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§ 1. Introduction. 

In the previous paper cIJ, we have considered the following equation 

(1.1) " of 
:EXt "'x =0, 
i~l U i 

where X;(x) are regular in tte vicinity of xt=O and vanish there. Let the 

expansions of X;(x) in the vicinity of x 1=0 be 

" (1. 2) X;(x)= :E a0 x1 + ...... , 
J~l 

and let the eigen values of the matrix A = II a,1 II be :\;. In the previous 
paper we have assumed that :\; satisfy Poincare's condition. In this paper 
as Picard has done C2l, we weaken Poincare's condition and assume that :\1 

satisfy the condition as follows : 

Among :\i, there exi.<:t :\" (a=l, 2, ... , m) such that 

(I) on a complex plane the1·e exists a convex domain n which con

tains all :\/s but not the origin, 

(II) :\1P1 +:\2P2+ ...... +:\,,.p,,.-:\1+0 (i=l, 2, ...... , n) for all non-nega-

tive integers p1, p2, ...... , Pm satisfying p1 +p2 + ...... + Pm ;;;;:2. 
We call this i:;ondition Picard's condition. When m=n, this condition 

coincides with Poincare's condition. In this paper, we consider the case 
where m<n. 

As in the previous paper, by means of the suitable linear transforma

tion of the variables x 0 we transform the matrix A into that of Jordan's 

form. Then X; are of the forms as follows : 

where 01 are unity or zero. At first, we search for the integrals xv=Xv(xJ 

(t.1=m + 1, ....... , n) satisfying the equation 
~-·----------

(l) M. Urabe, Jour. Sci. Hiroshima Univ. Vol. 14, No. 2, p. 115. 
(2) Picard, Traite d'Analyse, t. III, p. 17. 
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(1. 3) 

Next, putting Xv=Xv(x,.), we shall solve the equation (1. 1). 

§ 2. The case where all the eigen values are distinct. 

In this case, the matrix A has the form :.\1 0 ... 0 0 therefore X. 
are of the forms as follows : O A.2 O ' 

• A.,, _1 0 
0 0 ... 0 A.,, 

(2.1) 

where vi denote the sums of the terms of the second and higher orders. 

We consider the equation as follows: 

(2. 2)_ 

where v=m+l, m+2, ...... , n. We are going to search for integrals Xv= 

xv(x,,) of (2.2), which vanish for x"=O. After having differentiated both 

sides of (2. 2) P,.-times with respect to x,. respectively, put x"=O, then we 
have the following relations among the values of the derivatives of x., for 

x":__O: 

(2. 3) =polynomial of the derivatives of Xm+i, ... : •• , x,, of the orders 
p-1 at most, 

where p=p1 + p2 + ...... + Pm• For the derivatives of the first order, we have 

Because :\,.=!=Xv, ox"=O. For the derivatives of the second and higher 
ox,. 

orders, by means of (2. 3) we can determine successively their values, _for-

X1P1 + X2p2 + ...... + A.mPm - :\.,-+O because of the condition (II). Thus we 
obtain the power series which express x., formally. 

Next we shall prove the convergence of the series obtained just now. 
For sufficiently small p0sitive number p, we may assume that all v/s are 

regular for !x;j:S:p. Let the greatest value of all !vt! for !x,!>P be M. 

We take the following function 
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(2. 4) V= M . -M-Mxi +x2+ ...... +x,._ 
1-Xi +x2+ ...... +x,. P 

p 

From the conditions (I) and (II), as in the previous paper, there exists a 
positive number c such that 

(2. 5) 

We consider the equation as follows: 

(2. 6) s(~ X « ?_Xv -x,)= v(~ oXv + 1). 
a ax,. a axa 

This equation is symmetric with respect to Xi, X2, , • , ••• , Xm and Xm+I, •••••• , x,. 

respectively. Therefore, putting Xi +x2+ ...... +Xm=X and Xm+1= ...... = 

x,.=y, from (2. 6) we have: 

(2. 7) s(x:;-y )=v( m!; +1). 
Put V/c=W, then W can be written as follows: 

[ x+(n-m2y_] 2 

W M. P 
c 1_x+(n-m)y · 

(2. 8) 

p 

Then, the equation (2. 7) can be written as follows: 

(2. 9) ( dy 
x-mW)dx=y+W. 

