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§1. Introduction.

In the previous paper >, we have considered the following equation
. i o
(1.1 {?‘ X, a—xi—O,

where X,(x) are regular in the vicinity of ;=0 and vanish there. Let the
expansions of X,(2) in the vicinity of 2,=0 be

1.2) X,(x)= jz’;]la,.,x, F o, ,

and let the eigen values of the matrix A= @,,|| be A,. In the previous
paper we have assumed that A, satisfy Poincaré’s condition. In this paper
as Picard has done ‘», we weaken Poincaré’s condition and assume that ),
satisfy the condition as follows: '

Among £, there exist A, (a=1,2,...,m) such that

(I) om a complex plane there exists a convex domain £ which con-
tains all \,’s but not the origin,

D) Ay + Ao+ ... F AP — A0 (1=1,2,...... ,n) for all non-nega-
tive integers p,, Dy, ...... , Dm Satisfying p,+Ds+ ...... + D =2.

We call this condition Picard’s condition. When m=1n, this condition
coincides with Poincaré’s condition. In this paper, we consider the case
where m<_n.

As in the previous paper, by means of the suitable linear transforma-
tion of the wvariables x,, we transform the matrix A into that of Jordan’s
form. Then X, are of the forms as follows:

X =A2,+8,Z; 1+ «e.en. ,

where §, are unity or zero. At first, we search for the integrals zv=2av(z )
(v=m+1, ...... , ) satisfying the equation :

(1) M. Urabe, Jour. Sci. Hiroshima Univ. Vol. 14, No. 2, p. 115.
(2) Picard, Traité d’Analyse, t. III, p. 17.
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o,
1.3 2 X, aTx:—X v
Next, putting x.==x.(x,), we shall solve the equation (1.1).

§2. The case where all the eigen values are distinct.

In this case, the matrix A has the form /2, 0..0 0, therefore X,
are of the forms as follows: 0 A

0
S .A‘n—l(:) |
00.0 Xn)

(2.1) X=\x,+v,

where v, denote the sums of the terms of the sacond and higher orders.
We consider the equation as follows:

2.2). Tz, +v) Oy__ SV
« ox,
where u=.m+1, m—+2,..... ,n. We are going to search for integrals a.—

xy(z,) of (2.2), which vanish for x,=0. After having differentiated both
sides of (2.2) p,-times with respect to x, respectively, put 2 =0, then we
have the following relations among the values of the derivatives of x, for

z,=0:
Dae
(AMDy +AgDsF enen. + AP —A) = fj“’ >
owfoxf® ...... oxkm
(2.3) =polynomial of the derivatives of @,,,,......, &, of the orders
p—1 at most,
where p=p, + D+ ...... +9,,. For the derivatives of the first order, we have
oy 0 %y axv
— Ay = Ag—N =0, ...... s (Apm— =0,
M=) oz, N2 V)axz 0, M=) o, 0
Because A+, g—‘;-”= . For the derivatives of the second and higher
orders, by means of (2.3) we can determine successively their values, for
MDDy +AmDm—Mv+0 because of the condition (II). Thus we

‘obtain the power series which express z, formally.

Next we shall prove the convergence of the series obtained just now.
For sufficiently small positive number p, we may assume that all »,’s are
regular for |x,|<p. Let the greatest value of all |v,| for |z,|<p be M.
We take the following function :
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(2. 4) V: M —M—Mxl +Zy+ ...l +x”'

From the conditions (I) and (II), as in the previous paper, there exists a
positive number & such that

X p1+>\;2p2+ ...... +7\,mpm—7\.

(2.5) 1 _ i
P F+De+ o Fpp—1 €.
We consider the equation as follows:
oXy oxy

(2. 6) ‘ (Zx ekl ——wv> V<5_‘_,a % +1)
This equation is symmetric with respect to x;, z,, ...... , & and Xpiq, ee..n. , &,
respectively. Therefore, putting @, +a,+ ...... +a,=2 and X,.=...... =
x,=y, from (2.6) we have:
@.7) e(a,‘%l-y) V<m‘§y+1)

Put V/e=W, then W can be written as follows:

’ [%;if_(”_—ﬂ)y]z

/0 NI §

& q_x+m—my’
P

(2.8)

