1] and Tran [T1], and genus one two-bridge

knots associated to the adjoint representations of their holonomy representa-

tions is also computed by Tran [T2]. These examples are also supporting

evidences of the conjecture. Dunfield, Friedl and Jackson also observed that

the second highest coe‰cients of the hyperbolic torsion polynomials are often

real for fibered knots however they are not very often real for non-fibered

knots.

In this paper, we compute the twisted Alexander polynomials of ð�2; 3;

2nþ 1Þ-pretzel knots Kn depicted in Figure 1 associated to the family of their

SL2ðCÞ-representations which contains their holonomy representations given

in the following section where integer n is not 0, 1, 2 (ð�2; 3; 2nþ 1Þ-pretzel
knots are hyperbolic knots for n0 0; 1; 2). The twisted Alexander polynomials

of Kn are monic polynomials of degree 4ðjnþ 1j þ 1Þ � 2 where na�2 or

2 < n, and the twisted Alexander polynomial of K�1 is a non-monic poly-

nomial of degree 2. We can observe that Kn is fibered for integers n0�1

and the genus of Kn is jnþ 1j þ 1 (see [HM, Mu, O] for more details). Hence

Dunfield, Friedl and Jackson’s conjecture holds for ð�2; 3; 2nþ 1Þ-pretzel
knots. Furthermore, the second highest coe‰cients of the twisted Alexander

polynomials of Kn associated to their holonomy representations are 0 for n > 2

and are �2 for na�2, i.e. the second highest coe‰cients are real when Kn

is fibered. This result coincide with the question of Dunfield, Friedl and

Jackson. In contrast, the second highest coe‰cient of the twisted Alexander

polynomial of K�1 associated to the holonomy representation is also real.

This is a rare case for non-fibered knots.

On the other hand, ð�2; 3; 2nþ 1Þ-pretzel knot is an infinite family of

knots which contains the Fintushel-Stern knot i.e. ð�2; 3; 7Þ-pretzel knot. It

plays an important role in studying of exceptional surgeries of knots [Ma].

In fact, the A-polynomials of ð�2; 3; 2nþ 1Þ-pretzel knot are computed by

Tamura-Yokota [TY] and Garoufalidis-Mattman [GaMa]. We hope this result

Fig. 1. ð�2; 3; 2nþ 1Þ-pretzel knot
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will be used as examples of the twisted Alexander polynomials of hyperbolic

knots for solving some questions and open problems.

1.2. Definition of twisted Alexander polynomials. In this paper, we use the

following definition due to Wada.

Definition 1. Let GðKÞ ¼ p1ðS3nKÞ be the knot group of a knot K .

The existence of a presentation of the form

GðKÞ ¼ hx1; . . . ; xn j r1; . . . ; rn�1i

is well known for any knots (see [CF]). Let G denote the free group generated

by x1; . . . ; xn and f : ZG ! ZGðKÞ the natural ring homomorphism induced by

the presentation of GðKÞ. Let r : GðKÞ ! GLdðFÞ be a d-dimensional linear

representation of GðKÞ and F : ZG ! MdðF½t; t�1�Þ the ring homomorphism

defind by

F ¼ ð ~rrn ~aaÞ � f;

where ~aa : ZGðKÞ ! Zht; t�1i and ~rr are respective ring homomorphisms

induced by the abelianization a : GðKÞ ! hti and r. We put

Ai; j ¼ F
qri

qxj

� �
;

where
q

qxj
denotes the Fox derivative (or free derivative) with respect to xj, that

is, a map ZG ! ZG satisfying the conditions

q

qxj
xi ¼ dij and

q

qxj
gg 0 ¼ q

qxj
gþ g

q

qxj
g 0;

where dij denotes the Kronecker symbol and g; g 0 A G . Then, the twisted

Alexander polynomial of K is defined by

DK;r ¼
det Ar;k

det Fðxk � 1Þ ;

where Ar;k is the 2ðn� 1Þ � 2ðn� 1Þ matrix obtained from Ar ¼ ðAi; jÞ by

removing the k-th column, i.e.