Put y=xv and W=x2U, then U is regular in the vicinity of x=v=O. From 
(2. 9), we have : 

i.e. 

(2.10) dv_U(l+mv) 
dx l-mxU · 

-Now the equation (2. 10) has a regular integral v which vanishes for x=O, 

namely there exist regular integrals of (2. 6) such that 

(2.11) 

where p(t) denotes a function which is regular in the vicinity of t=O . . Now 
the values of the derivatives of xv of (2. 11) with respect to x,,_ for x,.=0 
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are successively determined by performing the same process upon (2. 6) as 

upon (2. 2). 

From v;<f_ V and (2. 5), we know that the power series which formally 

express x., satisfying (2. 2), are convergent for sufficiently small absolute 

values of xa. 

Thus, there exist regular integrals x., of (2. 2), which vanish for xa=O, 

and are sums of the terms of the second and higher orders of x a· 

§ 3. The case where all the eigen values are equal. oi 

When all the eigen values of A are equal, after the suitable linear 

transformation of variables Xt, the equation (1. 1) can be written as follows : 

+ ........................... .. 

of of +(:\Xr1 +Xr~ +v,.1);;:,:-+ ...... +(:\Xrs +Vrs)-.-
uX~ oXN 

+ .............................. =0, 

where v1J denote sums of the terms of the second and higher orders. From 

the condition (I), :\.=l=O. 

We consider the equations as follows: 

(3. 2) 

+ ............................. . 

where t=r, r + 1, ...... , and otu is equal to O or 1 according as xtu is the 

last one or not of the variables which have t as a first suffix. Dividing 
both sides of (3. 2) by :\, we hav:e : 

(3. 3) 

(1) In this case, Poincare's condition is satisfied, consequently the discussions of this 
paragraph are of no use for solving the equation (1. 1). The discussions of this paragraph are 
meant to make the lemma of ~ 4. 
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+ OX tu+ +x ,axtu X21::::,-· .................. 2 
uX21 "oXn 

+ ............................. . 
-Xtu 

-N + axtu OXtn 
-o titxtu+I aX12--+ ...... +ax1k--

0X11 oxu,-I 

+ OX1u+ + axtu ax22 ;:::,----- ...... ax21--· -
uX21 OX21-1 

+ ............................. . 
OX1u 

-V11,--
0X_k 

where a=-1/;\cc-J~0 and o'w=iotu. 
Put I a I =A. We take V which is a sum of the terms of the second 

and higher orders, so that V )> v;J. We take also a positive number c0 

which is less than 1/3 and choose a-u so that a-i}=l-E;J where all Eu are 

distinct and 2s0>s0 >so. 
Corresponding to the equations (3. 3), we consider the equations as 

follows: 

(3. 4) 0"11Xu~Xtu+ .................. +a- kx ka~,, 
uX11 " - OX;k 

+ OXw+ + . OXtu 
0"21X21~ ••• .......... • .. •• <T0 1X2,--

uX21 . "oX:1 

+ ............................. . 

+ ............................. . 

V(oXtu +· <7Xw + OX1~ + ........................... OX1k 

+~:::+ ··························· 
+ ............................. . 
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At first, we shall prove that the equations (3A) have regular integrals, 
The equations (3. 4) are of the forms as follows : 

(3. 5) 

+ ............................ .. 

Corresponding to (3. 5), we consider the equation as follows : 

(3. 6) 

+(o-21X21-AX22-V)~L+ ...... 
uX21 

+ ............................. . 
of of 

+(o-t1Xt1 + Axt2 + V)-- + • • .... +(<T,vX,v + V);::;'--
OXn uXt., 

+ ............................. . 
=0. 

