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Let 11' be a sufficiently small sub-nucleus in a Lie group G. Generally there exists 

no Lie subgroup of G with 11' as its nucleus. \Vhen such a subgroup exists, we say that 

I-I' is extensible to a Lie subgroup in 0. Here we shall investigate under what conditions 

a semi-simple sub-nucleus ll' is extensible to a Lie subgroup in G. 

§ 1. Some preliminaries. 

Let H' be a sub-nucleus in a Lie group G and let fl be the abstract subgroup of G 

generated by H' i.e. H= ~'Ii'". na, the closure of H, is the Lie subgroup generated by 

H'. We denote by 11* the simply connected Lie group locally isomorphic with H'. 

LE;\l:IIA 1.(1) The local isomorphism from I-I* to H defines uniqely a representation 

/ m from Ji* to If. 

LEMMA 2.(:iJ The following conditions are equivalent to each other: 

(1) lf=H0 , namely His a Lie group, 

(2) 11' is a nucleus of Ha, 

· (3) H' is a nucleus of H, 

(4) f (in Lemma 1) is a homomorphis.nC2J from H* in H. 

§ 2- Local structure of Ha. 

In this and the following § § we assume that H' is a semi-simple sub-nucleus of G. 

LE•A 3. Let ZG and Zn be the center of G and H respectively. It a nucleus U 

of a is sufficiently small, then Znf"i UC ZG. 

Proof. We consider the ·adjoint representation x...,,.D(x) of G. Then it is clear that 

,i:,ZG is equivalent to D(:1:)=E (unit matrix). Since II' is semi-simple, D(x), xdI' is 

similar to 

[

IJi(~~(x) l 
\\ ... )J.(x) ' 

where x_,,.D 1(:i:), a:.H is an irreducible representation of H, whence det. D 1(x)= 1, Now 

for any given z•Zn we have D 1(a:)D;\z)=D 1(z)D 1(,r), xdl. So by I. Schur's lemma we 

obtain 

D 1(z)=a 1E;, a 1dt=1 (i=l,2, ... . ,n), 

where d 1 is the degree of D;(x) and E; is a unit matrix of degree d 1• If we take U 

sufficiently small, then z, Ur-,Zn implies a 1 =a~= .... =an= 1. Hence D(z)=E, which is 

equivalent to zfZG. 

-97-



S.TOGO (Vol. 14 

THIWREM I. If Ji' is sufficiently -~mall and U is a properly chosen nucleus of G, 

then -we have 

(1) VnH°'=HX(7nar--. V) 

(2) Ur-,H=Hx(Znr--.U) 

(3) 7n"r-, U= Z'f,r-, U. 

(dfrect product), 

(direct product), 

Proof. (!) It is clear that H' is an invariant sub-nucleus of Ha. Cartan's theorem 

shows that ll' is a direct factor in a nucleus of JI". So we can write Ur-,lP=II'xZ. 

Hence Z is commutable with fl' and so with El". Namely ZC Zna and we have Ur-,H0 

=H'X(Zna/"'\ U). 

(2) If hr U f"'.HC Ur--. H" = H'x(Zna("', U), then h= h'z, where h' rH' and z,Znaf'°\ U. Hence 

z=h'- 1hdI and so zrZn. From this it is easily seen that Ut"\H= II'x(Zn("', U). 

(3) If we take U sufficiently small, then (3) follows from (1) and (2). 

§ 3- Sufficient conditions for H 0 = If. 
Using Theorem I we have 

THEOREM 2. A -~·ub-11:ucleus II' of a Lie group G is extensible to a Lie subgroup in 

the f ollowiny cases: 

(1) The center ZG of G is discrete. 

(2) The center Zn(Zn*) of H(H*) ix finite. 

(3) The fundarncntal gr1.mp of G is finite. 

Proof. (I) Since ZG is discrete, there exists a r>ucleus U such that Znt"\ U contains 

no elements of G except the unit element c. Then .fl/"'\ U=I-I' and hence the condition 

(3) of Lemma 2 is satisfied. 

(2) The proof is similar to that of (I). 

(3) Let us suppose the contrary to be true. By Ado--Cartan's theorem,C63 there exists 

a linear representation locally isomorphic to a nucleus of G. Let xr u_,..IJ(,i:) be such a 

representation, where U is a nucleus of G taken sufficiently small. Let z(=j=e),Znr-, U. 

We construct a path l1 in U leading from e to z and a patli l 2 in H from z to e, and we 

consider the product l=l112 • Extending the representation :n-+D(x) along the path l, we 

obtain D(z) t=!= unit matrix) at the end of l. Hence such pathes l defined for different 

elements z are not homotopic to each other. Since Zn is dense in a nucleus of Zna, the 

fundamental group of G has elements with order,s as large as we want. Thus we arrive 

at the contradiction. 

From these results we obtain 

THEOREM 3. A semi-simple sub-nucleus H' of a Lie yrou11 G is extensi:ile tu a Lie 

subgroup in the fo!lou•ing cases: 

(a) G i.~ ,;emi-simz,lc, 

(b) R' is cornplcJ: ,;emi-simple, 

( c) G is a cum11leJ: Lie group or it,; Lie subgroup, 

(d) 1'/iere exists a co:nµlc.i: Lie group K with If* a,-, its Lie subgroup (e.J. H* i . ., 

Co:npacl), 

(e) G is s·imply connected, 
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(f) G i.~ compact. 

Proof. (a) G is semi-simple, so that the center of G is discrete. Then Theorem 2 

(1) is satisfied. 

(b) Let JI,", be the compact form of H*. If we denote by Zn: the center of n:, 
then using Cartan's theoremcsi we obtain Zn* =Zn:- Hence Zn* as well as Zn: is finite. 

Then Theorem 2 (2) is satisfied. 

(c) It is sufficient to show when G is a complex Lie group. If we denote by n:, 
the complexing of fl' in G, then H~ is semi-simple. Hence it follows from (a) and (b) 

that fl' is extensible. 

(d) (c) shows that there exists a complexing 1-i~ of JI* in K. Then H~ is complex 

semi-simple. Since the center of Hi is finite, so the center 2n• of H* is also finite. 

Hence Theorem 2 (2) is satisfied. 

(e) This case is the consequence of Theorem 2 (3). 

(f) G has an isomorphic linear representation, so is contained in a complex Lie group. 

Therefore (f) is reduced to the case (c). 

§ 4. An example for Ha=t=H. 

We denote by g a semi-simple Lie group whose fundamental group contains a free 

cyclic group {me} (m:integer). For example, so is the homographic group of a real vari

able, because it is homeomorphic to the inside of a torus. Let g* be the universal 

covering group of g. Then {me} is contained in its center. We form the direct product 

y* X B, where R is an adittive group of real numbers. If we denote by D the totality of 

(me, mr-n) for an irrational number r, then D is the discrete normal Abelian subgroup 

contained in the center of v*xB. Now we consider a Lie group G=g*xll/D. Let g*' 

be the sufficiently small nucleus of g* and let Il'=g*'x{o}/D. Then 11' is a semi-simple 

sub-nucleus of G. The abstract subgroup generated by H' is H=g*x{o}/D. Since 

(m<', o)/D=(o,-mr+n)/D, H will be dense in a nucleus of G by Kronecker's theorem.C7J 

Hence lla=(y*x{o}/D)a=U. 
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