Then, the equation (2.7) can be written as follows:
_ dy__
(2. »9) ‘ (@ mW)c‘l?:_y+W'
Put y=xv and W=a*U, then U is regular in the vicinity of a=v=0. From
(2.9), we have:
(x—max*U) (v +x—)—xv +22U,

i.e. .
dv_UQA +mv)
(2.10) T T—mall

.Now the equation (2.10) has a regular intégral v which vanishes for 2=0,
namely there exist régular integrals of (2.6) such that
(2.11) L s 1= veeeen =x,={@,+%,+ ...... + &) P(X, F X+ ...... +Z),

where p(f) denotes a function which is regular in the vicinity of {=0. Now
the values of the derivatives of x, of (2.11) with respect to x, for x,=0
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are successively determined by performing the same process upon (2.6) as
upon (2. 2). ’
From v, V and (2.5), we know that the power series which formally
express a, satisfying (2.2), are convergent for sufficiently small absolute
values of z,. ‘ -
Thus, there exist regular integrals @, of (2.2), which vanish for x,=0,
and are sums of the terms of the second and higher orders of x,. o

§3; The case where all the eigen values are equal. "

When all the eigen values of A are equal, after the suitable linear
transformation of variables x,, the equation (1. 1) can be written as follows:

of of of
. — L9+ e F (A + V1) =—
3.1 O\'xu“"xlz""”u)axn‘*‘o\ 12 13+1712)ax12 Ay lk)ax,k
of of
F+ A2y + X9y +0 + ... + ALy + V) =—
’ (\a, 22 21)89621 ( 21 2l>8x2,
s P )
of .0
+ AL+, +0 + e +(Ax,s +v
( rl r2 rl)axﬂ ( rs rs)axn
 veereirrereeeeereriaeaaeanaes =0,

where v,; denote sums of the terms of the second and higher orders. From
the condition (I), A==0. :
We consider the equations as follows:

ox ox ’ ow,
3.2) Az +215+7;5,) axi’: + A&y, + 23 +0q9) axi’; + e + (A2 + V1) axi:
ox ox
+ (Xle + 99 +vzl)ax;’: 4+ oienn. -+ ()wxn +vzl)ax;?
TP eeereerieneaen,
=A&yy +8tuxtu+l + Vs
where t=7», r+1,......, and &, is equal to O or 1 according as z,, is the

last one or not of the variables which have ¢ as a first suffix. Dividing
both sides of (3.2) by A, we have:

. ox ox
3.3 x LB L N + g
( ) llax11 1239«'12 1k

. s
() In this case, Poincaré’s condition is satisfied, conseduently the discussions of this
paragraph are of no use for solving the equation (1.1). The discussions of this paragraph are
meant to make the lemma of 3 4. :
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g 0%t e iy, Ot
21 oy
+ ... eseseectrsatertiranns
— %
ox ox
=&,,& +ax L +ax &l
tuVtu+1 lZaal1 lkaxlk—l
ox oz,
F AR o=+ sers F AT
(o250 a4
B .
—0 183““‘ Ceererereeiiiaas —vlkax“‘
oxq, o
» l’axm_ _v2laﬁ/}u
ale axzz
+Vyus

where a=—1/A=-0 and 8'”":%5f”'

Put |a|=A. We take V which is a sum of the terms of the second
and higher orders, so that V»v,,. We take also a positive number ¢&,
which is less than 1/3 and choose o, S0 that o, —1—&,, where all &, are

distinct and 2&,>¢&,;,>&,.
Corresponding to the equations (3.3), we consider the equations as

follows:
ox ' ox
3.4 o112 G PN cerer F O Y
( ) 11 llaxll ik .kaxlk
+0‘21x21 IN+ tesssecsscscsnennes +o la/z]— ro
21 ony,
TN ceressinres
— 0y
ox oz,
=A8, L1+ AL %+ ...l + Ax, =
11 Lrk-1
F A2, 08y 4 Ay, O
o% 9, (o2 2
B
+V(ax“‘+ ................... — 4 Peu
oy, [SE2
8x,u+ 4%
ale oLy

treseresettesssrsecsssssnus

+1).
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At first, we shall prove that the equations (3.4) have regular integrals,
The equations (3. 4) are of the forms as follows:

(3.5) (o21; — AT 15— V)a“w Foeen, +(o’1kx1k-— V)&
oz, OX
" (0ay g — Agy— V)a“m+ ...... (gt — V)ao“”‘
2Z
PP
=0yt A8tuxtu+l +V.