Now, from the assumption, <Tu. are all distinct, therefore, in (3. 6), we can 

reduce the matrix into that of diagonal form, the elements of which are 

the coefficients of the terms of the first order in the coefficients of 
of From the form of the equation (3. 6), the form of the linear trans
oxd. 
formation on demand is as follows : 

(3. 7) (i, j=ll, 12, ...... , llc), 

(i, j=21, 22, .... ; . , 2l), 

And, after the transformation, the equation (3. 6) is of the form as follows: 

(3, 8) of r of (o-nYn +Wu)~+ ...... +,<T1kYn, + W1k)~-
uY11 uY11c 

of of +(o-21Y21 +W21},,-+ ...... +(u21Y21+W21)c::,-
uY21 u~z 

+ ............................ .. 
of of +(ut1Yt1 + Wt1}:_:;-----+ ...... +(o-t.,Ytu+Wr.,)c::,-

- uytl uYtv 

+ ............................. . 
=0, 
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where WiJ denote the sums of the second and higher orders of y. Writing 

briefly the suffices as follows : 

a, /3, ...... =11, 12, ...... , lk; 21, 22, ...... , 2l; ...... ; 

· X, µ, ...... =rl, r2, ...... , rs; tl, t2, ...... , tv ; ...... , · 

'we can write (3. 6) and (3. 8) as follows : 

of of_ 
~ X .. ~ + ~ X )i;:,--0, 
a uX" , uX, 

(3. 61) 

(3. 81) 

and we can write (3. 7) as follows : 

(3. 71) 

When we substitute (3. 7') into (3. 61) and compare the resulting equation 

with (3. 81), we have 

(3. 9) 

Now, for any non-negative integers Pu, ...... , 'Pik, p21 , ...... , Pm ...... such 

that ~ Pu"2 2, we have 

a-uPu + .. · .... +a-lkP11,+a-21P21 + •····· +a-nP21+ •····· -1Tpq 

= ~ (l-c,J) Pu-(1-cvq) 

>(l.,.-2c0) 2-(l-c0)=1-3s0>0. 

Moreover l-s0>a-iJ>l-2s0>0. Therefore a-;J satisfy the conditions (I) 

and (II). Consequently, by the result of § l, corresponding to the equation 
(3. 81), there exist regular integrals y).=y,(y,,) satisfying the equations as 

follows: 

(3. 10) "'"1 y oY,-y 
~ a:=:,--·).• 
" uya 

Here y, (y,,) are sums of the terms of the second and higher orders of y ,,. 

Now, from y,(y,,)=y,.(~ s"~x~)=y,(x,,) (we put), we have ?.Jli,= ~ 0Y?s 
· p ox" ~ oy p ~ .. , 

then ~x 0Y,= ~ Y oy,., therefore 
a "oa'. a a '-'oy a 

~x"~~,.=~s,.(-lXµ.. 
a uX a !'-

From this, we can easily deduce the relations as follows: 
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(3. 11) 

Here x:1.= ~ S}.,.,_yµ(xa)=x,_(x), where II SA,.,_ II denotes the inverse matrix of 
µ 

11 s}.,.,. I\. Therefore x}.=x}.(x") are sums of the terms of the second and 

higher orders of xa. The equation (3. 11) is none other than (3. 5), i.e. 
(3. 4). Thus we have obtained the regular integrals x}.=x,(x") of (3. 4). 

The values of the derivatives of xix,) satisfying (3. 4) for x"=O are 

determined successively by means of the formulae obtained by putting 

x" =0 after having differentiated p"-times both sides of (3. 4) with respect 

to x" as follows: 

(3 12) ( + ) OPX1u 
• CTnPu + •·· +0-1.,Pu, 0"21P21 + •·· +o-uP21 + •·· -O"tu p p P 

ox 1111 • ••ox 1kn,dX21ll •· • 

=Aotu cl"xtu+l +AP12 +1 o"~tu + ..... . 
"'xPn "'xP·.,"'xP21 "'xPn "'xPI2- -::ixP1a -::ixP11: 
U 11 • • • U lk U 21 • • • U 11 U 12 U 13 • • • U lk • • • 

A o"Xcu A o"xtu 
+ Pu +l 1 + Pz2 +1 1 + ..... . -::ixPn "'xPu-1 -::ixP11:- -::ixP2J. -::ixPn -::ixP21 -::ixP22-u 11 ••• u ,1:-1 u JII: u 21 ... u 11 ••• u 21 u 22 

o"x +Ap21------ . tu ------
-::ixPu -::ixP21 "'xP21-1+l-::ixPu- l 
U11•••Ut1•••U2!-l U,;.1 ••• 

+ ............................. . 
+(polynomial of the derivatives of the orders p-l at most), 

where P=Pu + ...... +p,11:+P21 + ...... +P21+ ....... For (3. 3), we can make an 

analogous formulae as (3.12), but in this case, the coefficient of o"xtu 
,::, Pu -::i P21 
uX11 ••• uX21 ••• 

is p-1. 

therefore 

i.e. 