Ar;k ¼
A1;1 � � � A1;k�1 A1;kþ1 � � � A1;n

..

. ..
. ..

. ..
.

An�1;1 � � � An�1;k�1 An�1;kþ1 � � � An�1;n

0
BB@

1
CCA:
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2. Presentations and holonomy representations

In this section, we give a presentation of the knot group GðKnÞ and its

holonomy representation rm : GðKnÞ ! SL2ðCÞ, where m represents the eigen-

value of the image of the meridian of Kn.

Let L be the link depicted in Figure 2 and E ¼ S3nL. Then, the

Wirtinger presentation (see [CF]) of p1ðEÞ is given by

ha; b; x j faxbaðxbÞ�1g�1
x ¼ xbfaxbaðxbÞ�1g�1ðaxbÞ�1

xb; ½x; axbaðxbÞ�1� ¼ 1i;

where a, b and x are Wirtinger generators assigned to the corresponding paths

depicted in Figure 2. Note that En :¼ S3nKn is obtained from L by
�
� 1

n

�
-

surgery along the trivial component, that is, removing the tubular neighborhood

of the trivial component and re-gluing the solid torus again after twisting �n

times along the longitude. Therefore, by the van Kampen theorem, we have

p1ðEnÞ ¼ ha; b; x j faxbaðxbÞ�1g�1
x ¼ xbfaxbaðxbÞ�1g�1ðaxbÞ�1

xb;

x ¼ faxbaðxbÞ�1gni:

Proposition 1. For a non-zero complex number m, there exists a represen-

tation rm : p1ðEnÞ ! SL2ðCÞ such that

rmðaÞ ¼
m �ðm2 � sÞðs2nþ1 þ 1Þ

mðsþ 1Þ
0 m�1

0
B@

1
CA;

rmðbÞ ¼
1

sa

b �ðsa�mbÞðmsa� bÞ
mb

b
mðmsa� bÞ þ sa

m

0
BBB@

1
CCCA;

and

rmðxÞ ¼
sn 0

sn � s�n

s2nþ1 þ 1
s�n

0
@

1
A;

Fig. 2. Link L

46 Airi Aso



where s is a solution of

0 ¼ m8ðs� 1Þðsþ 1Þ2ðs2n � s2Þs2nþ2

�m6fs6nþ3 þ ð2s6 þ s5 � 4s4 þ s3 þ s2 � s� 1Þs4nþ1

� ðs6 þ s5 � s4 � s3 þ 4s2 � s� 2Þs2nþ2 þ s6g

þm4fðs2 þ 1Þs6nþ2 þ ðs6 þ 2s5 � 3s4 � 2s3 þ 6s2 � 4s� 2Þs4nþ3

� ð2s6 þ 4s5 � 6s4 þ 2s3 þ 3s2 � 2s� 1Þs2n þ ðs2 þ 1Þs5g

�m2fs6nþ3 þ ð2s6 þ s5 � 4s4 þ s3 þ s2 � s� 1Þs4nþ1

� ðs6 þ s5 � s4 � s3 þ 4s2 � s� 2Þs2nþ2 þ s6g

þ ðs� 1Þðsþ 1Þ2ðs2n � s2Þs2nþ2 ð1Þ

and a, b are given by

a ¼ ðs2 � 1Þs2nf�m6ðs� 1Þs2ðs2nþ1 þ 1Þ þm4ðs2nþ2ðs4 � 2s2 þ 3s� 1Þ

þ s4 � 3s3 þ 2s2 � 1Þ �m2sðs2nð2s3 � s2 þ 1Þ

� sðs3 � sþ 2ÞÞ þ s2ðs2n � s2Þg;

b ¼ m7s2nþ2ðs2 � 1Þðs3 þ 1Þ �m5s3fs4nðs3 � s2 þ 1Þ

þ s2n�2ðs� 1Þðs3 þ sþ 1Þðs3 þ s2 þ 1Þ � ðs3 � sþ 1Þg

þm3s2ðs3 þ 1Þðs2n � 1Þðs2n þ s2Þ �ms3ðs2n � s2Þðs2n þ sÞ:

In what follows, for simplicity, we denote the right hand side of (1) by r0.