Corresponding to (3.5), we consider the equation as follows:

of e
(3. 6) (o‘ux“ Axlz V)aa/—n_"" ...... +(0‘1k9¢m )a lk
(@ — At~V . (ot —VOL
O%gy 0%y Py
e
(10 + Aty + V)af ...... (it + V)L
Ly axrv
e iiereitiercettentactarentse
=0.

Now, from the assumption, o, are all distinct, therefore, in (3. 6), we can
reduce the matrix into that of diagonal form, the elements of which are
the coefficients of the terms of the first order in the coefficients of

g’; . From the form of the equation (3.6), the form of the linear trans-
¥

formation on demand is as follows:

3.7 Y= Zj 84,25, G, =11, 12, ...... , 1),

Y= Zj 8525, (i, 7=21, 22, ...... , 2D),"

And, after the transformation, the equation (3.6) is of the form as follows:

3. 8) (11911 +W11) ------ +\‘7'1k?/1k + Wlk)a
11 v Jlk
+(on¥Yan +W21)“— + o + (oY +sz) f
Y21
R TR SN
of of
+ (o, +W F orerene + (ool io +Win), —
(6n¥n , n)ay“ (o2l ¢ )ayw
T eiteereettettetrereerensanees
=O’
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where W,, denote the sums of the second and higher orders of y. Writing
briefly the suffices as follows:

'we can write (3. 6) and (3.8) as follows:

(3.6 sx+nx =0,
) , of
3.8) EYuay+2Y :

and we can write (3.7) as follows:
@87 ' Y= A?a SapPss Y, = ; 8,uu.

When we substitute (3.7") into (3.6") and compare the resulting equation
with (3. 8'), we have

(3.9 Y =35.X, Y= zﬂ: 8,0 Xy

Now, for any non-negative integers p;, ...... s Piis Doty verees s Daty vennes such
that > p,;>>2, we have

(Tllp11+ veeren +O'1kp1k+0'21p21+ ...... +0'2¢p21+ ...... — O pq
=23 (A—&1) Piy—(1—Epy)
>(1—-26,) 2—(1—&,)=1—3¢&,>0.
Moreover 1—&, >0, >1—2&,>>0. Therefore o, satisfy the conditions (I)
and (II). Consequently, by the result of §1, corresponding to the equation

(3.8, there exist regular mtegrals y,=v,(y,) satisfying the equatlons as
follows :

(3. 10) ' 2y ay*—yl.

Here y,(y,) are sums of the terms of the second and higher orders of y..

Now, from y,(y.)=v,(2 Sasfvﬁ)=yx(x¢) (we put), we have Q%%— = gzxsﬁa,

a

then 1X,2 ay% =Y ai‘J’A therefore

a

pIP:¢ g%—zswxp

a

From this, we can easily deduce the relations as follows:
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: ' ox .
(3' 11) 2 Xa—a?)\_ 2

Here z,=— styu(w J=,(x), where | S,.| denotes the inverse matrix of

s ll- Therefore x,=xz,(x,) are sums of the terms of the second and
higher orders of .. The equation (3.11) is none other than (3.5), i.e
(3.4). Thus we have obtained the regular integrals z,=a,(x) of (3. 4).
The values of the derivatives of z,(x) satisfying (3.4) for z,=0 are
determined successively by means of the formulae obtained by putting
xz,=0 after having differentiated p,-times both sides of (3.4) with respect
to x, as follows:
ot 7

(B.12) (ep1Pui + ... +oulu+oula+ oo +oulu+ oo —0uw)
: * axﬁ“...axﬁ“‘awﬁ“...

o"x o'z,
=AS$, “‘” +Ap, L A T
“axﬁ“ alroxb... o P““aovf’m‘ laxﬁ“’*...axf’k”‘...
o', o'x
+Ap, L +A pyy e ...
oubn.. oghr T ggbi—1g,0m oxhy.. ombntloghn-1
o'z
+ Apn =
dasbn, 8@1’“ 8@{’2_‘11"’169:5”"1...
T

+(polynomial 'of the derivatives of the orders p—1 at most),

where p=p,, +...... +Px+Day+F enens +PoF eeenn. . For (3. 3), we can make an
0",

analogous formulae as (3.12), but in this case, the coefficient of ———=t»
’ ) axﬁu xﬁn

is p—1. Now

2oy — o= 23 (1= &) Piy—(1— &)
=(p—— 1)_( E Eijpij_etu))
therefore (p— D - ( 2 % Y o-m)z Z Elyy— Etu>2€o — 260:——-0,
i.e P—1>(22 0y yPis— o) 0.