Now 

~ o-oPu-o-iu= ~ (l-cu) Pu-(l-ccu) 

=(p-1)-( ~ c;JPu-ctu), 

(p-1)-( ~ O"oPu-CTtu)= ~ ci}pi}-Ctu>2so-2co=0, 

p-1>( ~ o-tJPt1-o-cu)>O. 

Then we see easily that the absolute values of the derivatives of the func

tions Xcu which satis£y (3. 3) formally and consist of the terms of the_ 

second and higher orders of x" 0 i, are not greater than the absolute values 

of the derivatives of the functions xtu satisfying (3. 4), namely we see that 

(1) Among the derivatives of the first order· of general solution Xtu_ satisfying formally 
,·3 3· dXtu dxw · d t · H "f h ·: d · d · ,_. • ), dxik, oxu , ...... are m e ermmate. owever, 1 we put t ese m etermmate enva-

tives zero, then we see that all the derivatives of the first order vanish. Here we adopt such 
solutions Xtu• 
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the equations (3. 3), i.e. (3. 2) have regular integrals xtu=Xeu(x") which are 
sums of the terms of the second and higher orders of x". 

§ 4. General case. 

In the general case, after the suitable linear transformation of varia
bles xi, the equation (1. 1) can be written as follows : 

(4. 1) 

+ ...................... : ...... . 

+C\2Xr1 +x,.2+v,.1)~f + ...... +(\2x,.,+v,.,)~f 
uX,.1 uXr, 

+ ............................ .. 
=0, 

where vu are sums of the terms of the second and higher orders. 

We consider the equations as follows : 

(4. 2) 

·+ ............................. . 

= A.pXtu + OeuXtu + 1 + Veu, 

where p=m + l, m + 2, . . . . . . and oe,, is equal to O or 1 according as Xeu is 

the last one or not of the variables which have t as a first suffix. We 

rewrite ( 4. 2) as follows: 

(4. 3) 

+ ............................. . 

+ ............................. . 
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As stated in § 2, when :\i satisfy the conditions (I) and (II), there 
exists a positive number E so that. 

(4. 4) IA-1Pn+ ...... +A-1V1k+X1P21+ ...... +X1Pa+ ...... -Xpi>s 
Vn + ...... +P1k+P21 + ...... +P21+ ...... - l 

for all non-negative integers Pw ...... , p1k, p21 , ...... , p21 , ...... such that 

Pu+ ...... +P1k+P21 + ...... +P21+ ...... ~2. Corresponding to (4. 3), we con-

sider the equations as follows-: 

(4. 5) 

. oxtu + X 2 oXtu +X~Ic:,-+ ......... l 
- uX21 dX21 

+ ............................ .. 
axtu · +x OXw +Xri::;,-+ ........ , rB 

"uXr1 ox,., 

+ ..................... -x,,.) 
'I' • + . ox, .. + dXeu 

=o,,.Xtu+I . X12~ ...... +Xu,~-· 
uX11 uX11:-I 

+ ............................ .. 

V(oxtu oxiU 
+ oX11 + ...... +ox1~+ ...... 

where V is a function such that viJ <{ V. 