Proof. For simplicity, put A ¼ rmðaÞ, B ¼ rmðbÞ, X ¼ rmðxÞ. By the

aid of Mathematica, we have

AXBAðXBÞ�1 ¼
s 0

s2 � 1

sðs2nþ1 þ 1Þ
1

s

0
B@

1
CA

þ r1

m3sa2

1

s2nþ1 þ 1
� 1

sþ 1

sþ 1

sðs2nþ1 þ 1Þ2
� 1

sðs2nþ1 þ 1Þ

0
BBB@

1
CCCA;

where
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r1 ¼ �a2msðm2s2nþ2 �m2 � s2nþ1 þ sÞ þ abðm2 � 1Þðm2 þ 1Þs2nþ1ðsþ 1Þ

þ b2ms2nðm2s2nþ1 �m2s� s2nþ2 þ 1Þ1 0 mod r0:

Therefore, by (1), we have X ¼ fAXBAðXBÞ�1gn, that is, rmðxÞ is equal to

rmðfaxbaðxbÞ
�1gnÞ.

On the other hand, we can observe

AXBfAXBAðXBÞ�1g1XBX �1fAXBAðXBÞ�1gXB mod r0

and so AXBfAXBAðXBÞ�1g ¼ XBX �1fAXBAðXBÞ�1gXB by (1). Further

more, we obtain

XBfAXBAðXBÞ�1g�1ðAXBÞ�1
XB

¼ XBðAXBfAXBAðXBÞ�1gÞ�1
XB

¼ XBðXBX �1fAXBAðXBÞ�1gXBÞ�1
XB

¼ fAXBAðXBÞ�1g�1
X

that is, rmðfaxbaðxbÞ
�1g�1

xÞ ¼ rmðxbfaxbaðxbÞ
�1g�1ðaxbÞ�1

xbÞ. This com-

pletes the proof. r

Remark 1. Since the representation rm comes from the holonomy repre-

sentation obtained from the ideal triangulation of E given in [TY], the holonomy

representation rm of GðKnÞ is given by the solution to (1) which maximizes the

hyperbolic volume of S3nKn.

3. Calculation of the twisted Alexander polynomial

The following is the main result of this paper.

Theorem 1. The twisted Alexander polynomial of Kn associated to rm is

given as follows, where

H ¼ 1�m2sþm2s2nþ1 � s2nþ2;

h1 ¼ ma�ms2nþ1aþ s2nb þm2s2nb;

h2 ¼ �msaþms2nþ1a� s2nb � s2nþ1b:

( i ) If n > 2

DKn;rmðtÞ ¼ 1þ
X2n�1

i¼0

liðtiþ3 þ t4n�iþ3Þ þ t4nþ6;
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where

li ¼

sðm2 þ 1Þ
m

si=2 � h1 þ h2
Hb

ðsi=2þ1 � s�i=2�1Þ
� �

if 0a ia 2n� 2

and i is even;

sði�1Þ=2 � s�ði�1Þ=2

s� s�1
if 0a ia 2n� 2

and i is odd;

sn�1 � s�ðn�1Þ

s� s�1
� ðs2 � 1Þh1

Hsnb
if i ¼ 2n� 1:

8>>>>>>>>>><
>>>>>>>>>>:

( ii ) If n ¼ �1

DK�1;rmðtÞ ¼
msðs� 1Þaþ ð3m2 þ 1Þb

m2b
� 2ðm2 þ 1Þ

m
t

þmsðs� 1Þaþ ð3m2 þ 1Þb
m2b

t2:

(iii) If n ¼ �2

DK�2;rmðtÞ ¼ 1þ t6 �m2 þ 1

m
ðtþ t5Þ

þ ms2ðs3 � 1Þaþ ðm2 þ 1Þsb
ðm2 � sþm2s2Þb þ s2 þ sþ 1

s

� �
ðt2 þ t4Þ

� 2ðm2 þ 1Þsððs� 1Þs2aþmbÞ
ðm2 � sþm2s2Þb t3:

(iv) If n < �2

DKn;rmðtÞ ¼
X�2n�1

i¼0

liðti þ t�4n�2�iÞ;

where

li ¼

si=2þ1 � s�i=2�1

s� s�1
if i is even and;

i0 2; �2n� 2;

1þ sþ s2

s
if i ¼ 2;

� s�n�1ðHsbðs2n � 1Þ þ ðs2 � 1Þ2h1Þ
Hðs� s�1Þb if i ¼ �2n� 2;

sðm2 þ 1Þ
m

�
h1 þ h2
Hb

ðs�ði�1Þ=2 � sði�1Þ=2Þ � s�ði�1Þ=2�1

�
if i is odd:

8>>>>>>>>>>>>>><
>>>>>>>>>>>>>>:
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As a result, we can observe following.

Corollary 1. The coe‰cient of the second highest degree of the twisted

Alexander polynomial DKn;r1 is real if Kn is a fibered knot i.e. the second

coe‰cients are written by

sðm2 þ 1Þ
m

s0=2 � h1 þ h2
Hb

ðs0=2þ1 � s�0=2�1Þ
� �

¼ 0 if n > 2

�m2 þ 1

m
¼ �2 if n ¼ �2

sðm2 þ 1Þ
m

h1 þ h2
Hb

ðs�ð1�1Þ=2 � sð1�1Þ=2Þ � s�ð1�1Þ=2�1

� �
¼ �2 if n < �2;

where m ¼ 1, which corresponds to their holonomy representations.

Then the above result can be reformulated as follows:

Remark 2. Suppose n0 0; 1; 2. Then the twisted Alexander polynomial

of Kn associated to rm can be rewritten by

1

2

X2jnj�1

i¼0

1þ jnj
n
ð�1Þ i

� �
ki þ 1� jnj

n
ð�1Þ i

� �
li

� �
ðti þ tðjnj=nÞð4nþ1Þ�1�iÞ

þ tðjnj=2nÞð4nþ1Þ�1=2 t�2n�3 � ðs2 � 1Þh1
Hsnb

ðt�1 þ tÞ þ t2nþ3

� �
;

up to t�ð3=2nÞðnþjnjÞ, where

ki ¼
sðm2 þ 1Þ

m

�
h1 þ h2
Hb

ðs�ð1=4Þð2iþ3jnj=nþ1Þ � sð1=4Þð2iþ3jnj=nþ1ÞÞ

þ jnj
n
sðjnj=4nÞð2iþ1Þ�1=4

�
;

li ¼
1

s� s�1
ðsð1=4Þð2i�3jnj=nþ1Þ � s�ð1=4Þð2i�3jnj=nþ1ÞÞ:

To prove Theorem 1, it su‰ces to show the following:

Proposition 2. For simplicity, we put S ¼ sn and T ¼ tn. The twisted

Alexander polynomial DKn;rmðtÞ is given by

S � T 2

s� t2
s

S

�
mst�mStT 2 þ ð1þm2Þð1� s2ÞSt2T 2

mð1� s2Þt3

þ ð1þm2Þð1� sSt2T 2Þðh1 þ h2Þ
Hmt3b

�
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þ 1� ST 2

1� st2
s

S

�
ð1þm2Þð1� s2ÞS �mStþmstT 2

mð1� s2Þt3

� ð1þm2ÞðsS � t2T 2Þðh1 þ h2Þ
Hmt3b

�

þ 1

t6
þ T 4 þ ð1� s2Þð1þ t2ÞT 2h1

HSt4b
:

By multiplying t2ðjnj�nþ1Þþð1=2nÞðjnjþnÞ and rearranging this with respect to t,

we obtain the formula of Theorem 1, by using

S � T 2

s� t2
¼ jnj

n
sð1=2ÞðjnjþnÞ�1tn�jnj

Xjnj�1

i¼0

t2i

s i
;

ST 2 � 1

st2 � 1
¼ jnj

n
sð1=2Þðn�jnjÞtn�jnj

Xjnj�1

i¼0

sit2i:

4. Proof of Proposition 2

Recall that

p1ðEnÞ ¼ ha; b; x j faxbaðxbÞ�1g�1
x ¼ xbfaxbaðxbÞ�1g�1ðaxbÞ�1

xb;

x ¼ faxbaðxbÞ�1gni

¼ ha; c j ðacac�1Þn�1 ¼ cðacac�1Þ�1ðacÞ�1
ci:

Then the twisted Alexander polynomial of Kn ðn > 2Þ is given by

DKn;rmðtÞ ¼
det F

q

qa
ðacac�1Þn�1 � q

qa
cðacac�1Þ�1ðacÞ�1

c

� �

det Fðc� 1Þ ;

where

F
q

qa
ðacac�1Þn�1 � q

qa
cðacac�1Þ�1ðacÞ�1

c

� �

¼
Xn�1

i¼1

t2ði�1ÞrmðfaxbaðxbÞ
�1g i�1Þfrmð1Þ þ t2ðnþ1ÞrmðaxbÞg

þ t4nþ1rmðxbxba�1Þ þ t2n�1rmðxbfaxbaðxbÞ
�1g�1Þ

þ t�3rmðxbfaxbaðxbÞ
�1gðaxbÞ�1Þ: ð2Þ
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For simplicity, we put

g1 ¼ sa�mb; g2 ¼ msa� b; g3 ¼ m2sðsS2 þ 1Þa:

By the aid of Mathematica, the first term of the right hand side of (2) is given

by

Xn�1

i¼1

t2ði�1ÞðAXBAðXBÞ�1Þ i�1ðE þ t2ðnþ1ÞAXBÞ

¼

ðST 2 � st2ÞðSt2bT 2 þmaÞ
mst2ðst2 � 1Þa �T 2ðST 2 � st2Þðg1h2 þ ðma� bÞg3Þ

m2sðsþ 1ÞSðst2 � 1Þab
mC1a� St2T 2C2b

msSðsS2 þ 1Þt2ðs� t2Þðst2 � 1Þa
C3t

4T 4 þ C4t
2T 4 þ C5t

6T 2 þ C6t
4T 2 þ C7

ðsþ 1ÞS2t2ðs� t2Þðst2 � 1Þg3b

0
BBB@

1
CCCA;

where

C1 ¼ �t4sðs2 � 1ÞS � T 2ft2ðS2 � s4Þ � sðS2 � s2Þg;

C2 ¼ �t2ðt2 � 1Þsðsþ 1ÞS þ T 2ft2ðS2 þ s3Þ þ sðS2 � sÞg;

C3 ¼ ðs3 þ S2Þg1h2 � fs3ðmsaþ bÞ � S2ðma� bÞgg3;

C4 ¼ �sðsþ S2Þg1h2 þ sfsðmsaþ bÞ � S2ðma� bÞgg3;

C5 ¼ �sðsþ 1ÞSfg1h2 þ ðh1 þ h2 � ð1þm2S2 � sS2ÞbÞg3g;

C6 ¼ sðsþ 1ÞSfsah2 �mðsþ 1ÞS2bg2g;

C7 ¼ sðsþ 1ÞSðst2 � 1ÞðSt2 � sT 2Þbg3:

Similarly, the second term of the right hand side of (2) is given by

XBXBA�1 ¼

S2D1

g3a

msD1D2 � ðsS2 þ 1ÞðsS2D1 þmg3aÞb2

ðsþ 1Þg3ab2

ðsþ 1ÞD2

ðsS2 þ 1Þg3a
msS2D1D2 þ sðsS2 þ 1Þðm2sa2 � S2b2ÞD2

S2ðsS2 þ 1Þg3ab2
�m

0
BBBB@

1
CCCCA;

where

D1 ¼ �ðsþ 1Þag2 þmðh1 þ g2 þmS2g1Þb;

D2 ¼ �ah2 þmS2ðh1 þmS2g1 þ g2Þb;

the third term of the right hand side of (2) is given by
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XBfAXBAðXBÞ�1g�1 ¼

SE1

msðsS2 þ 1Þab �Sg1g2
mab

ðsþ 1ÞE2

msSðsS2 þ 1Þ2ab
E3

mSðsS2 þ 1Þab

0
BBB@

1
CCCA;

where

E1 ¼ ðs2 � 1Þag2 þmðh1 þmS2g1 � sg2Þb;