Then we see easily that the absolute values of the derivatives of the func-
tions «,, which satisfy (3.3) formally and comsist of the terms of the
second and higher orders of x,, are not greater than the absolute values
of the derivatives of the functions z,, satisfying (3. 4), namely we see that

(13 Among the derivatives of the first order- of general solution ¢, satisfying formally
(3.3, Oxen O |

27 Oxwk’ 0xm
tives zero, then we see that all the derivatives of the first order vanish. Here we adopt such
solutions x;y.

Y reenes are indeterminate. However, if we put these indeterminate deriva-
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the equations (3. 3), i.e. (3.2) have regular integrals z,,=,,(x,) which are

sums of the terms of the second and higher orders of «,.

§4. General case,
In the general case, after the suitable linear transformation of varia-
bles z,, the equation (1.1) can be written as follows:

4.1) gz +xy,+ vu) f +(k1x12+x13+vlz)aj ...... + (N &+ V) S of
12 lk
, of of
+(X1x21 +3122 + 1)21)5“;4- oooooo +(X1x2l +vzl)éz;
F o, e e rreaereaa.
o
+O\:2£L,.1+IL,.Z+’U”) of 4o, +()»2x,3+'v,3) f
rl a‘rs
T
=0,

where v,; are sums of the terms of the second and higher orders.
We consider the equations as follows:

ox ox ox
(4.2) (e +20+ vn) s +(x1a12+x13+vlz) “‘+ ...... + (N oq,c+vu)a L
12 lk
" 0%y wm
+ N1y + Xap+ Vgy) + ... +(x1le+v2,)
oxq,
A i eenae,
ox, ox,
+ O\‘za‘rl + 9“2‘2 +”rl) m .+ ()\zxrx + ’U”) Sl
rl a’re
[ SR ferereneneenes .
=Ap&yy+ 6:u%tu 1+ Veus
where p=m+1, m+2,...... and §,, is equal to 0 or 1 according as x,, is

the last one or not of the variables which have ¢ as a first suffix. We
rewrite (4.2) as follows:

ox o
4.3 A2 S e N u
( ) 1 llax11 1 lkaiblk
ox o,
+ N2 Uy D WY At i
1 2lax2 1 taxzz
B T teseae
ox ox
R WY et L D W el
2 rlaxﬂ 2 rsax"
e P
A sy
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: ox ox
=8y 1= F1am— ennen — T
oxy, OL 11
ow o,
'—xzz i b xw o
O% g,y %oy 1
O%,y ox,
V2 — riens —v u
l".la:vl1 lkaxlk
+ Vi

As stated in §2, when X, satisfy the conditions (I) and (II), there
exists a positive number & so that

N (4' 4) » '7\.1p11+ ...... +>u1291k+7\.1p21+ ...... +h1p;;+ ...... —“>\:p >6
2911+ ...... +p1k+p21+ ...... +p2l+ ...... "“1
for all non-negative integers 4, -...... s D1k Doty eeenns s Doty veenen such that
Prrt eeeene + D+ Doy + ennns Dot cenenn >2. Corresponding to (4. 3), we con-

sider the equations as follows:

. : ox Oy,
(4.5) .E(x P L RN a1
; 11‘3@’11 Jkdwlk
: ox o
F Xt e, F gy Y
2183521 ua?«"zz
TSR ORI
04y Oy
+x R Xyt
r}axrl + "8:1:,.,
b o)
o ox
=8m$m+1+9«’128x:+ ...... +x1kaxi:_l
e ST U .
+V(ax“‘+ ...... 4%y +1>,
%1, 0%y
where V is a function such that »,,< V.
After having differentiated both sides of (4. 3) .4, ...... s Dy Pa1s cenens )
Doty veenn times with respect to 2y, ...... y X1y Loty ceeen s Lagy vnenns respectively,
put these independent variables zero. We have
(4.6) AP+ ... + AP+ M D21+ eenen FANDoF verenn FADpF eeenen

02,4
+ XgDps+ oennns —~\,) ~ ‘
ouly.. owlivoxb...
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~ a xtu+1 v - a xtu
maxiﬁu .ox waxpzl . a ﬁ11+1awhz— awﬁ]k.“

......

o'z,
axf’n Q- 1+18x:0k]k~1. .