After having differentiated both sides of (4. 3) Pu, ...... , P;r., p21 , ...... ; 

p21 , ...... times with respect to Xu, ...... , xu,, x21 , ...... , Xu, ...... respectively, 
put these independent variables zero. We have 
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P12-=>xP11+1-=>xP12-l -=>xPik u 11 u 12 • • • u lk • • • 

+(polynomial of the derivatives of the orders q-1 at most), 

where q=p11+ ...... +Pu,+P21+ .. ··· +;P21+ ...... +Pri+ ...... +Pr,+ ...... , 

When q=l, we have: 

( A, -\, )OXtu=o OXiu+l 
1 "oX11 tuoxu (\,1 -:X,,,)°?!J.."= ot}X~u+l 

OX21 OX21 

(\,l -\, /3Xiu= Otu OXtu+l_ OXw 
P OX12 OX12 OX11 ' 

,, , )OXtu_ t- OXtu+l OXeu 
(1"1-"'11 3X22-otuox2;--ox21, ...... ' 

Here :x,1 - :X,,,, :x, 2 - :\, 11 , •••••• =!=O. Then we see ~asily that all the derivatives 

of the first order are zero. The values of the derivatives of the second 
and higher orders are determined successively by means of (4. 6). 

For the equations (4. 5), putting all the derivatives of the first order 

zero, we have analogous results. And because of (4. 4), the absolute values 

of the derivatives of the functions satisfying ( 4. 3) are not greater than 

those of the functions satisfying (4. 5). However, the equation (4. 5) are 

of the similar form as (3. 2). Therefore, making use of the results in § 3, 

or doing analogous reasonings directly on (4. 5) as on (3. 2), we see that 

the equations ( 4. 5) have regular integrals consisting of the terms of the 
second and higher orders. Thus, ultimately, we see that the equations 

(4. 2) have regular integrals x,u=Xcu(Xn, ...... , X1k, X21, ...... 'X21, ...... ). which 

are sums of the terms of the second and higher orders. 

~ 5. Solutions of the equation (1. 1). 

After the suitable linear transformation of variables x0 the equation 
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(1. 1) can be written as (4. 1). We write briefly the equation (4. 1) as 

follows: 

(5. 1) 

where Xa denote the coefficients corresponding to the eigen values \," which 

lie in the convex domain n, and X,. denote the other coefficients. By the 

results of § 4, there exist regular integrals x,.=x,_(xJ which are sums of 

the terms of the second and higher orders of x" and satisfy the equations 

as follows: 

(5. 2) 
ox l}X -"=X,_. 

" "oxa 

Let f(x,.) be any integral of the equation (5. 1). Substituting x,.= 

x,.(x.) into f(x 1)=f(x,., x,.), we write the reduced function f(xa, x,.(x")) as 

g(x"). Then 

i.e. 

(5. 3) 

Here Xa=X,,.(x~)=X,,(x~, x,_(x.,)), and x,.(x.) are sums of the second and 
higher orders of x~. Therefore X,,.(x,) and X"(x~) do not differ from each 

other in the terms of the first order. Now, because of the conditions (I) 

and (II), the eigen values X" satisfy the Poincare's two conditions with 

respect to the variables x". Then, by the results of the previous paper cl), 

we can obtain independent integrals of (5. 3) as follows : 

1 U-\,
1 

log<p, U1 , U 2 , ...... , U1c_ 2 ; 

1 . 0/rp, U-X
1 

log 0, Vi, V2 , •••••• , V,_ 2 , 

(5. 4) 

(1) M. Urabe, ibid. 
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1 1 1 
w½/cp½, W- - log w, Wi, ...... , W,_ 2 ; 

A.2 

We denote these functions by g,,. 

and 

Put X) -x,.(xa)=g,(xa, x,.). Then 

.._, X og,=X - .._, X ox,=0 
"7'" 10X, " ~ "oX a , 

Evidently g, and g) are independent. 

Thus we have: 

Under the condition that g,_(x,,, xJ=O, any integral f(x,) of (5.1) are 
functions of ga(x), and under the same condition, g,(x,,.) and g,_(x,,, x,) con

stitute n-1 independent integrals of (5. 1). 

Our conclusion does not furnish integrals in ordinary sense of the 

equation (1. 1). It is a problem remained unsolved to seek the integr<:1,ls 

in ordinary sense under Picard's condition. In future, we want to attack 

this problem. 

This research has been carried on under the Scientific Research Fund 
of the Department of Education. 

Mathematical Institute, Hiroshima University. 
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