E2 ¼ ðs� 1Þah2 þmS2ðh1 þmS2g1 � sg2Þb;

E3 ¼ �sah2 þmðsþ 1ÞS2bg2;

and the fourth term of the right hand side of (2) is given by

XBðAXBAXBAðXBÞ�1Þ�1 ¼

mF3

g23b
2

F4

mðsþ 1Þg3ab2

mðs2 � 1ÞF1F2

S2ðsS2 þ 1Þg23b
2

mF5

S2g23b
2

0
BBB@

1
CCCA;

where

F1 ¼ mðsþ 1ÞS2ðh1 þmS2g1Þb � h2a;

F2 ¼ mðsþ 1ÞS2ðsS2 þ 1Þb2 � sF1;

F3 ¼ �fmbðh1 þmS2g1Þ þ sg1g2 � g2agF2 þmsðsþ 1ÞS2ðsS2 þ 1Þg1g2b2;

F4 ¼ ðs2 � 1Þfmðh1 þmS2g1Þb � g2agF2

þ g3fmg2a� ðm2h1 þ s2h2 þm3S2g1 � s2ðS2 � 1Þg2Þb �msg1g2ga;

F5 ¼ ðs� 1ÞðsF1 �mg3aÞF2 �m2S2ðsS2 þ 1Þg3ab2:

Therefore, the determinant of the right hand side of (2) is written asP
i; j Ui; j t

iT j

m3S2t6ðs� t2Þðst2 � 1Þb2i
;

where

U0;0 ¼ U4;0 ¼ U6;0 ¼ U2;4 ¼ U10;4 ¼ U6;8 ¼ U8;8 ¼ U12;8 ¼ �m3sS2b2i;

U2;0 ¼ U10;8 ¼ m3ðs2 þ 1ÞS2b2i;

HU3;0 1HU9;8 1�m2ðm2 þ 1ÞsS2bðHsb � ðs2 � 1Þðh1 þ h2ÞÞi mod r0;

U5;0 1U7;8 1m2ðm2 þ 1ÞsS2b2i mod r0;
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HU1;2 1HU11;6 1m2ðm2 þ 1Þðs� 1ÞsSbh2i mod r0;

HU2;2 ¼ HU6;2 ¼ HU8;2 ¼ HU4;6 1HU6;6 ¼ HU10;6

1m3ðs2 � 1ÞsSbh1i mod r1;

HU3;2 1HU9;6 1m2ðm2 þ 1Þðs� 1ÞSbfHsS2b � sðsS2 þ 1Þh1

� ðs2S2 þ s2 þ 1Þh2gi mod r0;

H 2U4;2 1H 2U8;6 1mðs� 1ÞsSfH 2m3ab þHðm2 þ 1Þðm2sþ sþ 1Þbh2

� ðm2 þ 1Þ2ðs2 � 1Þh2ðh1 þ h2Þgi mod r0;

HU5;2 1HU7;6 1�m2ðm2 þ 1Þðs� 1ÞsSbh2i mod r0;

HU7;2 1HU5;6 1m2ðm2 þ 1Þðs� 1ÞsSbðHS2b � ðsS2 þ 1Þh1

� ðsS2 � 1Þh2Þi mod r1;

H 2U3;4 1H 2U9;4 1�m2ðm2 þ 1Þðs� 1Þ2sðsþ 1Þh1h2i mod r0;

H 2U4;4 ¼ H 2U8;4 1mfH 2m2ðs2 � sþ 1ÞS2b2 þ ðm2 þ 1Þ2ðs� 1Þ2sh2

� ð�HS2b þ ðsS2 þ 1Þh1 þ sS2h2Þgi mod r1;

H 2U5;4 1H 2U7;4 1�ðm2 þ 1Þðs� 1Þsfðs� 1Þh2ðm3Haþ ðm2 þ 1Þh2Þ

þm2S2HbðHb � ðsþ 1Þðh1 þ h2ÞÞgi mod r0;

H 2U6;4 1�2msðHmSb � ðm2 þ 1Þðs� 1Þh2Þ

� ðHmSb þ ðm2 þ 1Þðs� 1Þh2Þi mod r0;

where we put i ¼ m2s2ðsþ 1ÞSðsS2 þ 1Þ3a3b, and the other Ui; j’s are 0.