Lix-1

— Dix

..............................

+(polynomial of the derivatives of the orders ¢—1 at most),
where q=p;;+ ...... + D1+ ParF e eee +Pou+ e F 0 F e FPpsF veeien

When ¢=1, we have:

aa/tu aa’tu+1 aww axm+1
Ay — A ) =8,
I)) aiLu ( ale ale
o )aa/m___ Sin axmﬂ aa/m o )axw_ axmu Oy
A “Oxyy Oy he T owy T
aa,m meﬂ ow, aa, ox o,
— % 7\' —A 3\ tu_— 8 tu+l tu
M p)axlk 0w Oy ( Pox,  Owy O%g;_y
(7\,2—>\4 axtu_ 8 axtu-\Ll

"ox,,  Oxn,
)aq«m s, OXyyr1__ Oy,
p LS uaa/r‘ aa’rl

.......

o —MS“‘:; -

Here M—X,, Aa—Ayp, enees #+0. Then we see easily that all the derivatives
of the first order are zero. The values of the derivatives of the second .
and higher orders are determined successively by means of (4.6).

For the equations (4.5), putting all the derivatives of the first order
zero, we have analogous results. And because of (4. 4), the absolute values
of the derivatives of the functions satisfying (4.3) are not greater than
those of the functions satisfying (4.5). However, the equation (4.5) are
of the similar form as (3.2). Therefore, making use of the results in § 3,
or doing analogous reasonings directly on (4.5) as on (3.2), we see that
the equations (4. 5) have regular integrals consisting of the terms of the
second and higher orders. Thus, ultimately, we see that the equations
(4. 2) have regular integrals ,,=—2a,.(€11, +-.-.. » Loy Lagy eeeeen ) Loy seress ). which
are sums of the terms of the second and higher orders.

§ 5. Selutions of the equation (1. 1),
After the suitable linear transformation of variables «,, the equation
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(1.1) can be written as (4.1). We write briefly the equation (4.1) as
follows:

(5. 1) ZX +2X———,

where X, denote the coefficients corresponding to the eigen values A\, which
lie in the convex domain Q, and X, denote the other coefficients. By the
results of §4, there exist regular integrals x,=w,(x_) which are sums of
the terms of the second and higher orders of x, and satisfy the equations

as follows:
5. 2) | > X, a’“A =X,.

Let f(x) be any integral of the eq_uation (6.1). Substituting z,=
@, (z,) into f(x)=f(x,,), we write the reduced function f(z,,%,(x,) as
g(xz ). Then

0= 2 Xiami
> X“Bx + 35X
—nx2+x ang qu
=2 Xuax
i.e.
G.3) zxagg —0.

Here X =X (z,)=X (2, »,(®,), and x,(x,) are sums of the second and
higher orders of x,. Therefore X (»,) and X (x,) do not differ from each
other in the terms of the first order. Now, because of the conditions (I)
and (II), the eigen values A, satisfy the Poincaré’s two conditions with
respect to the variables .. Then, by the results of the previous paper ?,
we can obtain independent integrals of (5.3) as follows:

U—Llog g, Uy Uyy oo, Upas
A :

1
5. 4) e

(1) M. Urabe, ibid.
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We denote these functions by ge.

Put »,—a,(2,)=g,(x,,«,). Then

rxaz_— ’
and

X Gh= 31X, S0
Evidently g, and g, are independent.
Thus we have: ,
Under the condition that g,(x,,,)=0, any integral f(z) of (5.1) are
functions of g,(x,), and under the same condition, g.(x,) and g,(z,,«,) con-
stitute #n—1 independent integrals of (5. 1).

Our conclusion does not furnish integrals in ordinary sense of the
equation (1.1). It is a problem remained unsolved to seek the integrals
in ordinary sense under Picard’s condition. In future, we want to attack
this problem.

This research has been carried on under the Scientific Research Fund
of the Department of Education.

Mathematical Institute, Hiroshima University.
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