On the other hand, by the aid of Mathematica, we have

det Fðc� 1Þ ¼ det t2nþ1rmðxbÞ �
1 0

0 1

� �� �

¼ mSHb þmSHt2T 4b � ðm2 þ 1Þðs� 1ÞtT 2h2
mSHb

� ðS2 � 1ÞtT 2

mSðsS2 þ 1ÞHab
r1

¼ mSHb þmSHt2T 4b � ðm2 þ 1Þðs� 1ÞtT 2h2
mSHb

:
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Consequently, we have

DKn;rmðtÞ ¼
P

i; j Vi; j t
iT j

Hm2St6ðs� t2Þðst2 � 1Þb ; ð3Þ

where

V0;0 ¼ V4;0 ¼ V6;0 ¼ V4;4 ¼ V6;4 ¼ V10;4 ¼ �Hm2sSb;

V2;0 ¼ V8;4 ¼ Hm2ðs2 þ 1ÞSb;

V3;0 ¼ V7;4 ¼ mðm2 þ 1ÞsSfðs2 � 1Þðh1 þ h2Þ �Hsbg;

V5;0 ¼ V5;4 ¼ Hmðm2 þ 1ÞsSb;

V2;2 ¼ V8;2 ¼ m2sðs2 � 1Þh1;

V3;2 ¼ V7;2 ¼ mðm2 þ 1Þðs� 1Þsfðsþ 1Þh1 þ h2g

V4;2 ¼ V6;2 ¼ ðs� 1Þsfðm2 þ 1Þh2 þHm3ag;

V5;2 ¼ �2mðm2 þ 1Þðs� 1Þsh2;

and the other Vi; j’s are 0. By the aid of Mathematica, the di¤erence be-

tween the right hand side of (3) and the formula in Proposition 2 is equal

to

sz1 þ tz2 � 2t2z1 þ t3z2 þ st4z1
Hm2St3ðsþ 1Þðs� t2Þðst2 � 1Þb T

2;

where

z1 ¼ mðm2 þ 1Þsðsþ 1ÞðHS2b � sðS2 � 1Þh1 � ðsS2 � 1Þh2Þ;

z2 ¼ Hm2sðma�ms2aþ sb þ S2bÞ � ðs2 � 1Þðm2h1 þm2s3h1 þ sh2 þm2sh2Þ:

Note that z1 ¼ 0 by the definition of H, h1 and h2 and that

z2 ¼ mfðm2ðs2 � sþ 1Þ � sÞðs3S2 þ 1Þ �Hsðs� 1Þgr0 ¼ 0:

This completes the proof of Proposition 2 for n > 2.

Remark 3. For n < 0, the knot group GðKnÞ is presented by

p1ðEnÞ ¼ ha; c j ðacac�1Þn�1 ¼ cðacac�1Þ�1ðacÞ�1
ci

¼ ha; c j ðacac�1Þ�nþ1 ¼ c�1ðacÞðacac�1Þc�1i:
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Then, the twisted Alexander polynomial of Kn is given by

DKn;rmðtÞ ¼
det F

q

qa
ðacac�1Þ�nþ1 � q

qa
c�1ðacÞðacac�1Þc�1

� �

det Fðc� 1Þ ;

where

F
q

qa
ðacac�1Þ�nþ1 � q

qa
c�1ðacÞðacac�1Þc�1

� �

¼
X�n

i¼0

t2irmðfaxbaðxbÞ
�1g iÞfrmð1Þ þ t2ðnþ1ÞrmðaxbÞg � t�2n�1rmððxbÞ

�1Þ

� trmððxbÞ
�1
axbÞ � t2nþ3rmððxbÞ

�1
axbaxbÞ:

By calculating the above formula in the same way as n > 2 and multiplying t4n�4,

we can obtain the formula of Proposition 2.
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